
Math 257 – Assignment 7. Due: Wednesday, March 9

Note that there are 6 problems. 2 pages.

1. (6 points) Excel project (with Neumann boundary condition): Consider the heat conduction prob-
lem

ut = uxx, 0 < x < 1

ux(0, t) = 0 and ux(1, t) = 0

u(x, 0) = f(x) =

{
1 if 0 ≤ x ≤ 1/2,
0 if 1/2 < x ≤ 1,

The solution is given by

u(x, t) =
a0
2

+

∞∑
n=1

an cos (nπx) e−n
2π2t

where

an = 2

∫ 1

0
f(x) cos (nπx) dx =

{
1 n = 0,

2
nπ sin

(
nπ
2

)
n > 0.

(a) (1 point) Describe, with the aid of a sketch, how the temperature varies over time at the following
points; (a) x = 0, (b) x = 1/2, (c) x = 1. To what value does the solution tend as t→∞?

(b) (3 points) Use an Excel spreadsheet (you might like to use the example on the web site) and a
finite difference approximation to solve the problem numerically, taking N = 10 (∆x = 0.1)
and ∆t = 0.004. To what value does the solution appear to be converging as t → ∞? Why is
this?
Hint: Note that this is a Neumann boundary value problem (i.e. heat conduction with derivative
boundary condition). Consult the online tutorial, ‘Using Excel to solve the heat equation by
finite differences’, Step 7 (or see the online notes 13.2).

(c) (2 points) Plot the Fourier series solution (use sheet 2 of the spreadsheet to calculate this) to-
gether with the finite difference solution at time t = 0.1. Hand in a print out of this graph.
Hint: To plot the Fourier series solution, you may want to use the online tutorials and samples
given in the course webpage ”Schedule / Plan / Progress / Summary” on Feb. 23.

2. (3points)

[Heat conduction with inhomogeneous boundary condition] Consider the heat conduction problem

ut = α2uxx, 0 < x < 1/2,

u(0, t) = 1, u(1/2, t) = 4,

u(x, 0) =

{
0 0 ≤ x < 1/4,

1 1/4 ≤ x ≤ 1/2.

By first finding the steady-state solution u∞(x) and then considering u(x, t) = u∞(x) +w(x, t), use
separation of variables to determine the solution for u. You will have to determine the coefficients of
a Fourier sine series.



3. (2 points) [Heat conduction with inhomogeneous boundary condition] Let an aluminum rod of
length 20 cm be initially at the uniform temperature of 25◦C. Suppose that at time t = 0 the end
x = 0 is cooled to 0◦C while the end x = 20 is heated to 60◦C, and both are thereafter maintained
at those temperatures. Find the temperature distribution in the rod at any time t. What is the final
(steady-state) temperature distribution, i.e, the limit as t→∞? The thermal diffusivity for aluminum
is c2 = 0.86 (cm2/sec).

4. (3 points) [Heat conduction with time-independent heat source/sink] Solve the heat flow in a bar
with an external sink Q(x) = −6x:

ut = uxx − 6x, 0 < x < 1, t > 0,

u(0, t) = 0 u(1, t) = 1, t > 0,

u(x, 0) = x3 + x, 0 ≤ x ≤ 1.

Hint: Again, look first for the steady-state solution of the problem.

5. (3 points) [Separation of variables method again] Heat conduction in a closed thin circular wire of
length 2π is described by the heat equation

ut = α2uxx, −π < x < π, t > 0,

subject to the periodic boundary conditions

u(−π, t) = u(π, t), ux(−π, t) = ux(π, t),

and the initial condition
u(x, 0) = f(x).

Use separation of variables to find the solution u(x, t) (in terms of the Fourier coefficients of f(x)).

Hint: The separation of variables method will suggest you to use full Fourier series of the form

Ff(x) = a0/2 +
∞∑
n=1

(
an cos(nπx/L) + bn sin(nπx/L)

)
on [−L,L]. If you get stuck, you may consult Notes 8.3. But, first try it yourself without looking at
any notes.

6. (3 points) [Heat conduction with heat loss] Diffusion of a reactive chemical in one dimension satis-
fies

ut = uxx − u, 0 < x < 1, t > 0,

u(0, t) = 1, u(1, t) = 1, t > 0,

u(x, 0) = 1, 0 ≤ x ≤ 1.

u is the chemical concentration and the sink term in the equation represents a reaction which consumes
the chemical. Find the solution, u(x, t) (hint: first find a steady-state, then use separation of variables).

You may find it helpful to calculate the Fourier sine coefficients for cosh(x− 1/2):

bn =

{
0 n even,

4nπ
1+n2π2 cosh(1/2) n odd.

Hint: Consult Ex.15.4 in the online notes.


