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Abstract

In this thesis we present an analysis of the Gierer-Meinhardt model with
saturation (GMS) on various curve geometries in R?*. We derive a boundary
fitted coordinate framework which translates an asymptotic two-component
differential equation into a single component reaction diffusion equation with
singular interface conditions. We create a numerical method that generalizes
the solution of such a system to arbitrary two-dimensional curves and show
how it extends to other models with singularity properties that are related
to the Laplace operator. This numerical method is based on integrating log-
arithmic singularities which we handle by the method of product integration
where logarithmic singularities are handled analytically with numerically in-
terpolated densities. In parallel with the generalized numerical method, we
present some analytical solutions to the GMS model on a circular and slightly
perturbed circular curve geometry. We see that for the regular circle, sat-
uration leads to a hysteresis effect for two dynamically stable branches of
equilibrium radii. For the near circle we show that there are two distinct
perturbations, one resulting from the introduction of a angular dependent
radius, and one caused by Fourier mode interactions which causes a vertical
shift to the solution. We perform a linear stability analysis to the true circle

solution and show that there are two classes of eigenvalues leading to breakup
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or zigzag instabilities. For the breakup instabilities we show that the sat-
uration parameter can completely stabilize perturbations that we show are
always unstable without saturation and for the zigzag instabilities we show
that the eigenvalues are given by the near circle curve normal velocity. The
breakup analysis is based on the reduction of an implicit non-local eigen-
value problem (NLEP) to a root finding problem. We derive conditions for
which this eigenvalue problem can be made explicit and use it to analyze a
stripe and ring geometry. This formulation allows us to classify certain tech-
nical properties of NLEPs such as instability bands and a Hopf bifurcation

condition analytically.
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Chapter 1

Introduction

Pattern formation is the observation of orderly outcomes arising from com-
mon attributes in a particular system. Patterns exist across all branches
of science and occurs on many magnitudes of scale from cell division at the
microscopic level to dune formations in the desert. The history of pattern for-
mation is rich and was developed by groups of scientists with interdisciplinary
knowledge in mathematics, chemistry, biology, and physics. The origins of
pattern formation in science are traced to the study of oscillation in chemical
reactions [69]. One of the earliest papers to address this issue mathemati-
cally is credited to Lotka [48] in which he solved differential equations that
could represent a chemical system and showed that damped oscillation so-
lutions occur. However, he conceded that, as of the time of writing (1910),
he was unaware of any real chemical reactions which could be explained by
such models. Lotka’s work was eventually extended to what became known
as the Lotka-Voltera equations (cf. [49],[16]), a general competition model
which has most frequently been used to study predator-prey relationships.
One significant criticism of this type of model to general pattern formation
was that it was more representative of a mechanical equation, such as that of
a pendulum, where the final solutions were heavily dependent on initial data

[69]. Later, a theoretical framework was presented which allowed for this
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required structural stability through limit cycle oscillations. These models
became referred to as Brusselator models (cf. [75],[16]), although at the time
there was still little evidence of actual chemical reactions that had any sort
of oscillatory behaviour. In the many years that followed however, chem-
ical reactions were discovered such as the Briggs-Rauscher (cf. [10], [61])
and perhaps most famously, the Belousov-Zhabotinsky reaction (cf. [8], [83],
[19]), which can be described with the Brusselator framework. In the context
of limit cycles, Schnakenberg (cf. [71], [16]) refined the general ideas of the
Brusselator model into a set of required conditions for limit cycles to form.
Tangent to the study of chemical reactions was the study of patterns in the
context of fluid dynamics, such as the Rayleigh-Bénard convection patterns
(cf. [21], [13]). Unlike the difficulty in experimentally confirming theoreti-
cal models of patterns in chemical reactions, the Rayleigh-Bénard instability

was, experimentally, very well described [69].

Modern understanding of biological pattern formation is mostly attributed
to the seminal paper by Turing [74] in which he showed that diffusion, a
mechanism typically associated with stability, could be a destabilizing mech-
anism in a two-compartment system. His paper showcases several types of
solutions including oscillations and travelling waves. The breadth of patterns
discussed from this work was a catalyst in the rediscovery and correlation of
literature in pattern formation which stimulated the research field [69]. In
particular, many of Turing’s spatiotemporal patterns were found in papers in
population dynamics (cf. [17], [37]). In the context of this thesis, which is a

hybrid analytical and numerical analysis of pattern formation, Turing’s paper
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demonstrates extra significance because it was the first paper to incorporate
numerically computed solutions of reaction-diffusion equations alongside an-
alytical results with Turing himself contributing heavily to the building of
the computer used [69].

Since Turing’s pioneering work, pattern formation problems have been stud-
ied in a variety of contexts including animal spotting [63], sea-shell formation
[67], urban crime analysis [41], and animal aggregation [12]. A common at-
tribute of most pattern formation problems is that pattern initiation is gen-
erally attributed to very complex dynamical systems involving positive feed-
back loops, self-reinforcing conditions, and antagonistic tendencies [67]. The
particular focus on pattern formation in a biological context has interested
scientists because of the large scale where cascades of chemical reactions and
biological processes, often beginning with a single cell, eventually develop into
complex structures that are necessary to support life in organisms. While it
may seem a near impossible endeavour to understand the formation of these
complex structures, many of them, as a first approximation, can be taken to
be independent from one another. For example, the legs of most amphibians
develop regularly even when placed in ectopic positions indicating that the
growth is primarily due to the influence of local variables (with respect to

the larger organism as a whole) [67].

Following the work of Turing, it was postulated that more complex bio-
logical pattern formation requires two conditions in order to persist: local

self-enhancement and long-range inhibition (cf. [20], [72]). One such model,
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presented in [20], is called the Gierer and Meinhardt (GM) model. The au-
thors postulated a coupled partial differential equation model to describe
morphogen activation and inhibition as it related to head formation in hy-
dra. However, this model later proved to be useful in describing patterns in
such things as the formation of embryonic axes, leaf formation at the tip of
a growing shoot, and shell patterns on mollusks [67]. It is of interest to note
that, when postulating their model, Gierer and Meinhardt were unfamiliar
with the work of Turing and only became aware of it when it was mentioned
by one of their article reviewers [51]. This model has a rich history of analysis
(cf. [39], [80], [33], [46], [32], [15], [79] among many others) and will be the
focus of this thesis. A general non-dimensional GM model can be written

down as

/l}p

vy = Dy,Av— v+ — (1.1a)
ud

TUy :DuAu—u—i—U— (1.1b)
uS

with v an activator and u an inhibitor. The coefficients D; are the respective
diffusivities, 7 is the inhibitor time constant, and the exponents (p,q, o, s)
satisfy [20],

p—1 0

> 1 >0 >0 >0 —< .
p b q b O ) 8_7 q S+1

(1.2)

We refer to the activator as autocatalytic because it encourages its own
growth, satisfying the local-self enhancement for pattern formation. How-
ever the activator also induces production of the inhibitor which ultimately

limits the destabilizing autocatalytic behaviour, satisfying the long-range in-
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hibition requirement.

Typically the onset of pattern formation is initiated by a Turing instabil-
ity of a spatially homogeneous steady-state [74]. For the GM model, this
was conducted in [24] where it was concluded that these types of solutions
are unstable when D, > D,. In modern nomenclature, this is known as the
semi-strong regime of the GM model which is the focus of the work in this
thesis. Final patterns that ultimately form from perturbations to spatially
homogeneous initial data are strongly localized and qualitatively very differ-
ent from the initial structure (cf. [38], [29]). Therefore there is vast interest
in understanding these patterns far from the Turing regime. For the semi-
strong description, we take D, = €2 < 1 and D, = D = O(1) and make the
following scalings which are uniquely determined by appropriate order one

behaviour of the system (cf. [33]),

____Ng¢ __Ne=1)
v =er-Di+D-ew0g qy = e@-D+D-aoq; (p — 1)(3 —+ 1) —qo < 0,

where NV is the dimension of the localized domain. Substituting these scaled

variables into (1.1) simplifies to (dropping the hats),

2 vP
v =€Av—v+ — (1.3a)
ud
DAu— 4~ (1.3b)
Tuy = DAu — u 4+ ——. :
! eN s

We remark that the scaling is chosen so that the localized activator is of order

unity as € tends to zero. We will also consider a weakly saturated variant of
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(1.3) where we replace
vP vP

J— % B E———
ud  ud(l+ ovp)
where the term weak saturation is denoted when o = O(1), specifically that

Npq
g K e—1)(s+1)—qo

1.1 Main Contribution and Summary of
Previous Work

Most of the early mathematical work of the GM model was done in the limit
D — oo, known as the shadow regime (cf. [59], [26]). In this scenario, the
inhibitor is spatially constant and (1.3) resolves to a single parabolic PDE for
the activator. The solution to this problem concentrates on a finite number
of points in a way that is related to a ball-packing problem. Moving from the
shadow regime and taking D finite, multiple spike solutions were considered
in a one dimensional variant of (1.3) for which 7 = 0 (cf. [33], [32]). It
was concluded that an NN spike pattern is stable if D < Dy, some critical
diffusivity related to the properties of Green’s functions. The analysis of this
work was based upon the time constant 7 being zero. As 7 increases the
inhibitor takes longer to notice changes in the activator concentration and it
was postulated that this should destabilize the pattern. Indeed the extension
for 7 # 0 in [79] showed this unstable behaviour for 7 large and included the
conditions for which a Hopf bifurcation occurs on a quasi-equilibrium spike

pattern.
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One extension of the study of (1.3) to two dimensions involved analyzing
a stripe solution centered at the mid-line of a rectangular domain (cf. [15],
[39]). The construction of this solution was such that the cross-section was a
1-spike pattern constructed in the one dimensional analysis. The stability of
this stripe solution was analyzed in [39] in terms of both breakup and zigzag
instabilities which are generated by a class of even and odd eigenfunctions
respectively. This work also shows that the addition of saturation can sta-
bilize a stripe from equilibrium. Unlike the one dimensional case however,
studies in two-dimensional domains are not as abundant, particularly for
non-stripe geometries. Steady-state ring solutions to N-D radially symmet-
ric domains with N > 2 was investigated in [58] but with no accompanying
stability analysis information. The stability of homoclinic stripes and rings
has been considered for other models with the Grey-Scott model ([52], [40]),
the Schnakenberg model [11], and the Swift-Hohenberg model [22], but less
work is available for the GM model. Many of these models share similar
characteristics but the presence of a saturation parameter in the GM model

introduces unique aspects from previously studied models.

Through the use of matched asymptotic analysis (cf. [9]), we analyze the
existence and stability of ring solutions to breakup and zigzag instabilities
for the saturated Gierer-Meinhardt model. The analysis of breakup instabil-
ities has a similar structure to that of a stripe and leads to the same con-
clusions but relies on a different Green’s function formulation. Specifically,
the ring geometry involves modified Bessel functions which are less analyti-

cally tractable than the exponential Green’s functions that are generated on



1.1. Main Contribution and Summary of Previous Work

a rectangular domain. As such we require numerical computations of key
monotonicity properties to show regions of stability and instability for the
breakup. The analysis of zig-zag eigenvalues associated with the odd eigen-
functions for the ring geometry shows a significant difference in derivation as
compared to the stripe in [39] or [33]. The latter analysis relies on differenti-
ating the global problem for the activator for which the Laplacian coefficients
for a stripe are constant. In contrast, the polar form of the Laplace oper-
ator has non-constant coefficients arising from the 1/r curvature term and
therefore we present a more natural formulation relying on the inner region

asymptotic analysis of (1.3).

Unlike the stripe, there is no equivalent universal mid-line with which to
place a ring equilibrium. Instead, the equilibrium values depend on the pa-
rameters of the problem and, when there is no saturation, undergo a saddle-
node bifurcation with which equilibrium radii only exist on D > D, for some
critical diffusivity that depends on the outer disk radius and exponent set.
In the presence of saturation a ring equilibrium does exist for all diffusivity
values and initiates a hysteresis effect with an unstable branch of equilibrium
between two stable branches. This is a phenomena that has not been ob-
served in previous steady-state analysis of the GM or related models. Away
from the equilibria values, the dynamics of the ring radii follow a differential
equation which persists on an O(¢™%) time scale. As such, in contrast to
the stripe problem, the steady-state is quasi time dependent and therefore
the linear stability analysis formulation involves an application of the WKB

method (or alternatively the multiple time scales method) [9] for handling
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the eigenvalue problems. Typically, this slow-time evolution analysis arises
with the dynamic evolution of a critical bifurcation parameter [76], but is

rarely needed for a linear stability formulation.

Using a boundary fitted coordinate system, we are able to pose the GM
model in an arbitrary two-dimensional framework. We use this model to find
the existence of saturated near-ring solutions. We believe this is one of the
first attempts to analytically treat a non-standard, non-symmetric geometry
with this model. The generalization of the model to the boundary fitted
coordinates, makes it non-self-adjoint and, as such, intractable to analysis
in general geometries. However, it is easily recast as a singular interface
problem which can be analyzed and computed numerically using the method
of layer potentials. We formulate a numerical method to solve generalized
singular interface problems, one of which is the saturated GM model. These
singular interface problems are in contrast to pattern formation models de-
veloped in [23] which reduce to non-singular curve evolution equations which
are more tractable for computation than the models we present. Aside from
solving the GM model, we show the generality of our numerical method by
applying it to the well studied Mullins-Sekerka problem [55]. The method
involves singular properties of the Laplace operator and related operators,
such as the modified Helmholtz operator in the GM model. Recent work (cf.
[68]) has studied the modified Helmholtz operator using a layer potential
formulation as well. However, the focus of that work was for solutions in
all of space based on a set of static singular interfaces. Since we are gener-

ally interested solely on the evolution of curves, we have designed our method
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to focus only on the tracking of curves subject to a set of dynamic conditions.

Finally, for both stripes and rings using general exponent sets for (1.3), the
stability analysis involves understanding a non-self-adjoint, non local eigen-
value problem (NLEP). The complex structure of the eigenvalue problem
generally leads to bounding arguments for eigenvalues such as the results
in [39] and what we present in Chapter 3. However, for specific choices of
exponent sets, the eigenvalue problems can be formed in an explicitly solv-
able way. These results were first discovered in [57] and we generalize the
conditions for which an NLEP can be explicitly solvable, leading to a new

stability classification for a previously unreported exponent set.

1.2 Thesis Outline

We present the material of this thesis as follows. In Chapter 2 we formulate
the general boundary fitted coordinate Laplace operator for use in solving
the Gierer-Meinhardt model and reduce it to a singular interface problem
involving a flux jump condition across some (possibly disconnected) curve
I’ and a normal velocity condition. We then restrict this problem to two
geometries. In 2.3.1, we first consider the asymptotic construction of a ring
solution on some circular domain (2, including the extension of the normal
velocity condition to a dynamic differential equation for the ring radius. We
use this to analyze the ring radii equilibrium and conclude that the equilib-
rium structure is drastically different with and without saturation where a

saddle node bifurcation occurs for the former and a hysteresis effect for the

10
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latter. We also show the existence of ring solutions for which the inhibitor
is non-radially symmetric. The determination of these solutions relies on
studying a root finding problem of a Fourier transform decomposition and
is extremely preferential to the radially symmetric solution root. However,
this root finding problem can be used to verify non-radially symmetric solu-
tions that are found with the numerical study of Chapter 6. Next in 2.3.2,
we utilize the boundary fitted coordinate framework to analyze the quasi-
steady solutions of a near circular solution where the ring radius r = r(6).
The same model could be derived from a polar coordinate framework but
the jump and velocity conditions would be less natural to implement. The
boundary-fitted framework extracts both of these conditions regardless of the
underlying geometry. We show, using a Fourier analysis, that the first or-
der corrections introduce sinusoidal perturbations to both the curve inhibitor
value and radial velocity but that a second order correction is required to
account for vertical shifts that may occur. This shifting is due to the inter-
action of Fourier modes at higher order. Furthermore, we show that when
the base radius of a slightly perturbed ring radius is small enough, the ve-
locity corrections are in phase with the curve perturbation and therefore act
to stabilize the curve toward a circle. This is due to the curvature being a

stabilizing term in the normal velocity equation.

In Chapter 3 we return to the pure radially symmetric ring problem, and
perform a linear stability analysis for arbitrary initial ring radius ry, not
necessarily in equilibrium. Because of this, the problem is not separable in

time and we rely on a multiple scales argument through the WKB method

11
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to formulate the stability problem. We then derive an NLEP that exists for
a certain class of even functions as activator perturbations. We show that
without saturation there is, for all 7, an unstable branch of real eigenvalues
that leads to breakup instabilities. However, with the inclusion of satura-
tion, we show that breakup patterns can be stabilized. We verify all of these
stability bands in 3.2.10, where we discretize the eigenvalue problem and
solve it numerically. This requires a robust Newton solve due to the high
nonlinearity in the eigenvalue. We perform several numerical experiments to
compare asymptotic and numeric computations of upper and lower stability
bounds. In 3.3 we consider a second class of instabilities where the activator
perturbation is odd. These eigenvalues are perturbations of A = 0 and, as we
show, are of order €2. The analysis of these eigenvalues is intimately related
to the asymptotic construction of the activator and inhibitor solutions in the

inner region near the ring.

In Chapter 4 we introduce the notion of an explicitly solvable NLEP and
provide a general framework to classify an NLEP as such. We then ap-
ply this framework to a specific exponent set for the GM model in 4.2 for
a rectangular domain and in 4.3 for a circular domain. This exponent set
yields the same conclusions as the non-explicit case in Chapter 3 but in a
way that is more tractable to analysis. Furthermore, in the case of a stripe,
the simplicity of the Green’s function allows us to determine the stability
boundary, dominant mode, and Hopf bifurcation analytically which is gen-
erally not obtainable in the classic NLEP formulation. For the ring in which

the Green’s function involves modified Bessel functions, we can recast the

12
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problem in a way that is amendable to the framework for general NLEPs on
a ring in Chapter 3. In this decomposition, we see that the explicit formu-
lation has the effect of extracting the singular behaviour of the eigenvalue
pole, a crucial component of the NLEP analysis. Chapter 5 is devoted to full
numerical computations of (1.3) in order to verify the existence of stripe and
ring solutions, as well as to verify stability results. This includes performing
a number of numerical experiments which verify predicted dominant wave-
modes for breakup instabilities, the stabilizing effect of saturation, and the

stability effects of a circle to zig-zag instabilities.

Finally, in Chapter 6 we derive a numerical scheme to solve the singular
interface limit of (1.3) derived in Chapter 2 for any curve geometry in R
This involves the use of a layer potential formulation to handle the curve
singularities and normal interface velocity. We formulate the problem over
M possibly disjoint curves using a scaled arclength formulation in 6.1.2. In
6.1.5, we discuss methods of handling the singular logarithmic integrals and
discretize them using a combined Lagrange interpolation, trapezoid method
in 6.2.1. In order to validate our method we solve a different, but related
problem known as the Mullins-Sekerka problem in 6.2.2. We show that the
error converges in the standard way with chosen finite difference and time
stepping schemes. In 6.3 we solve the saturated GM model for a variety of
initial curves including circles, perturbed circles, ellipses in concentric and
non-concentric initializations. We use the analytical results of Chapter 2
to confirm the numerical errors are consistent with the chosen discretizing

schemes.
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Chapter 2

General Curve Formulation and

Quasi-Steady Solutions

Consider a general reaction diffusion equation for an activator v and inhibitor

u of the form

v = EAv — v+ g(u,v) (2.1a)

Tuy = DAu — u + 1f(u, v) (2.1b)
€

on a domain 2 C R? subject to Neumann boundary conditions on 0. 7
is an effective time scale delay between the activator and inhibitor while D
and €2 are the diffusivities of the inhibitor and activator respectively. As was
discussed in Chapter 1, we consider D = O(1) while € < 1 which defines the

semi-strong regime.

2.1 Choosing a Coordinate System

Before proceeding to specific geometries, we will derive a general global prob-
lem for the inhibitor based on activator localization on arbitrary curves I'.

To do this, we will consider a boundary fitted coordinate system (cf. Figure

14
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2.1, [22], [35], [27]) where

r = v(s) + Ny, y = Y2(s) + nny,.

Here s is the arclength of the curve with (y1(s),72(s)) being the parametriza-
tion of I" and 7 is the signed normal distance from the curve with normal

n = (n,,n,). We consider the normal to be the inward pointing normal

relative to I' and so n > 0 denotes inside the curve for a single curve.

I'= (y1(s),72(s))
Figure 2.1: The boundary fitted coordinate system for some curve in R2. The

normal points inward relative to the moving curve which is parametrized by
unit arclength.

We need to determine the Laplace operator using these boundary fitted coor-

dinates. If we keep in mind that the curve is being parametrized by arclength
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then the unit tangent and normal vectors satisfy

t=(1,%), D= (—7%"N);

t' = kn, n = —xt

where prime denotes differentiation with respect to s and k is the signed cur-
vature (positive for convex curves). Using this information we can compute
the (s,n) derivatives for (z,y) to get the Jacobian,

Ty T 1 —&n)y, —4
J_ a| _|( MmN 2|, det J = 1 — rn

Ys  Un (1—kn)v M

by noting that [t| = /72 + 2 = 1. Therefore, by the inverse function

theorem,

7 V3
Se Syl (17277) (17177) (2.2)
77:5 77y _r}é r‘yi ’

Taking higher order derivatives and using the chain rule we can ascertain

that the Laplace operator in the new coordinate system can be written as

KR 1 as
&= Oy = O ot e (o) @)

It is worth noting that there is a slight issue with this formulation and that
is the singularity (1 — xn) in the Laplace operator. The curvature at a
point s is the inverse of the radius of the osculating circle tangent to the

curve at s which is centered at some x € R%. The singularity arises if the
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normal distance from the curve is equal to this osculating radius. Since points
infinitesimally close to s will also lie on the osculating circle then they would
be the same distance n away from the centre of the circle x. Therefore x
is no longer uniquely defined by a single (s,7) coordinate which means it
cannot be a coordinate system for all of R%2. However, the specific use of this
coordinate transformation will be in analysis of the activator problem where
1 < 1 in which case the coordinate system is uniquely defined as long as the

curvature is not sufficiently large.

2.2 Asymptotic Expansion of Steady-State

We begin by determining a quasi steady-state solution to (2.1) in the bound-
ary fitted coordinates. We define quasi-steady solutions such that the only
time dependence should come from a potential motion of the curve I', i.e.
for some slow time scale T' = a(e)t, we have that the boundary fitted coordi-
nates satisfy (n,s) = (n(7),s(T)). Quasi-steady solutions are typical when
considering front motion problems (cf. [65], [31], [11]). We rescale our time
derivative,

— — aﬁi + aé2

on 0s

where the dot indicates differentiation with respect to 7. We will begin
by considering an inner region near the front where v is localized. Having
defined the boundary fitted coordinate system, it is easy to see that an O(e)

region near I' can be defined with the local distance coordinate 7 = 2. We
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2.2. Asymptotic Expansion of Steady-State

will also define the activator and inhibitor variable near the front,

A

a(i, s) = ulei, s),  o0(7,8) = v(e, 5).

In the local coordinate frame, the system (2.1) becomes,

a . . . . ER -
E’fﬂ}ﬁ + asvs =Vp; — mvﬁ
) i
n (1_6777)% <(1—?}Tn)) — ¥+ g(i, D) (2.4a)
cariiy + 2arsiiy =Diiy; — f—e’zﬁ)aﬁ
(16_2%77)% ((1_“7”)) — i+ ef(@,). (2.4D)

We expand the inner solutions as follows:

Q~JN170+€1~)1+... fLNINLQ—i‘ElNLl—i‘..., K~ Kgterr+..., 7.]N7;]0+€7.]1+...

and note that since we want the curve motion to be on a sub-order one time

scale, it is most natural to take a = €2. To first order we get,

Tosn — Vo + g(To, V) = 0 (2.5a)
oy = 0. (2.5b)

We can solve (2.5b) to get,

iip = Af + B
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2.2. Asymptotic Expansion of Steady-State

but since we expect the global solution for the inhibitor to be O(1), matching
would required that A = 0. Therefore we have that

fbo = U()(S, T)

where we explicitly note the possible dependence on the arclength and timescale
T. We now draw our attention to (2.5a) which is supplemented by far-field
conditions decaying to zero so that the solution is entirely localized. Since
the problem exhibits translational invariance, we will impose that 9;(0) = 0
as a front centering condition. We consider the following Lemma for the

existence of a homoclinic orbit solution,
Lemma 2.2.0.1 Consider the problem

Wy, —w + f(w) =0, —oo0<y< oo, w— 0 as |y| — oo,

w'(0) =0, w, =w(0) >0 (2.6)

and assume f(w) is C* smooth on w > 0 with f(0) =0 and f'(0) < —1. If
we define Q(w) = f(w) —w then a unique, positive, homoclinic orbit solution

exists when
1. Q(0)=0, Q(0)<0
2. Fors>0Q(s) =0, Q(s) > 0; Qw) <0, for0 <w < s
3. Q(w) >0 for s < w < wy, with w, satisfying fowm Q(w)dw = 0.

The requirements on f(w) are needed so that w decays exponentially in the

far-field. When f/(0) is finite (such as the case when f(w) = wP) then it
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2.2. Asymptotic Expansion of Steady-State

is easy to see the exponential decay condition holds. In an example where
17(0) is not finite such as f(w) = wlog w we can solve (2.6) exactly and show
that w — exp(—y?) as y tends to infinity which has an even faster decay
than the finite case. The conditions on Q(w) can be proven by taking a
first integral of (2.6) and using the front centering condition w’(0) = 0. If
we take w = 7y and f(w) = g(Up, ) then Lemma 2.2.0.1 gives the condi-
tions for (2.5a) to have homoclinic orbit solutions. See [39], [33], and [43] as

examples of where this formulation is used to form homoclinic orbit solutions.

Completely separate from the homoclinic orbit solution, we note that g(u, v)
does not depend explicitly on the space parameter and so the solutions to
(2.5a) can be written as a superposition of an even and odd function [30].
Since the homoclinic orbit satisfies positivity, this must be the even solution
and so formally we say that 0 is the even homoclinic orbit solution to (2.5a).
A corollary to the even homoclinic orbit solution is that the odd solution to

(2.5a) necessarily blows up as || — oco.

Continuing the expansion of (2.4) we have at O(e),

Ly = koo — gu(Uo, Do) 1 + Toso (2.72a)

Ui = —%f(UO,@O) (2.7b)

where

Lty = D5 — 01 + 90(Uo, D0) 01
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2.2. Asymptotic Expansion of Steady-State

Consider the problem for the homoclinic orbit (2.5a) and differentiate,

(Do) an — Tog + gv(Uo, To) Doz = Lo = 0. (2.8)

Here we see that 7p; is a homogeneous solution to (2.7a) and therefore we
will require an orthogonality condition with the source terms. This condition

18

N ~ y
If we define
Uo
5= [ guUn)do (2.10)
0

then we can simplify the final integral and use integration by parts to get

I= —/ Siiny A7)

by noting that since 7y is even then §(—o0) = G(co) = 0. We now define a

new function,

. 7
S(n) = / 9(x)dx (2.11)
0
so that integrating I by parts once more, we have

I=—ii8

o0 S ~
+/ G155 dn).
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2.2. Asymptotic Expansion of Steady-State

Again, since vy is even then G is as well, which ensures G is an odd function,

so that

A

= =§(00) (ins(o0) + ingl—oc)) = 35 [ $/(Ti)di,  (212)

where we have simplified the last integral by using (2.7b). However, since g
is even then so to is f(Uy, 7p) so the final integrand is odd and hence vanishes

over the domain. Finally then we can write the solvability condition (2.9) as

. G(o0) ~ ~
No = —ko — m (U1f]<00) + Ulﬁ(—OO)) (213)

which prescribes the leading order velocity of the curve. We can also relate

the difference in @, by integrating (2.7b),

(i19(00) — tna(—0) =~ [ fWoiydi @1

Finally, we will consider the expansion at O(e?) as this will be needed when

analyzing the spectrum of the linearization for a radial geometry,

- - - . .~ .~ . -
Lvy =KgU155 + K100s + K5N00s + NoU17 + TP + SoUos — Voss

1 L e - 1 - -
- §guu(U07U0>u% - guv(U07 UO)ulvl - égvv(UOa UO)U% - gu(UO>U0)u27
(2.15a)
tagy == U + ol 1f(U~)~ 1f(U~)N (2.15b)
U2q D 0 T RolU1p D’ 0, Vo )U1 D’v 0, Vo)V1- .

Once again, this will have an orthogonality relationship with @y; producing

a condition for the velocity correction 7; but we do not derive this here as
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2.2. Asymptotic Expansion of Steady-State

we will consider a singularity limit where we take € to zero and hence this

correction will occur at higher order.

2.2.1 Global Inhibitor Sharp Interface Limit

Turning our attention to the global region where n = O(1), we have that
v = 0 (to within exponential order) and so we only need to consider the

problem for the inhibitor u:
1
DAu—u+ —f(u,v) =0 (2.16)
€

where we assume that f(u,0) = 0 so that the inhibitor solution does not
experience global blowup as € — 0. Therefore then, the only contribution to
the reaction term is very close to the curve. In fact, since f(u,0) =0 and v

decays super-linearly to zero we have that,

and so (cf. [33])
tim 2% — As()

e—0 €

with d(n) the Dirac mass centered at n = 0. To find A, we integrate over a

small domain including zero and scale to the inner coordinate,

o+ u v 0t /e
T A LCLU) L)V, Fla(h), 5()) dij = A.

e—0 0- € e—0 0_/6
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2.2. Asymptotic Expansion of Steady-State

Expanding out f(, ),

f(a,v) = f(Uo, o) + € (fu(Uo, Vo)t1 + fo(Uo, 0o)01) + ... = f (U, )

so that

A= / " F Uy, ) i

o0

and finally (2.16) becomes

DAu—u=— (/_Z F(Us, ) dﬁ) 3(n). (2.17)

We refer to this as the sharp interface limit of (2.16) since we have captured
all of the asymptotic structure via a singularity at the interface. By using
the sharp interface limit, we do not need to expand u in powers of € as (2.17)
captures the entire global problem. Upon solving u we will need to match to

the inner region via

u(en, s) ~u(0,s) + €n g_:; + - = tg(F00) + ety (£00),

n=0%

where the 4 indicates approaching the curve from either side of n = 0. Upon

performing the matching we have u(0, s) = Uy and

(2.18)

Using this with (2.14) we have that

ou 1 [ s
|:a :| i f(U()aUO) dna
n n=0
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2.2. Asymptotic Expansion of Steady-State

where [-],—, indicates a jump from n = a* to n = a~. This is the equiva-
lent singularity structure to match the Dirac measure in (2.17). Combining

everything we can write the problem for u as

DAu —u =0, r € (2.19a)
ou
5o =0, xean (2.19b)
u = Uy(s), zel (2.19¢)
Ou ——i/mf(U o) i T (2.194)
on - -7D . 0, Vo) 4, Z . .

This quasi-steady problem is subject to a normal velocity V' given by (2.13)

which we can rewrite using the outer coordinates as

0 0
Vo=ro+H 2z + 22 (2.19¢)
on|, o+ Onf,_o
where we have defined
§(o0)
J oo Uy i

Note that if V' is the normal velocity measured with respect to the origin
then n = —V. This is because for a single curve, if n > 0 then points
inside the curve are increasing their distance from the curve, i.e. the curve
is expanding in space. However, we have defined the inward pointing normal
to be positive and so V' > 0 means that the curve shrinks, hence V' = —1).

The system (2.19) is what we will solve for quasi-steady state profiles.
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2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

2.3 Quasi-Steady State Profiles for the
Gierer-Meinhardt Model

Moving forward, we will consider the saturated Gierer-Meinhardt (GMS)
model (cf. [20], [39], [82]),

,02 o

g(u,v) = m, flu,v) = o (2.21)

for some exponent set (2, ¢, 0, s) and saturation parameter o > 0. Notice that
these functions obey the required properties of f(u,v) and g(u,v) outlined
above. With this formulation then we can write 9 = Ujw and recast (2.5a)

for w with

2

w .
Whp — W + T ot 0, w'(0) =0, |'r71\1£>noow =0, (2.22)

where
b=U)% >0 (2.23)

is a modified saturation parameter. Notice if 0 = b = 0 then we can analyt-
ically satisfy the conditions of Lemma 2.2.0.1 and get that the positive even

homoclinic orbit solution to (2.22) is

w(i) = gsechQ (g) | (2.24)
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2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

If b # 0 we can no longer obtain an analytic solution but we can investigate
the criteria on b for which a homoclinic solution exists via Lemma 2.2.0.1
and compute it numerically. This was considered in [39] for a stripe and we

reproduce the analysis here. Let

w2

Q) = T30~

and look for rest-points of the differential equation when Q(w) = 0. We see

that w = 0 is a root for all b and the other two roots are given by,

1++v1—-4b
t__—Y- - 2.25
w 5 (2.25)

where we notice that real roots fail to exist if b > 1/4. If b = 1/4 then we have
that the two roots degenerate to a single root w! = 2. If we classify the roots
of (2.25) by linear theory, we have that Q'(0) < 0 for all b which classifies it
as a saddle point as was required via condition 1 in Lemma 2.2.0.1. Aside

from w* = 0, we have

w
which is zero when w* = w' owing to the degeneracy of the root. Therefore
this root cannot be classified by linear theory but we have that Q”(w') =
—1/2 and therefore for b = 1/4 since w = 0 and w = w' are the only roots
then Q(w) < 0 for all w. Therefore we cannot satisfy condition 2 or 3 in
Lemma 2.2.0.1 and no homoclinic orbit exists at this value. For 0 < b < 1/4,
since wt > w' (w™ < w') then Q' (w*) < 0 (Q'(w™) > 0) and therefore

w = w~ is a center while w = w™ is another saddle point. Therefore, in
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2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

terms of condition 2 in Lemma 2.2.0.1, s = w~. To satisfy condition 3, we

require

w(0)
Q(u) du = 0. (2.26)
0

We already concluded that no homoclinic orbit exists when b = 1/4 but as
b decreases from this value, causing w = w' to degenerate into w* and w™
then by condition 3 of Lemma 2.2.0.1, a homoclinic orbit will begin to exist
at the moment when w(0) = w*. We can determine this critical b = b, value

by numerically solving (2.26) with w™ given by (2.25). We conclude that
b. = 0.2113763204, w(be) = 3.295208658. (2.27)

Notice that at this point exactly, the maximum value w(0) = w™ is also a
saddle point of the phase space and therefore we actually have a heteroclinic
orbit here connecting w = 0 to w = w*. However for b < b, then w(0) < w™
and therefore, the homoclinic orbit exists on 0 < b < b.. Having chosen a b
value in the acceptable range then we can compute solutions to (2.22) using
a standard finite difference solver on a truncated domain [0, L] (see section

6.3). Examples of homoclinic orbits for different b values are in Figure 2.2.
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2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

Homoclinic orbit for b= 0 Homoclinic orbit for b= 0.12807

18
16
14

1 1 12

0.8
0.6
0.4

0.2 1 0.2

920 15 -10 -5 0 5 10 15 20 -20 -15  -10 -5 0 5 10 15 20

(a) b=0 (b) b= 0.12807

Homoclinic orbit for b= 0.19211 Homoclinic orbit for b= 0.21132

0 L L L o L L L L L
-20 -15 -10 5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20

(c) b=0.19211 (d) b=0.21132

Figure 2.2: Solutions to (2.22) for different values of b. Here we choose L = 20
as a sufficient representation of infinity. Note we can solve the equation on
[0, L] and use symmetry because the functions are even.

The homoclinic orbit problem holds for any curve I' and hence the only effect
of the geometry of the curve is in the inhibitor problem u. Separating the

homoclinic, we can write (2.19) in a more tractable way. Firstly we have that

| fiai=v [Cwedn [ #ai-vp [ utan @os

o0 [e.9] —0o0

B =qo — s. (2.28b)

Furthermore, we can actually simplify G in (2.11) which we first write using
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2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

the homoclinic as

R oo pw(n) ,02 %
sﬁm:—ﬂﬂ*/ / cwwzdﬂ*/ W(w) d7
(00) e A S o) (w)

where W is defined by

w U2
= — av. 2.2
4% /0 05 bo?) dv (2.29)

To simplify this, consider the homoclinic orbit problem (2.22), multiply by

wy, and integrate to get
w2 — w? 4+ 2W(w) = 0.
7
If we integrate again, we get

oo ) 1 oo ) oo )
/0 W(w)dn = 1 </_oow2dn—/_oow?]dn) (2.30)

where we have exploited that YW (w) is an even function. Finally then we can

use this expression for § with (2.28a) in H to write (2.20) as

00 9 1.

q f_oow dn qg -

2 R ) 2.31
4U, (f_ w% dn > ( )

This form is convenient because we avoid the integral with respect to w and
the spatial integrals can easily be computed from an analytic or numerically
computed homoclinic. This form is also useful because it holds for any func-
tion g(u,v) with perhaps slightly different leading constants which makes it

more universal. Furthermore, as long as g(u,v) is such that Uy can easily be
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2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

extracted from vy then we explicitly remove the Uy dependence in a tractable

way. With this simplification we now have the inhibitor problem is

DAuy —u =0, z € (2.32a)
g—z —0, x€00 (2.32b)
u = Uy(s), zeTl (2.32¢)
{%L _ —%Ug A (2.32d)
Vo = g — 4%0 ) (g—z . g—z n=0> , (2.32¢)
where we have defined
A= /_oo w® di). (2.33)

2.3.1 Inhibitor Problem on a Circular Curve

We start by considering the curve I to be a circle of radius rg inside a circular

domain 0 < r < R. In this case, the inward normal is n = —r and
du
ke = —u, (r])
dn =0+ T

where we note that n* is slightly on the inside of the curve which from the
radial coordinate perspective is 7, and the opposite is true for 7~. Using

a polar coordinate system, we have, for this geometry, that the inhibitor
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2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

problem (2.32) reduces to

%6(?_7" (r%) +DLT_2%—%U:O, 0<r<R, 7r#nrg, (2.34a)
% =0, r=R (2.34b)
u = Uy(0), r=rg (2.34c)
B_ﬂ - LA (2.34d)
%:_%_%Uoﬂ <% T:T’(J)r_l— %”To>‘

(2.34e)

Here we have noted that the curvature kg and normal velocity V are, kg = %,

% = —V respectively.

Radially Symmetric Solution

We will begin by considering Uy a constant and denote this as the radially
symmetric ring solution, the details of which are similar to [45]. We can
immediately write the bounded solution to (2.34a) satisfying u, = 0onr = R

and v bounded as r — 0T as

/

Al <\/L5) , 0<r<mg Ky (%)

T = s ao = ——/
E (aolo (%) + Ky (\%)) , 10 <r<R Iy (%)

where Iy and K, are the zeroth order modified Bessel functions and prime
indicates differentiation with respect to r. To avoid certain chain rule ex-

pressions, we will adopt the following notation for the location of the prime
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throughout:

_4f

du u=u(r)

df(u(r)) du

f(u(r)) o ) = = S ) (2:39)

Enforcing continuity and the jump condition (2.34d) at ry we have
u(r) = SUJAGy(rsro) (2.36)

where we have used the Wronskian relationship,

oG5 1) () (i) - e

Here Gy(r;79) is the Green’s function

Ji Ji , 0<r<
Go(r;mo) = oa(r)Joalro) T (2.38)

Jo1(ro)Jo2(r), 1o <r<R

where

T r

Joa(r) =1Io (\/—5) , o Joalr) = agly (%) + K (ﬁ) . (2:39)

We can determine the value of Uy by solving u(rg) = Uy to get

D 1/(8-1)
Uy=|———— . 2.40
0 (ToAGo(TQ;To)) ( )

For b = 0, this is an explicit expression for Uy, However, for b # 0 then A

depends on b and hence U, as well. However, this can be solved with an

33
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iterative technique such as Newton’s Method. Regardless we can use (2.23)

to define (cf. [39])

G(b) = bAFT ( D )H (2.41)

= T=—— o .
r0Go(ro; 7o)

and numerically (Figure 2.3) we see that %‘ > 0. Therefore, % > 0 and so

for each o there is a unique b and vice-versa. An elegant proof in appendix
B of [82] shows analytically that % > 0 when o = 2. The monotonicity of
G guarantees that there is a unique root Uy to find with the Newton solve of

(2.40).

10000

9000

8000

7000

6000

5000

dA/db

4000

3000

2000

1000

Figure 2.3: Numerical computation of the b derivative of A for o = 1 to
o = 6. Here we see that the derivative is always positive and each value of
o is bounded from below by the previous values. The integral diverges as b
approaches b. from the left.
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Finally, we can determine the normal velocity of the ring solution. We can
re-write (2.36) as

u(r) = e (Uo

7”0;7“0)

Go('f’;rg> (242)

which we substitute into (2.34e) to get

% . 1 g,}:[ <‘~70/,1<T0> + ‘76,2(700)) ) (243>

dT 1o 47\ Joalro)  Joa(ro)
Rather than consider varying R and D separately, typically (cf. [39]) the
outer radius is set to R = 1 in an absolute geometry frame and then it is
rescaled to an effective domain with a unit diffusion coefficient. We note that

this can be achieved in the current formulation by setting D = 1 everywhere

and then replacing

R=——=1
VD

where this D or £ is to be varied. Unless otherwise stated, we will adopt this
formulation moving forward. It is worth noting that when the saturation is
not zero, the problems are not entirely equivalent as the diffusivity does not
properly scale in (2.41). We begin by considering no saturation (o = b = 0)
where Figure 2.4 shows (2.43) versus r( for exponent set (2, 1,2, 0) and various

values of R = /.
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0.5r

SNEEENREEEEEERRE|ERE

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
To/R

Figure 2.4: Phase portrait of (2.43) for D = 1, b = 0, exponent set (2, 1,2,0),
and various values of R.

Notice that (2.43) does not depend on the exponents o or s and so only
varying ¢ can make a difference. The plot for ¢ = 2 is shown in Figure 2.5

which overall does not show any qualitative difference to ¢ = 1.
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d’r'o/dt

0.4 0.5
To/R

Figure 2.5: Phase portrait of (2.43) for D = 1, b = 0, exponent set (2, 2,2,0),
and various values of R.

In both Figure 2.4 and 2.5, we have that for small values of R = ¢ there
are no equilibrium values to (2.43) and that transitions to a stable and un-
stable equilibrium as ¢ increases. Therefore, (2.43) undergoes a saddle-node
bifurcation. We compute this bifurcation curve numerically by using a New-
ton’s method continuation on ry starting from the smallest root ry,. We can

approximate these roots asymptotically by defining

F(r)= =

Joa(r)  Tga(r) L) ok (r) = Ky (r)
(Jo,l(r) + jw(r)) To (1) ol OEA0 (2.44)
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and then for r <« 1 we have

1

) ~ oy T log(@) = Togl) =1

with v ~ 0.5772156649 the Euler-Mascheroni constant. Therefore from
(2.43),

dT’o q7:[ 1
ar (4(&0 +log(2) — log(r) — ) B 1) o +O(ro). (2.45)

and we can approximate ros by setting the expression in brackets to zero,

Tos A €Xp <a0 +log(2) — v — %) . (2.46)

As R tends to infinity, o tends to zero and so there is a limiting small radius,
Tos ~ 1.1229 exp(—q) (2.47)

where we have noted that when o = 0 then H = 4. In Figures 2.4 and 2.5
we can see this limiting small stationary point radius being approached as
¢ increases. For the continuation method then we take R sufficiently large
(here we choose R = 10) and take as an initial guess 1y = ros and iterate until
convergence. We then increase ry and find the corresponding R that creates
an equilibrium value. We plot the ¢ = 0 bifurcation diagram in Figure 2.6.
Notice that for ¢ = 1 the asymptotic approximation is not very accurate for
the lower root but from Figure 2.4 we see that at R = 10 the small equilibrium

radius is 7gs & 1 which is sufficiently far from the small ry asymptotic regime
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that terms of O(rg) can no longer be neglected in (2.45). However, since we

are mostly interested using the asymptotic approximation for initializing the

numerical algorithm, the accuracy is not of critical importance.

101

To

10+

To

Numeric
= = = Asymptotic
s 6 8 10
R
(a) g=1
— Numeric
= = = Asymptotic |J
P D 8 10
R
(b) ¢=2

Figure 2.6: Bifurcation diagram to (2.43) for different values of the exponent
g and b = 0. The differential equation undergoes a saddle node bifurcation
when R = 3.6220 (for ¢ = 1) and R = 1.4296 (for ¢ = 2). The larger of
the equilibrium r( values belong to the stable branch. The red dashed curve
represents an asymptotic approximation to the lower radius.

The case with no saturation was mentioned as an extension of work for
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ring solutions with the Grey-Scott model [45]. However, the analysis did
not consider saturation which we now present. The addition of saturation
requires a more delicate approach since the saturation value o is the static
parameter and not b which varies as Uy varies. Therefore, H in (2.43) is no
longer static when b # 0 and to solve (2.43) we must first solve (2.40) for
a given 7o and then compute b (and hence H) with (2.23). We solve the
problem (2.40) for Uy numerically using Newton’s method. However, we do
so in a special way that stabilizes b. The details of this are presented in
6.3.2 and are omitted here but we indicate that the reason is to prevent b
from exceeding its maximum value artificially (i.e. as in the intermediate
Newton’s method steps). Something we notice immediately from (2.41) is
that the denominator tends to zero as ry tends to zero and thus for any
o > 0 we have that A diverges or that b tends to the critical value as rg

tends to 0. This is demonstrated numerically in Figure 2.7.
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Figure 2.7: Modified saturation parameter b as a function of ry for various
saturation values o. Here we take D = 1, R = 1 and exponent set (2, 1,2,0).

When o = 0 we had that as ry tended to zero then F'(rg) from (2.44) tended
to zero as well since H was fixed. Therefore drq /dt tended to negative infinity
as evidenced by Figures 2.4 and 2.5. However, when o # 0 then since b tends
to the critical value as rq tends to zero then H tends to infinity. While it
can be hard to analyze the growth of H analytically, from Figure 2.8, we can
conjecture that it grows faster than logry and so therefore we actually have

that F'(ro) (and hence dry/dt) tends to positive infinity as ry tends to zero.
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Figure 2.8: Growth of # versus —log(ry) for R = 1 and when ¢ = 5.

We plot (2.43) in Figure 2.9 for saturation values o = 0.5, 5, 10, and 25 for
exponent set (2,1,2,0) and various values of R = ¢ (with D = 1). Figure
(2.10) repeats the experiment but with the exponent set (2,2,2,0) and ex-
cludes o = 25 since the single root is so close to ro = R for R large that it is

difficult to compute.
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dro/dt

dro/dt

dro/dt

Figure 2.9: Right-hand side to (2.43) for various saturation values, o and
boundary values R. The exponent set here is (2,1,2,0) and D = 1.
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Figure 2.10: Right-hand side to (2.43) for various saturation values, ¢ and
boundary values R. The exponent set here is (2,2,2,0) and D = 1.

The addition of saturation drastically alters the root structure to (2.43). If
0 < 1 then the behaviour should be similar to ¢ = 0 since, from Figure 2.7,
b very quickly tends to zero. This means that very quickly, for R not too
large, drg/dt goes negative and there must be a root very close to ro = 0 as is
evidenced in Figure 2.9a when o = 0.5. Since drq/dt starts positive, this root
is necessarily stable and exists prior to R = R,, the saddle-node bifurcation
point when o = 0. Therefore, the effect of the saturation is to add an extra

stability branch emanating from rq = 0. Since these stable roots are very
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small, they can quickly cause instability in Newton algorithms where b is
near the critical value. Furthermore, since dry/dt starts at positive infinity,
we can no longer guarantee the existence of a small root for R > 1 and
therefore cannot initialize around something analogous to (2.47). However,
as 1o tends to R we have that b tends to zero and so we still expect the
larger stable root near ry = R. As such, we begin the bifurcation solver
by numerically searching for a root near ry = R and follow a downward
continuation in ry. Figure 2.11 shows the bifurcation diagram for ¢ = 10
and o = 8 with exponent set (2,1,2,0) along with the small 7y asymptotic
expression computed from (2.46) where now this has to also be handled with

a Newton solve since H = H(rq).

35 — Numeric 35 Numeric

- = = Asymptotic - = = Asymptotic

25 1 25

To
T

15 1 15

\
05F 1 q 05y

(a) o =10 (b) 0 =38

Figure 2.11: Bifurcation diagram to (2.43) for exponent set (2,1,2,0) and
different values of o. The dashed curve represents an asymptotic approxi-
mation for 7o < 1. The smallest and highest equilibrium values are stable
while there is an unstable transition branch in the middle.

Non-Radially Symmetric Solutions

Standard techniques guarantee that solutions to the modified Helmholtz

problem are unique for prescribed Dirichlet or Neumann boundary data (cf.

45



2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

[68]) and thus one would expect that the radially symmetric solution to (2.34)
is unique. However, since the boundary data Uy is an unknown of the prob-
lem, we can no longer prescribe uniqueness and we briefly demonstrate that
by finding solutions for which Uj is a periodic, non-constant, function. Even
while removing the restriction that Uy be constant, (2.34a) is still separable

and therefore we can perform a Fourier eigenfunction expansion,

u(r,0) = Z U, (r) exp(inf), U, = Z a, exp(ind),
U = Z fnexp(ind)

n=—oo

where we treat the UOB term separately just for simplicity. Using this expan-

sion in (2.34) we get for each eigenmode n,

= _ _ " _ 2.4
rdr (T dr ) r2 D 0, (2.48a)
di,
Ul (2.48b)
dr |, _g
Uy (T0) = an, (2.48c¢)
di, 1
L 2.48d
o e

This is the n > 0 analogue of the radially symmetric case and so if we define

the functions

Tna(r) =1 <%) L Jua(r) = anl, (%) + K, (%) (2.49a)
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where
/
R R nv/D R
Ka(f5) _ (Fon (35) - % (F5)
W(%) \ =P (J5) I ()

then the solution can be written as
To
Z/{n(T’> = EanGO,n(T; 7"0)
with G, (7;70), the Green’s function

Tna1(r)Tn , 0<r<
Gon(r;ro) = 1) nalro) = (2.50)

Tn1(10)Tn2(r), 10 <r <R

Using the Dirichlet value at ry we have a condition to solve for Uy,
To
Ay = BAGo,n(TOS 70) fn-

Notice that for radial symmetry, a,, = f, = 0 for n £ 0 and fy = ag leading
to the form for Uy in (2.40). We can approximate the Fourier coefficients ¢,

of a discrete vector g using the discrete Fourier transform,

N
1 27rm —1
Cp N E exp ( )) gja

where here N is the number of discrete wavemodes to consider. We can write
this as

1
:—3’
c=NY
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for a Fourier transform matrix F where

T
T = exp (M)

N

Using this, we can get the Fourier coefficients we desire by numerically solv-

ing,
FU, = diag(V)FU?. (2.51)
for fixed ry where ) is a vector with entries,
T
Vo = BOAGo,n(To; ro)-

Computing solutions to (2.51) using Newton iterations starting at arbitrary
initial data tends to converge to the radially symmetric solution which is not
surprising since the decay of Fourier coefficients for increasing n will always
have the constant term dominate regardless. We will therefore return to this
formulation in 6.3.2 when we compute solutions on arbitrary domains to use

this as a verification of non-radially symmetric solutions.

2.3.2 Inhibitor Problem on a Near Circular Curve

Now consider the curve I' to be a perturbed circle given by

r =1+ ch(f), ekl (2.52)
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still inside a global circular domain 0 < r < R. We will not consider the
equilibria of such a geometry because dynamics may distort it beyond a near-
circle and we will therefore consider the inhibitor and velocity perturbation
for any initial base ring radius 0 < rg < R. Recall that in deriving the
singular limit inhibitor problem (2.32), we took the limit as € tends to zero
and so for our machinery to work with this perturbed circle geometry, we

require € < ¢ < 1. We can write the inner normal to I" as

W (6)
<_ 1’ r0€+eh(0) >
21/ (0)2
1+ Goren@y

n=

Y

where prime here indicates differentiation with respect to #. We can use this

normal vector to write

W (6)
du _ U+ Goramto
on 2h/(0)2

T Goteh®)

We consider solving (2.32) with a formal expansion

u(r, 0) = uo(r) + euy(r, 0) + >us(r,0) + . ..

where we explicitly note that we want to consider a perturbation from the

radially symmetric inhibitor solution hence why u is independent of . Using
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the condition (2.32c) we have

Uo = u(ro + eh(8)) ~ uo(ro) + (uor(r)h(8) + ur(7))ry

+ 52 (%Uorr(r)h(e)z + U1T<T)h(9) + Ug(?"))

T0

= U()o + €U01(0) + €2U02(9). (253)

Here we have put the evaluation at r = ry outside the brackets since individ-
ually, each term may be discontinuous but together, they must be continuous
since Uy has a fixed value. Using our asymptotic expansion we can write the

normal derivative as

S—Z LT uor(rg ) + € (=t (1§ )h(0) — ur, (1))
+ 2 (-%u()m<r§>h<e>2 — 1 (rg ) (0) + —ule(rig) o
+“°T(r§% - uQr(TSF)> (2.54)

where we recall that because we are using the inner normal, 7 = 0% corre-

sponds to r = r§. Finally we use (2.53) to write

_ us-2
US ~ Ub + eBUS Uy + 525% ((8 = 1)UZ + 2UnoUps) - (2.55)

In the presence of saturation, both A and H depend on the curve inhibitor

value Uy and so we will also need to consider an expansion of the effective
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saturation parameter b,

b= U0 ~ Uplo +e2qUsd ' Unio + e*qUsd* ((2q — 1)U + 2Un0Uss) 0

= b() + Sbl + €2b2,

and then write

ddy ., [dA
ANAO‘I'wal‘l—S (ng

db db

N dH dH
H o~ Ho+e Hobl+52< H”bﬁ

(2.56)
1 d2A0 2
+ 5@61 s (257&)
1d*H
5 db20b§>, (2.57h)

where the zero subscript indicates evaluation at b = by, the unperturbed

saturation parameter. We will begin by looking at corrections to the inhibitor

value before analyzing the corrections to the curve front velocity. The leading

order problem for ug is given precisely by the radially symmetric version of

(2.34) in section 2.3.1 with solution (2.36) and curve value Uy given by (2.40)

and as such we continue directly to the problem at O(e):

10 8u1 1 02u1 1 -
ror (TW> Tage pm = T (2.:58)
dul (2.58D)
87’ r=R
dUO
), = —h(6) | S| (2550)

ou d?u A 1=
[8_7’11 = —h(0) [dr20] - 30[]50 ' AgUp1,
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where we have defined

2(]60 dA()

Ay = g4 L0270
0 ﬁ+Aodb

(2.59)

The continuity condition (2.58¢) comes from utilizing (2.53) and that glob-

ally, the inhibitor value Uy must be continuous across the front. The deriva-

tive condition (2.58d) comes from (2.54), (2.55), and (2.56) where we have

expressed by in terms of by. We can rewrite (2.58d) by noticing that

[d2u0 d*Gy
dr? dr?

= 12107”0 (j0,1(7”0)x70,2(7’0)// - &70,1(7“0)”&7072(7“0))

=Agro

0 To

- (1 () 1 (75) % (75) (7))

where we define

Ay = EU&, (2.60)

Go(r;ro) by (2.38) and Jp1 and Joo by (2.39). If we use the Wronskian
(2.37) and differentiate we get,

-1 () 2 (7)) () -

Therefore,

dQUQ Ao
ra] 2 v

52



2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

and the derivative jump condition (2.58d) becomes
8u1 A, =
—1| =—-h(0)— — —AUo. 2.62
] =) oo (262

Since the problem (2.58) is linear in the 6 dependence, we can perform an

eigenfunction expansion,

uy(r,0) = Z Vin(r) exp(ind), Uy (0) = Z Uy, exp(inb),

n=—oo n=—oo

h(0) = Z H, exp(ind)

n=—oo

for integer eigenmodes, n. Upon this expansion, (2.58) becomes

1d dVln 7’L2 1 -
P <r . ) — ﬁvm — BVM =0, r % ro, (2.63a)
dVi,
L& =0, (2.63b)
dr r=R
Vi), = H, A, (2.63¢)
dVi, H,A, A, =
= — — —Aly,,. 2.63d
{ dr :|7"o To Uoo obs ( )

This problem is very similar to the non-radially symmetric case for the pure
circle geometry and so if we define 7,1, Jn2, and «a,, by (2.49) then we can

write

ATna(r), 0<r<mrg
Vln ==

Bjn’Q(T’), ro<r< R

93



2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

where the boundary derivative condition (2.63b) has been used. Using (2.63c)
and (2.63d) we have

—Ini(ro) Tn2(re)| [A| H, A B Ay
_jrlz,l(ro) jﬁz(ro) | B —Hﬁ—fo - %Eﬂuln Bin
—M

Using the Wronskian relationship (2.37), which holds for any n, we have that
det M = 1/r¢ and therefore

A Alnrojé,g(ro) - Blnrojn,Z(TO)

B Am?”ojfl,l(?”o) - Blnrojn,l(TO)

If we define Gy ,,(r;79) as in (2.50) and Gy, via

Tna(r) T , 0<r<
Grn(rirg) = 1) {r0) e (2.64)

jﬁ,l(ro)jnz(?”), ro<r<R
then we can write
Vin (1) = A1proGrn(r;m0) = BiaroGon(r; 7o) (2.65)

Now we can determine U, via (2.53),

d
Uy = Vin + H, "0,
dr
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evaluated from either side of r = ry. However, since this must be continuous

across ro we can actually compute it using the average value,

_ dG
Urn, =A1,70 <<G1,n(7"§ T0)>r0 + <d_ro> )

_ Aara =
+ (Aln + (]07“0 A()uln) GO;n(r0> 7’O>7

00

where (-), indicates the average value across r = a. If we notice that

T Uoo
Agrg = ——————
oro Go(To; 7“0)’
then we can solve for U;, and get
HnUOO
Uy, =———
' Go(To;To)
= Go~n(7“0;7"0) - GOn(To;To) dGy
1—A)— : Gin(r, —— .
( " Go(ro; ro) To FA\Gnlrro) dr /.,

(2.66)

Typically, we consider the perturbation h(6) to be a finite combination of
sinusoidal modes and if this is the case then the correction at O(e) will
add components in each of those modes. However, unless an n = 0 mode is
explicitly part of h(6), the perturbation at this order can not describe vertical
shifting as there is no cross-mode influence. Therefore, we will consider the

expansion at O(e?) to account for this shifting since mode interactions occur
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at this level through quadratic terms. The problem at O(e?) is

10 ([ du 1 0%u 1
ror (Ta_:) tage p=0  T#m (2.672)
% — 0, (2.67b)
r=R
6%1 h(9)2 d Ug
il = -h0)| 52 -1
(2.67c)
Oug | 1h’(0)2 dug N R(0) [Ouy
or ], 2 3 [dr], o} [00],
82U1 1 2 dS’LLO
— h(6) { or? ]TO B §h(9) [ dr3
——°<AU2+AUU> (2.67d)
Ugo 1Y01 ovoovoz2 ), .
where we define
-1 gbo(2¢ — 1) d Ay 2¢%0% d* A

Av=2pB -1+ A, b A, dp?

As with the O(g) expansion, this is generated by appropriately substituting
the expansions from (2.53), (2.54), (2.55), and the corrections to b have been
expressed using (2.56). We can rewrite the continuity condition (2.67c) using

(2.61) and (2.62) to get

Uor. (2.68)
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Next we turn our attention to the jump condition (2.67d). First we notice
using (2.63c) that
{%1 — Z in [Vinl,, exp(int) = Ay Z inH, exp(ind) = Aok (6).
To

n=—oo n=—0oo

Next, we need to determine

-82U1 1 ad -
972 = Z (Alnro

- To n=-—0o

d*G1, _ d*Go.n _
d—r;] — Biaro [ drg ] ) exp(ind)
To To

] Rien
dr3

_d?’uo
dr3

= Aoro

470 T0

Since the Wronskian relationship (2.37) also holds for n # 0 we have

= () ) - () () - o
which we can differentiate to get
) i) 1)~ i)
i

d GO'rL o
| dr? N
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just as in the n = 0 case. If we differentiate this again,

i = (75) % (75) % (75) = (75)”
(i) (55) ) (5

4

N———

| v (G5) = (75) - (75) = (75)
S () K (=) K (=) L —
a | T\vp) B\ vo) "\Up
2
== _ﬁ + Wl,n({r0>7
0

where we define the new Wronskian,

w1 () ) () 1) e

Furthermore,

] ) () - () ()

and therefore

2
= —% — Wio(ro),

Gy
dr3

d°G1p
dr?

= Wlm(’f‘o).

T0

L]

To determine the Wronskian (2.70), consider that y = uy = I, <\/L5> and

y:UOZKn <\/L5> Satisfy
d’y  1d 21
(LY

dr2 ' rdr r2 " D
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/ /
and differentiate this expression. Therefore u = I, (%) and v = K, (L>

satisfy
v 1du n?+1
dr?z = rdr 72 D
d®v  1do n+1 1
dr?z  rdr r2 D

VD

1 2
+ —) u+ —2r3u0 =0,
n

2
+—)U+—2r3v0:0
n

respectively.  We define Wy ,(r) = v'v — wv’ and so multiplying the first

expression by v and the second by u we have

dWl,n Wl,n 2712 . dWl,n
dr + r r3 Won(r) = dr +
Solving for this Wronskian, we get
n? 1
Winlr) =35+

Wl,n 2712

— =0.
r ré

(2.71)

where the 1/Dr term is determined by looking at the small r asymptotics of

Win(r) for n = 0 (since the expression must hold for all n). We therefore

have that

-To n=—00

[P, | /2 1
_ A (=+=).
dr3 0 (r% * D>

To

We can simplify the first expression,

82’&1 . AO " AU
5| =R em-re)+ g

[ 0%, | - ~ (n? 1
| =2 <Aln(ﬁ+5>_

h(6) +

%) exp(ind),

To

UogoTo

Uoy

99



2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

and finally write

A

8“2 _th,(9)2 AO M 9
[ or ]TO 22 + re h(O)R"(6) 2Dh(9)
AgAy A (=, -

- h(0)Uo — - (A A . 2.72

UnoT (6)Un U2, < 1Uo + 0U00U02> (2.72)

We wish to perform an eigenfunction expansion on this problem but we must
delicately handle the product of infinite sums that occurs. We will define the

product in the following way,

Definition 2.3.2.1 Assume two functions f(0) and g(0) have a fourier se-

ries given by

f(6) ~ Z a, exp(ind), g(0) ~ Z by, exp(imB)
and that there exists some N and M such that |a,| = 0 when |n| > N and
|bi| = 0 when |m| > M. If this is the case then we can define the product of

these functions as

FO)g(0) = D> Y anbmexp(i(n+m)b).
This definition states that when a Fourier series terminates then we can
use the finite series product. This is in contrast to the Cauchy-product
typically used for infinite sums. Since we expect the perturbation h(6) is
composed of finite sinusoidal modes, the Fourier series will terminate. This
allows us to use Definition 2.3.2.1 for quadratic products of h(6) at O(g?).

Using definition 2.3.2.1 for handling series products, we can perform the
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eigenfunction expansion as

Z Vaor(r) exp(ikf), Up(0) = Z Usy, exp(ikh),

k=—00 k=—00

and the base problem is identical to (2.63) so we can immediately write

AJia(r), 0<r<rg
VQk‘ - .
Bjkz(?“), ro<r <R

The continuity and derivative jump conditions for each mode k become

A A A
Varlr zf >N HoHyo + [3 °N" Hulhyon = Ao, (2.73a)
0 nen 00 ren
dVZk‘| Ay Ay 2
=—— n(k —n)H,Hy_, — — (k—n)"H,Hy_,
[ dr 27’% e re nEZN
A A
ZHHkn— OOZHulkn
neN Uooro
A _
U;) <A1 > Uil + A0U00u2k> = By (2.73D)
00 neN

Here the sum is over a set N which contains the integer modes n that produce
valid integer & modes. For example, if h(f) = cos(66) then there are two
modes at O(e) of n = —6 and n = 6. Various quadratic combinations of
these modes leads to k = —12, k = 0, and k£ = 12 as the only possible modes
that can occur at O(e?). Therefore, if k = —12 then N = {—6} since it is
only through this mode that frequencies exp(—12if) can occur but for £k = 0
then the set N = {—6, 6} since these two modes lead to terms of frequency 1.
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As another example, consider h(f) = cos(36) + cos(66) which has admissible
modes at O(e?) of k = 0,+3,46,49,+12 and here for k = 0, the set is
N = {£3,46} while for k = 9, the set is N = {3,6}. In similar fashion to
(2.63) at O(e), we can use (2.73) to write,

Vor(r) = AszoGl,k(T; To) — szToGo,k(T; 7o) (2.74)

As with Uy, we can solve Uy, by taking the average value of (2.53) at O(g?)

/_1 T d2G 1 dG -n D, dG -n
Upy, =2 =1 Z H, Hy_,, + 19 Z H, (Alk—n 5: — Bk )

2 dr2 dr
neN neN

+ 19 A2kG 1k — 10 B Go -

If we define

A()AO

00

sz = By, +

Usk

then we can solve

= Go k(?“o; 7’0) -t /_107“0 d2G0
Uy =1 — Ag———"—~ —( — E H,Hy_,
2 ( " Go(ro; o) 2\ dr? '

o NEN
_ dGy sy _ dGok—n
+’I"0 Z Hn <A1k—n < (if > - Blk—n < (;)f > )
neN 0 0
+19Aar, (G),, — roBakGok(ro; 7‘0)) : (2.75)

Thus we have completely solved the inhibitor problem up to O(¢?). We will
present an example verifying the asymptotic calculations in section 2.3.2 but

first will consider velocity corrections.

62



2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

Velocity Correction

We will now furnish corrections to the velocity magnitude (2.32¢) which we

Ly
Yo = ro 2U0H<dn>n:0'

The process of determining this asymptotically is much simpler than deter-

rewrite as

mining the inhibitor value because it can be computed explicitly in terms
of already known quantities. First we note that in polar coordinates we can
write the curvature as (cf [25]),

dé
ds|

_ r2 4+ 2r"2 —prp”
(12 + 172)372

Ko =

where t is the unit tangent vector and once again prime is differentiation

with respect to s. Using the near-circle radius (2.52) we have that

2r3 -

2
T

We can make a velocity expansion as follows
Vo ~ Voo + eVor + Voo

and to leading order, the velocity is exactly that which was derived for the

radially symmetric case (2.43). Using (2.53), (2.54), (2.76), and (2.57b) we
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can get the velocity correction at O(e) is
WO+ Rh(0)\  qHo 2qbo dHo \ / dug
%1 - - 2 - 2 1 - = U(]l
TS 2U5 H, db dr /,,

q7:l0 d*uq ouy
+ 0, (h(@) < 12 > + <8_r>7“0> (2.77)

All of the necessary values to compute V; have been obtained and can there-

fore be directly substituted. Notice that if ry < 1 then to leading order

v <h”(9)+h(0)>’

2
To

and for typical h(f) = cos(m#) then

2

Vor ~ (m - 1) cos(mb),

2
To

which is in phase with h(6) and so the velocity is positive where the perturbed
radius is larger than the base radius ry and negative where the radius is
smaller. Therefore, since the inward normal is positive, this has the effect of
circularizing the curve. If o > 1 then it is possible for the curve velocity to
be negative allowing the perturbation to grow but this does not necessarily

mean that the pattern destabilizes. Continuing in the expansion, we can get

64



2.3. Quasi-Steady State Profiles for the Gierer-Meinhardt Model

that the velocity at O(g?) is

v <4h(6)h”(9) +2%(0)2 + 2h(0)?

1 (1, , dHo dug q d#, ;
o <§—dbz bt g e <_r>m+_2U§0 Uo=gg 01— UnnHo
d2U0 811,1 q/}:lo 1 2 d3U0

<h<9><m> +<W>TO>_2UOO MO G
82114 h/<0) 8u1 h/(9)2 dUO 32u2
+0)( >m+ e >m+ it (a >m_<6r2 >

(2.78)

which is also explicitly known in terms of previously computed values.

Numerical Validation of the Asymptotic Theory

In Chapter 6, we discuss and derive a method for solving the full problem
(2.32) for arbitrary curves of which a near circle could be chosen. Therefore,
while we omit the numerical details here, we can compare our asymptotic
corrections to the full numerically computed simulations. To ensure that
the errors we make are asymptotic and not numeric, we choose a proper
computational resolution that is significantly smaller than our choice of &
(taken here to be 0.01). In all of our simulations we take o = 10, R = 1,
D =1, exponent set (2,1,2,0), and 7o = 0.5 and we consider the near circle
perturbation h(#) = cos(66). Figure 2.12 shows the corrections at each order

of ¢ for Uy and b.
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(a) Up corrections (b) b corrections

Figure 2.12: Asymptotic corrections compared to numeric simulations of
the curve inhibitor value Uy and the corresponding saturation value b from
solving (2.32) for a perturbed circle with radius (2.52) and h(f) = cos(66).
Here we take exponent set (2,1,2,0), R=1, D =1, ry = 0.5, 0 = 10, and
e =0.01.

We see that indeed the correction at O(e) introduces the sinusoidal pertur-
bation only whereas the correction at O(g?) allows for the vertical shift cor-
rection. Figure 2.13 shows the corrections at each order of € for the velocity

Vo. In Figure 2.13b we zoom in to better show the asymptotic alignment.
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0 0
(a) Velocity corrections (b) Velocity corrections (zoom)
Figure 2.13: Asymptotic corrections compared to numeric simulations of the
curve velocity V from solving (2.32) for a perturbed circle with radius (2.52)
and h(0) = cos(66). Here we take exponent set (2,1,2,0), R =1, D = 1,
ro = 0.5, 0 = 10, and € = 0.01.
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Chapter 3

Linear Stability of Ring
Solutions to Breakup and

Zigzag Modes

We will now consider the linear stability analysis to the problem of the ra-
dially symmetric inhibitor value produce by the activator localized on a ring

of radius rg. The base problem for this is

= o Uor r2 002 uwi(1 + ov?) '
10 ou D 9%*u 1 v°
—p-Z (P22, 2 1
T ror (T 07“) r2 002 Y € us (3.1b)

which leads to a quasi-steady state for the activator v = Ujw where w is a
homoclinic orbit obtained by solving (2.22) and Uy is given by (2.40). The
quasi-steady state for the inhibitor u is then given by (2.36).

3.1 Linear Stability Formulation

To perform a linear stability analysis of this steady state we first note that

since the activator is locally confined to a ring of radius ry then we can define
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3.1. Linear Stability Formulation

an inner radius

and we expect that the perturbation will also be localized entirely around
this radius. Secondly, we note that the linearization of the full equation (3.1)

is linear in 6 and so we can perform a Fourier expansion as follows:

v~ U (T _e TD,T) +¢ (r — To,t) exp(imb) (3.2a)

€

u~ u(r,T) + M (r,t) exp(imb) (3.2b)

where v, is the radial geometry form of the homoclinic orbit discussed in
section 2.3 and wu, is the steady-state from section 2.3.1. Continuity in 6
dictates that m is an integer on (—oo, 00), but in what follows we will consider
m to be a continuous parameter bearing in mind that all results will need to
be rounded down to the nearest integer mode. Furthermore, we will consider
it to be a positive parameter since the eigenfunctions for m < 0 are the
same as for m > 0 and so we just need to be aware that all results need
to accompany the complex conjugate mode. Note that in our expansion
(3.2), we do not perform a standard Laplace expansion in time because the

base state is actually dependent on the slow time 7" = €*¢. Substituting our
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3.1. Linear Stability Formulation

expansion (3.2) into (3.1) we get

dr 1 0
2 0
— e —2 = - 3.3
€or €¢pdT ro—i—ep@p((ro—'—ep)%) (3.3a)
e2m? qv?
-0 —¢— ————M(rp+e¢
(ro + €p)2¢ ¢ alt (14 o02) (ro +<0)
20
T o 3.3b
Ue(1 + 063)2¢’ (3:3b)
D D 2 1 o—1 _
T My :—2(7"]\/[,,) ALy Y i ) i
r Or 72 € us €
1 sv?
v (3.3¢)

where we have scaled to the inner coordinate for the activator problem and
have explicitly removed the slow-time dependence on ry. Furthermore, we
have rewritten the time dependence on ¢ and M using the long time scale.
We now consider a WKB ansatz (cf. [9]) for each eigenfunction,

é(p, T) = &(p, T) exp (@) , M(r,T) = N(r,T) exp (@) . (34)

Here we assume that the amplitude can vary with the radial coordinate but
not the phase and we choose the phase function to be the same for each
eigenfunction. The derivation of (3.4) can also be done via an application

of multiple time scales (cf. [27]). We use this formulation in (3.3) to get
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3.1. Linear Stability Formulation

(dividing out the exponential function)

dro __ 1 0

— ((ro + Ep)q)p)

2
Or + Por — e =
€ Or+ Sor —€ PAT  ro+epdp

e2m? qv?
- - - ——°=—N(rg+e
(ro + €p)? alt (1 + ow2) (ro +ep)
20,
v (3.5a)

Ue(1 4 002)?
D Dm? 1ove™! —
E7Np + 7Npp =—(rN,), — —2-N = N + -2 (T TO)
r r € ud €
1 sv?

s+17 "
€ us

(3.5b)

Since N is O(1) to leading order, we seek a natural asymptotic expansion of

the inner activator function and phase,

D~ Dy +ePy + ... @~ pot+eEp+ ...

to finally get the leading order problem

® Ot S S N SO L L N(ro), (3.6a)
_ _ _ — r .6a
0¥or 0pp 2 0 0 (1+ bw?)? 0 1+ buw?) 0)
D Dm? 1ovot r—r 1 sv°
TNgor =—(rN,); — —5N — N + = —= <I>0< “)—— =N,
r r € ud € € ul

(3.6b)

where we have used in (3.6a) that to leading order 4, ~ Uy and v, ~ Ujw.
Note that this formulation assumes that N(rg) is O(1) to leading order and

we will analyze when this is so. We also include terms that are O(e*m?)
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3.1. Linear Stability Formulation

because if m > 1 then this can be an O(1) term. If we define,

2w

Lopy®y = ©gpp — Qo+ ————
06 Po Opp 0+(1+bw2)2

®,, (3.7)

then we can write (3.6a) as

2

w e2m? .
)N(ro) = <¢OT+ - )(I)o, lim & =0, (3.8)

Loy®y — qUIT ! ———
000 = 4% (1+bw2 0 |p| =00

and so we can think of o = A as the eigenvalues of (3.8). In (3.8) we
don’t define the normalization of the eigenfunctions but rather leave this
discussion to section 3.2.11 where we compute them numerically. If we solved

the eigenvalues of (3.8) we would have

8(p,T) ~ Dy exp ( / ") ds/eQ) , (3.9)

where we have assumed that ¢q(0) = 0 without loss of generality. Notice
that if the eigenvalues were not time-dependent we would get the standard
exp(At) from the Laplace expansion in a linear stability analysis. This slight
difference can actually lead to delays in stability or instability if an eigenvalue
changes sign over the long-time domain. This behaviour is similar to what is
responsible for parameter delayed bifurcations in certain dynamical systems
models (cf. [76], [50], [28]). We will now turn our attention to actually
determining the eigenvalues of (3.8). To analyze this eigenvalue problem we
need to first solve (3.6b) which requires looking at the apparent singular

term,

o1 . ~ r—ro o—1
Love (ID(T TO) = ) O = Ad(r —ro).

s ~ (r=rg\*
€ Uy € Ue (T) e—0
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3.1. Linear Stability Formulation

To find A, we follow a procedure similar to section 2.2.1 and integrate this

expression around the singularity ry to get

A=oUl™ / w’ 1 ®y dp.

[e.9]

In a similar fashion we have that

o
1 svg

€ ustl N(r) >0 SUgilN(TO)Aé(T —ro) A= /_ wdp,

and so we can write (3.6b) as

1 m? 9
;(TN,«)T — ?N — GAN
U'B_l Uﬂ—q oo
= (S lo) N(rg)A — 2 107 / w1 Dy dp) d(r —ro), (3.10)

where

1+ 7\
0, = DT , (3.11)

Like for the non-radially symmetric ring solution (2.48) or the near circular
ring solution (2.63) from section 2.3.1, (3.10) is the n > 0 analogue to the
radially symmetric problem (eqn:circprob) and the solution technique imme-
diately mimics that of section sec:radialsym. As such, we omit the details

here but simply write down

Uﬁ*q 0o Uﬁfl B
N(r) =1 (0 lo) / w g dp — i 10) N(To)A) Gom(ri10),  (3.12)
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3.1. Linear Stability Formulation

where
_ jm,l(ekr)jm,Q(HXTO)a 0 S r S To
Go,m(T; 7“0) = ~ B )
TIma1(OAr0) Tm2(0xr), ro<r <R
with
Tm1(0ar) = Ly, (Or) (3.13a)
jmg(@,\r) = Q1 (O\1) + K, (021) (3.13b)

and &, given by

o _Km (Q)\R)/ B Kerl (HAR) - Q/\ERKm (GAR> (3 ]_3(:)
" I, (B,R) i Lo (OAR) + L1 (WR) ] ‘
If we notice that
AUOB_ITO . 1
D Go(TO; 7”0) ’
with G defined by (2.38) then we can write (3.12) as
N = (2 /oo W By dp— " N(r) ) Gom(riro)
-~ \Golro;ro)A J o 0er Golro;ro) O 07
(3.14)
By evaluating this expression at r = rq, we solve for N(rq) to get
- Jo,1(r0) Jo2(70) >_1 S w o dp
N(r :oUlq(s—i— - — - 3.15
o) = ol St 7 Bar0) FunalOrr) A (319
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3.1. Linear Stability Formulation

with Jo1 and Jpo defined by (2.39). There is something significant to note
about N(rg) and that is the integral involving ®,. The structure of (3.8)
dictates that @, will admit both an even and an odd solution (cf. [30]).
Since w is even then if ®q is odd, N(rg) vanishes and the assumption that
it is O(1) to leading order fails. If @y is even and has multiple nodal points
then N(rp) may still vanish. In this case, the eigenvalue of (3.8) is part of
the spectrum of (3.7) for which we adapt the following Lemma of [7]:

Lemma 3.1.0.1 Consider the problem

Wy, —w ~+ f(w) =0, wy(0) =0, w—0as|yl — o0, w()>0

and assume this has a homoclinic orbit solution via Lemma 2.2.0.1. The

associated linearized operator

LD =D, — D+ f(w)d = AD

has a discrete simple positive eigenvalue Ay > 0 associated to a positive eigen-
function ®q. There is also a discrete eigenvalue \y = 0 with the eigenfunction
O, = w'. Furthermore when f'(0) is finite, a continuous spectrum ezists on

Re(N) < =1+ f'(0) < 0 with Im(X\) = 0.

A corollary to Lemma 3.1.0.1 is that if other discrete eigenvalues \;, j > 1
exist then —1 + f’(0) < A; < 0. See [14] for other discretely computed
eigenvalues with f(w) = wP. Since the principal eigenvalue is the only one
for which Re(\) > 0 and its eigenfunction is even and of one sign, instability

can only occur for even eigenfunctions where N(r) does not vanish.
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3.2. FEigenvalues Associated with &y Even

3.2 Eigenvalues Associated with ¢; Even

Since the curve is defined as the point where the activator reaches its maxi-
mum (defined to be at r = ry for the steady-state) then if the eigenfunction
is even, this will affect the amplitude of the maximal value but not the
location (the derivative at ry still vanishes). Therefore, we consider even
eigenfunctions to correspond with amplitude or break-up instabilities. Using

the expression (3.15), we define

%,1(%)..70,2(%) )1
m = + —= = )
X 1 (S TIm1(0x70) Tin.2(0r0)

so that we can write (3.8) as

2 0o 2,2
Xm w 1 em
Lyp®y — & —r T dodp = | A P 3.16
00T Y (14 bw?) /_oow 0ap ( * re ) 0 (3.16)

subject to far-field decay conditions. We call (3.16) the non-local eigenvalue
problem (NLEP) for A and the study of NLEPs has a rich history of study
(cf. [39], [45], [46], [81]). The non-local feature of the eigenvalue problem
is common in pattern formation problems as a measure of the long-range
inhibitor effect in the semi-strong regime. Aside from being non-local, NLEPs
such as (3.16) are also non-self-adjoint and as such are notoriously difficult
for finding conditions for which the eigenvalues satisfy Re(A) < 0. If we

define the quantities

2,2 [ee)
p= At % A(®o) :/ Wl By dp (3.17)

0 —00
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3.2. FEigenvalues Associated with &y Even

then we can write (3.16) as

Xm W

Lopy®y — —_
OTOT A (1 + bu?)

A((I)()) = M(I)o

We notice that Ly, is a self-adjoint operator and with this in mind, multiply
the eigenvalue problem with a function 1, satisfying the same boundary

conditions as @, and integrate

e’} oo 2
_ Xm wo
/OO(LObq) (1®Po)Y dp = L+ bw2)A(¢)0)¢) dp.

Since Ly, is self-adjoint,

/OO (Lop®o — pdo) dp = /°° (Lopt) — pab)®o dp,

o0 —0o0

and so

o) Xm w2 _
/_OO(LOM/J — pp) @y — jmfl(q’ow dp =0.

Define 1) such that

w2

(Lop — p)p = A bu?)’ (3.18)

so that

/_Z # (qDO - ijA(‘I)O)?/J) dp=0.

Since everything outside the brackets in the integrand is positive, the integral
can only vanish if

Do = 2 A(@0).
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3.2. FEigenvalues Associated with &y Even

We can use this to write (3.16) as

Xm X g Xm W X el Xm
A (®o) Loyt A (QO)A(l—i—bw?) /_oow vdp = i (o) 1.

Dividing through by * A(®) and using (3.18) we get,

1 [ owledp

X_m — 1 0.
We define C,,(\) and f(u) by,
1 1 Jo1(r0)To,2(r0) >
C,(\) = — = — _ 01170/ 0, , 3.19
9@ Xm O (S+ TIm1(0x70) Tin2(0270) (3.192)
S w T dp
flp) = IT, (3.19b)

and so the eigenvalue problem (3.16) becomes a root finding problem

gm(A) = Cn(A) = (1) = 0, (3.20)

subject to (3.18) where p is given by (3.17). Note that we are only interested

in roots satisfying Re(A) > 0 which correspond to unstable eigenvalues.

3.2.1 Removing Saturation: The case b =0

We begin by considering o = 0 (hence b = 0) as this will allow us to recover

some analytic properties for the even eigenfunctions for which the nonlocal
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term in (3.16) does not vanish. First when b = 0, we write (3.7) as
LOCDO = LOQ(IDO = (I)Opp - (bo + 2/11](1)0, (321)

so that the NLEP (3.16) simplifies to

Lo®o — ijuﬂ/ WDy dp = . (3.22)

—00

For this limiting case, the root finding problem (3.20) remains unchanged

except that now the function ¢ from (3.19b) satisfies

(Lo — )y = w?, (3.23)

instead of (3.18). We will decompose the process of determining unstable

eigenvalues by considering real and complex eigenvalues separately.

3.2.2 Real Eigenvalues

If X is purely real then the root finding problem remains completely un-
changed. When 0 = 0 then we can determine the discrete eigenvalues
LoV = vV using Lemma 3.1.0.1 explicitly (cf. [14], [47]). The continuous
spectrum exists on Re(r) < —1 and the discrete eigenvalues and eigenfunc-
tions satisfy,

(3.24)
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3.2. FEigenvalues Associated with &y Even

The principal eigenfunction Wy, is a solution to the homogeneous problem
(3.23) when u = vy and since the operator is self-adjoint, there will only be

a solution v if the compatibility condition,

/ w*Wdp =0,

o0

is satisfied which is impossible because both functions are even and hence
their product is as well. Therefore we immediately understand that f, as
defined in (3.19b), will have a vertical asymptote at pu = vy. Properties of
f(p) in (3.19b) have been analyzed in [79] where the asymptotic structure of
f(u) for p < 1 is given by

f(u)~1+(1—2io)p+mcu2+... (3.25)

with

7wy dp

7 , Ve = Ly (w?). (3.26)

Re =

In general, 1. needs to be computed numerically. However, in Proposition
3.1 of [79], an explicit analytic representation is given for the case o = 2 and
o = 3 (based on the exponent 2 in (2,q,0,s)). With these same cases, the
following global properties of f(u) are also provided in Proposition 3.5:

f/(p“) > 07 IUAS [07 VO) (327&)
f//(/vb) > 07 He [07 VO) (327b>
f(p) <0, p € (v, 0). (3.27¢)
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3.2. FEigenvalues Associated with &y Even

These properties rely on easily being able to compute or bound the integrals
in (3.19b) and solve (3.23) along with derivatives of eigenfunctions. However,
in the absence of analytic solutions, we can solve (3.23) and (3.19b) numeri-
cally and we conjecture that (3.27) holds for any exponent o. In Figure 3.1,
we plot f(u) for o = 1,4, and 5.

.
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Figure 3.1: Computation of f(u) from (3.19b) for various o with m = 0,
ro = 0.5, and € = 0.025. We set m = 0 solely to satisfy u = A and deal with

a single variable. The properties (3.27) derived analytically from o = 2 or
o = 3 still hold for various exponents.

To understand the singularity properties of the asymptote to (3.19b) at u =
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3.2. FEigenvalues Associated with &y Even

Vo we consider a small parameter ¢ such that

H:VO+5M17 w:w(6)<w0+5wl)a

with w(d) to be determined and substitute this into (3.23). The source of
this asymptote, as previously stated, is that the homogeneous solution is
incompatible with the non-homogeneous term. Near 1, we can only achieve
solution compatibility if the right hand-side of (3.23) is subdominant to ).

If we expand our substitution,

2
Lot — votho + 6(Lotbr — vothy — vithy) + O(6%) = %,

then a reasonable balance is to take w = 1/4. The leading order problem
then results in g = ¥y, the eigenfunction for vy. At next order the problem
is,

Loty — vothy = w* + pythy.

We notice that ¥ = U is a solution to the homogeneous problem and so, in

order for a solution to exist, we must have that the compatibility condition,

/ wZ\I/Odp—l—,ul/ Uedp =0,
is satisfied. This yields that
2 wWodp

M= ezd,
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3.2. FEigenvalues Associated with &y Even

If we rewrite

5:M—Vo’
21

then we have that to leading order,

M1
n—="1r

P~

qua

for p near vy. With this we can compute,

o0 o—1
p o w T odp
flu) ~ ——=

— ~ 1. 3.28
p—v [T wedp g~ (3.28)

Therefore we have that there is a simple pole to f(u) at u = vy satisfying
f—ocaspu— vy, and f — —oo as u — vy . In Figure 3.2 we show f(u)
computed numerically for m =0, ro = 0.5, ¢ = 0.025, and o0 = 2 and overlay
the asymptotic approximation (3.28). The asymptotic agreement extends

quite well beyond the asymptote and generally describes the entire function.
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3.2. FEigenvalues Associated with &y Even

numeric

= = = asymptotic

Figure 3.2: Numerical computation of f(u) when m =0, ro = 0.5, € = 0.025,
and o = 2 along with the asymptotic expression (3.28) demonstrating the
simple pole at u = 1.

Returning to the root problem ¢ given by (3.20), the structure can depend
significantly on the magnitude of m and specifically centers around the term
e*m?/r? being significant or not. As such we will independently investigate

these cases.

3.2.3 Real Eigenvalues: m = O(1)

Consider m = O(1) so that for e < 1,

€2m?

p=A+—~ A
o
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3.2. FEigenvalues Associated with &y Even

First note that if A > 14 then since C,,(A) > 0 and f(A) < 0 from (3.27) then
we conclude that g,,(A\) > 0 when A > 1. Therefore, to leading order, all
eigenvalues to (3.22) satisfy A < v5. We begin by finding the neutral stability
point A = 0. From the asymptotic expansion of f(u) given by (3.25), we have
that f(0) =1 and so

gm(0) = Cp(0) — 1.

Furthermore, when A = 0 then #, = 1/4/D and when m = 0 we have that
Tmi(0xr) = Jo.i(r) so from (3.19a), Cy(0) = s/qo and so since s + 1 < qo,
g0(0) < 0. To understand the existence of roots we must look at the C,,

function in (3.19a) and differentiate it with respect to order,

Cm Co e _
I~ s Bara) T Bara)? o i Ol ImaOar))
where
Cy = Jo1(r0)Jo2(r0) -0

qo
Order derivative expressions have been formulated (cf. [1]) but are relatively
intractable for general m in terms of obtaining sign estimates. However, they

do simplify for m = 0 to,

0 0
=1, = Ko (2), ——Kn 0,
oD = Ko@) GoKn()|
and so in this case
aJ, _ Oy,
% L = —261/0]0 (0/\7’0) KO (Q)\TO) — K() (9>\7"0)2 —I— ]0 (9)\7“0)2 % L s
(3.29)
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3.2. FEigenvalues Associated with &y Even

where

Im(10) = Tin1 (0x70) Tm,2(0x70). (3.30)

To understand this better we require the order derivative of ay,

da,, B S _ ~Ko(R)
dm |, I, (0xR)
Ky (03R) (288 i 1y (03R))
_ m=1 )
I, (\R)*

Once again from [1] we can compute that

0l (2)
om

m=1

and using the Wronskian relationship (2.37) we can finally write that

1
= 1—60\R) — a.
R TN T AT S

day,

dm

For 6, R > 1, this expression is negative and for 8\ R < 1, if we use the small

argument asymptotics for the modified Bessel functions [1], we have

1

B 4(0\R)3’

day,

dm

and therefore the order derivative of &g is always negative so (3.29) is always

negative and therefore
oC,

D —— > 0.
om

m=0
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3.2. FEigenvalues Associated with &y Even

We expect this still to hold for m near zero and in fact, numerically, we can
confirm positivity on C,, holds for all m with ry € [0, R] via Figure 3.3 which
plots the maximum of the order derivative of (3.30) for ro € [0, R] versus 6,
for various values of R. This derivative is always negative and tending to

zero so therefore we have that % > 0 for all m.

0.03 == =m=10

fmr=m=20

m=10
f=r=m=20

— =50

aJ
O

max D
€[0,R]

L L L L ,
5 10 15 20 25

(2N

(¢) R=10

Figure 3.3: Numerical computation of the derivative of (3.30) with respect
to m. For a given value of m, R, and ), we compute the order derivative of
(3.30) over ry € [0, R] and then take the maximum value over that interval.
The figure shows each maximal value of the derivative as a function of 4, for
various values of R.

Since the derivative is always positive, we can have at most one root to C,,.
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3.2. FEigenvalues Associated with &y Even

If we consider m large then we can use the small argument asymptotics for
I, (z) and K,, () which are valid for x < /m + 1 [1]. These expansions

are,

and so therefore

Cra(\) ~ ~C,

~ 1. 3.32
m>1 Jm(ro) 01+ (%)Zm > ( )

dChp,
dm

This in combination with Cp(0) < 0 and > 0 shows there exists exactly

one point where C,,(0) = 1 and hence a single value m = m,- such that
Im,_(0) = 0. (3.33)

Now, just because there is a value of m for which a neutral stability point oc-
curs, this does not mean that A = 0 is the largest eigenvalue when m = m,-.
To investigate this, we need to consider the A\ derivative and second deriva-
tive for C),. In a similar fashion to what we did with the order derivative,

we can conclude numerically that

oC,, D*Ch,
— >0, —— <0 3.34
o~ xS (3:34)
when 7 # 0. When 7 = 0 then C,,(\) = C,,(0) since the eigenvalue only

occurs in a product with 7 and therefore % = 0 when 7 = 0. Using these
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expressions along with (3.27) we have that

Pgm  PCo  Pf
ON2 9N O\2

<0. (3.35)

Since this expression holds for all m, it must hold at m = m;- and so gy, -
can have at most 2 roots of which we already know A = 0 is one. As ) tends
to g from the left then g, tends to negative infinity. If % < 0 when
A = 0 then the only possible way there can exist a second root and have
the far-field behaviour be satisfied is if there are at least three roots to g,
which violates the maximal root condition. Conversely, if the derivative is
positive when A = 0 then there must be a second crossing to achieve the
far-field behaviour and therefore a second, larger, root must exist. When

7 =0, we know that % = 0 and so by (3.27)

dgm, -
dX

<0, (3.36)

7=0

always. If 7 > 1 then 0, > 1 and we can use the large argument asymptotic

expansions for the Bessel functions [1],

I, () ~ exp(x)’ K, (x) ~ \/gexp(—x)

2rx

to write

1
(1 4+ exp(—205(R —19)))

Om(>\) ~ 2007‘09)\ = 2007’09)\ >1 T>1.

(3.37)
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Consider A small such that f ~ 1 via (3.25) but large enough (i.e. A >
O(1/7)) so that for 7 > 1

Specifically then, when m = m,-, and if 7 is large, we have

dgm,

I\ >0

>1

for some range of A and therefore this must be true when A = 0 otherwise the
two-root condition will be violated. Therefore, there must exist some critical

value 7 = 77 which satisfies

dgm, -
dX

(0) =0 (3.38)

T=73%*
'Inl

such that a new root Ar. > 0 is created and persists for 7 > 7, . We can
-

find this point by using a numerical root-finding algorithm to solve (3.33) and

(3.38). For example using Newton’s method with ro = 0.5, R =1, D = 1,

and exponent set (2,1,2,0), we get,

my- ~ 0.4003 T~ 1.8376. (3.39)

my,

While we solve this problem numerically, it is still an asymptotic approxima-

tion as we are ignoring the terms em?/rg.

Now that we have investigated the neutral stability point, we will turn our

attention to the intervals that m = my- creates. Firstly, we will look at
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dC77L
dm

> 0 for

m € [0,my-). When m = my- we have that C,, =1 and since
all m then for 0 < m < my- we must have C,,(0) < 1. Since f(0) = 1 then
gm(0) < 0. When 7 = 0 then recall C,,(\) = C,,(0) and therefore via (3.36),
there are no positive A for m € [0,m;-) when 7 = 0. When 7 is really large
then (3.37) holds for C,, and by a similar logic as when m = m;- there is a
range of A for which g¢,,(A) > 0. Furthermore, we still have that g,, — —o0
as A — 1, and so combining this information there are at least two roots
to gm for 7 > 1 for m € [0, m;-). Using (3.35) we can restrict this further
and conclude that there are exactly two roots when 7 > 1. Of course, this
means there must exist some 7 = 77, such that there is exactly one positive

root A: which will occur when

OGm
m )\T* = — = 0
gm(Ars) = 2% N
Note that since the only neutral stability point occurs at m = my-, these

positive roots cannot transition through A = 0 and must become real via the

complex plane.

Finally, we consider m € (my-, c0), bearing in mind that we are only asymp-
totically considering m = O(1). On this region, Cy,(0) > Cy,,_(0) = 1 and
80 gm(0) > 1. When 7 = 0, then once again (3.36) holds and by the far-field
behaviour of g,,, there must be exactly one root to ¢,,. When 7 # 0 then

(3.35) states that there can be at most one critical point to g,,. Regardless

dgm

5-(0), there will be exactly one root to g, as otherwise the

of the sign of

far-field behaviour dictates the single critical point condition will be violated.
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3.2.4 Real Eigenvalues: m > O(1)

We now turn our attention to the case when m is large enough that p ~ X is
no longer valid as an approximation to (3.17). This approximation ceases to

be valid when m = O(e™!) and so we define

Since m > 1, we can use (3.32) as an approximation to C,, which means

that x,, = O(e™!) < 1, and so to leading order (3.22) becomes

~ 2
Lo®p = <)\ + %) . (3.40)
0

We once again start by looking for a neutral stability point and so setting
A =0, we know from Lemma 3.1.0.1 that vy in (3.24) is the only eigenvalue,
eigenfunction pair with Re(\) > 0 to Lg, and so we have a neutral stability

point m = my+ which satisfies
M+ = T'oy/ V- (3.41)
We can find a correction to this by expanding
My ~ Tovy + €y, Dy ~ Vo + €Dy,
and after substituting into (3.22), ®g; and m, satisfy

m
Lo®o1 — voPo1 = "o dp + r—;\Ilo. (3.42)

w? o
2(707“0\/70»/4 /—oo v 0
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Here we have used (3.32) for large m asymptotics to C,, (and hence x,,) and
have taken that since rqg < R, (%)Qm tends to zero as m — oco. The solution
dy; = Uy is a homogeneous solution to (3.42) and so we require a solvability

condition for the right-hand side. From this we get m; satisfies

To

20y

my = B,

where

B 2 wrWodp [T w ¥ dp

B S
A7 Widp

Therefore, overall we have,

1 V/ B
my+ ~ —/révy + emy = Tovto 2 (3.43)
€ € 4Cy

Now, unlike the case when m = my-, A\ = 0 is the only eigenvalue when

m = my+. This is because if A > 0 then u > 1y and there is no solution to
(3.40). In fact, this conclusion holds on the interval m > my+ because for all
A >0, u> vy always. Now we consider m < my+ and first note that by the
same logic just discussed, if A > vy —m then there are no solutions to (3.40).
We therefore restrict our attention to A < vy — m. From (3.27) we have
f(0) =1, and from (3.32) we have C,,(0) > 1 so g,,(0) > 1. Once again
via (3.35), we have that g, can have at most one critical point and since
gm — —00 as A — v, then there is exactly one root to g,, on m € [0, my+).

Asymptotically, this root is given by,

A= vy — —5 - (344)
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3.2.5 Real Eigenvalue Summary

We have now analyzed all the possible cases for real eigenvalues and we
summarize them here. For 0 < m < my- with m,- given asymptotically
by the numerical solution of (3.33) and (3.38), we have that there are no
real, positive eigenvalues when 7 is sufficiently small and two positive real
eigenvalues when 7 is sufficiently large. Furthermore, there exists some 7 =
7, where there is exactly one real eigenvalue on this interval. When m = my,-
then A = 0 is the largest eigenvalue for 0 < 7 < 77  with 7,  satisfying
(3.38). When 7 > T, there exists a non-zero positive real eigenvalue as the
largest eigenvalue. When my,- < m < my+ with my+ given asymptotically
by (3.43) then there is exactly one real eigenvalue for all values of 7. When
m = my+, A = 0 is the largest eigenvalue and when m > my+ all the real

eigenvalues are strictly negative.

3.2.6 Complex Eigenvalues

We now consider the possibility that A is complex. Note that the possibility
of complex eigenvalues is due to the full operator in (3.22) being non self-

adjoint. We start by letting

A= Ag+id;, Y =vYr+ 1y (345)
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which we substitute into (3.23) to get

e2m?
Lopr = ()\R + 2 ) VR — A1+ w?, (3.46a)
0
e2m?
Loy = ()\R + 7) U1 + Arg. (3.46b)
0
We then define
Joow ™ rdp Jo we g dp
== === 3.47
and g, = gmpr + 1gms With

and C,,, () still defined by (3.19a). To determine the number of roots to g,,,
we will use the Nyquist criteria [70] which says that the change in argument

of a function is related to the number of zeros, Ny, and the number of poles,

N,

», inside a given closed contour, I, via

farg /()] = 27(No(f) — Ny(/)). (3.49)
We take as a contour I' = I'; U 'y with
i : {)\ — K exp(it)|t [—g g] } . Ty —Ki<A<Ki,

traversed counter-clockwise and we consider what happens as K tends to

infinity while assuming that 7 is chosen so that g, has no roots on the
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imaginary axis. As K tends to infinity, so does p, and from (3.23) we have
that 1 tends to zero. Therefore fr and f; tend to zero as well as y — oo.

Also since |[A| > 1 then (3.37) holds and

~ | KT it

where we have chosen the principal value for the square root by taking the
branch cut along the negative real axis. We are interested in the change in
argument of g, as we traverse [' in the counter clockwise direction. When

t = —m/2 then from (3.50),
arg g, = arg Cp, = _%7

and conversely when t = /2,

arg gm = arg Cm = %7

and so
T
[arg gmlr, = 7
For the change in argument along I';, since C,,(A) is holomorphic and real

valued when ) is real then C,,(\) = C,,()\). This similarly holds for f and

SO we can write

[arg gm]FI = Z[arg gm]l“}L

96



3.2. FEigenvalues Associated with &y Even

where T'} is the positive imaginary axis traversed from infinity to zero. We

therefore have from (3.49) that

1 1

No(gm) = = + Np(gm) +

4 [a’rg gm} F;— °

™
We are already aware from (3.28) that f(u) (and hence g,,) has a simple pole
when p = 1. However, we also determined that if m > my+ then pu > vy,

and so the pole only exists inside the contour on m € [0, my+). Therefore,

we have the number of roots to g,, is given by

WOt

3 =

[arg gm)p+, m < my+
No(gm) = I (3.51)

+
_I_

3 |

larg gm]F?, m > Mmpy+

=

At the start of '}, coming in from infinity, where K > 1, we can once again

- [i1KT
Cm<)\) ~ 2007’0 T,

use (3.37) and write

where

Re(Cyn) = Im(C,,) ~ \/EC_'OT()\/ % (3.52)

As we already discussed, v — 0 as A — oo and so for K > 1,

Im(C’m)) o

arg g,, = arg C,,, = arctan (Re(C’m) —

1

Near the end of '}, traversing towards the origin, we have K < 1 and so

we can use (3.32) which, even though derived for m > 1, was based off of
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small argument asymptotics and so will be valid for all m with K < 1. In

this case we have

QOgm

e = Gy

Im(Cy,) = 0.

From Proposition 3.1 and 3.2 of [79], we have that for A\; < 1 and m = O(1),

frROAD) ~ 1 — KA+ O(N]), (3.53a)
£100) ~ (1 _ %) A+ OO (3.53h)

where £, is defined by (3.26). If m > O(1) then for \; < 1 (3.46b) simplifies

to

e2m?

LO¢I = 2 ’QZ)I
T

0

which only has a non-trivial solution at m = my+ but we are not considering
this point since it places the pole on the contour. Therefore, regardless of
m, we have f; =0 for \; < 1 and g¢,,; = 0. For g,,r, recall that we already
determined g¢,,(0) < 0 on 0 < m < my- and ¢,(0) > 0 on m > my- so

therefore,

Y

gmI ™, me [07 mb’)
arg g,, = arctan <—)

gmR 0, m € (my-,00)\ my+

near A\; = 0 of I'J. All that we are left to do now is determine the path

of g,, as it changes its global argument and to do that, we will need a new
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set of properties for fr and f;. Particularly we require that for A\; > 0 and

m = O(1),

0
a—i][{ < 0, f]()\[) > 0, (354)

which for o = 2 has been proven explicitly in Proposition 3.1 and 3.2 of
[79]. However, as we did for (3.27), we can conjecture numerically that these

properties hold for any o. In Figure 3.4, we verify (3.27) for o = 1,4, and 5.

Figure 3.4: Computation of fr and f; from (3.47) for various o with m = 0,
ro = 0.5, and € = 0.025. We set m = 0 solely to satisfy dealing with a single
variable A\;. The properties (3.54) derived analytically from o =2 or 0 = 3
in Proposition 3.1 and 3.2 of [79] still hold for various exponents.
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3.2.7 Complex Eigenvalues: 0 < m < my-

On this range we know that the argument must transition from 7 /4 to 7 and
so we will determine the path to get here by looking at crossings along the
imaginary axis where g,,g = 0 of which at least one must exist. From (3.34)
and (3.54) we have

dgmr  d dfr

D,y nelOm) = 33

>0 (3.55)

for all A\; and so by the mean value theorem there is a unique crossing of the
imaginary axis. To determine which branch gets crossed, we need to consider
the sign of g,,; at the crossing. Recall, if 7 = 0 then C,,(\) = C,,(0) and so

for 7 =0,

and so from (3.54),
9mr = Im(Cy,) — fr = —fr <0,
and so the negative imaginary axis is crossed. Therefore,

oT
(a8 gmlry = = T L
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When 7 > 1 then from (3.37), we can use (3.52) for the real and imaginary

parts of C,,. Furthermore, since f; does not have a vertical asymptote then
Ggm1 ~ Im(Cy,) > 1
and so for 7 > 1, the positive imaginary axis is crossed and
3w 1
g gnly =2, 7> 1
Therefore on 0 < m < m,- we have from (3.51)

0, ™K1
NO(gm) = .
2, ™>1

Therefore, for 7 small, there are no complex eigenvalues with positive real
part which eventually transition to two complex eigenvalues with positive
real part. These eigenvalues cannot transition through A\ = 0 since, if A =0
for one value of 7, it is an eigenvalue for all values of 7 and therefore, the
eigenvalues must cross through the imaginary axis at some value 7 = 74
where a Hopf bifurcation occurs. We know from analyzing the real eigenval-

ues that, eventually for 7 large enough, these two complex eigenvalues must

become purely real and therefore 7.H < 7% .

3.2.8 Complex Eigenvalues: m > my-

On this region, the argument transitions from 7/4 to 0 and so there must

be zero or an even number of crossings through the imaginary axis. With
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m = O(1), we concluded in the previous section that via (3.55), there can
exist at most one crossing through the imaginary axis and therefore, on

m > my- with m = O(1), we must have zero crossings. This tells us that

" (3.56)

[arg gm]F;r ==
For m = O(e™ 1), we have that (3.32) holds for C,, > 1 and since, unlike the
case for purely real eigenvalues, fr does not have a vertical asymptote for

m # my+ then

gmr ~ Re(Cy,) ~ O(m) > 1.

Therefore g,r > 0 always and cannot cross the imaginary axis so (3.56)

holds as well. Therefore, via (3.51), we have

1, my- <m < my+
N0<gm> =
0, m > my+

Since we have already determined that a real eigenvalue exists on m &

(my-, my+ ), this must be the only positive eigenvalue for this range.

3.2.9 Eigenvalue Summary

We are now finally in a position to classify the entire spectrum of eigenvalues

to (3.16) for &y even and o = 0 via the following principal result:

Principal Result 3.2.9.1 Figenvalue Classification:
On0<m<my-:

There are no eigenvalues with positive real part when 7 is sufficiently small
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and two complex eigenvalues with positive real part when T is sufficiently

large. These eigenvalues undergo a Hopf bifurcation when 7 = 7 and as 7

m
increases further, these eigenvalues coincide as a single real eigenvalue when

T = 1, before splitting on the real axis for T > 7,.

If m =my-:
The eitgenvalue A = 0 persists for all T and when T < T;Zbi then A = 0 s the
largest eigenvalue. If T > T;%r then there exists some A\ > 0 that s purely

real and positive.

On my- <m < my+ :

There is exactly one real positive eigenvalue on this interval for all T.

Onm > my+:

There are no eigenvalues with positive real part on this interval for all T.

The condition that there is always at least one unstable eigenvalue for all r
and all values of 7 allows us to classify these eigenvalues as being an instability
on an O(1) time scale. This is because if m,- < m < my+ then A\(0) > 0 so
when we use condition (3.9), the integral diverges immediately. For an initial
radius 7y, unstable modes near the neutral stability points could be delayed or
prevented. Specifically, for my+ satisfied by (3.41) asymptotically, the mode
decreases with increasing radius. Therefore modes that are initially unstable
may stabilize depending if secondary bifurcations occur before the pattern
can stabilize or not. This is irrelevant however, since there will always be

a band of unstable modes for random perturbations to amplify. However, if
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the ring radius decreases then the upper instability mode increases and this

would lead to previously stable modes becoming unstable.

3.2.10 Numerical Computation of Eigenvalues

We will now verify some of our analytic conclusions by numerically computing
the full non-local eigenvalue problem (3.16) for any b or 7 as desired. To do
this, we can discretize Lg, with a standard second order finite difference
scheme and in order to discretize the non-local part involving the integral of

®,, we first truncate to a finite domain

00 L
/ w’ ' ddp ~ / w’ ™ ® dp.
—0o0 —L

for some L to be chosen so that as L increases the change in the integral is

below some tolerance. We disretize over N + 1 points with

$k:—L+kh, k

I

o
=
>
I

|

With this in mind we write the integral as

L N-1 o L+(k+1)h
/ wolddp = Z / w P dp
-L o0 ) —L+kh

and discretize each integral with the trapezoid method [6]. Finally, we sup-

plement far-field conditions that &y =0 at x = £L.

We will begin computations by setting 0 = b = 0 since this is what we

have previously analyzed analytically. Furthermore, when 7 = 0, x,, is in-
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dependent of A\ and the eigenvalue problem becomes completely linear. As
such eigenvalues can easily be computed with a standard eigenvalue package
such as eigs in Matlab. Figure 3.5 plots max{Re()\)} as a function of m

when 7 = 0 for various parameters computed in Matlab.

15
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05f 1 05

maxRe(\)
maxRe(\)

-0.5

) 5 10 15 20 25 "o 5 10 15 20 25 30
m m

(a) (2,q,0,5) = (2,1,2,0), ¢ = 0.025, (b) (2,¢,0,8) = (2,2,3,0), ¢ = 0.025,
R=1,10=05 R=1,1=05
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maxRe()\)
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.7 Tl o~
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(c) (2,q,0,8) = (2,4,3,3), e = 0.025, (d) (2,¢,0,8) = (2,1,2,0), ¢ = 0.025,
R=11=0.5 R =10, 70 = 9/3/10

Figure 3.5: Numerical computation of the largest real part of the eigenvalue
A in (3.16) for the case 7 = 0 and b = 0 using eigs in Matlab. The blue
solid curves are where the largest eigenvalue is negative while the red dashed
curves are where it is positive. In all experiments D = 1.

In all cases, Principal Result 3.2.9.1 holds and there is a spectrum of real

positive eigenvalues. Using the eigenvalue solver we can also numerically
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obtain my- and my+ and compare them to the asymptotic approximations
(3.33) for m,- and (3.43) for my+. This is presented in Table 3.1 for a variety
of cases, and shows an excellent agreement with the analytical theory. Many
of the experimental cases have been chosen to mimic a similar eigenvalue

discussion for stripe solutions considered in [39)].

‘ (2,q,7,5) ‘ € ‘ R=/ ‘ To ‘ my- (1) ‘ my-(a) ‘ M+ (1) ‘ my+ (al) ‘ my+ (a2) ‘
(2,1,2,0 0.1 1 0.5 0.4033 | 0.4003 5.3542 5.5902 5.3671
2,1,2,0 0.05 1 0.5 0.4008 | 0.4003 | 10.9528 | 11.1803 | 10.9573
2,1,2,0) | 0.025 1 0.5 0.3996 | 0.4003 | 22.1389 | 22.3607 | 22.1376
2,1,2,0) | 0.025 | 1/v/10 | 1/2v/10 | 0.0485 | 0.0485 | 7.0482 | 7.0711 | 7.0469

)
( )
( )
( )
( )
(2,1,2,0) | 0.025
( )
( )
( )
( )

2.1,2,0) | 0.025| 10 | V10/2 | 2.3362 | 2.3373 | 69.3076 | 70.7107 | 69.3350

VI0 | 2/v/10 | 0.9756 | 0.9745 | 27.6761 | 28.2843 | 27.6900
2.1,2,0) | 0.025| 10 | 9/3/10 | 3.4737 | 3.4771 | 125.7202 | 127.2792 | 125.7232
2,1,3,0) | 0.025 | 1 0.5 | 0.6974 | 0.6986 | 22.0085 | 22.3607 | 22.0122
2,23.0) 10.025| 1 0.5 | 1.4307 | 1.4251 | 21.6334 | 22.3607 | 21.6637
2433) 10025 1 0.5 | 2.1107 | 2.0866 | 20.8712 | 22.3607 | 20.9667

Table 3.1: Comparison for 7 = 0 and b = 0 of numerical and asymptotic
computations of m,- and my+ for a variety of exponent sets, €, R, and ry
with D = 1 for all. The (n) refers to numeric computations of (3.16) using
eigs in Matlab. m;-(a) is computed via Newton’s method on (3.33), my+(al)
is computed via (3.41) while my+(a2) is computed via (3.43).

3.2.11 Computing Eigenvalues, 7 # 0

When 7 # 0 then y,, in (3.16) is a function of A\ and the eigenvalue problem
is more intricate as x,, depends nonlinearly on the product 7. For this case,

we must solve

where @ is the discrete eigenvector and T'(\) are the discretized coefficients

for (3.16). In order to enforce uniqueness of eigenvector solutions, we require
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some normalizing constraint,

vid =1.

We can write the problem as a block system

T(\N®
F(\ @) = . =0
vid -1

and hence our eigenvalues and eigenvectors are roots to F which we can solve

with Newton’s Method. We can write the Jacobian to the problem as,

TS T())

J\, @) =
0 v’
and so the Newton problem is,
Aki1 — A
TJOw @) | T = =Py, @), (3.57)
D — Py,

where £ indicates the iteration count. We note that the normalizing vector
can also change with each iterate and so v = v,. If we write out the first

equation from the matrix multiplication we get

(/\k—H — /\k‘)TA()\k‘)(I)k + T()\k)(pk—l—l — T()\k)q)k = —T(/\k)q)k,
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which can simplify to

Dy = _uk()‘k-i-l - )\k)a (3-58)

where we define

uy, = T(\) ") @y
If we left-multiply by vi then

T
Vi Dy

)\k+1 - )\k - 5

viug
which still appears to depend on the solution ®,,,. However, if we expand
out the second equation in (3.57) then we get

T

and so

1
)\k+1 = A\ — T.. *
V. Ug

(3.59)

This determines A,y and we could use (3.58) to determine ®;,; but since

it is just ug up to a constant we instead renormalize via,

Uy

ik 1 b
+ [
‘kuk
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which completes the problem. For simplicity we take,

Vi — Ug—1
P o
[uy—1]?

to normalize. There are several practical issues to deal with when implement-
ing Newton’s method for this problem because there are several eigenvalues
that exist (including the continuous spectrum that exists below A = 1). We
are only interested in capturing the eigenvalues at each m for a given 7 that
have the largest positive real part. To accomplish this we take as initial data
the 7 = 0 case where the problem is linear and the largest eigenvalues are eas-
ily computed. We choose an m = m* value in the interval m,- < m < my+
(typically the average point) because from Principal Result 3.2.9.1, when
b = 0 there is only one positive root in this interval and therefore, the New-
ton solve will be more robust in this region. Having chosen m*, we compute
the Newton solve by slowly varying 7 and finding eigenvalues at m = m*
until a desired final 7 value is reached. At this point, we begin another
Newton solve, fixing 7, for m < m* and m > m* until we have traversed
the entire spectrum of m, or until we enter the continuous spectrum. We
allow the stepsize on m to vary dynamically, getting smaller when there are
convergence issues and getting larger when roots are found in relatively few
iterations. On m > m*, there is very little trouble because once m > ny,+
we know that there are no eigenvalues with positive real part for all 7 and so
we can terminate the Newton iteration quickly after this point. However, on
m < m*, if 7 satisfies 7/ < 7 < 7%, the Newton iteration has some stability
issues. This is due to the existence of complex eigenvalues with positive real

part on this interval of 7. On this region, there are still real eigenvalues for
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3.2. FEigenvalues Associated with &y Even

m > my- and so there is a point where eigenvalues transition from being
real to complex. Since the Newton algorithm at this stage is based on using
the previous m values as initial data, the stability issues arise from trying
to find complex solutions with real initial data. Therefore, if the number
of attempted iterations exceeds a certain threshold within this region of m,
the code modifies the initial guess to include an imaginary component of
magnitude on order with the selected tolerance and the algorithm continues.
One last issue of practicality that occurs when solving the problem is when
the eigenvalues get close to zero (m = my- and m = my+). The problem is
that A = 0 is always an eigenvalue of (3.16) with eigenfunction ® = w’ (see
Lemma 3.1.0.1). Notice this eigenfunction is odd and so this zero eigenvalue
is ignored in the present analysis of even eigenfunctions but it still exists
and can be captured by the algorithm. Therefore, we have a checking crite-
rion that the solved eigenfunction at some m = m; is not orthogonal to the
eigenfunction of the previous m = mq value. If ®] &, is less than some
preset threshold then we discard the solution, reduce the step size in m, and
reinitialize the algorithm with the values at mg. In Figure 3.6 we plot the
numerically computed eigenvalues using Newton’s method as outlined above
for various values of 7 with (p,q,0,s) = (2,1,2,0), e =0.025, D =1, R =1,
and rq = 0.5.
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Figure 3.6: Numerical computation for b = 0 of the largest real part of the
eigenvalue A in (3.16) using Newton’s method on (3.59). The solid curves are
where the largest eigenvalue has negative real part while the dashed curves

are where it has positive real part. In all experiments (2, ¢, 0,s) = (2,1,2,0),
e=0.025, D=1, R=1, and ry = 0.5.

When 7 < 1 as in Figure 3.6a then the plot is almost indistinguishable from
the linear case of 7 = 0 (Figure 3.5a) as should be expected. This helps verify
that the Newton algorithm is working properly. In Figure 3.6¢c when 7 = 2 we
see that at m = my- the zero eigenvalue is no longer the largest eigenvalue.
In (3.39) we estimated that 7;;, = 1.8376 and in this case 7 > 7;, . Figure

3.7 verifies our predicted T,’;b_ value as in Figure 3.7a-3.7b 7 = 1.82 < T:;Lb_
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and we indeed still see at m = my- that A = 0 as the largest eigenvalue. In
Figure 3.7¢-3.7d, 7 = 1.84 > T;lb_ and at m = my- there is an eigenvalue

larger than 0.
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maxRe(\)
maxRe(\)
°

Figure 3.7: Numerical computation of eigenvalues near m = my,- for 7 > T;:Lr
and 7 < (S b all experiments (2,¢,0,s) = (2,1,2,0), e = 0.025, D = 1,
R =1, and rg = 0.5.

In Figure 3.7b it may appear that there is a second neutral eigenvalue near
m = my- as there is certainly another eigenvalue where Re(\) = 0. However,
as we mentioned in doing the analytical analysis, there should only be one

truly neutral stability point. To emphasize this, we plot the imaginary part
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of the eigenvalues for a range of 7 in Figure 3.8. For 7 = 1.83, we see
that indeed the second eigenvalue with Re(\) = 0 has a non-zero imaginary
part and thus there is a Hopf bifurcation at this m value for this particular
value of 7. We see that when 7 = 1.84 > 77 and A = 0 is no longer
the biggest eigenvalue that the eigenvalues on m < m;,- are complex and
therefore 77 > 1.84. However, when 7 = 30 we that all of the eigenvalue are

purely real so 7,7, < 30.
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Figure 3.8: Imaginary part of the eigenvalues with largest real part computed
using Newton’s method on (3.59). The black x mark points where Re(\) = 0.
In all experiments (2,q,0,s) = (2,1,2,0), ¢ = 0.025, D = 1, R = 1, and
To = 0.5.
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3.2.12 Adding Saturation

We now turn our attention to the case when there is saturation and b # 0.
Fortunately, the Newton algorithm for (3.59) holds for any value of b and
so we can easily consider this case numerically. One thing that does hold
true analytically for b # 0 is the leading result on m,+ of section 3.2.4 when
m > 1. There we have that the non-local part in (3.16) is negligible to
leading order and therefore the only contribution with saturation is through
the operator Loy, (3.7). This operator is still classified by Lemma 3.1.0.1 and
so there must still be a single positive eigenvalue with an eigenfunction that
has no nodal lines when a homoclinic orbit exists. If we let 14(b) be this
largest discrete eigenvalue to b # 0 then the upper bound neutral stability

wave mode is given by,
To Vo(b)

€

mp+ ~

In section 2.3 we have that the homoclinic orbit solution w(7n) only exists up
to a critical value b < b, with b, given by (2.27). When b = b, we saw that
w became a heteroclinic orbit and therefore in this instance w’ is even and
has no nodal lines. Therefore when b = b., we must have that the largest

eigenvalue is the zero eigenvalue and therefore

lim MmMpy+ = 0.
b—b.

We can compute the eigenvalues of Ly, numerically using eigs which we plot
in Figure 3.9 and we indeed notice that the largest eigenvalue goes to zero

as b approaches the critical value.
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Figure 3.9: Computation of b dependent eigenvalues to Lg, given by (3.7).

We demonstrate the spectrum of the NLEP (3.16) becoming entirely negative
in Figure 3.10 where we take (2,q,0,s) = (2,1,2,0), e =0.025, R =1, ry =
0.5, and D = 1. In this figure, we have plotted the numerically computed
eigenvalues to (3.16) for 7 = 0 and various values of b. It can be seen that

by the time b = 0.2 all of the eigenvalues satisfy Re(\) < 0.
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Figure 3.10: Computation of eigenvalues for b # 0 and 7 = 0. In all cases
(2,q,0,8) =(2,1,2,0), e =0.025, R=1,17=0.5, and D =1

Finally, in Figure 3.11 we plot the eigenvalues for b = 0.2, (2,q,0,s) =
(2,1,2,0), e =0.025, R=1, ro = 0.5, and D = 1 for various values of 7.
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Figure 3.11: Computation of eigenvalues for b = 0.2 and 7 # 0. In all cases
(2,q,0,8) =(2,1,2,0), e =0.025, R=1,17=0.5, and D =1

Unsurprisingly, since we saw ¢, > 1 for 7 > 1, we have that there is a
threshold of 7 where eigenvalues begin to enter Re(\) > 0. However, unlike
ro, and b, T is a static parameter and so for a fixed 7, there will exist a range
of b for which all of the eigenvalues satisfy Re(A) < 0. There is some delicacy
required here since as we saw in section 2.3.1, b depends intimately on ry and
generally decreases as 7y increases. Therefore, in the dynamic transition of
circle radii, bands of instability can arise. Fortunately due to the delay effect
from (3.9), as long as these instability bands are transient, it is possible to
stabilize everything. As is noted in Figure 2.7, the rate at which b decreases

as rg increases gets slower as a function of saturation and so it is possible to
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find a saturation value ¢* such that for ¢ > ¢*, the spectrum of the NLEP

(3.16) satisfies Re(\) < 0 for most values of 7.

3.3 Eigenvalues Associated with ¢, Odd

We will now consider the second class of eigenfunctions for which & is odd.
Odd functions do not obtain their maximum values at r = ry and so this
class of functions will affect the position of the curve where maximal acti-
vator occurs. Therefore, we consider odd eigenfunctions to correspond with
translation or zig-zag instabilities. As we already discussed, when ®; is odd
then from (3.15), we have N(ry) = 0 to leading order, and so for @y the

leading order problem from (3.8) is

e2m?

L()b(b() = <)\ + ) (I)() = ,LL(PO

2
7o

For A > 0 then > 0 and from [14] and section 3.2.12, we have that the only
possibility for @, to be odd is if 4 = 0 and ®; = w’ where w is the homoclinic
orbit solution (2.22) and prime indicates differentiation with respect to p. We
could once again analyze for m = O(1) and m > O(1) but for the latter case
note that p = 0 implies

and so there are no unstable roots for m > 1 with an odd eigenfunction. As
such we will strictly consider m = O(1) moving forward. If we consider the

expansion (3.5), the most natural scaling for the inhibitor function is ¢ and
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therefore, to leading order,
Do~ w', A=w(e)\, N(r)=eN

with w < 1 to be determined. We let N(p) = N(ro + ep) and make the

following expansions,

D~w +edy+ D+ ..., N(p)~Ny+eNi+....

We also consider the asymptotic expansion of the equilibrium solution from

sections 2.2 and 2.3,
To ~ Udw + €y + €Ty + ..., T ~ Uy + €liy + 2ty + . . ...
We have already satisfied the leading order problem and so we consider the

problem at O(e) for ®; (by expanding (3.5a)) which becomes,

o drg qug! I
Loy® = ——2 — dy,— — a1Pyg + ——2——w? Ny + \P 3.60
06 %P1 o 0p g — M o+ {a —|—bw2)w 0+ A%, (3.60)

where we have defined

B 2 ( (1 — 3bw?)

a, = U1 — quiy |, 3.61
P O+ b2 \ U1+ bw?) 1) (3.61)
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and, at least temporarily, consider w(e) = €. Next, consider the problem for

01 and @; given by (2.7) which, in radial coordinates, is

Ud w? dr
Loyt = ——2w/’ Uqfl— — U2, .62
L= T T ) T g (3.62a)
_ 1 0
i = —EUO% . (3.62b)
Upon differentiating (3.62a), we obtain
1 — 3bw?) Ug _ 2w
L ~/ 2( /!~ :__0 " q—1 /! ~
b1 (14 bw?)? v o W+ ab (1+ bw2)2w e
2
q—1 w qd
U |~ Ufw (3.63)
where we note that
1 — 3bw?
(Lovy)' = Lovy’ + QWU@- (3.64)
We can rearrange (3.63) to get
1 _w' g w? dro
r_ _ 1 9 Yoy .
= =gl = o e e T ar (3.65)
so that (3.60) becomes
1 ~7 q w2 q N ~/ NI
L()bcbl mLObvl + mm(UO NQ - Ul) + AW s (366)
0
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where we have used that &5 = w’. We know ®; = w' is a homogeneous solu-

tion to (3.66) and so we must satisfy the following compatibility condition:

1 (e%e] o) 2

~ q w Y ~
U_g . U)/Lobvi dp + UO . m(UgNO — u’l)w' dp
+ X/ w?dp = 0. (3.67)

Now since Lgy, is self-adjoint and w’ a homogeneous solution then,

/ w' Lopty dp = / 01 Lopyw' dp = 0. (3.68)

In this way, (3.67) reduces to

[ee] 2 oo

—Uio - mwgm —@)w' dp =\ /_OO w?dp. (3.69)
We now wish to understand the behaviour of the function F defined by,

Fo = UIN, — i),
which is easier to obtain if we differentiate,

Fo=UINy — .

First from (3.62b) we have that
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and for Ny we turn to the expansion (3.5b) in inner coordinates:

. . . D . .
7Ny + ETNw(e)h =———((ro + ep)N')' — €2 — 2N
€ TINT €T (6) (TO +€p) (( 0 €p) ) € (7”0+€p)2 €
o0 L
¢ —e—5N, (3.70)

which to leading order satisfies,

oy ™
D

—1_ 7
olw'

N/
No—_

If we multiply this by UJ and integrate we have

8
Yo 0

UgN(’):—Dw,

and therefore F} = 050 F; is a constant. We already know that the derivative
of u, in the global region is discontinuous and therefore F, being constant
implies that N must be discontinuous as well but in such a way that the
appropriate sum is continuous and F, is defined. Having Fy be constant
makes the integrand on the left-hand side of (3.69) an odd function and so
the integral vanishes. Therefore we conclude that w(e) < e. Next we consider
w(e) = €* and by expanding (3.5a) to the proper order we get the problem
for ®,:

-1 w2 ~ , l1 pw//
Lopy®2 =qUy i wa)Nl + ayUINg — a;® — asw’ — ™ + 2
d?”()l " dTQO / m2 ,
gV gt At 3.71
a7 w a8 + + 72 w', ( )
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where we define ay and as by,

2 (1 —3bw?) _ qg+1) wo
ag = Uy — QU2 | + u?
Uo(1+ bw?)? \ U™ (1 + bw?) Uz (1+bw?)2 !
2 (1—3bw? _ _  12bw (1 —bw?) _,
__ 2  w o gq(gt+l)  w
= — ) .72b
CETT A b2 T T (@t bu?) (8.72D)

In (3.71) we replace ro = rog + €rg; where rgq is the value previously used
for ro (i.e. it satisfies (2.43)) and r¢; is added as a correction to satisfy an
orthogonality condition of the base-state at O(e?). It may seem erroneous
to introduce a radial correction, ry;, without any consideration to matching
conditions from previous quasi steady-state analysis. However, for the outer
problem, we are interested in the singular limit solution where all variables are
O(1) and matching terms generated by radial corrections furnish conditions
smaller than this order. Therefore, whenever global matching is concerned,
we will consider ro 4+ ep & 199 + €p. As we did with the O(e) problem, we
consider the problem for 5 and @, given by (2.15a) and (2.15b) respectively

which, in radial coordinates, is

- vy pUg , dre., dro Ug_zq(q—kl) w? 5

Loply = — — — — Ugw' —
0b02 Too  T& T T ar oY 2 (1+ bwz)u1
2¢ w1 (1-3b? o wr
24w os 20T e, W
OO T T A b T T )
(3.73a)
P/ R R
74 :50—%4—5@? Lsw UI_BUOB Tow°11y. (3.73b)
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As before, we differentiate (3.73a) and use (3.64) to get

1 oY w o pw” 1 drg
— __L ~/ _ —1 . o ~/!
W = g oty T et e e T g
droi v, g W
_ o 3.74
a7 W+ agly Ugﬂl + Us (14 bu?) 2 ( )

Upon substituting (3.74) into (3.71) and simplifying we get

2 ~1 /
q w = = 1 o U] w
Lopy®s =———F1 + a2 Fg — a1®1 + — Loy¥h + —— — —
2Ty (1 bw?)” PR T a2 a2

/ 2
1 d?"oo 1 aq ~7 (I)l d?’oo ,

com
S0y M L S0y (A ), (375
Ug dT o USUI rog AT * ( i 7"80) v B

where we define,
Fi = UIN, — il (3.76)

To simplify further we return to the problem for ®; given by (3.66), which

we can simplify as

1, q.fo w?
L o, — — = )
0b ( 1 g?}l) ; (1 wa) (3 77)

Now, considering the even eigenfunction problem discussed in section 3.2,

when g = 0 there is a function v in (3.18) which satisfies

w2

L - -
0¥ (1+bw?)’

(3.78)
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and so we can write (3.77) as

1, qF
Loy (‘I’l—mvi_%lﬁ) = 0.
0

Therefore, the function being operated on must be some multiple of the null
eigenfunction w’ which we can take to be zero without loss of generality, and

we have that,

1 F
o+ L0y, (3.79)

D, = —
LT T,

We can actually determine v analytically by first noticing that when b = 0,
we can directly verify that ¢ = w. With this in mind, we consider how the

L, operator acts on w even with saturation:

w? w? wt

L — " 2 — _b .
o = 0w T e ey 080

where we have used (2.22) to simplify the second derivative term. We can get
a better understanding of the last term in this expression by differentiating

the homoclinic orbit problem (2.22) with respect to the saturation parameter

b,
4
wwy, w
n_ 2 _ :0
Wo T Wb S T T (T4 b2

which implies

w4

Loty = oy
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and this is precisely the last term in (3.80). With this in mind we attempt a
solution for ¢ of the form,

V= w + cwy,

with ¢ to be determined. Substituting this into (3.78) we have,

m = Loy(w + cwy) :m + (e — b)m
w? (1 + (C - b)w2)
(1+bow?) (1+bw?)

which will hold if ¢ = 2b and thus we have
Y = w ~+ 2bwy,. (3.81)
Substituting (3.79) into (3.75) we get

2
q w - _ q 1 ., dre , -
Lop®y =——— - — —=
w2 =77 bw2)‘7:1+(a2 Us (a1w+r00¢ + dT@Z)))J’o

1 ’u)/ ~ m2
+ — Loy — 5 + (A + —) w'.
Ug ? 50 780
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Once again, ®5 = w' is a homogeneous solution to this and so we need to

satisfy the solvability condition,

q [ w =
i R T
I
= *_ ., q ;o droo ,
+f0/_ooa2w—io(alww+ —YPw —I—dTw )dp

-~

Ip)
2 -1 oo . B
A+ wdp =0, (3.82)
7“00 —oc0

where we have once again used (3.68) to remove the Lg,o term. First consider

the integral I in (3.82). We can use (3.65) to write,

') (e’ 1 // 2 d
/ av! dp — / L Lo, 0.1 dp

—00 w Ul 700 (1+bw?) dT
*° 1 - /w/ ’UJ2 d?”og
— o L / / Id

(3.83)

where we have integrated by parts on the second and last term. We also have

< 2g [ ww q(q+1) ww'
"dp = 1d ——— 1 d
/of”“’ ’ Ug“/ (w2 / (4 bw?)

— L [ a(tavya / Wi, dp.
UO —00
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where we have differentiated (3.18) to get the simplification in the first inte-
gral and W is given by (2.29). Integrating each term by parts

< q . q(¢+1) - /du. >
/ aw'dp = _W/ OLontp dp + (2U5 )H< ar > / wdp
— 00 0 — 00 700 —

[e.9]

where the last term was simplified using (2.12), (2.18), and that

JWdp H

Using the self-adjoint property of Ly, we can finalize once more to obtain

< q(q+1) » /duc X
/oo a2w/ dp B Uq+1 / /l/)LOb,Ul dp + QUg " dr 700 00 o dp

7 (3.85)

Combining (3.83) and (3.85) we can simplify I5 in (3.82) as

_4qlg+1) 5 /due / w2 dp /
h= 202 H<dr oo dv vin 1—|—bw2)

2(] 1 d’f’oo /OO 7
dp.
T <r +dT) wydp

[e.9]

Using (2.34e) we can re-write the last term and we have

_q(Q+1> o/ due / 2 /
L= 202 H<dr roo wrdp = vis 1+bw2)

9y due * i
UH<dr >T00/_Oowwdp.
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Finally we substitute ¢ from (3.81) to get

q . /due o 3q du, /°° ”
n=-L dp+ 2L d
’ 2U3H< dr > /_Oo " 2U2%< ar /), ).

2 oo 3

q ./ du, w -

— | 20H d ——t)d
iR <dr>/oowwb . /oo 1+ bw?) 7

-~

I3

©wlwy
—2b — ' d
/_OO 1+ bw?) P

J/

-~

Iy

Integrate I, by parts to get

< wlwy du o0 Pwwy
I, =2 — 2 _dp{ —=5 — ———d a! d
' / (1+ bu?) p<dr > /oo </ (1+ bu?) ) e

but the last integral vanishes since @/ is an even function. For the integral

I3, we also integrate by parts to split the integral,

> win' * wt'
I3:—3/_oomuldp+2b/_oomuldp7

but then integrate by parts on each separate integral again, twice, transfer-
ring the derivative back to the @; term. After doing this, and once again

removing integrals involving @}, we get

du,
’H/ w?d 4b/ / Y qudy) Qe
P va p dr TOO’
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where we have used (3.84) to simplify. Transferring everything together back

into I, we have

du, * wiwy
4 —d
< ></0 1+ bw?) 7

q du, >

I, = 2d

272 < > / e dr
+4/ / —|—Ub 3) dvdp — 27{/ w'wy, dp) :

We can actually simplify this if we differentiate H in (3.84) with respect to b

and notice that this is exactly the last term in the expression. Therefore we

have,
q . /due <, 2bq dH
I, =— dp(1————]. 3.86
2 2U3H<dr >mo/—oow p( 7 db (3.86)

Finally, we consider /; in (3.82) which we integrate by parts to get

" w?dp (J’}{( )+ Fi(— / / z)dz) FJ dp.
(3.87)

11 - — Z .
To simplify this we need to understand the behaviour of F; given by (3.76)

and specifically, its second derivative

,F” UqN// _ ~///
1 =
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Therefore, we need to consider the problem for N; which we obtain by ex-

panding (3.70) to O(e?),

- N, sUPTt o oufTe v qF
N/l - 0 0 oN _ 0 o—1 1 0
) "D T
osUP—"L olo—NUF2
3) W’ w'ty — (%wo 2w'Dy. (3.88)

If we multiply this by Ug and subtract a5 by differentiating (3.73b) we get

. st .
.7-"{' =9 wo_l}"g Sw — oY 3.89
D

which is even and so, since WV is also even, the integrand in the second integral
in (3.87), is odd and hence, the integral vanishes. Rather than attempt and
use .73{ to simplify I; we will instead consider the global F problem and relate

them via

= Fo+eF, (3.90)

dF
F(roo +€p) ~ F(roo) + epﬁ

T00

where we note that sided limits apply when functions are not continuous.

Using (3.90), we can write (3.87) as

OH e, /AN d*u,
I = 5 _oow dp (Uo < . 12 . (3.91)
T00 T00

Finally, returning to (3.82) and substituting /; and I5, we see that everything

does not vanish, and so we require eigenvalues at this order to satisfy the

2

orthogonality condition. Hence w(e) = € and the eigenvalues, to leading
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order, are given by
q - obqdH \ /du.
re, 2U02H ( H db dr /.., (roo)

qH [, ./ dN d*u,
— —) - . 92
", (UG < dr dr? (3.92)
T00 T00

The fact that the eigenvalues exist to leading order at O(€?) is why we can

classify them as long-time instabilities because even positive values will only
begin to cause relative instability in (3.9) when 7' = O(1) which corresponds
to regular time ¢t = O(e~2). Since N is not continuous, but F(re) = Fo
is, we will define F(rqo) by the average value as we did when discussing the

perturbed circle problem in section (2.3.2) and therefore,

F(roo) = Ug <N>TOO B <Cl117{6> ‘

We now need to consider the global problem for N.

3.3.1 Global Inhibitor Eigenvalue Problem

Substitute N = eN into (3.6b) and simplify to get the base problem for N is

1, = m2 . 1.~ 1ov'_ [r—m 1s v° -
SNy - N SN2 2% g 28 Y% oo, (3.93
r(r ) 72 D eD ug ( € > e Dustt (3.93)

-~

S1

where we do not use 6y here as we did for even eigenfunctions because A\ =

O(e?). Focusing solely on the singular terms S; and expanding to all singular
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3.3. FEigenvalues Associated with ®; Odd

powers of €, we have,

OU()Biq o—1 / OUOﬁiq o—1 081]057(171 o—1 ~ /
olo— 1)U , sUSt
+ A0 DT e ) — 2D ey ), (3.9)

where the dot indicates evaluation at (r — rg)e™?

, i.e. the inner functions
evaluated in the outer region. In a manner similar to that as we discussed in
section 3.1, when deriving the singularity behaviour for the even eigenfunc-

tions functions, we have

il A (=) = Ad(r —ro),

€ e—0

where 0 is the Dirac measure and A is again given by (2.33). Differentiating

this expression we get

o o T —To ;[T —To ,
2W 1( - )w( - ):A(S(r—ro),

and the first term of Sy in (3.94) is precisely a multiple of this. If we associate

inverse powers of € as leading to Dirac singularities then we expect this

behaviour for the remaining terms in (3.94) and so

Uy ™
D

S, = Ad' (r —rg) + Ad(r — 1),
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3.3. FEigenvalues Associated with ®; Odd

where we can determine A by integrating all but the first term in (3.94) over

the entire inner domain. This yields that

00 Uﬂ—Qq Uﬁ—q—l Uﬂ—q—l
A :/ OOTw"A@l R OD qF (ro)w’ 1ep — 0 OD w’ i w’
-1 UB—ZQ U,B—l ~
+ 0(0 l)) 0 wo—21~)1w/ o sUo woNO dp7

where we have substituted (3.79) for ®;. We can integrate the third and

fourth term by parts and upon simplifying we have

Bt 00
A= OD F(ro) / (qow’™ 'y — sw®) dp.

Substituting ¢ using (3.81) and recognizing that

dA > _
i N ow’ twy dp,
we finally have that
Uy dA
A=-=2 2qb——
) F(ro)p (A—i— qb db) ,

where [ is given by (2.28b). Putting everything together we have,

Uoﬁ—q B—gq—1

, 2gb dA
S A (r = 10) + q

F(ro) A (5 - ——) S(r —ro), (3.95)

51 = A db
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3.3. FEigenvalues Associated with ®; Odd

and therefore the global problem for N is (by once again taking ro & ro),

1, m? .1 . ui-e
;(TNT)T — 7’_2N — BN = — OD ./46 (7" — 7“00)
yp-at 2¢bd.A
- OD JE(’I“O()).A (B + %E) 5(7“ — 7‘00),

which we can rewrite using constants A, (given by (2.60)) and A, (given by
(2.59)) used in section 2.3.2 to get:

1 . . Ag Ay

—(rNy), — —N=—8(r —ro) — —5F(100)0(r — 700). (3.96

T( ) . D o (r = 700) T (700)0(r — 700). (3.96)
It is more convenient if we turn this into a problem with homogeneous sources
away from the interface r # roy supplemented by jump conditions across
the interface. To do this we first multiply by r and integrate over a small
domain containing rg. Since the differential equation has a dipole source
term then N will have jump discontinuities, but otherwise will be continuous
and therefore, by the integral mean value theorem, the second and third

terms on the left-side of (3.96) will vanish over the integral. Therefore we

have that
dN Ao Aozo AO 1210/:10 ¢/ %
— — = - N
[ dr ] Ug’f’oo Ug+1 f(TO(J) Ug?”oo Ug+1 0 < >r00
T00
/4_10/210 due
— ( — . 3.97
* Ug“ < dr >TOO (3.972)
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3.3. FEigenvalues Associated with ®; Odd

To get the jump in the function itself, we first compute the indefinite integral

of (3.96), ignoring constants of integration,

Ao
rN, — m/ Ndr——/Nd :__r005(r_7’00)+U—9{(T—T00)
0

AOAO

Uq+1 7’00?(7’00)9‘((7’ - 7“00)

with H the Heaviside function. We then divide by r, and integrate this
expression over a small domain centered around roy to get
. A

N, = — =2 97b

where once again appropriate continuous terms have been neglected as they
vanish over the region of integration. We could now solve the problem for N
subject to the jump conditions (3.97), but we have seen a similar problem
to this in section 2.3.2 when we looked at Vy,, the perturbed circle steady-
state problem at O(g), given by (2.63). In fact if we add the jump conditions
(2.63d) to (3.97a) and (2.63¢) to (3.97b), letting n = m, and define a function

Z = HUIN + Vi,
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3.3. FEigenvalues Associated with ®; Odd

then we have the following problem for Z,

1 n? 1
;(TZT)T - ﬁz - 52 =0, T Too
dZ
-~ -0
dr | _ ’
T=r00
[Z]Too =0,
dz A A
e = — 0 OZ(T’O()).
d’f‘ oo 0

Solving this problem we have

7“001210 ;10
Uo

Z(r)= Z(700)Go:n (73 T00)

with Gy, given by (2.50). Evaluating at r = gy leads to the conclusion
that Z(rg9) = 0 is the only possibility for arbitrary roy and therefore Z is

identically zero and thus,

- 1

N=-— . :
.07 Vin (3.98)

Therefore our perturbed inhibitor eigenfunction is already determined by the

solution to Vy,. This allows us to write the small eigenvalues (3.92) as

< 1—m? q - obqdH \ /du. du,
A= l— —— m H,,
2 Tomuet ( 7 db) < ar > (<V1 oo < dr >>

qH dvi,, d%u,
2H,,U, (< dr > + Hm< dr2 ' (3.99)
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3.3. FEigenvalues Associated with ®; Odd

It is rather unsurprising that there is such an intimate relationship between
the problem for N and the perturbed circle since the odd eigenfunctions
displace the activator curve sinusoidally and thus exactly deform the circle
into a near-circle, at least initially. The problems are, in fact, even more
intimately related than just through the N function. Recall that we define
the concentrated activator curve at r = ro + €p*(#) where p* is defined as the

location of the maximum of the activator and hence
T A
(p*) =0.(p*) + D' (p*) exp (z’m@ + / A(s) ds) =0. (3.100)
0

The radial velocity of the curve will be given by

dr_dro | dp”
aT _ dr " ar

and differentiating (3.100) with respect to 7', we have

0= <f;;’(p*) +®"(p*) exp (im@ + /OT A(s) ds)) i’;

+ ' (p*) exp (me + /0 ' A(s) ds> ).

Using (3.100) we can simplify and write

dp* (") 5
T = @”<p*))\(T) (3.101)

and therefore
dr dry  9.(p")

e

— = MT).
ar ~ar o)
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3.3. FEigenvalues Associated with ®; Odd

If we think of the coefficient on A playing to role of € in the near circle
perturbation then — should be the first velocity correction we obtained.

Indeed if we compare the negative of (3.99) with (2.77) then if we take
h(0) = exp(im®0)

we see perfect agreement. Notice this required choice of h(f) to balance
comes from the eigenfunction expansion of the linear stability problem (3.2).
The coefficients H,, in the Fourier expansion of h(f) were arbitrary and, if

desired, could be extracted from the coefficient in front of A
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Chapter 4

Classification of Explicitly
Solvable Non-Local Eigenvalue

Problems

4.1 Explicit Non-Local Eigenvalue
Formulation

In Chapter, 3 we considered the stability of the Gierer-Meinhardt model on a
ring to breakup instabilities. This led to the derivation of a non-self-adjoint,
non-local eigenvalue problem (3.16) which we analyzed by recasting it as a
root-finding problem. This allowed us to determine regions of stability but
did not lend itself well to determining eigenvalues explicitly. In this chapter
we consider scenarios for which the explicit determination of these eigenvalues
can be obtained. A similar analysis in what follows was done in [57] for the

model,

vy = Vg — v + alu)v? 7,

1
TUp = Ugz + (up — u) + —=b(u)v",
€
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4.1. Explicit Non-Local Eigenvalue Formulation

for certain conditions on the constants 7, u, and the functions a(u) and b(u).
To setup the theory, we generally consider a class of problems for which linear

stability analysis produces a non-local eigenvalue problem of the form

Lo® — X(/\)h(w)/ gw)ddy = AP, — o0 <y < o0;
® — 0 as |y| — oo, (4.1)
where ,
Lo® =&, — & + f(w)d, (4.2)

with prime indicating differentiation with respect to w. x(\) is a transcenden-
tal function of the eigenvalue parameter A and w(y) is the unique homoclinic

of

Wy —w~+ f(w) =0, —oo<y<oo;

w— 0as |y = o0, w,(0)=0, w(0)>0. (4.3)

This homoclinic orbit exists for certain functions f(w) that satisfy Lemma
2.2.0.1 in section 2.2. For example, this criteria was used in section 2.3 to
help establish the critical saturation parameter b for the saturated Gierer-

Meinhardt model. Along with restrictions on f(w) we also require in (4.1)
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4.1. Explicit Non-Local Eigenvalue Formulation

that

g(0) =0, g(w)>0forw>0, gw)isC"asw—0%;
h(0) =0, h(w)is C* as w — 07, (4.4)

The conditions on g(w) and h(w) are such that the integral in (4.1) vanishes
as ® — 0 and that ® has exponentially decaying solutions when y is asymp-
totically large and Re(A) > 0. In order to form (4.1) in an explicitly solvable
way, we will exploit the eigenvalue structure of the Ly operator which we
discussed in 3.2.2 but will repeat here. Assuming f(w) holds such that a
homoclinic orbit solution to (4.3) exists then Lemma 3.1.0.1 provides the de-
tails of the eigenvalue spectrum to Lgy = v1. Specifically, it admits a simple
discrete eigenvalue 1y with eigenfunction 1y of one sign and an eigenvalue
v1 = 0 with ¢; = w’. Consider a choice of g(w) in (4.1) which satisfies (4.4),

and is such that

Log(w) = og(w), (4.5)

for some o > 0. Since there can only be one positive eigenvalue to Ly, we
must have that 0 = 1y and g(w) = 1. If we multiply (4.1) by g(w) and

integrate over the entire domain then

[e.9] o0

| stoimedy—x [ bwigtw)dy [~ gwieay =2 [ gtuieay

—00 — 00 —00 —00

(4.6)
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4.1. Explicit Non-Local Eigenvalue Formulation

While the entire NLEP is not self adjoint, the operator Ly given by (4.2) is

and so we can integrate by parts the first term in (4.6) to simplify,

[ st (a3 [ nwtw)ay -3 )ay o,

oo [e.9]

where we have used (4.5) to simplify. Assuming that [*°_g(w)® dy # 0 then

we have an explicit relationship for A,

A:a—n»/mhwwwwm (4.7)

o0

where this integral converges because of the decay behaviour on h(w) and
g(w). Before continuing, consider the case [~ g(w)®dy = 0, where (4.1)
reduces to

Lo® = \®,

i.e. ® is an eigenfunction of the operator Ly. The only positive solution to
this is for A = vy but this would require ® = g(w) and we would not be able
to satisfy ffooog(w)q) dy = 0. Therefore, any unstable eigenvalue to (4.1)
needs to satisfy (4.7).

We now need to consider the appropriate f(w) in (4.3) that produces a g(w)
for (4.5) and ultimately allow (4.7) to hold. If we recognize that

1

gw)yy, =g (w)wi + g/ (w)w,y,
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4.1. Explicit Non-Local Eigenvalue Formulation

then we can write (4.5) as

g"(w)wz + ¢ (w)wy, + f(w)g(w) = (14 o)g(w). (4.8)

To remove wy, we can use (4.3) and to remove wj multiply that same equation

and integrate over the entire domain to get
wy —w® +2W =0, W:/wa(s)ds
Substituting into (4.8) we get,
" (ww?* = 2" (W)W + g (whw — g'(w) f(w) + f'(w)g(w) = (1 + 0)g(w).
If we integrate by parts and use that g(0) = f(0) = 0 we can simplify to get

(w* = 2W)g'(w) = S(w) — f(w)g(w); (4.9a)

/ (s £(s) = sqg'(s) + (o 4+ 1)g(s). (4.9b)

If we differentiate (4.9a) with respect to w then

2(w = f(w))g'(w) + (w* = 2W)g"(w) = X' (w) — (f(w)g(w))"

Using (4.9a) we can simplify to

2ug'(w) — 2f(w)g'(w) +
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4.1. Explicit Non-Local Eigenvalue Formulation

Dividing by ¢'(w) and rearranging this expression we have

fwlgw) _ fwlgw) fwy'w) _ Tw)  Swg'w) o o0

g'(w) g (w) g (w)? g (w) g'(w)?

We can recognize the expression on the left of (4.10) as,

Flw)g(w)  fw)gdw)  fw)g"(w) (Y
g (w) ¢ (w) g (w)? ‘g< )

Y(w)  Sw)g"(w) _ (Sw)’
gw)  gw)? _( >

so that finally, for a given g(w), we can compute f(w) as the solution to

(g<$§§fiw>)' B g(zlu>2 (GEZ;) ) 2“’) | (4.11)

It is important to note that for a given g(w), while this formula provides

the necessary f(w), there is no guarantee that the resulting f(w) will sat-
isfy the homoclinic orbit criteria in Lemma 2.2.0.1. Many common NLEPs
from reaction diffusion problems (cf. [39], [40], [45], [46], [81], [57]) involve
g(w) with algebraic powers in w. As such we will present two general cases
g(w) = w and g(w) = w® for @ > 1 for which this theory can easily be used
to determine f(w).

First consider g(w) = w so that from (4.9b),

(o + 2)w2.

E(w) = (04 2)w, Y= 5
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4.1. Explicit Non-Local Eigenvalue Formulation

From (4.11) we have
() )2

f(w) = owlogw + Aw,

and therefore,

where we can set A = 0 without loss of generality. Next consider g(w) = w®

for a > 1. In this case,

(0 + 1+ a)wt?
a+1

E(w) = (0 + 14+ a)w?, Y=

Y

and hence from (4.11),

() - () ) 2525

Integrating this yields that

for arbitrary A which we set to be one without loss of generality. Since this

holds for any o, we can avoid the term that is linear in w by choosing,
oc=a’—1, (4.12)

so that f(w) = w?*~1. We will now focus the rest of this chapter on studying

the unsaturated Gierer-Meinhardt model as an example using the general
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4.2. Explicit Stability Formulation for the Gierer-Meinhardt Model on a Stripe

explicit NLEP framework.

4.2 Explicit Stability Formulation for the
Gierer-Meinhardt Model on a Stripe

In contrast to Chapter 2, we will now focus solely on the unsaturated version
of the Gierer-Meinhardt model,

VP
v, = EAv — v+ —, (4.13a)
ud

o

Tur = Au —u +

(4.13b)

eus’

and for the time being consider a rectangular domain with homogeneous
Neumann conditions on the boundary. The rectangular domain {2 is defined
by

Q={(z, )| —l<az1 <, 0<uzy<d}

for some length [ and width d. We have taken the diffusivity on (4.13b)
to be unity since, as per the discussion in section 2.3.1, the diffusivity can
be absorbed into the length scale. We want to use the explicitly solvable
framework with g(w) = w®, a > 1, and use the simplified condition on o
given by (4.12). The f(w) in (4.3) is related to the exponent p in (4.13)
and since we need the exponent set (p, g, 0, s) to be integers, in order to use
(4.12), we require p to be odd and specifically we take p = 3. Furthermore
as we saw for the ring derivation in 3.1, g(w) = w® is intimately tied to the

exponent set o via a = o — 1, and by choosing p = 3, this specifies that
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a = 2 and so we need o = 3. Therefore, by making our choice for p, we will

consider the specific variant of (4.13) to be:

3

v = Ay — v+ —, (4.14a)
ud
3
T = Au—u + —, (4.14Db)
eu’

with ¢ > 0 and s > 0. We consider the activator v localized on an O(e)
region around the midpoint z; = 0 for all z5 (hence the classification of a
stripe) and define an inner coordinate variable y = xz/e. The derivation of
this stripe solution is very similar in approach to that of the ring in section
2.3.1 and was presented in entirety in [39]. We therefore omit the details
here and summarize the results. The equilibrium activator denoted v, ()

and the equilibrium inhibitor denoted by wu.(x1) are given by

T

Ve(x1) ~ Ujw (?> o ue(xr) ~ Uy

(4.15)

where w(y) = v/2sechy is the unique homoclinic orbit solution that satisfies

W —w4uwl=0, —oo0<y<oo;

w—0as |y = oo ,w(0) >0 w'(0)=0. (4.16)

We define the constants Uy and v by

Il
OIS

; BE/ w? dy = V2m; E%—(S+l)>0; o

(4.17)
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4.2. Explicit Stability Formulation for the Gierer-Meinhardt Model on a Stripe

The Green’s function Gy(x;) in (4.15) satisfies
Glxlczfl - Gl = —5(1'1), ‘.Tl‘ < l> Glxl(:i:l) = 07

with §(-) the Dirac measure. This has solution

cosh(l — |z1])

Gilan) = 2sinh(l)

(4.18)

and therefore G;(0) = 1/2 coth(l).

We are now in a position to perform a linear stability analysis on this base
state. Since, unlike the ring solution in 2.3.1, the stripe always starts in its
equilibrium position, there are no long-time dynamics to consider and so we

can make the appropriate usual formulation

v =0, + ¢(x1) exp(imzs + At), u = u.+ n(zr1)exp(imazy + At); m=—
(4.19)

where k is an integer. The restriction on m comes from the homogeneous
Neumann conditions on xs = 0 and 2, = d. These conditions also necessi-
tate that we need to take the true solution as only the real part of (4.19).
However, in what follows we treat m as a continuous variable and are just
mindful that true unstable modes must satisfy the discrete condition. Alter-
natively one can think of the operator eigenvalue problem having continuous
eigenvalues for which we only sample the discrete ones to capture the appro-

priate boundary conditions. Substituting (4.19) into (4.14), we obtain the
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eigenvalue problem

2 3

(%
62¢x1x1 - ¢ - jqflﬂ = (>‘ + 62m2)¢7 |£L‘1’ < l; ¢x1 (il) = 07
(4.20a)
IS G O <l () =0
779[:1951_< +7 +m)n__€ug¢+€us+1nv |:L“1|_ ) 77x1( )_ :

(4.20D)

Once again, as in 3.2, we do not ignore the terms e*m? in the event that
high frequency modes lead to instability behaviour. Like the base state,
Ve, the activator perturbation ¢ will be entirely localized and so we take

é(x1) ~ ®(e1xy). The leading order problem for ® from (4.20a) is

¢y — P+ 3w — qU3/2_1w377(0) = (A +emH)d,  — oo <y < oo,

® — 0 as |y| — oo. (4.21)

Here 7(0) comes from the outer problem (4.20b) because it is not singularly
perturbed. The simplification of (4.20b) involves using Dirac measures for

terms of O(e™!) (see 2.2.1) and therefore,

30 ¢p =30 S/Oo w2 ® dyd(z,) = 3 /Oo w?® dyd(z1)
eus 0 oo bG;(0) ’
3 00

SV, o ¢ 3 ( )

Seen=sUn(0) [ wtayiten) = Fsto),
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where we have simplified using (4.17). Therefore, n(x;) satisfies

3U17’Y o
m—ezz( ®_p(0) — =22 / w2<I>d)(5a:,
n Ui Gl@n() b)) y ) o(wy)

[z <& e, () =0, (4.22)

where 0, = 1+ m?+ 7\ is the principal value of the square root. By
this we mean the branch cut taken along the negative real axis such that
Re(\) < _1%7”2 which implies 7(0) is analytic in Re(\) > 0. If we consider

the Green’s function problem
G)\dflﬂcl - eiGA = _5($1)7 |1’1| < l? GAM (:l:l) = 07

which has solution,

then we can write

1) = (igw) | wreay- %(0)77(00 Gr(r).

Using (4.18) and (4.23) we can solve for 1(0) to yield that

3U, 77 [, 0 tanh(0,0)] "
= — o _ . 4.24
00 = = [ w5+ P (4.24)

(e 9]

This expression is non-zero as long as [*. w?®dy # 0 which as per the

discussion in section 4.1 holds for any unstable eigenvalue Re(\) > 0. This
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4.2. Explicit Stability Formulation for the Gierer-Meinhardt Model on a Stripe

means that ® is even and as with section 3.2, this corresponds to breakup
or amplitude instabilities. We substitute (4.24) into (4.21) to get our NLEP

for breakup instabilities of the stripe as

Lo® — Xw3/ wddy = (A +&m?)®, —oo <y < oo;
® — 0 as |y| — oo, (4.25a)
3q 0 tanh(0,1)] "
= = - 4.25b
=3 {8+ tanh(l) ’ ( )

with Lo defined by (4.2). In terms of the explicit formulation discussed in
section 4.1, by choosing p = 0 = 3 in (4.14), we prescribed a = 2 (g(w) = w?)
and ¢ = 3 so that

Low? = 3w?.

By comparing (4.25a) to (4.7) we take
A=A+é2m? h(w) =w?

to get that (4.25a) becomes

9q 0, tanh(0,0)] "
A=3—¢em? -2 e 4.2
3—e€m 5 [s—l— tanh() : (4.26)
where we have simplified that
7 whdy 3
b -2

We will now analyze (4.26) for 7 = 0 and 7 > 0.
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4.2.1 Explicit Stripe Eigenvalues, 7 = 0

When 7 = 0, we have that (4.26) becomes

9q

A=3—em? - = [ (4.27)

2

-1
- V14 m?2tanh(v/1 4+ m?l)
tanh(l) '

We begin by finding neutral stability points A = 0. If m is O(1) then to
leading order the neutral stability point (4.27) becomes

B 9q | 3q !
0=3 5 [ 5 + /@(z)] :
where
z=vVm?2+1, z>1; /@(z)—ZtLh(Zl)—(Cqu)
B T ~ tanh(l) ’

with ¢ from (4.17). This expression simplifies so that the neutral stability
point is a root of k(z). Now k(1) = —C < 0 and k(z) — 00 as z — 00 S0

there is at least one root to x(z). Furthermore,

tanh(zl) N lsechz(zl)
= 2

(%) = Lm0 tanb(l) "

and so there is a unique root z_ > 1 to x(z) and hence a unique neutral

stability mode

my- = 4/22 — 1. (4.28)
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If z < z_ then A < 0 and so there are no unstable eigenvalues on 0 < m <
my-, and conversely, A > 0is z > z_. If we now consider m = O(e) and

define m = ¢ ' then (4.27) becomes

—1
o €9 N vm? + €2 tanh(v/m? + e2le!)
—— |es .

A=3—m 5 tanh (] (4.29)

If we search for the neutral stability point ;" and expand ;> ~ m2 + em?

then we get my = V3 and for 1, we have

_5 _ 9qtanh(l)

mlz y

2 my
and so the upper neutral stability point is

1 3 3
My+ ~ =/ M+ emi = — — thanh(l). (4.30)
€ €

If m > my+ (m < myp+) then A < 0 (A > 0) and therefore unstable eigenvalues
exist on my- < m < my+. Next we seek to estimate the dominant wave mode
Maom Where A achieves its maximum. When m is an O(1) or O(e~!) number
we have that to leading order A is monotonic and therefore the dominant

mode must occur at some intermediate scaling in €. Therefore we let,

m=¢c¢ ‘m, 0<a<l,

155



4.2. Explicit Stability Formulation for the Gierer-Meinhardt Model on a Stripe

and substitute into (4.27),

A=3— 22

€9q | , LY M2 + €2 tanh (V2 + 2% l) |
— |e%s
2 tanh(l)

(4.31)

The only hope for non-monotonic A is if there is balance in the second and
third term and so we take a = 2/3. Differentiating (4.31) with respect to m

and setting to zero we get

-2
dA 9q [ 2/35 1 m? + /3 tanh(v 1?2 + 64/362/3l)]
€ S

= — 2 Y _—
dan " Stann() tanhi(l)

m tanh(vVim? + e¥/3e=%/3]) 23
+ e Blmsech (/1?2 4 4/3¢72/3])
V2 + /3

~0. (4.32)

2/3

Substituting m = mgy + €*/°my where the m; correction comes from s intro-

ducing terms of O(e?/?), we get that to leading order

9¢ tanh(l)

—21 —— =0
Mot T ’
and so
h 1/3
o = (wtaTw) . (4.33)

156



4.2. Explicit Stability Formulation for the Gierer-Meinhardt Model on a Stripe

For the 1, problem, both tanh(e=%/3) and sech (e7%?) terms will remain
their saturated values up to exponential order in € and therefore

9gtanh(l)i;  9qtanh(l)*s

mo m%

—2m1 — =~ 0,

and using (4.33),

A~

2
iy & = tanh(l).

Combining everything, we have,

(4.34)

23 (9tanh(l))1/3 2stanh(l)
Mdom ~ € — -

4q 3

If one were to consider the effect of the walls negligible (taking | — oo) then
(4.27) becomes

9q
2(s 4+ V1 +m?2)’

A=3—¢2m? —

and we have that

my- =+/C% + 2(, (4.35a)
my+r =V/3/€ — 3q/4, (4.35b)
Maom =€ 2/2(9¢/4)Y? — 25/3. (4.35¢)

This limit will allows us to obtain more tractable analytical results when we

consider 7 > 0.

We now plot (4.27) in Figure 4.1 with ¢ = 0.05, and s = 0 for ¢ = 1 and

q = 2. In each case we plot | = 0.5, l = 1, and | = oo. In Table 4.1 we list
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the numeric evaluation (denoted n) of my-, my+ and mgem along with the
asymptotic approximations (denoted a) given by (4.28) for m,-, (4.30) for
my+, and (4.34) for mgem. The agreement for both ¢ = 1 and ¢ = 2 for all

values of [ agrees favourably with the analytic results.

251 ---l=1

151

0.5r

0.5

—1=05

Figure 4.1: Eigenvalues for 7 = 0 computed from (4.27) versus m for e = 0.05,
and s = 0 for several values of [. The curves from highest maximum to

smallest maximum are [ = 0, [ = 0.5, and [ = oo respectively.
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qg=1
[ ‘ my- (n) ‘ mp— (a) ‘ my+ (n ‘ my+ (a) ‘ mdom(n) ‘ mdom(a)
0.5 0.75 0.75 34.29 34.29 7.42 7.46
1 0.86 0.86 34.06 34.07 8.76 8.82
00 1.12 1.12 33.87 33.89 9.60 9.65
q=72
l \ my-(n) \ my-(a) \ my+ (1 \ my+(a) \ Maom(N) \ Mdom (@)
0.5 1.60 1.60 33.93 33.95 9.36 9.40
1 2.11 2.10 33.44 33.50 11.07 11.11
00 2.85 2.83 33.03 33.14 12.13 12.16

Table 4.1: Asymptotic and numerical comparison of the neutral stability
points my-, my+, and the dominant wave mode mgon,. The numerical values
(n) are obtained from Figure 4.1 and the asymptotic approximations (a) are
obtained from (4.28) for m,-, (4.30) for my+, and (4.34) for maom

Predicting mgom allows us to approximate the number of spots Ngpets that

would occur in a breakup pattern where

mdomd
Nspots:\‘ o J

where |-| is the floor function, rounding down to the nearest integer and d

is the rectangle width.

4.2.2 Explicit Stripe Eigenvalues, 7 > (0

We now consider (4.26) for 7 > 0, which becomes a transcendental equation
for A because of the presence of 6. For simplicity, we consider the scenario

discussed in section 4.2.1 where the sidewalls have no effect (I = 00). In this
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case (4.26) becomes

9q T
A=3—¢e*m?— , T= )
2(s +vV1+m2V/1+ 7)) 1+m?2

(4.36)

While we can make little progress analytically on prescribing values for the
roots, we would like to understand the qualitative features of the roots as

well as how many exist. Therefore, we attempt to isolate A separately from

(4.36) and write,

A=3+em? =~ % 25 +2V1+ 7\ 71.
V1+m? [V1+m?
If we define
dy = —% <0, (4.37a)
dy = —\/% <0, (4.37b)
B=3—em? (4.37¢)

then we can write (4.36) as a root finding problem

dy

FA) =2VT+7A—G(\), G\ =do = 5.

(4.38)

We will look for the roots to (4.38) that satisfy Re(\) > 0 by using the

argument principle around the same closed contour I' = I'; UT'k from section

160



4.2. Explicit Stability Formulation for the Gierer-Meinhardt Model on a Stripe

3.2.6 with
i T . .
FK:{)\:Kexp(zt)]tE [—5,5}} Pp:—Ki<\<Ki

which we traverse counter-clockwise and take the limit as K tends to infinity.
When 7> 1, F(A) ~ 2v/7X and so on 'y when t = —7/2, arg F = —7/4
and when t = 7/2, arg F = w/4. Therefore, the change in argument of F(\)
over I'x is m/2. When 8 < 0 (m > v/3/€) then for all Re(\) > 0, G(\) is
analytic but when 3 > 0 (0 < m < v/3/e¢) then there is a simple pole at

A = (. Finally, since F is analytic (aside from A\ = ) and real valued when

A is real-valued then F(\) = F(A). Combining all of this together with the
argument principle in a way similar to section 3.2.6, we have that the number

of roots J to F(\) are given by

1 1 L >0,
arg f]F?, where h(B) = . (4.39)

=
4 0, B<0
and '} is the positive imaginary axis iA; with 0 < A\; < oo traversed down-

wards and [arg F| indicates the change in argument of F over the contour.

When A =iA;, Ay > 0 we have

. ﬂdl g )\Idl
RS RCEYS

G(iAr) = do

and

2/1+ it A; = 2(1 + 7202) % exp (@M) ‘

2
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Using the trig identities

1 0 1 —cosf
+ cos sin?f — cos

2
0 e B ———
coS 5 , 5 ,

we can write
1/2
o0/ +itAr = Ky(PA) HiK_(7Ar),  Ka(2) =2 (ﬂ = 1) ,

and therefore we can decompose F(i\;) = Fr(Ar) + iFr(Ar) with

R d R
Fr(A1) =K (TAr) — do + %, Fi(Ar) =K_(7A1) +
i

Ardy
B2 AT
(4.40)

For A; > 1 then since 7 > 0, Fr ~ F; ~ /27 and therefore arg(F(iA;)) —
w/4 as \; — oo. At A; = 0, we have that Fr(0) =2 — G(0) and F;(0) = 0,
so when A = 0 is a root of F(\) = 0 which occurs at m,— and my+ defined

by (4.35a) and (4.35b) respectively then G(0) = 2. When m is O(1),

_G+L
2v/1 4+ m?

and so dG(0)/dm < 0. When m is O(e™!) then

G(0) =

dG(0) o 2my N 18qe?my+ 8 >0
dm B V1I+mp? V14 my2(3 — e2my?) 3q '
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Finally, if m > v/3/e, G(0) < 0. Combining everything together we have
that

3
Gg(0) < 2, my- <m < mp+ Um > — (4.41a)
€

3
G(0) > 2, 0<m<my-Umys <m < £ (4.41b)
€

We are now in a position to classify the roots J to F()\). If m > v/3/¢ then
B < 0 and since dy < 0 and d; < 0 then by (4.40), Fr(A;) > 0 for all A;.
Furthermore Fz(0) > 0 and so the argument along I'} changes from 7/4 to
0. Since Fr(A;) > 0 always then it cannot enter the negative real plane so
we must have [arg(]—")]ﬁ = —m/4. From (4.39) this means that J = 0 on this
region. Next consider my+ < m < \/§/ €. On this interval § > 0 and from
(4.41), Fr(0) < 0 so the argument changes from 7/4 to m. We can calculate
that

dFr . .
d_)\l_ IC(T)\[)

2\ Bdy

—(52 e (4.42)

which for my+ < m < v/3/e is positive and therefore since Fr(\;) — oo
as A\; — oo then there is a unique root A} to Fr. We can find this root
asymptotically by letting m = /3 /e+m; with —3¢/4 < m; < 0 and therefore
B =3 — e®m? ~ —2v/3mye. Substituting into (4.40) we get that to leading
order Fr(A\}) = K (7A\}) = 0 for which there is no solution. Therefore we
let \j = e)}, and repeat the asymptotic expansion in (4.40) to get that to

leading order,
18qmq

9 o4
+12m%+)\}% ’
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and so we get X5, = \/—3my(4m; + 3¢) which exists for all m; since m; >
—3q/4. Using this root in F; from (4.40) we have that,

Fr(eXsy) = K_(eT A7) + ~ — < 0.
I( IO) ( IO) 62+62/\7'(2] \/3(12777,%4—)\%0)

Since Fr(A}) < 0 then [arg}"]rj = —57/4 and from (4.39), J = 0. Next we
consider my- < m < my+ where from (4.41), Fr(0) > 0 and since § > 0
and dy < 0 then by (4.42), dFr/dA; > 0. Therefore [arg Flp+ = —7/4 and
from (4.39) J = 1. This root is actually on the positive real axis and satisfies
0 < A < B. To see this we consider (4.38) with 0 < F(0) < 2 and F — —o0
as A\ — (3 and therefore F has at least one root on 0 < A < . If A > [ then
G(\) < 0and F > 0 for all \. We have that v/1 + 7 is an increasing concave
function as well as G’(A\) > 0 and G"”(\) > 0 so that F”(\) < 0. Therefore
F(A) can have at most one critical point and regardless of the sign of F'(0),
this can only be satisfied if F has exactly one root. Therefore there is exactly
one real root on my- < m < my+. Finally we consider 0 < m < my-, where
Fr(0) < 0 and so the argument goes from 7/4 to w. Once again dFg/dA; > 0
and Fr — 00 as A\; — 00 so there is exactly one root to Fg on this interval.
Therefore either [arg F]F;r = —bn/4 and J = 0 or [arg ]-"]F;r = 37/4 and
J = 2. If 7 = 0 then from (4.38), F(0) < 0 and F'(A\) = —G'(\) < 0 so
there are no roots with positive real part. This should continue to be true
for 7 < 1 and therefore J =0 for 7 < 1on 0 <m < my-. If 7> 1 then
F(0) < 0and F — —oco as A — = but for A > O(77Y), F = 27\ > 1
and since F”(A) < 0 there are exactly two roots with real positive part for

7 > 1. Notice that eigenvalues cannot enter the real plane through A = 0
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since A = 0 is an eigenvalue for all 7 and therefore this shows that there must
exist a Hopf bifurcation at some 7 = T;f{ when 0 < m < my-. We summarize

the eigenvalue conclusions as follows:

Principal Result 4.2.2.1 Let J denote the number of roots in Re(\) > 0
of F(A\) =0 in (4.38). Then, for any 7 > 0,

J =0, m > My+
J =1, mp— < m < My+
J =0 orJ =2, 0<m < my-.

On my- < m < my+ the root is on the positive real axis in the interval
0 < A< B and for 0 < m < my—, there are no roots with positive real
part for T < 1 and two roots with positive real part when ™ > 1. This last

condition proves the existence of a Hopf bifurcation at some 7 = TH.

Explicit Representation for Hopf Bifurcation

We now turn our attention to evaluating 7 = T;I,{ and showing it is unique.
If a Hopf bifurcation occurs then i\; is a root to (4.38) and so from (4.40)

we need to set Fr = F; = 0. If we do this we get

VaWa+ ) =do - B2 Va(va e = S
a=1+72 0=+ )\ (4.43)
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By dividing these expressions we get

(Va+D)Y2  df B

Va—DZ  dia A

which we can simplify to get

=—A A=p——. 4.44

Using v/a — 1 = 7A; and the first expression in (4.43) we have,
=LA (4.45)

Next we determine an equation for #. To do this we square and subtract the

first two expressions of (4.43),

i

o (4.46)

di8?\*

We can use that A2 = §— 32 in (4.46) to get that 6 is the root to the quadratic

equation M (0) given by
M(0) = (d5 — 4)6* — (2Bdod, + d3)0 + 2d2 3% = 0. (4.47)

In order for a solution A\; = /0 — 32 to exist we require § > 3?. A Hopf
bifurcation only occurs on 0 < m < my- and we will only consider this

interval for M (). First we notice that,

Mw%zﬁ<%—%%ﬁ+§’4>IM@wV_®>Q
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since by (4.41), G(0) > 2 on this interval. If dy = —2 then the roots degen-
erate and we get

23%d,

91:d1—46

(4.48)

as the unique root to (4.47). At this root we have from (4.44) that

46> Bdy
4 —43  d—43

A=p0+ 0

since d; < 0 and therefore in this case there is a unique 7 = T;If > 0 and
unique Hopf-bifurcation eigenvalue m We next consider the two
remaining cases —2 < dy < 0 and dy < —2. If —2 < dy < 0 then M () from
(4.47) tends to negative infinity as § — +oo and therefore since M (3?%) > 0,
by the intermediate value theorem, there are two roots to (4.47), one root
O, in B? < 05 < oo and another root fy, in —oo < . < 3%2. Only 6,_

given by

0 2Bdody + d2 \/(2Bdod;y + d?)? — 8d3B2(d3 — 4)
T (B —19) 2(4 — d2) ’

(4.49)

is a valid solution to M (6) that satisfies § > 32 and so we discount the second
root. We now need to make sure that for this root, A > 0 so that T;,f{ =7>0.
First, define 0. = dy3/dy as the unique root to (4.44) when A = 0. Since
dy < 0 and d; < 0 then dA/df < 0 and so all we need to show to have A > 0
when 0 = 0,_ is that 05 < 0. If we evaluate M (6.) we get

d2 2 d 4d2 2 d2 2 4
M(0.) = zif (do — é) — C}%ﬁ = % (g(o) — d_o) <0,  (4.50)
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since G(0) > 2. This inequality on G also implies that

i (1-3)>
and therefore that 6, > $2. This means that 6, € (4%, 00) and since 0y is
the unique root to M () in this interval then M (6.) < 0 implies 6 < 6, and
therefore A > 0 and T;I{ > 0 when 6 = 0,_. Finally we consider the interval
dy < —2. On this interval we still have M (%) > 0 but now M () — +oo
as § — +oo. We still have from (4.50) that M (6.) < 0 and so for dy < —2
both roots to M(6), 631 exist on 6 € (82, 00). In order to satisfy A > 0 we
take the smaller root 03 < 6, also given by (4.49) which leads to the unique

Hopf bifurcation 7 = T;If > 0.

We now briefly consider the case when s = 0 and dy = 0 identically. In

this scenario, the roots to (4.47) simplify to

S _d

d2 2
8, C1 —}—i.

0o = co + +/c1; Co = =61 9

We also have that when dy = 0 that A =  and so we can write

7=

d23 1 2 _ d2 c§ — 2co\/c1 + &1
2 \o+ 2 (B—c)?

We can compute that,

d4 4
(e =2
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and so
d? 1 /df  d3p? 1
=t 4 - /1 i 4+ =
16p% 23 Ves ' 2 3
1 c? c? d; 9q
== |1+—=+c\/1+—], c= = - :
B ( 2 4 ) VT 24/2(1 + m2)(3 — e2m?)
(4.51)

We now summarize the results for the Hopf bifurcation.

Principal Result 4.2.2.2 For 0 < m < my-, there exists a unique value
= (1 + m2)T;f{ > 0 for which X\ = A; is a root of F(i\;) given by (4.38).

The Hopf bifurcation point T;f{ and A\jg are given by

. d? dob
=0 A Am=V0-5 A=p5- - (4.52)
Here, 6 > (32 is the smallest root of (4.47) given by (4.48) if dy = —2 and

(4.49) if dg # —2. When s =0 we can explicitly compute 7H via (4.51).

As with 7 = 0, we plot the eigenvalues of largest real part for 7 # 0 in Figure
4.2 for l = 00, e =0.05, 7 =2, and s = 0 for ¢ = 1 and ¢ = 2. Comparing
Figure 4.2 to Figure 4.1, we have that for m > 1 the curves have similar
behaviour when 7 = 0 and 7 # 0. This is because 8, = VI+mZ+7A~
V1+m?2 for m > 1 and 7 = O(1) like in the case 7 = 2 chosen here.
Therefore changing 7 should only have a noticeable affect near the lower

threshold m = m,- given by (4.35a).
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—g=1

2.5F ___q:2*

Figure 4.2: Plot of A versus m for ¢ = 1 (solid curve) and ¢ = 2 (dashed
curve). The parameters here are s =0, [ = 00, and 7 = 2.

For ¢ = 2 in Figure 4.2 we have that A — 0 as m — my- but this is not so
for ¢ = 1. We can understand this behaviour if we plot T,f and A;g from

(4.52) which is in Figure 4.3.
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—_—g=1

Heomg=2

-
-
e

25F=<

N —_—g=1

N ---{]:27

Figure 4.3: Plot of 7 and A\;y from (4.52) for m in 0 < m < my- and
[ = co. The parameter values are s = 0 and € = 0.05 while the solid and
dashed curves are for ¢ = 1 and g = 2 respectively.

For ¢ = 2, 717 > 2 = 7 in Figure 4.3a and so no Hopf bifurcation occurs for
0 < m < my-. Furthermore, since the eigenvalues enter from the Re(A) < 0
complex plane then all of the eigenvalues are stable as evidenced in Figure
4.2. For ¢ = 1 however, 7 > 7H for all m in 0 < m < my- and so the eigen-

values should have all transitioned through a Hopf bifurcation and entered
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the Re(A) > 0 complex plane. As such, all of the eigenvalues are unstable as

evidenced in Figure 4.2.

Finite [

We now briefly consider the case where [ is finite. In this case, we use (4.26)

to replace (4.38) with F;(A\) and G;(\) defined by

_ — ([ tanh(Iv/1 + m2y/1 + 7)) B _ o, du
Fi=2V1+7\ ( b (VT ) ) Gi(A),  Gi(\) =dy FESY
(4.53)

with do; < 0, dy; < 0 defined by

2s tanh [ 9q tanh

doy = — . dip=— ,
O VIt m2 tanh(IvVI + m2) O VT m2 tanh (V1 + m2)

and [ still by (4.37c). We have that m = m;,- defined by (4.28) and m = my+
defined by (4.30) are the two values of m for which A = 0 is a root to F
and as such these are the two values for which G;(0) = 2. Therefore, we can
easily extend (4.41) for G;(0) with the new values of m;,- and my+. To find
the roots we can still use (4.39) since F; still has a pole at A = 5 and still
changes argument by /2 over I'x. We define Fg;(A;) = Re(F;(i)\;)) by

d
Fri = Cri(A1) — dot + WITZB)\%,
——tanh(lv/1 + m2y/1+i7Ap)
Cri(A1) =Re | 24/1 +iTA ,
ri(Aa) ( T tanh(lv/'1 4 m?)
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and similarly,

duAr
Fu=Cn(Ar) + m,

Cri(Ar) = Im (2 T i, (VL mV £ mg) .
tanh(lm)

It was shown in section 3 of [79] that Cg;(\;) is a monotonic increasing

function of A and therefore, since dy; < 0, dFg(A;)/dN\; > 0. We can

therefore easily retrieve the argument change for each case of m and make

the same conclusion for J in (4.39) as we did for [ = co. Because of this

we have that Principal Result 4.2.2.1 holds for any [ in 0 < [ < co. We

can compute roots to (4.26) for any [ using Newton’s method. We plot an

example of this for for ¢ = 1 and 7 = 2 in Figure 4.4.
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—(=0.1
===1=0381

1.5

0.5F

Figure 4.4: Plot of eigenvalues A versus m for { = 0.1 (solid curve) and [ = 0.8
(dashed curve). The parameter values are ¢ = 1, s = 0, € = 0.05, and 7 = 2.

It is worth mentioning that while Principal Result 4.2.2.1 holds, we cannot
guarantee that the Hopf bifurcation for m on 0 < m < m,- is unique and as

such that Principal Result 4.2.2.2 holds.

4.3 Explicit Stability Formulation for the
Gierer-Meinhardt Model on a Ring

We now consider the unsaturated Gierer-Meinhardt model (4.13) in a radial
domain

Q={(r,0)]0<r<I1,0<0<2r}, r=|z|
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with the activator concentrated on a ring radius r = ry. The solution to this
was constructed for p = 2 in 2.3.1 and the extension to p = 3 is straightfor-

ward so the details are omitted here. We have that

, [T =10 Gi(r;70) _
= = B ————— = 2
v="Ujw < - ) , U UOGZ(T();TO)’ v =q/2,

where w is still given by (4.16). Here the Green’s function G;(r;79) is given

by (2.38) where R is replaced by [ and the constant U, satisfies

¢ _

1
U - 9
0 (7’0\/§7T\70,1(7”0)«70,2(7”0)> ¢

DO | o

q_(3+1)7

with Jo,; defined by (2.39). We have the dynamic condition for 7y given by
(2.43) where

and therefore

=2t (4.54)

by 1g (Bl T
dT ro 2 \Joa(ro)  Jo2(ro) ’

For the purposes of this section, we will consider the stability around true
equilibrium drg/dT = 0 and like section 2.3.1, equilibrium radii will not exist
for all values of [ and there is a saddle node bifurcation. Figure 4.5 shows

the bifurcation diagram for p = 3 and ¢ = 2.
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10

To
[6;]

Figure 4.5: Bifurcation diagram for (4.54) for ¢ = 2. A saddle-node bifurca-
tion occurs when [ = 3.622. The larger of the equilibrium ry values belong
to the stable branch.

Now, unlike Figure 2.6, when p = 3 there are no roots to (4.54) when ¢ = 2

as evidenced in Figure 4.6 and therefore we will not consider this case.
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1
0 01 02 03 04 05 06 07 08 09 1

T‘o/l

Figure 4.6: Plot of (4.54) for ¢ = 1 and various values of [. We always
have that dro/dT < 0 and therefore there are no equilibrium ring radii when
qg=1.

We now turn our attention to the linear stability problem,

r—r

v =0+ < 0) exp(imf+At), u = u.+n(r)exp(imb+At), m e N

€

where we note that since we are considering true equilibrium positions rg
then we do not have a slow time dependence on the steady-state. As with
the stripe we will only consider ® even for which Re(A) > 0. The details of
the derivation of the NLEP for p = 3 are similar to the p = 2 case in 3.1 and

as such we omit the details here. The nonlocal eigenvalue problem (3.16)
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becomes
[7 wrd dy e2m?2
Lo® — yuwd=2— " = () P;
T vy ( " ?“3)
Jo1(r0)Jo.2(r0) -
_3 _Joalr0) o, Oy = VIt 1A 4.55
=2 (8 * TIm1(0x70) Tin2(0x70) n s (4.55)

where Jy; is given by (2.39) and J,,; by (3.13). The operator Ly is given by
(4.2) with f(w) = w3. Since the explicitly solveable criteria from section 4.1
is not geometry specific, we still have Low? = 3w? and therefore comparing

to (4.7), (4.55) becomes

em?  9q ( Jo,1(70) Jo,2(70) ) B
s M (L Tl , 456
rg 2\’ Tm1(0x10) Tm,2(0x70) .

where we have used that ffooo widy = 3/2 ffooo w3dy. Once again when
7 = 0, we have that (4.56) becomes an explicit expression for \. We start by
finding neutral stability points A = 0. When m O(1) then for A = 0 (4.56)

becomes

:70,1 (To)qo,z(ro)
Tm.1(10) Tm,2(70)

M=(+1- =0. (4.57)

M(0) = ¢ > 0 and when m > 1 we can use (3.31) for larger order asymp-

totics to the modified Bessel functions to get that

1 1

j,m(ro)jz,m(ro)

and so M — —oo0 as m — oo. Furthermore, from section 3.2, jmg(?“o)jmg(?“o)

is a monotonic decreasing function of m and so therefore M is a monotonic
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4.3. Explicit Stability Formulation for the Gierer-Meinhardt Model on a Ring

decreasing function as well. All of this combines to prove there is a unique
root m = my- to (4.57) such that A = 0 when 7 = 0. If 7 = 0 then we can
rewrite (4.56) as

Jo(r0)Jo.2(ro) )_1

A= —3M (s+ d
(S TIm1(r0) Tm2(10)

and if m < my-, M > 0 and hence A < 0 for m in 0 < m < my-. Conversely,
A>0if m=0O(1) inm > my-. When m = ¢ 'm with m = O(1) then using

(4.58) we have that (4.56) becomes

0~ 3— ﬁ; _ % (3 4 Qm%»l(f’o)%g(ro))l
To 2 €
~3 - ! (4.59)

2 Wi (ro)Jos(ro)

and so if we expand m = mg + emy then mg = V/3ro and

Zginy 9
re 410 Jo,1(10) Jo,2(10)
and so
iy = — i
! 8Jo.1(r0)Jo2(10)

Therefore there exists m = my+ given by

3q
8J0.1(10)Jo2(10)’

1
mp+ ~ —\/§7°0 —
€

such that A = 0 in (4.56). When 7 = 0, if m > my+ then A < 0 and if

m = O(e™') m < my+ then A > 0. Combining this with what we concluded
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in m = O(1), for m in my- < m < my+, Re(\) > 0. We plot the eigenvalues
in Figure 4.7 for 7 = 0 using (4.56) for ¢ = 2 and | = 5. We plot the
eigenvalues for the two equilibrium radii ry &~ 1.08 and ry &~ 2.56 from Figure

4.5.

3y T T T T T T T

To = 1.08
2:51 - = =1y =2.56 [

Figure 4.7: Eigenvalues A versus m for ¢ = 2, s = 0, e = 0.05, [ = 5, and
7 = 0 using (4.56). The solid curve is for 1y = 1.08 while the dashed curve
is for ry = 2.56.

When 7 # 0 then similar to section 4.2.2 we can define

RO)=Co) = 10, =2+ 5
_ 1 5 Jo,1(r0)Jo2(70) 3
N =3, ( ’ J‘m,1<em>jm,2<em>)’ f) = =5 (400

and then eigenvalues of (4.56) become roots to (4.60). We make the split in
this way because then C,,()) is exactly that given by (3.19a) in section 3.2.
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We see then the effect of the explicit formulation is to make f(u) an explicit

function in terms of A. From (4.60) we can show directly that

f(p) >0, welo,3)
f"(n) >0, pelo3)

f(p) <0, pe(3,00)

and therefore all of the analysis of section (3.2) holds and we can immediately
conclude Principal Result 3.2.9.1 holds, i.e. that there exists a range of
unstable real eigenvalues for m in m,- < m < my+ and that on 0 < m < my,—,
there exists a Hopf bifurcation as 7 is increased from zero. To compute the
eigenvalues for 7 > 0 we can use the algorithm outlined in section 3.2.10. As
an example we plot the eigenvalues for ¢ = 2, s = 0, [ = 5, ¢ = 0.05 and

ro = 1.08 and rq = 2.56 in Figure 4.8 for 7 = 6.
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Figure 4.8: Eigenvalues A\ versus m for ¢ = 2, s = 0, ¢ = 0.05, [ = 5, and
7 = 6. The lighter curve is for ry = 1.08 while the heavy curve is for r = 2.56.
We plot both for 0 < m < 40 since large m behaviour is not very impacted by
increasing 7 and will be represented by Figure 4.7. The positive eigenvalues
are in dash while the negative eigenvalues are in solid.
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Chapter 5

Full Numerical Simulations of

the Gierer-Meinhardt Model

We now wish to verify some of the analysis we predicted by computing full

numerical simulations of

P

v = e Av — v+ (5.1a)

uig(v)’

o

Tu; = DoAu — u + % (5.1b)

on some domain €2, where g(v) = 1 if saturation is not considered and g(v) =
1+0v? with o the saturation parameter if p = 2 and saturation is considered.
We want to perform computations on both a stripe and a ring. If we perform

computations on a stripe then the domain is
Qtripe = {(2,9)[0 < 2 < 1,0 <y < do}

subject to Neumann conditions on 9€). If we perform computations on a ring

then the domain is

Qing = {(r,0)]0 <r <1,0 <6 <27}
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Chapter 5. Full Numerical Simulations of the Gierer-Meinhardt Model

subject to periodicity in #, Neumann conditions at » = 1 and a compatibility
condition dv/Or = Ou/dr = 0 at r = 0. For analysis purposes, in other
chapters, we often rescaled the diffusion coefficient into the length scale but
this is impractical for computations where it is more natural to compute
on fixed-length domains. Therefore, for comparison between numerical and

analytic work for the stripe we take

dy 1
= Y l = - 52&
v Dy 2v/ Dy (5.22)

€0

D=1, e=_—2
v Dy

d

where these quantities are used in section 4.2. Similarly for the ring we take

€0 1
D=1 e=——, R=l=—, 5.2b

where these quantities are used in Chapter 2, 3, and section 4.3.

For the Laplace operator in each scenario we use a cell-centered discretization
on a uniformly spaced 400 x 400 rectangular grid in both space variables. One
of the main advantages of this discretization over a node based discretization
in this context is that we avoid evaluating at the singularity r = 0 directly.
For derivative conditions at the endpoints we use a ghost point formulation
[73]. The time-stepping is done via the adaptive step method odel5s in
Matlab with the Jacobian supplied. For the case of radial coordinates, af-
ter computing on an (r,0) grid we conformal map to the circle via Matlab’s

pol2cart function.

In order to stimulate breakup instabilities we will consider random perturba-
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5.1. Stripe Numerical Experiments

tions sampled uniformly from [—4, §] with § = 0.001 from a base homoclinic
orbit. In all of the numerical experiments in which we predict spot breakup
patterns, we expect that the most dominant Fourier mode will dictate the
number of spots that appears in the pattern. However, in both geometries,
we concluded that there were neutral stability points at modes m = m,;- and
m = my+ such that there is a range of real unstable eigenvalues (in the ab-
sence of saturation) for which Re(A) > 0 on my- < m < my+. Therefore, due
to the random nature of the perturbations, modes other than the maximal
mode may dominate the stability pattern. On a long enough time-scale, we
would still expect the dominant mode to be observed but all of the analysis
is based upon linear stability and once a breakup occurs, secondary dynam-
ics may initiate. Furthermore, since random amplitude perturbations do not
favour positive or negative amplitudes, this will induce a phase correction.
To alleviate these issues, when looking for spot breakup, we will perform a
full discrete Fourier transform on the solution and then isolate modes that
are within 95% of the maximal mode (which we call dominant modes). This
is designed to represent the most dominant wavemode interference. We will
also plot the maximal mode and compare that to the predicted number of
spots. Since we are not concerned with translational effects, we will filter the

m = 0 mode.

5.1 Stripe Numerical Experiments

We begin by presenting some numerical experiments to coincide with the

explicit stripe formulation in 4.2. In this scenario Fourier perturbations are

185



5.1. Stripe Numerical Experiments

of the form exp(izokm/d) with k& € N. We initialize the code with the steady-
state (4.15) from section 4.2 subject to the random amplitude perturbation
previously discussed. For the first experiment, we consider exponent set
(3,1,3,0), ¢ = 0.05, Dy = 1, 7 = 0.1, and dy = 2 which correspond to
e = 0.057 = 1/2 in (4.27). We note that this is meant to represent the
7 = 0 case but we take 7 small and finite to allow full dynamics to occur. We
considered this case analytically in Figure 4.1 and in Table 4.1, we computed
that mgom = 7.42, which corresponds to kgqom = 4, where we have rounded

down to the nearest integer. The number of spots is given by

mdomd o kdom
or 2

Nspot — (53)

which leads to NV = 2 spots in this case. Note that the extra factor of 2 comes
from the fact that minima do not produce spots. The numerical results of
experiment 1 are in Figure 5.1 for times ¢t = 0 (a), t = 2.64 (b), t = 3.16
(c), and t =5 (d). As time progresses it does indeed appear that a two spot
pattern is dominant. However we can see this more clearly by looking at
the Fourier transform in Figure 5.2 where indeed the most dominant mode

produces a two spot pattern.
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Figure 5.1: Ezperiment 1: Contour plot of the solution v to (5.1a) with stripe
geometry at four times with with exponent set (3,1,3,0). The parameter
values are ¢y = 0.05, Dy = 1, 7 = 0.1, and dy = 2. This corresponds to
€=0.05,1=1/2, 7=0.1, and d = 2 in (4.27) of Chapter 4.
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Figure 5.2: Fxperiment 1: Discrete Fourier transform of the solution v to
(5.1a) with stripe geometry at four times with with exponent set (3,1, 3,0).
The parameter values are ¢g = 0.05, Dy = 1, 7 = 0.1, and dy = 2. The
upper left plot shows the amplitudes from the Fourier transform while the
upper right plot displays the phase. Dominant modes are defined as any
modes that have an amplitude within 95% of the largest amplitude mode.
The bottom graphic in each panel shows an inverse Fourier transform of a
solution comprised of only the most dominant mode.

For experiment 2 we consider the same parameters as experiment 1 but with
dy = 3. This produces the same dominant mode mgo,m = 7.42 as this is
independent of the width of the rectangle but it does affect the number of
spots (5.3), where now we predict N = 3. The numerical results are in Figure

5.3 for times t = 0 (a), t = 2.42 (b), t = 2.64 (¢), and t = 5 (d).
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Figure 5.3: Ezperiment 2: Contour plot of the solution v to (5.1a) with stripe
geometry at four times with with exponent set (3,1,3,0). The parameter
values are ¢y = 0.05, Dy = 1, 7 = 0.1, and dy = 3. This corresponds to
€=0.05,1=1/2,7=0.1, and d = 3 in (4.27) of Chapter 4.

In Figure 5.4 we plot the Fourier transform results of experiment 2 where
in fact it is a 4 spot pattern that emerges which is not surprising since in
actuality we expect N = 3.54 and so anything between a three and four
spot pattern matches well. If we compare Figures 5.2 and 5.4 then we see
that the dominant modes competing for instability are more spread out in
experiment 2 which is a side effect of taking d, larger. From Figure 4.1 in

4.2.1, the dominant modes within 95% of the maximum satisfy 5 < m < 14
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5.1. Stripe Numerical Experiments

which hold for all d but this results in 3 < k < 8 for experiment 1 and
4 < k < 13 for experiment 2. Therefore, the clustering of competitive modes
is more spread out as dy increases and the most dominant mode has a better
chance of surviving through most random perturbations.
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=
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Figure 5.4: Fxperiment 2: Discrete Fourier transform of the solution v to
(5.1a) with stripe geometry at four times with with exponent set (3,1, 3,0).
The parameter values are ¢g = 0.05, Dy = 1, 7 = 0.1, and dy = 3. The
upper left plot shows the amplitudes from the Fourier transform while the
upper right plot displays the phase. Dominant modes are defined as any
modes that have an amplitude within 95% of the largest amplitude mode.
The bottom graphic in each panel shows an inverse Fourier transform of a
solution comprised of only the most dominant mode.

For experiment 3 we repeat experiment 1 but with Dy = 0.1 which affects
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5.1. Stripe Numerical Experiments

[ d, and € via (5.2a). We plot the numerical results of this experiment in
Figure 5.5 for times ¢t = 0 (a), t = 2.64 (b), t = 4.34 (¢), and ¢ = 5 (d).
If we compute the eigenvalues using (4.27) from 4.2.1 then we have that
Maom ~ 4.24 and therefore from (5.3) with d = 21/10, we predict N = 4
spots. If we were to plot the eigenvalues for this case, the instability band
forms on 1.01 < m < 10.19 which is much narrower than the band for [ = 1/2.
This narrowed clustering means that the dominant mode should emerge more
prominently as there are fewer modes to compete with. Furthermore, as we
saw from Figure 4.1 as [ increases the magnitude of the largest eigenvalue
decreases. This means that for this value of [, the breakup instability should
take longer to form compared to experiments 1 and 2. Indeed by looking
at Figure 5.6 all of these predictions are verified as the four spot pattern
emerges quite distinctly without much competition and the prominence of
the pattern is not noticed until ¢ = 4.34 which is in contrast to ¢ = 3.16 and

t = 2.64 for experiments 1 and 2 respectively.
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Figure 5.5: Ezperiment 3: Contour plot of the solution v to (5.1a) with stripe
geometry at four times with with exponent set (3,1,3,0). The parameter
values are ¢y = 0.05, Dy = 0.1, 7 = 0.1, and dy = 2. This corresponds to
e = 0.05v/10 ~ 0.1581, | = v/10/2 ~ 1.58, 7 = 0.1, and d = 2/10 ~ 6.32 in
(4.27) of Chapter 4.
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Figure 5.6: FEzperiment 3: Discrete Fourier transform of the solution v to
(5.1a) with stripe geometry at four times with with exponent set (3,1, 3,0).
The parameter values are ¢ = 0.05, Dy = 0.1, 7 = 0.1, and dy = 2. The
upper left plot shows the amplitudes from the Fourier transform while the
upper right plot displays the phase. Dominant modes are defined as any
modes that have an amplitude within 95% of the largest amplitude mode.
The bottom graphic in each panel shows an inverse Fourier transform of a
solution comprised of only the most dominant mode.

5.2 Ring Numerical Experiments

We will now consider numerical experiments for the ring geometry. With

this geometry, Fourier perturbations are of the form exp(im#) for m € Z but
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we only consider the positive integers keeping in mind the complex conjugate
modes also exist. In this case, unlike (5.3), the number of spots Nyyot = Mdom

exactly.

5.2.1 Explicit Formulation

We will begin by considering the explicit formulation as in section 4.2. Recall
from 4.3 that steady-states only exist for ¢ = 2 and so we will consider the
exponent set (3,2,3,0). We will consider an experiment that corresponds to
Figure 4.7 in 4.3 and therefore, we will take [ = 5, ¢ = 0.05, and 7 = 0.1.
This corresponds to taking Dy = 0.04 and ¢y = 0.01. We will take ry to be
the equilibrium values at [ = 5 which are rg = 1.08 and ry = 2.56. When
scaled to be on r € [0,1], this corresponds to rq = 0.216 and ry = 0.512
respectively. Using (4.56) from 4.3, for ro = 0.216, we expect an instability
band on 2 < m < 35 with a dominant mode mg,m = 12, and hence 12
spots. For ro = 0.512 we expect an instability band 7 < m < 84 with a
dominant mode mgom = 30, and hence 30 spots. The numerical results and
discrete Fourier transforms are shown in Figure 5.7 where the computations
terminate once the breakup pattern has emerged. For ry = 0.216 a 14 spot
pattern emerges and for ro = 0.512 a 28 spot pattern emerges. Both results
are very close to the predicted dominant spot pattern but are not perfect
again owing to the wide range of unstable bands. To ensure the accuracy of
the mode prediction we ran several random seed perturbations and saw that

the average unstable modes were indeed 12 and 30 spots respectively.
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Figure 5.7: Fxperiment /: Contour and Fourier transform plot of the solution
v to (5.1a) with ring geometry with exponent set (3,2, 3,0). The parameter
values are ¢y = 0.01, Dy = 0.04, and 7 = 0.1. This corresponds to € = 0.05,
and [ =5 in (4.56) of Chapter 4.

5.2.2 Non-Explicit Formulation

We now consider numerical experiments for the non-explicit ring geometry
considered in Chapter 2 and Chapter 3. For simplicity we will consider the
exponent set (2, 1,2, 0) moving forward but emphasize that unlike the explicit
case, general exponents ¢, 0, and s could be taken and, in fact, we only require
p = 2 when considering saturation. For these experiments, we will also begin

at a radius that is not necessarily the equilibrium radius and as such the ring
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5.2. Ring Numerical Experiments

radius could change dynamically. We numerically compute the ring radius
as the r position which produces the largest value of v when 6 = 0. We note
that this definition may not be correct for a breakup pattern if the spots
separate in non-radially symmetric ways. We will begin by demonstrating
the breakup pattern expected in Figure 3.5a of 3.2.10. Here we take Dy =1
and ¢y = 0.025, which corresponds to ¢ = 0.025 and R = 1. We also take
ro = 0.5, which is not the equilibrium radius. However, since we anticipate
breakup on an O(1) timescale versus motion on a O(¢~2) timescale the radius
should stay fairly static. Indeed in Figure 5.8 we plot the numerical results
for this experiment for times t = 0 (a), t = 5.32 (b), t = 6.32 (c), and ¢t = 10
(d) and the numeric ring radius stays essentially static. From Figure 3.5a
we predict mgom = 4.80 and hence a four spot breakup pattern which is
evidenced in Figure 5.8. Although the m = 6 mode is most dominant in the
Fourier transform Figure 5.9, it is very balanced with the m = 4 mode. In
Figure 3.5a, the magnitude of the positive eigenvalues are near and below

A = 1 which explains the slow breakup instability in Figure 5.8.
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Figure 5.8: Ezperiment 5: Contour plot of the solution v to (5.1a) with ring
geometry at four times with with exponent set (2,1,2,0). The parameter
values are ¢y = 0.025, Dy = 1, and 7 = 0.1. This corresponds to € = 0.025,
R =1, and 7 = 0.1 in the numerical computation of (3.16) of Chapter 3.
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Figure 5.9: FEzxperiment 5: Discrete Fourier transform of the solution v to
(5.1a) with ring geometry at four times with exponent set (2,1,2,0). The
parameter values are ¢ = 0.05, Dy = 1, and 7 = 0.1. The upper left plot
shows the amplitudes from the Fourier transform while the upper right plot
displays the phase. Dominant modes are defined as any modes that have an
amplitude within 95% of the largest amplitude mode. The bottom graphic
in each panel shows an inverse Fourier transform of a solution comprised of
only the most dominant mode.

Adding Saturation

We will now consider the numerical simulations where saturation is included.
This has the most significant impact on the dynamics because as we con-

cluded in section 3.2.12, adding saturation can stabilize breakup patterns.
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Adding saturation affects the steady-state activator profile but for initial-
izing the code, we still use the steady-state with saturation equal to zero.
Therefore, in our simulations where saturation is added, we expect that there
will be a transient period where the homoclinic fattens (see Figure 2.2 from
section 2.3) before any secondary dynamics occurs. For all numerical exper-
iments unless otherwise stated we are considering Dy = 1, ¢ = ¢ = 0.025,
R =1 and ry = 0.5. We begin by taking the saturation ¢ = 25. From (2.41),
this corresponds to b = 0.1356 which from Figure 3.10 in section 3.2.12 does
not stabilize the pattern. However, it does significantly shrink the instability
band and the magnitude of the eigenvalues satisfying Re(\) > 0. We there-
fore expect that in this scenario, the instability should take longer to form
and the dominant mode (Mgom = 4.68) should be more pronounced when
compared to Figure 5.8 which uses the same parameters but ¢ = 0. The
results for this experiment are in Figure 5.10 with the Fourier Transform in
Figure 5.11 for times ¢t = 10 (a), t = 26.2 (b), t = 37.3 (¢), and £ = 50 (d). In
contrast to Figure 5.8 at t = 10 when the curve had not only dissociated into
spots, but secondary instabilities had reduced it to a single spot, for Figure
5.10, instabilities have not even begun to form at this time. However,the ring
is thicker when compared to the zero saturation case, and since the breakup
pattern takes longer to occur we see the dynamics of the ring structure since,
at t = 10, it has shrunk from its original position of ro = 0.5 to ro = 0.47.
From Figure 2.9, this shrinking behaviour is predicted since ry is greater than

the equilibrium value.
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08 06 04 02 0 02 04 06 08 08 06 04 02 0 02 04 06 08
4 =

(a) t =10, ro = 0.478 (b) t = 26.2, ro = 0.438

(c) t =37.3, g = 0.358 (d) t = 50, 7o = 0.243

Figure 5.10: Ezperiment 6: Contour plot of the solution v to (5.1a) with ring
geometry at four times with with exponent set (2,1,2,0). The parameter
values are ¢ = 0.025, Dy = 1, 7 = 0.1, and ¢ = 25. This corresponds to

= 0.025, R = 1, and 7 = 0.1 in the numerical computation of (3.16) of
Chapter 3.
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Figure 5.11: FExperiment 6: Discrete Fourier transform of the solution v to
(5.1a) with ring geometry at four times with exponent set (2,1,2,0). The
parameter values are ¢y = 0.025, Dy = 1, 7 = 0.1, and ¢ = 25. The upper left
plot shows the amplitudes from the Fourier transform while the upper right
plot displays the phase. Dominant modes are defined as any modes that have
an amplitude within 95% of the largest amplitude mode. The bottom graphic
in each panel shows an inverse Fourier transform of a solution comprised of
only the most dominant mode.

As time goes on, eventually the dominant four spot pattern emerges and
then the spot structure continues to shrink as a ring. This spot collocation

dynamic behaviour was previously observed and analyzed for the Schnaken-

burg model in [44].
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5.2. Ring Numerical Experiments

Next we consider the same parameter set but for ¢ = 950. For this sat-
uration value and ry = 0.5 we have that b = 0.2010 which by Figure 3.10
does stabilize all of the breakup instability modes. Therefore we expect there
to be an initial transient period where the ring fattens from the effect of sat-
uration but where the radius remains relatively static. Afterwards, the ring
should remain stable and shrink according to (2.43). During this dynamic
process, the width of the ring should also increase because the value of b,
even for fixed o, is intimately tied to ry and increases as ry decreases. Indeed
all of this behaviour is noted in Figure 5.12 for times t = 0 (a), ¢t = 3.48 (b),
t =12.2 (c), and t = 20 (d) where the ring does not breakup. By looking at
the Fourier transform plot in Figure 5.13 we see that while m = 4 remains
the dominant integer mode, the amplitudes are decreasing over time and we
do truly have a stabilizing pattern. By the end of the simulation, while still
stable, the m = 1 mode has become dominant and if we look at Figure 5.14
this is exactly what we see is the dominant mode for rqy = 0.213 and ¢ = 950

computed using the techniques of section 3.2.10.
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08 06 04 02 0 02 04 06 08 08 06 04 02 0 02 04 06 08
4 =

(a) t =0, rg=0.5 (b) t = 3.48, ro = 0.478

(c) t =12.2, ry = 0.365 (d) t =20, ro = 0.213

Figure 5.12: Ezperiment 7: Contour plot of the solution v to (5.1a) with ring
geometry at four times with with exponent set (2,1,2,0). The parameter
values are ¢y = 0.025, Dy = 1, 7 = 0.1, and ¢ = 950. This corresponds to
e = 0.025, R = 1, and 7 = 0.1 in the numerical computation of (3.16) of
Chapter 3.
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Figure 5.13: Fxperiment 7: Discrete Fourier transform of the solution v to
(5.1a) with ring geometry at four times with exponent set (2,1,2,0). The
parameter values are ¢y = 0.05, Dy = 1, 7 = 0.1, and 0 = 950. The upper left
plot shows the amplitudes from the Fourier transform while the upper right
plot displays the phase. Dominant modes are defined as any modes that have
an amplitude within 95% of the largest amplitude mode. The bottom graphic
in each panel shows an inverse Fourier transform of a solution comprised of
only the most dominant mode.
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max(Re(\))

Figure 5.14: Eigenvalues of (3.16) for exponent set (2,1,2,0), ¢ = 0.05, 7 = 0,
and R =1 with ry = 0.213 and ¢ = 950.

We now consider the perturbations that lead to zig-zag instabilities. In sec-
tion 2.3.2, we determined that the velocity corrections for a near circular per-
turbation are in phase with the perturbation itself when ry is small enough.
Therefore, we expect that given an initial near circular perturbation with
D = O(1), this curve should either grow or shrink by (2.43) and slowly cir-
cularize via (2.77). In Figure 5.15, taken at times ¢t = 0 (a), t = 4.92 (b),

= 15.76 (c), and t = 20 (d) we take all of the previous parameters except we
start with an initial curve radius ro = 0.5+0.02 cos(66). We still initialize the
curve with a homoclinic orbit as if there were no saturation. The homoclinic
initially fattens due to the presence of saturation, but as the curve continues

to evolve it indeed circularizes.
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Figure 5.15: Ezperiment 8: Contour plot of the solution v to (5.1a) with ring
geometry at four times with with exponent set (2,1,2,0). The parameter
values are ¢g = 0.025, Dy = 1, 7 = 0.1, and ¢ = 950. This corresponds
to e = 0.025, R = 1, and 7 = 0.1. We take as an initial radius ry =
0.5 + 0.02 cos(66).

Conversely, if 7 > 1 then we could no longer guarantee that near circular
perturbations would circularize. To demonstrate this, we compute a simula-
tion for R = 10 and ry = 5 in physical space which translates to parameters
Dy = 0.01, and ry = 0.5 in computational space. Furthermore, we take
€0 = 0.01 (¢ = 0.1) to avoid the weak interaction regime where D = O(¢?)
and different analysis is required (cf. [39]). While the rescaling in (5.2b)

is equivarient in the spatial scales of the problem, it does impact the value
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of Uy on the curve and hence the saturation required to achieve a given b
value by (2.41). We wish to use the same b value as in Figure 5.12 and
5.15 which was b = 0.210. To achieve this level of saturation for the current
parameter set we need to take o = 5910. As in Figure 5.15, we initialize
the curve with a perturbed radius ro = 0.5 + 0.02 cos(66). Figure 5.16 shows
the results of this simulation at times t = 0 (a), t = 15 (b), t = 31 (c¢), and
t =50 (d) . We have that the curve initially fattens due to the presence of
saturation and then begins to accentuate the small angular perturbations,
overall lengthening the curve by the end of the simulation. Even though this
curve destabilizes the circular solution it does not itself undergo any breakup

instabilities as it evolves.
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Figure 5.16: Ezperiment 9: Contour plot of the solution v to (5.1a) with ring
geometry at four times with with exponent set (2,1,2,0). The parameter
values are ¢y = 0.01, Dy = 0.01, 7 = 0.1, and ¢ = 5910. This corresponds
toe =0.1, R =10, and 7 = 0.1. We take as an initial radius ry = 0.5 +
0.02 cos(60).

The delicacy of manipulating €y in correspondence with Dy to avoid the
weak interaction regime and the affect of o increasing for a desired b when
the domain length increases, is the side-effect of computing on a fixed domain
length. Therefore, it can be difficult to capture some of the rich dynamics
that occur on an O(e~?) timescale for large curves or domains. Fortunately,
the techniques developed in Chapter 6 for solving dynamics on arbitrary

curves are designed specifically to capture this behaviour and the issues that

208
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arise from full numerical simulations underscores the need for this specialized

computational infrastructure.
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Chapter 6

Solving the Gierer-Meinhardt
Problem for Arbitrary Curves

in Two Dimensions

We consider the singular interface limit inhibitor problem (2.19) derived in

2.2.1,
DAu —u =0, x e
ou
— = Q
o 0, r €D
u = U() zel
|: :| = / f U() UO rel
r
subject to
V Ko + H Ou @ y
8n on|,_o-

with H given by (2.20).
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6.1. Layer Potential Formulation

6.1 Layer Potential Formulation

Before considering the dynamic portion of the curve, we will first look at
solving the problem of a static closed curve and then incorporate the veloc-
ity condition into the calculation. For either case, we will use the method
of Layer potentials [34], which originates in the field of electrostatics. The
motivation comes from solving Laplace’s equation subject to closed curves
and surfaces at fixed potentials or electric fluxes. The electric potential at
any point in space is written as an integral of the charge potential differ-
ence between a set of delta sources on the curve and the desired point in
space. Mathematically, the method is similar to the Green’s function formu-
lation. Typically, when solving these problems on non-standard geometries,
the method of images is used to modify the Green’s function and use the
curve data as a source. The method of layer potentials does the opposite of
this by using the original free space Green’s function (or its derivative) and,
instead, considers the source density to be unknown. In order to proceed
then, we need the free space Green’s function or fundamental solution to the

modified Helmholtz equation:
DAY~V =—4(p—q), pgeR’

where the subscript indicates differentiation with respect to ¢ variables. Im-
posing that the solution decay at infinity allow us to write the fundamental

solution as

1 lp —q|
U(p,q) = 27TDKO< 7D ) (6.1)
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6.1. Layer Potential Formulation

with K the second modified Bessel function of zeroth order. Using the layer
potential formulation we need to find the continuous source density ¢ on I'

such that at any point x in space,

uw) = [ ¥o.8(0) da.. (6.2)

With the integral in this form, it is often called the single, or monopole,
layer potential (as opposed to the double, or dipole, layer potential that
uses the derivative of W [34]). The subscript s indicates that the integral is
with respect to the arclength of I' in the ¢ variables. The method of layer
potentials, having been created for electrostatic problems, has a rich history
of investigation for the Laplace operator (cf. [34], [36], [18]) and so it is useful

to exploit those results. The fundamental solution to Laplace’s equation,
Ag® = —=d(p—q)
is

1
d=——1log|p—ql. .
5 og [p — q (6.3)

The following property holds for the Laplace single layer potential with source
density ¢ for some curve I" with Dirichlet boundary conditions v = f(x),x €
I

f@) = [o@aoldg. st
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6.1. Layer Potential Formulation

Furthermore, the limiting values of the normal derivative with the positive

normal on I' taken as the interior normal of a single curve are

. Ou ., [0 o(x)

ali}%l+ ”x (x + ang;) = o, (x,q)o(q) dgs 5 (6.4a)
. Ou .. [0® ¢(z)

O}lgh 8—%([E — Oén:m> = - a—nx(l', q)¢(Q) dqs + T, (64.b>

where we define normal derivatives with respect to a coordinate system a as,

ou

— =V,u-n,.
on,

Subtracting (6.4b) from (6.4a) we get
ou .
|- -@new,  ser

The subscript ¢ on the normal in (6.4) indicates that we are explicitly con-
sidering a > 0 to be traversing the inner normal. It is important to make
this distinction if I' has multiple curves since n = 4n;, depending on curve
orientation. For a derivation of the properties of the Laplace operator, see
Appendix A. The Dirichlet and Neumann jump properties are inherently
tied to the logarithmic singularity as p — ¢ in ®(p, ¢). If we look at the same

limit for the fundamental solution ¥(p, q) we have [1],

1
U(p,q) ol 5‘I>(p, q) + R(lp —q|)

with R a differentiable function. Therefore the singularity structure between

the two problems is the same and we can immediately write down the prop-
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6.1. Layer Potential Formulation

erties for the modified Helmholtz problem (2.19):

Uy = /F U(r,)0(q)dg,,  w el (6.50)
B—Z] = ﬁi)@, veT (6.5D)

where the extra factor of D comes from the singularity relationship between

® and W.

6.1.1 Incorporating Neumann Boundary Conditions

We have thus far considered how to solve the problem (2.19) for a closed curve
[' on an unbounded domain. However, the problem we want to ultimately
solve has a closed domain with Neumann boundary conditions. This is an
easy feature to include in the layer potential formulation since the curve I'
does not have to be a single closed curve, and as such, we can define 9 to be
one of these curves. We can therefore write the new layer potential problem

as

u(z) = / W (e, q)é(q) g + / U (. q)6n(q) da. (6.6)

o

We introduce a new density ¢, here for the integral on the domain boundary
and split the integral in this way so that ¢, belongs to the, always static,
curve 0f2 and any dynamic curves belong to the set I'. By replacing (6.2)
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6.1. Layer Potential Formulation

with (6.6), we can define the new jump in normal derivative for x € I':

. Ou . [0U ¢ ()
lim S+ ang) = [ SR (g0l da. - 7
o
+ /8 O, (@, q)v(q) dgs (6.7a)
. du . [ov o)
O}g{)ﬂ a_nz(x —afy;) = - on, (z,q)p(q) dgs + oD
o
+ | 5 —(@,0)e(g) dgs (6.7b)
on on,

where we note that substitution is applicable in the last integral for x € I’
and g € 952 since then, ¥(p, q) is no where singular. It is now straightforward

to see that (6.5) becomes

Uy = /F\Il(:c, q)o(q) dgs + /asz U(z,q)du(q) dgs, xel (6.8a)

ou . 0(2)
= —(h-n;)—2, T. 6.8b
[871} - (m-n)=5 ve (6.8b)
To incorporate the condition % = 0 on 0f), we once again look at the

normal jump formula. This boundary condition states that as we approach

the boundary from exterior to €2, the flux must vanish and therefore

0
lim —u(x + ang,) = 0, x € 09,
a—0t On
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6.1. Layer Potential Formulation

where ng, is the normal from 02 pointing to the exterior of €. Since we are

considering the exterior normal and ng. = —ng; then we use (6.4b) and get
O = e d S 9 d Sy e aQ
Fanﬂ(:c,(z)sb(q) “top e (2, 9)¢u(q) dg x
(6.9)

6.1.2 Scaled Arclength parametrization

In order to compute the integrals, we will use a scaled arclength parametriza-

tion. First consider that I' is composed of M distinct closed curves,

M
r=yr,
j=1
and write (6.6) as
M
u(z) = Z/F W (x,q;)p(q;)dg;s + /aﬂ U(z,q)pp(q) dgs, e QUT.

j=1Y1;

(6.10)

Define the scaled arclength coordinate as o = s;/L;, where L; is the length
of curve j. In order to not confuse this with the saturation parameter o from
the previous chapters, we will now reserve ¢ for the saturation parameter.

Let the parametrization of I'; be written as

2j(0) = (21(9), 22(9)),
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6.1. Layer Potential Formulation

and the parametrization of 0f) as

2(0) = (21(0), 226(0)).

With this in mind, we can write (6.10) for z € QUT as

M

1 1
() = ZLj/ (2, 2(0)) () dor + LBQ/ U(z, 2(0))én(o) o, (6.11)
0 0
where ¢; = ¢(z;(0)). We can write the Dirichlet condition (6.8a) as

Un(0*) =L, / U(2n(0"), 2m(0)) b (o) do

#30L [ W), 20))0y(0) do

j#m

—I—Lag/o V(2 ("), 26(0))dp(0) do, (6.12)

where we have isolated the integral with the singularity separately from the

sum. We can write the jump condition (6.8b) as

bm(c™) = (8- 1) / " (U0, 30) di (6.13)

217



6.1. Layer Potential Formulation

where we have simplified the jump in the normal derivative using (2.19d).

Finally, we can write the Neumann boundary condition (6.9) as

21, (). 50))65(0) do+ 247

+ Lag/o aaT\I;(zb(a*), 2p(0))pp(0) do = 0. (6.14)

A Note on Uniqueness

We briefly comment on the uniqueness of the boundary value problem. When
the Dirichlet condition Uj is prescribed then it can be shown that the solution
to (6.12) is unique [68]. However, since the Dirichlet value on the curve is
an unknown in the system, the guarantee of uniqueness no longer applies
and solution bifurcations may occur. We will demonstrate an example of

non-unique solutions when we consider the GMS model in section 6.3.

6.1.3 Curve Dynamics

The motion for the curve will be dictated by the normal velocity condition
given by (2.19e). However, in using the scaled arclength formulation, if a
solution exists then the same solution would exist for any rotation of the
curve. To remedy this, we will introduce a tangential velocity but give it
zero mean to prevent a rotation from an initial configuration. With these
considerations in mind for each ¢* € [0, 1), we have that the motion on curve

m is given by
— =Vn+ Vit, (6.15)
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and that

1 1
Az, -
/thcr:/ EEm tdo =o0. (6.16)

By prescribing the normal velocity and enforcing equal arclength (|z,,,| = L)
for all time then the mean value condition is sufficient to implicitly impose a
tangential velocity [64]. Note that this is in contrast to imposing a tangential

velocity that guarantees a given parametrization is equal arclength [84].

6.1.4 Normal Velocity Condition

We now want to incorporate the velocity condition given by (2.19e) into the
layer potential formulation. This turns out to be extremely straightforward

by using the jump conditions (6.7),

. Ou . : u .
Jm, (@ bty + lim oo (z - ot
ov ov
=2 [ S de+2 [ S da.

In (2.19¢) we need to add the derivative contributions of x4+an with n = +n,.

However, this only affects the sign on the non-integral term in (6.7) and will
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always vanish when added. Therefore, we have that

L ow
0 anzjn

V(o™) =k + 2H(Uy) <Lm (2m(0"), 2m(0))dm(0) do +

So1y [ g ) 2(0)6(0) do

L ow

0 anz;‘n

(zm(0"), z(0)) P(0) da) : (6.17)

where we have defined, 2}, = z,,(c").

6.1.5 Singular Integration

If we attempt to solve (6.12), (6.13), (6.14), and (6.17) using standard numer-
ical techniques, there will be an issue when some of the integrands become

singular. First consider the integral

z(0) — z(c*)

VD

/01 U(z(c™), z(0))p(0)do = ﬁ /01 K, ( ) p(o)do, (6.18)

which is singular when o = ¢*. To determine the nature of the singularity,

we perform an asymptotic expansion as o ~ o*,

R L?
2(0) ~ 2(0™) + Lo — 0"t + T“(a — )i + O — 0" (6.19)
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with t,- and f,-, the tangent and normal vectors at z(0*) respectively. Here

we have used that

dz

dz &’z
do

do?

= = L2/§;,

Y

with x the curvature at z(¢*) and L the length. We can compute that the

asymptotic norm is
|z(0) — 2(0*)| = Lo — o*| + O(0 — 0*)?, (6.20)
and therefore have that the Bessel function for o — ¢* < 1 has the form [1],

2
(B ) it () b ersct0 7

L
where 7 is the Euler-Mascheroni constant. To alleviate the logarithmic sin-

2(0) = 2(07)

VD

gularity, we will add and subtract the log term to (6.18), to get

/0 U(2(0"), 2(0))é(0) do

:ﬁ(/olf(o(z(")_—\/;a*)
L

- 1 — ot 21
27D ), oglo — o*|o(o)do, (6.21)

) +loglo — 0*|) é(o) do

where the integral with the Bessel function is now non-singular Vo € [0, 1].
Due to the periodicity of the curve, there is a slight issue with this formulation
and that is that o* = 0 also induces a singularity at ¢ = 1. Furthermore, as

o™ gets close to zero, it begins to notice the effects of a singularity at o = —1
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as well, though we classify this as a weak singularity since it is outside of the
domain of ¢. Since o* € [0,1), there is no effect from the weak singularity
at 0 = 1. To remedy the effects of the periodicity inducing singularities, we
will remove the singularities that are a full period from ¢* on either side and

write (6.21) as

/0 U(2(0%), 2(0))d(0) do =

1 ! z(o) — z(d%)
w5, (7
I I
“ 9D log|o — o*|p(o)do — 27T_D/o log|o — (6" + 1)|¢(0) do
1 1

~ 2.0 ), loglo — (0"~ Di(o) do. (6.22)

) + Lo, a*)) é(0) do

where
L(o,0") =log|lo —c*| +log|oc — (¢" +1)| +1log|o — (¢ —1)].  (6.23)

Considering the singularity properties of the Bessel functions we will avoid

evaluating at the singularity directly by defining a function Iy as

(
KO(L\/%(U*)D—Fﬁ(J,U*), o#o*
Ko(z(0),2(c")) = < log |2 D(U*(U*Jri))(of(a*fl)) —y, o=0"#0
log M‘—% oc*=0,0=0,1
\
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Notice that using the asymptotic form is valid at ¢ = ¢* because the error

terms vanish exactly. Finally, also define

1
8:4kgb—fmwwa+én%w—ﬁﬁ+DWWMa

n / log |0 — (0" — 1)|(0) o (6.25)

so that (6.22) becomes

[ wtto ) sopstan = s ([ ko) sto ol ao - 5)
(6.26)
Next consider the integral,
L ov §
[ S (07) l))ofo) do =

2(0) = 2(07)

VD

1 1
_— K
2mD3/2 /0 ! (

where K is the second order modified Bessel function of the second kind.

(z(0) — z(0")) - D
) |2(0) — z(0*)] ¢(o)do, (6.27)

Using the expansion for z(o) near ¢* from (6.19) we get,
z(0) = 2(07)

K
' ( VD
L2k

(z(0) — 2(c")) - D ~ T(O’ — ")+ O(o — o),

)~¢5 L 0=

L o —o*

and along with the expansion of the norm (6.20) we have

o

2(0) = 2(07)

VD

) e \/Eg + O(o — o¥).

|2(0) — z(0*)|
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Therefore, we see that unlike the integral involving the zeroth order Bessel
function, K is not singular at ¢ = ¢* and so we do not have to alter the
integral by removing any singularities. However, to avoid the numerical

difficulties of evaluating directly at 0 = o*, we define the following function

1K < ) 7
Ki(2(0),2(0%)) = { VP o)) . (6.28)
) oc=o0"

) Clo) 2o N by e

where we note that if o = 0 then due to the periodicity we evaluate the

second branch if ¢ = 0 or 0 = 1. With (6.28) we have that (6.27) becomes

/0 ov (z(a*),z(a))qﬁ(a)da:%%/o Ki(z(0),z(c"))p(o)do.  (6.29)

on,.

We are now ready to discuss the numerical solution of this problem.

6.2 Numerical Formulation of Curve Motion

Problem

Consider a uniform discretization of o, o; = iAo with Ao = % where N are

the chosen number of grid points. Define z;; = z;(0;) as the discretized curve

positions. Using a standard centered difference discretization we have

de Zitl,j — Ri—1,5 2
—J =T oL O(A
do|,_, 2”e  TOBT,
d22j Z‘+1j — 22']‘ +Z'_1j
_ il 2, 1—1, O A 2
do?| Ao? +O(Ad7),
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6.2. Numerical Formulation of Curve Motion Problem

which we can use to define the unit tangent, normal vectors, and curvature

up to O(Aoc?)

" 2, (00) _ Ziv1g — %1y
t; =2 = —X S 6.30
7 L; 2L;Ac (6.30)
n;; = <—Ei,jy’ Ei,jz% (6.31)
_ oo (O'l) . IAli’j . 1

L? = Sagaps (Fitld — 275+ Zicng) - (<big,, i) (6.32)
7 J

Here the x and y subscripts indicate the first and second components of the
vector respectively. For the time discretization with a time step At, we will
consider the implicit Backward Euler method so that for each curve m, (6.15)
becomes

B+l _ kL skl k1
(zp =20 ) -0 = AtV

for the normal component where the subscript & indicates t = kAt and
1 ~
/ (2FF0 — k) gh 1 do =0,
0

for the tangential component where we have used the zero mean condition

(6.16). This is closed by prescribing the equal arclength parametrization,

= Ly, (6.33)

k+1
dz
do

which we can discretize using (6.20) to get

|2 — 2 = Lo (6.34)

225



6.2. Numerical Formulation of Curve Motion Problem

6.2.1 Discretizing Integrals

By doing the integral splitting in section 6.1.5 we are left to discretize regular
and singular integrals. The regular integrals can be discretized using any of

the standard interpolating methods which will all be of the form,

1 N
/ f(U)dU:Z%‘fiAU;
0 i=0

where f; = f(0;) and «; are the quadrature weights. Unless otherwise spec-
ified, since our scheme is accurate to O(Ac?) from the finite difference dis-
cretization, we will consider the quadrature weights to be those that come

from the trapezoid rule [6],

1, else

Generally due to periodicity in z, the integral can be written as a sum over
N points however, we generalize because some of the integrals (such as those
in (6.24)) depend on ¢ explicitly and are not periodic.

Discretizing Singular Integrals

It is a slightly more delicate issue to consider the discretization of singular
integrals. Fortunately, due to the integral splitting in section 6.1.5, we only

have to consider integrals of the form,
1
/ f(0)log|o — (0" + a)| do, (6.35)
0
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where o* € [0,1) is one of the discretized gridpoints (0* = jAc) and a =
—1,0,1 is the shifted singularity being removed. The goal is to develop a

discretization so that we can write (6.35) as

1 N
/0 f(o)oglo — (" +a) | do = 3 wif, (6.36)

for some weights w;. High order quadrature techniques have been devel-
oped to handle singularities of logarithmic type [5]. They rely on a weighted
trapezoid rule method that adds gridpoints near the singularity as necessary
to counterbalance the singular behaviour. This technique will not be em-
ployed here and instead we consider product integration [6] which allows us
to continue to use our uniform spatial discretization. It is worth noting that
the singular integral decomposition means that the singular integrals depend
only on ¢ and not on the specific curves themselves, and therefore higher or-
der quadrature methods could easily be supplemented here if desired without
impacting the rest of the formulation significantly. The idea of the product
integration is to locally interpolate on f(o) using Lagrange interpolation and
analytically perform the polynomial-logarithmic integration that results. We

start by writing,

N

kAo
g / f(o)log|o — jAc|do,
k=1 Y (k—1)Ac

1
/ f(o)loglo —o*|do =

0
where we are explicitly considering the case a = 0 which we will generalize

later. In what follows we consider the case of f(o) having a linear interpo-

lation but the mechanism easily extends for higher order interpolants. The
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local linear Lagrange interpolation of f(o) on [(k — 1)Ao, kAo] is

(0 —(k—1)A0)fr — (0 — EA0) frr1

S~ Ao
and so,
1 N f kAo
/ f(o)log|o —o*|do = Z —k/ (0 — (k—=1)Ac)log|o — jAo|do
0 — Ao (k—1)Ac
k=1

kAo
+ E/ (kAo — o) log|o — jAc|do. (6.37)
Ao (k—1)Ac

Consider evaluating the first integral in this expression by letting u = (o —

(k—1)Ao)/Ao,

1 kAo
/ (0 — (k= 1)Ao)log |0 — jAc|do

E (k—1)Ac
1 1
= Ao (logAa/ udu—l—/ ulog|u+ (k—1) —j[du)
0 0
Aclog A
= 27520+ Aoy(k - 1),

where

1
m,j(y):/ wlog [u+y — j] du,
0

is computed analytically for any y and j. Using the same transformation on

the second integral in (6.37) we get

1 [kae Aclog A
(kAo — o) log|o — jAc|do = 270859 Aoipy j(k — 1),

Ao (k—1)Ac
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where

1
n(0) = [ (1= w)loglu-+y - jldu

0
Using these functions we can define the following weights:

Ao log Ao

2
Ao log Ao

2

+ AO’?ﬂQJ(O),

Wo,j =

=+ A0w17j<N — 1),

WN,j =

w;j = Aclog Ao + Ac(1;(1 — 1) + 12 5(i)), i#0,N

and can evaluate the discretized integral as a sum using (6.36). Notice that

the computational cost for computing (6.35) in this way is not of great sig-

nificance because the weights can be precomputed and thus, the method has

the same local computational cost as integrating a non-singular function.

The errors for product integration are of the same order as the equivalent

methods for non-singular integrals [6], i.e. the product integration rule using

linear interpolation here is O(Ac?) in line with the Trapezoid rule for regular

integrals. If instead of a = 0, we have a = 1 (a = —1) in (6.35) we define the

positive (negative) complementary functions:

1
i?;<y>:/ wlog lu+y — j F N| du,
0

1
s%j(y):/ (1—u)log|u+y—j F N du,
0
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and the positive (negative) complementary weights:

et AoclogAc
i
et AclogAo
NIy

wﬁ :AalogAU—l-AU(wiij(k_1)"‘775;?;(]“))7 i #0,N.

+ Aays(0),

+ AcuE(N - 1),

To demonstrate the error accuracy of the method we will consider the case

fol cos(o)log|o| do. Analytically we can integrate by parts to get that

1 1 .
/ cos(o)log |o|do = —/ sin(o) do = —Si(1).
0 0 o

From [1] we can write this as a series,

k—1

S (=1)
£ (2 —1)(2k — 1)!

~ —0.94608307036718301494

where we obtained the approximation using 100 terms. We will use this as
the numerical value for comparison in our integrals. Table 6.1 shows the
results for various values of Ao along with the error ratio demonstrating the

Ac? convergence.

’ Ao ‘ Error ‘ Ratio ‘
0.1 773 x 1074 —
0.05 | 1.95x107* | 3.96

0.025 | 4.90 x107° | 3.98

0.0125 | 1.22 x 10 | 3.99

0.00625 | 3.08 x 107% | 4.00

Table 6.1: Numerical-analytic comparison of integrating fol cos(o)log |o|do
using the product integration method with linear interpolation.
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Without going through the details of defining the functions, we perform
the same integration as in Table 6.1 using quadratic interpolation instead
of linear interpolation with the errors and ratios in Table 6.2. Notice that
the ratio shows an O(Ac?) reduction as would be expected with a standard

Simpsons integration rule [6].

’ Ao ‘ Error ‘ Ratio ‘
0.1 1.70 x 107 —
0.05 | 1.02x 107" | 16.57

0.025 | 6.27 x 107? | 16.30

0.0125 | 3.89 x 10719 | 16.15

0.00625 | 2.42 x 10~ | 16.04

Table 6.2: Numerical-analytic comparison of integrating fol cos(o)log|o|do
using the product integration method with quadratic interpolation.

Finally, to demonstrate the importance of multiple singularity removal in the

integral splitting (6.26), consider a unit circle,
z = (cos(2mo), sin(270)),
and integrate

/0 Ko (|2(0) — 2(0™)]) do (6.38)

for a range of ¢* € [0,1). Though analytic results are not available, the
symmetry of the circle indicates that the value of this integral should be the
same for any of the singularities. Figure 6.1 shows the value of integrating
(6.38) for every o* = kAo, k € [0, N — 1], Ao = 0.02. The solid line is

the result where both of the singularities, a full period away on either side,
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are removed and the dashed line is the value when only the actual singular
value is removed. While the results are fairly constant in the middle, for
the dashed-line, there are errors greater than the quadrature error near the
endpoints because the other singularities are being felt due to the periodicity.

These artifacts are nearly removed for the solid curve.

0.535

0.5348} .
0.5346 h '
0.5344}
0.5342}

0.534

integral value

I
|
0.5338} I
|
0.5336
|
0.5334}

0.5332 T - - =7 b

0.533 | | | | | | | | |
0

Figure 6.1: This shows the value of integrating (6.38) with Ao = 0.02 for
all the possible discrete values of o* € [0,1). The blue solid curve represents
the technique used in the integral splitting (6.26) where singularities within
a full period on either side of the true singularity are removed while the red
dashed curve represents removing only the true singular value.

It may seem suspicious that we do not recover a constant exactly for the solid
curve since splitting the integral should not change its periodicity and, indeed
that is the case. However, the sole logarithmic integrals are handled exactly

while the logarithmic terms that couple with the Bessel functions are handled
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through the trapezoid rule (or some other quadrature rule) and hence will
have numeric error. This error is the source of breaking the periodicity in
the result. If we look at the asymptotic error expansion for the trapezoid

rule through the Euler-Maclaurin formula [6] we have,

Ens(0") = /0 Ko(2(0),2(c%))do — Tag(c¥) ~ Al_ZF(U*) + O(Ad?),

where Ko(z(0), z(0*)) is given by (6.24), Ta, is the trapezoid approximation
to the integral, and

F(o") =Ko, (2(0),2(c)) — Ko, (2(1), z(c™)). (6.39)

F(0*) has an absolute maximum at ¢* = $ and absolute minimum at ¢* = 0

by recalling that 0 < o* < 1 (see Figure 6.2).
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F@)

0 01 0.2 03 04 05 06 07 08 0.9 1

(¢

Figure 6.2: The plot of F(c*) as defined in (6.39). The function has an
absolute maximum at ¢* = 0.5 and and absolute minimum at ¢* = 0.

If we consider the difference in F'(¢*) at its maximum and minimum values

we have

1
Fmax_Fmin:_7
6

and therefore,

Ao? Ao?
%(Fmax - Fmin) = _0 < AU2'

AmaxEAa = 79

The error introduced by losing the periodicity is smaller than the quadrature
error and therefore of little significance. This procedure could be extended
using Richardson extrapolation to account for non-periodic errors in higher

order quadrature schemes as well.
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6.2.2 Numerical Equations

Having discretized the integrals, we can now write the full system of equa-
tions that we need to solve numerically. The normal and tangential velocity

equations and the equal arclength parametrization are

ATLART = oF Ll AR (6.40a)
N
oz =2, T A =0, (6.40D)
=0
|25 = Zim | = Lo, (6.40c)

The equations that prescribe the density ¢ and the value Uy become,

N
Uk.—,i-l _ tm Z (al/Co( k+1 k+1)¢k+1A0_ . VVlZgka)

Zlm’ i,m

Mo N ARy
J K +1A
e -
+ Lon ia K, o " f:”bl PG (6.40d)
27D 1" VD I :
giil =@ -0 [ fUET ) da, (6.40¢)
where W, ; = w;; + wch + w;;. The superscript 0 on the normal vector

is used because the relative orientation of curves does not change and so
the direction of the normals is set by the initial configuration. Notice that
separating the boundary component is convenient here because the boundary

curve does not change in time, hence there is no k£ + 1 on the z; term. Also,
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we leave the integral in (6.40e) undiscretized because it is an integration over
7 and not over the curve where the unknown values are specified. Finally,

we can write the Neumann boundary and velocity condition as

M L. N k+1
0= 3 o S akalel i o + 2
j=1 =0
L N
_D Z llCl Zbl, Zb lgl+1A0', (640f)

N
E : k+1 k+1 k+1
le ’ zm )¢ Ao

Vk-‘rl_ k+1+2H k-‘rl (Z
N

+% > k(2. f:;l)qb'gl“Aa) . (6.40g)
While we will consider integrals accurate up to O(Ac?), one can easily ex-
tend this to higher order methods by using the appropriate weights a and
W. Given an initial curve we can compute the solution at the next time step
using Newton’s method. When forming the Jacobian for Newton’s method,
notice that we indeed have enough equations (the system (6.40)) to solve for
the unknown vector u = [z, V, L, Uy, ¢, ¢p], where the components are the
discrete values on the curve. Due to the possibility of non-uniqueness of the
Uy problem, we cannot guarantee that solution bifurcations will not occur

(i.e. we cannot guarantee the Jacobian to have full rank).

To initialize a curve, we need a parametrization of some curve in R?, 2y =
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(x(0),y(0)) with 6 € [0,0]. Write the unit arclength parametrization as

0 [dz? = dy?

hva tao dv
(S] dz? dy2 7
Jovas +ag df

which we can interpolate for discrete values of o € [0, 1]. We can pre-compute

g =

values to arbitrary accuracy by refining in 6 along with higher order quadra-
ture and interpolation. Having an initial unit arclength curve, we can de-
termine the initial values of Uy and ¢ for the static curve by using New-
ton’s method to solve (6.40d) and (6.40e). Again, due to the possible non-
uniqueness of solutions, it can be difficult to find an initial guess which will
allow Newton’s method to converge. Assuming this problem converges an
initial vector uy can be used in the dynamic Newton’s method for the full

problem.

Validating Numerical Formulation with the Mullins Sekerka
Problem

Before solving the problem using the GMS model, we will validate our code
with a different curve motion problem, the Mullins-Sekerka (MS) problem
formulated in [55]. This problem is a singular perturbation limit of the Cahn-
Hilliard problem [4] and it (along with similar problems) has been studied
analytically (cf. [65], [78], [60], [3]) and numerically (cf. [84], [77], [2]). The
differential equation for motion is still (6.15) with the tangential velocity

condition (6.16) and equal arclength (6.33) as this is problem independent.
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However, the Dirichlet (6.5a), and jump conditions (6.5b) get replaced with

K= /P(I)(x, q)V(q)dgs + C(t), (6.41a)

e .

where here the fundamental solution for Laplace’s problem is used because
the MS problem solves Laplace’s equation away form the interface instead
of the modified Helmholtz equation. Notice in these new boundary condi-
tions that the integral density so happens to be the normal velocity exactly,
and so there is no secondary velocity expression required. Furthermore, the
Neumann boundary conditions do not apply to this problem since the only
requirement is that the solution is bounded in the far-field. This bounded-
ness requirement is the reason for C'(t) appearing in (6.41a) as otherwise the
solution will be logarithmic there (cf. [34],[84]). However, introducing this
unknown, time dependent, constant also requires a closure condition which
is ([34]),
/F V(g)dgs =0.

This condition is analogous to the zero net-flux Fredholm condition required
for Neumann problems of the Laplace operator on bounded domains. We
omit the details for the numerical formulation as they are nearly identical to
the equations for the reaction diffusion models in section 6.2.2. For compari-
son reference we note that if I' is a multiconnected domain of two concentric

circles in free-space with radius R; and Rs (Ry > R;) then we can find a
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radially symmetric exact solution [84],

1
— % OSTSRl
wr) =] -+ (4 A) ), m<rsn (6.42)
i Ry Rs log(%>7 1 = = 2 .
1
\R_27 T‘ZRQ

Notice that

and so,
RQ - \/AQ —|— R%,

where A% = R%, + R}, is the sum of the initial values for each radius. We

can therefore write the problem for Ry () as,

(6.43)

1/Rl<t> 2?y/2? + A? (x2+A2>
dz.
2

t=—= lo
Rio T+ VZE2+A2 s 72

We can solve this numerically and invert to get R;(¢) (and hence Ry(t))
for any time ¢ and thus have the analytic solution. Figure 6.3 shows the

analytic solution (6.42) as well as the numerical solution from the integral
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equation technique for two times ¢ = 0 and ¢t = 0.2. The outer radius is
taken to be Ry = 2 while the inner radius is Ry = 1. The lines represent the
numeric solution while the circles represent the analytic solution. Here we
chose N = 50 points on each curve with a time step of At =1 x 1073. The
figure shows an excellent agreement between the numerical formulation and

the analytic solution.

Concentric circles

Figure 6.3: The solution to the Mullins-Sekerka problem for concentric circles
with an outer radius Ry = 2 and inner radius R; = 1. The solid blue curve
is the numeric solution at ¢ = 0 and the red dashed curve is the numeric
solution at ¢ = 0.2. The hollow circles are the analytic solution as computed
with (6.42) and (6.43)

In a more technical comparison, we consider the global truncation errors for

the same concentric circles with Ry = 1 and Ry = 2 compared to the analytic
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solution (6.42). Standard backward Euler global truncation analysis would
predict an error on the order of At but since the source term for the equation
of motion has a spatial error Ac?log Ao then we actually predict a global
error of O(Ac?log Ao + At). In Table 6.3 we take At = Ac? for a variety of
N values so that the overall convergence should be Ao?log Ao and indeed

that is observed.

N Xerr xrat Verr Vrat Lerr Lrat | CPU Time
8 | 290E-03| — | 145E-01| — | 1.61E-01| — 0.189
16 | 7.96E-04 | 3.64 | 3.42E-02 | 3.93 | 4.11E-02 | 3.93 0.520
32 | 2.12E-04 | 3.75 | 8.22E-03 | 3.96 | 1.04E-02 | 3.96 2.43

64 | 5.49E-05 | 3.87 | 2.01E-03 | 3.98 | 2.61E-03 | 3.98 21.4
128 | 1.40E-05 | 3.93 | 4.98E-04 | 3.99 | 6.53E-04 | 3.99 352

N Xerr xrat Verr Vrat Lerr Lrat | CPU Time
8 | 5.38E-04| — | 7.00E-02 | — | 3.16E-01 | — 0.189

16 | 1.76E-04 | 3.05 | 1.66E-02 | 4.21 | 7.97TE-02 | 3.96 0.520
32 | 5.10E-05 | 3.45 | 4.01E-03 | 4.14 | 2.00E-02 | 3.99 2.43

64 | 1.36E-05 | 3.74 | 9.86E-04 | 4.07 | 5.01E-03 | 3.99 21.4
128 | 3.52E-06 | 3.88 | 2.44E-04 | 4.04 | 1.25E-03 | 4.00 352

Table 6.3: The global truncation error for solving the MS problem with
concentric circles Ry = 1 (top table), Ry = 2 (bottom table) solving to
T = 0.0469. We define zerr as the error in the z-component of the curve
position. The error in the y-component is the same and omitted. Verr and
Lerr are the errors in the normal velocity and curve length respectively. The
rat suffix for each indicates the ratio of successive errors to the previous one.
The convergence is O(Ac?log Ac) as expected. The CPU timings reflect
the computation of both curves and does not included anything that can be
precomputed such as the singular scalar logarithmic integrals.

Next, we demonstrate some of the other qualitative results of the MS problem
obtained in [84], such as non-concentric circles favouring growth of the larger

circle at the expense of the smaller one (Figure 6.4) and the tendency of
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non-circular curves to become circular (Figure 6.5).

Non-Concentric circles

t=0
== =t=15

Figure 6.4: Evolution of non concentric circles with MS. The first circle is
centered at (—1,0) with radius Ry = 1 and the second circle is centered at
(6,6) with radius Ry = 2. The initial curve is in a blue solid line while the
final curve at time t = 1.5 (At = 1 x 1072) is in a red dashed line. As
time evolves, an effect known as Ostwald ripening occurs [62] which favours
growth of larger objects at the expense of shrinking small objects.
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Ellipse

t=0

-y

15f - N I

Figure 6.5: Evolution of an ellipse to MS with major axis 3 and minor axis
1. The initial curve is in a blue solid line while the final curve at time ¢t = 2
(At =1 x 1072) is in a red dashed line. The curve becomes more circular
as time evolves which is a consequence of the area preserving and length
shrinking property of the MS model [84].

We emphasize that our aim in comparing results is not to demonstrate the
superiority of our technique over the proposed method in [84]. However, we
indicate a few significant comparisons between our two methods. Firstly, the
formulation of solving (6.15) in [84] is based on looking at the tangent angle
and does an implicit-explicit (IMEX) splitting so that only stiff terms are
solved implicitly resulting in a diagonal Jacobian of the discretization of the
differential equation. However, ultimately they are still forced into solving
integral equations to update the velocity which results in the same dense

Jacobian that we have implemented. While not using the same splitting
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technique for (6.15), we will have a sparse Jacobian for the differential equa-
tion. Furthermore, by using an IMEX splitting, the scheme in [84] requires a
lower bound that the time step not be larger than 2.5 x 1072, However, our
method, being fully implicit allows us to take larger time steps due to the
general stronger stability of fully implicit schemes (as noted in Figures 6.4
and 6.5). Finally, by not using the tangent angle formulation, we do not have
to consider curve reconstruction and the full curve update happens within

the Newton method solver.

6.3 Solving the GMS Model

We will now solve the saturated Gierer-Meinhardt model with saturation
parameter &, (2.32) discussed in 2.3, which introduced the saturation criteria
for which homoclinic orbit solutions w existed. We will now discuss how to

incorporate the limiting saturation into solving the full model.

6.3.1 Including Saturation and Computing

Homoclinic Orbits

Having chosen the GMS model we can write (6.13) as

Pm(0") = (- fli)Uoﬁ/ w’dn, [ =qo—s.

— 00

We can also write (2.20) as H = —ﬁ’}:[ with #H defined in (2.31). As
we iterate a solution using Newton’s method, the value of b is not being

controlled but rather is subject to an update on Uy. Therefore, it is possible
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that Uy could be computed such that b > b. which is invalid. To remedy
the possibility of exceeding the critical b value, we consider a mapping of a

variable ¢ € (—o0,00) to b € [0,b.] via,
be
b= E(cos(c) +1).

This form is chosen since there are not any steep gradients in the function
for Newton’s method to overshoot and diverge like there are for exponential
functions. If the critical b value is reached exactly, the tangent is horizontal
but a homoclinic cannot exist precisely at this value so this case can be
ignored. Similarly there is a horizontal tangent issue at b = 0 but this will
not be a problem for 6 > 0 as long as we do not initialize near b = 0. If 6 =0
then b = 0 is a solution for all vectors u and time ¢. One notorious issue with
a trigonometric function in Newton’s method is the convergence to a single
root, however since any period maps to the set of b values we are interested,
we are not concerned with the particular value of ¢ that converges. We will
supplement the addition of a new variable to the system via the equation
(2.23),
b— U6 =0.

Another advantage of considering b as a separate variable is that the homo-
clinic only depends on b and can therefore be precomputed. Otherwise, we
would have to consider the dependence of the homoclinic on U, and thus
there would need to be an ODE computation at each iteration significantly
slowing down the formulation. In the current form, the time required for a

Newton solve is equivalent whether b = 0 or b # 0. While computing deriva-
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tives for the Newton solve, almost all of the terms appear algebraically except
for b (or ¢) which has a dependence in the numerically computed homoclinic

solution. Computing the ¢ derivatives we get

dom _ (- ﬁi)Uoﬁ/ rw’ tw, dA <—%sin(c)) :

de o
ﬂ _ q ffooo 2wwy dﬁ B ffOoo w? df] ffooo 211}1771)1,ﬁ dTA] (_& Sjn(c))
de AUp | [, w2 di (foo w2 df;)Q 2

o0 W5

In this expression we consider the ¢ derivative using chain rule since the b
dependence on the homoclinic is more natural. To actually compute the
homoclinic we consider (2.22) along with the same expression differentiated

with respect to b,

n 2wwy w? 0
—w P —
"T A+ ow?)? (14 bw?)?

Wy, -

We then write these two second order differential equations as a first or-
der system and solve them using a standard boundary value solver such as
bvpdc in MATLAB. We supplement this system with the boundary condi-
tions w;(0) = 0 and wy, = 0 and to appropriately capture the exponential

decay in the far-field, we prescribe a mixed boundary condition

A

where L > 1 is chosen to sufficiently represent infinity. Note that since w is
even (see Lemma 2.2.0.1), we only solve the system on the domain 7 > 0 and

recast the necessary integrals, which are also of even functions, to be on the
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same interval. Plots of various homoclinic orbits are in Figure 2.2 in section

2.3.

6.3.2 GMS Results

We are now in a position to solve (6.40) subject to the choice of f and H
in section 6.3.1. We will start by comparing to analytic results for radially
symmetric solutions on a circular domain of radius R. For this problem, it is
easier to consider a polar coordinate system (r € [0, R] and 6 € [0, 27]) with
a localization on some circle r = ry. In this case then, the normal coordinate
n would be n = ry —r. When b = 0 and p = 2 we have that the homoclinic
orbit that solves (2.22) is

3
w(p) = §se(:h2 <§> :

where p = = is the inner region radial coordinate (i.e. p = —17). Using

this homoclinic orbit we can write the problem (2.19) as

Au—%:(), 0<r<R\mg (6.44a)
du
B = 4
. 0, r=R (6.44b)
u = Uy, r=rp (6.44c)
du 1 <,
{E} = _BUOB - w’dp, r =", (6.44d)

where we are seeking radially symmetric solutions and so we take the Laplace

operator to have only a radial dependence. This is subject to the velocity
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dro 1 q du
dt N To UO dr r=ry

where we have computed H explicitly since the homoclinic orbit is known

condition (2.43,

du

+ —
+ d?"

r=ry

analytically. The solution to this is given by (2.42),

GO(T;T‘O)

u(r) =Up—m"=,
( ) OGO(To;To)

with Uy given by (2.40) and Gy by (2.38). Figure 6.6 shows a comparison with
this analytic solution and the numerical scheme for exponent set (2, ¢, 0, s) =
(2,1,2,0) and for parameters R =1, g = 1/2 and D = 1. Figure 6.7 shows
the value of Uy computed numerically and analytically using (2.42) for t = 0
and t = 0.119.
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- = ={=0.119

0.8r

0.4r

0.2F

1 1 1 1 1 1 1 1 1 1 1

-1 -08 -06 -04 -02 O 02 04 06 08 1

Figure 6.6: Circle evolution under the GMS model with 6 = 0, R = 1,
ro = 1/2, D = 1, exponent set (2,1,2,0) and time step 1 x 1073, The
lines represent the numerical solution while the circles represent the analytic
solution computed using (2.42). The outer black line represents the boundary
curve r = R =1.
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012

0.2

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
o o

(a) t =0, exact value Uy = 0.1525 (b) t = 0.119, exact value Uy = 0.2336

Figure 6.7: Uy values computed numerically (solid line) and analytically
(dashed-line) using (2.40) for the GMS model with 6 =0, R =1, ry = 1/2,
D =1, and exponent set (2, 1,2,0).

We can also showcase the existence of equilibrium discussed in 2.3.1 which
we can verify analytically using the velocity expression (2.43). One such plot
of (2.43), for the exponent set (2,2,2,0), R =4, and D =1 is in Figure 6.8
which shows a stable equilibrium at rq ~ 2.76. We demonstrate this is found
qualitatively in Figure 6.9 where an initial circle with radius ry < 2.76 grows

(Figure 6.9a) while one with initial radius ry > 2.76 shrinks (Figure 6.9b).
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dTo/dt

0 01 0.2 03 04 05 06 0.7 0.8 0.9 1
T’O/R

Figure 6.8: Slope-field for circle evolution using the GMS model with R = 4,
D =1, exponent set (2,2,2,0) and 6 = 0. There is an unstable equilibrium
at ro/R ~ 0.044 (ro =~ 0.176) and a stable equilibrium at ro/R ~ 0.69
(ro =~ 2.76).

2. L L L . L L L L L . L L L L L L L ,
25 -2 -15 -1 -05 0 05 1 15 2 25 -4 -3 -2 -1 0 1 2 3 4
X

(a) Circle with radius ro = 2. (b) Circle with radius ro = 3.

Figure 6.9: Circle evolution using the GMS model with R = 4, D = 1,
exponent set (2,2,2,0), and & = 0. The boundary curve at R = 4 has been
omitted.
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When b # 0, the equations (2.42) still hold for the radially symmetric solu-
tion except now (2.40) is a nonlinear equation since the homoclinic orbit w
depends on b which ultimately depends on Uy via (2.23). We therefore call
the radially symmetric results for the b # 0 case pseudo-analytic because
we require a Newton’s method solver for Uj. The results for this case are
presented in Figure 6.10 with the same parameter regime as for Figure 6.6
but with the addition of saturation ¢ = 10. Figure 6.11 shows the value of U
computed numerically and using (2.40). Notice the effect of the saturation
drastically alters the curve inhibitor Uy value and that the values without

saturation in Figure 6.7 would lead to b > b. with ¢ = 10.
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Figure 6.10: Circle evolution under the GMS model with ¢ = 10, R = 1,
ro = 1/2, D = 1, exponent set (2,1,2,0) and time step 1 x 1073, The
lines represent the numerical solution while the circles represent the analytic

solution computed using (2.42). The outer black line represents the boundary
curve r = R =1.
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0.0

0.0

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
o o

(a) t =0, exact value Uy = 0.0977.  (b) t = 0.119, exact value Uy = 0.1120

Figure 6.11: Uy values computed numerically (solid line) and analytically
(dashed-line) using (2.40) for the GMS model with 6 = 10, R =1, rp = 1/2,
D =1, and exponent set (2,1,2,0). Since ¢ # 0 a Newton’s method was
used to solve the analytic value.

To see the effect on the motion and U, values as ¢ is varied, we plot the
curves in Figure 6.12a and Uj values in Figure 6.12b at ¢ = 0.1 for different
values of the saturation parameter. The effect is such that the velocity and

Uy decreases for increasing saturation.

0.04

0 0‘.1 0‘2 013 0‘.4 015 015 0‘.7 018 0‘.9 ‘1
(a) Circle curves. (b) Uy values.

Figure 6.12: Circle evolution under the GMS model with R = 1, ry = 1/2,
D = 1, exponent set (2,1,2,0) and time step 1 x 1072. The lines represent
the numerical solution for different values of the saturation parameter &
(0,10,30,50) at ¢ = 0.1. The boundary curve R = 1 has been omitted to
more clearly show the separate curves.
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We now showcase the correct convergence behaviour as in section 6.2.2. Table
6.4 takes At = Ao? for a variety of N values with the GM S model for a
circle of radius ro = 0.5 with parameters R =1, ro = 1/2, D = 1, exponent
set (2,1,2,0) and saturation 6 = 10. We see once again that the predicted
O(Ac?log Ac) error appears. While omitted, the errors for U, and ¢ also

converge to the appropriate order.

N Xerr xrat Verr Vrat Lerr Lrat | CPU Time
8 | 3.66E-03 | — | 240E-01 | — | 4.53E-02| — 0.8

16 | 1.04E-03 | 3.51 | 6.45E-02 | 3.73 | 1.05E-02 | 4.31 3.1

32 | 2.58E-04 | 4.04 | 1.63E-02 | 3.97 | 2.64E-03 | 3.98 14.1

64 | 6.30E-05 | 4.10 | 4.06E-03 | 4.00 | 6.71E-04 | 3.94 125.5
128 | 1.45E-05 | 4.34 | 1.01E-03 | 4.01 | 1.75E-04 | 3.82 1572

Table 6.4: The global truncation error for solving the GMS problem on a
circle of radius ro = 0.5 with R =1, 7o = 1/2, D = 1, exponent set (2, 1,2,0)
and saturation ¢ = 10 solving to T' = 0.0469. We define zerr as the error
in the x-component of the curve position. The error in the y-component is
the same and omitted. Verr and Lerr are the errors in the normal velocity
and curve length respectively. The rat suffix for each indicates the ratio of
successive errors to the previous one. The convergence is O(Ac?log Ao) as
expected. The CPU timings reflect the computation of both curves and does
not included anything that can be precomputed such as the singular scalar
logarithmic integrals.

Non-radially Symmetric Solutions and Non-Uniqueness

It was mentioned in section 6.3.2 that the standard uniqueness theorems for
the modified Helmholtz equation with Dirichlet or Neumann conditions fail
for this problem because the boundary conditions are unknowns in the prob-
lem. Furthermore in section 2.3.1, we constructed non-radially symmetric

solutions (2.51) using Fourier techniques. We also noted that computing so-
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lutions to (2.51) for arbitrary initial data converged quite consistently to the
radially symmetric case. We will instead use these solutions as a verification
that non-radially symmetric solutions found from the numerical curve motion
problem indeed satisfy the analytic problem. For example, if we attempt to
compute Uy using the numerical curve formulation for an initial Uy configura-
tion Uy (o) = cos(30) then we converge to a non radially symmetric solution
(solid curve in Figure 6.13). If we use this computed Uy solution as an initial
guess for the non-radially symmetric Newton’s method on (2.51) then it is
also a solution to this problem (dashed curve in Figure 6.13). The agreement
shows that indeed the non-radially symmetric solution found is a true one

and not an artifact of the system such as by numerical discretization.
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Figure 6.13: Initial circle Uy formulation under the GMS model with R = 4,
ro = 2, D = 1, and exponent set (2,1,2,0). The blue solid curve is the
computed Uy solution from the numerical interface problem with an initial
guess of cos(30) while the red dashed curve is the convergent solution to
(2.51) by using the computed solution as an initial guess.

Having demonstrated the existence of multiple solutions to this geometry, we
are clearly able to violate the uniqueness which can not only lead to different
initial Uy and velocity configurations but also to solution bifurcations in the
dynamic problem. This is currently beyond the scope of this work but is

something of interest to pursue in further analysis.

Other Examples

We will now showcase examples beyond circular solutions concentric with the

origin of which analytic work is limited or has not been considered. Figure
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6.14 shows a angular dependent radius in a “flower-pedal” pattern. Very
quickly it can be seen that the dynamic tendency is to circularize and then
shrink. Since we start with an initial unperturbed radius that is quite small,
we predicted this circularization in section 2.3.2. However, this behaviour
generally is in stark contrast to what has been observed in weak diffusion
limits of a stripe [39] and in energy minimizing space filling curves [22].
Figure 6.15 also has an angular perturbation in the radius forming a lobe
structure, but the dynamic effect is to become an ellipse before shrinking.
As the curve shrinks, the ratio of major and minor axes of the ellipse tend
to 1 but it is not clear if the curve ever fully circularizes. It is interesting
to note that typically this perturbation leads to splitting into two distinct

structures [39] as opposed to the behaviour here.
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Figure 6.14: Perturbation of a circle with perturbed radius r = 1/2 +
0.1 cos(66) using the GMS model with R =1, D = 1, exponent set (2, 1,2,0),
and 0 = 10. The boundary curve at R = 1 has been omitted.
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Figure 6.15: Perturbation of a circle with perturbed radius r = 1/2 +
0.3 cos(20) using the GMS model with R =1, D = 1, exponent set (2, 1,2,0),
and 0 = 10. The boundary curve at R = 1 has been omitted.

Figure 6.16 shows the evolution under the GMS model starting from an
elliptical configuration. As with the perturbation in Figure 6.15 it is not
immediately clear if the curve completely circularizes as it shrinks to the

origin or if the ratio of the major and minor axes just tends to 1.
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Figure 6.16: Ellipse with major axis @ = 1/2 and minor axis b = 1/4 using
the GMS model with R = 1, D = 1, exponent set (2,1,2,0), and & = 10.
The boundary curve at R = 1 has been omitted.

Next, we consider non-concentric circles such as in Figure 6.17. Figure 6.17a
shows a non-concentric initial circle placed on the z-axis at [1,0] with radius
ro = 1/2 while Figure 6.17b shows the same initial circle but placed at the

origin. The dynamics of the two models look very similar.

261



6.3. Solving the GMS Model
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(a) Circle with centre (—1,0) and ra- (b) Circle with centre (0,0) and ra-
dius ro = 1/2. dius ro = 1/2.

Figure 6.17: Circle evolution using the GMS model with R = 4, D = 1,
exponent set (2,1,2,0), and ¢ = 10.

However, in Figure 6.18a, we place a circle of radius o = 1/2 off the axes
entirely and centre it at [—1, 2] with saturation & = 10. The interesting phe-
nomena here is that, as the curve grows, the circle becomes elliptical and the
major axis rotates in the counter-clockwise direction. When the saturation
is set to zero (Figure 6.18b), the curve remains a circle and furthermore ac-
tually shrinks instead of grows. This demonstrates the effect the saturation

can have on the qualitative curve structure.
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(a) Circle with saturation ¢ = 10. (b) Circle with saturation & = 0.

Figure 6.18: Non-concentric circle evolution with centre [—1,2] and radius
ro = 1/2 using the GMS model with R = 4, D = 1, and exponent set
(2,1,2,0). The boundary curve at R = 4 has been omitted.

Finally, we consider the case of curve buckling. In Figure 5.16 of section
5.2.2 we saw a scenario where a perturbed circle elongated into a buckling
type pattern. Furthermore, we discussed in section 2.3.2 that if this type of
phenomenon were to occur it must be such that ry is not small as otherwise
the curvature was a stabilizing mechanism. Therefore, we consider a case
with a perturbed circle 7 = 5+40.2 cos(66) in a larger circular domain R = 10
with exponent set (2,1,2,0) and saturation & = 5. As can be seen in Figure
6.19, indeed a buckling pattern forms in this instance. However, it is worth
noting that it is unclear if this curve pattern is stable to breakup. In Figure
5.16, the parameter regime was approaching the weak interaction regime
where curve buckling and curve splitting is known to occur for stripes. As
such, it is an open problem to investigate stable curve buckling in the semi-

strong regime.
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-10 -5 0 5 10

Figure 6.19: Perturbation of a circle with perturbed radius r = 5+0.2 cos(66)
using the GMS model with R = 10, D = 1, exponent set (2,1,2,0), and
0 = 5. The boundary curve at R = 10 has been omitted.

Not only have we demonstrated agreement with analytically obtained results
in the GMS, we have shown that our numerical method can easily extend
to curves for which analytical work is limited or unavailable. Furthermore,
the generality of the method can easily be extended to other models with
different reaction terms f(u,v) and g(u,v). As was stated in Chapter 5, the
computations using this method have already been scaled to the O(¢72) time-
scale and therefore avoids the long computation time required for full model
simulations. Since there is a limiting value of b for the GMS model, one
could expect that curve rupturing may occur. However, in our computations

it seems that U, always compensates with the saturation parameter ¢ in

264



6.3. Solving the GMS Model

such a way to prevent this rupturing. We therefore conjecture that, in the
semi-strong regime, as long as Uy(s) is defined at ¢ = 0 it will continue to be
defined for all points along the curve and therefore curve rupturing cannot

happen.
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Conclusions

We have presented a variety of techniques and results to better understand

general reaction diffusion equations of the form

v = AV — v+ g(u,v)

1
Tur = DAu — u + = f(u,v)
€

localized on closed curves in R2. Particularly we have focused our attention

on the saturated Gierer-Meinhardt model,

v? V0

glu,v) = uil(1 4 ov?)’ us’

Firstly, in Chapter 2, we derived a singular limit problem for the inhibitor
u given by (2.19) for arbitrary curves using a boundary fitted coordinate
system. This involved asymptotically translating information from the lo-
calized activator v as jump and normal velocity conditions. Taking this
formulation, we derived results in 2.3.1 for a ring where the saturation pa-
rameter o was zero and concluded that a saddle-node bifurcation occurred in
terms of the outer domain radius R for which two equilibrium ring solutions
existed. These results were similar to those derived in [45] but when we in-

cluded saturation, there was not an equivalent analysis in the same work. As
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soon as o > 0, at least one equilibrium solution existed for all R and instead
a hysteresis bifurcation occurred. This is demonstrated best in Figure 2.11
where we see that as R increases from zero there are regions where there
are one, two, and three equilibrium radii ry. This demonstrates hysteresis
because if one were to start on the lower branch of solutions where 7y has
the smallest equilibrium value and increase R then eventually the steady-
state solution transitions to the branch where r( is the largest. If R is then
decreased, the equilibrium will transition back to the lower rq branch but
at a different value of R than the first upper branch transition. Hysteresis
has a potentially significant impact on the biological aspect of pattern for-
mation. Recall that with scaling, R can change by physically altering the
circular domain radius or by altering the diffusion coefficient. Both of these
could have biological applications where patterns on an organism change as
a result of maturity (domain growth) of the organism or in the presence of
chemicals which could affect the diffusion coefficient. Specifically in [67], it
is noted that patterns on a freshwater snail, Theodoxus fluviatilis, change
because of concentrations of salt in the water they are exposed to. While
the specific pattern transitions for this snail are more complex than growing
or shrinking ring structures, a diffusion dependent steady-state bifurcation
could help generally explain environmental impact on pattern formation. In
[66], it was noted that the size and shape of patterns on a variety of fish
can change in a matter of seconds and spots can have drastically different
diameters. This qualitative change over a fast time scale can be described
with a hysteresis like feedback loop. The saturation parameter appears to

play an important role in biological self-regulation, something that previous
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models which excluded the effect could not sufficiently explain.

Next we showed that since the boundary data for the inhibitor is not pre-
scribed a priori, but rather is an unknown of the curve, standard uniqueness
results do not apply. As such, we showed the existence of ring solutions where
the inhibitor is not radially symmetric. These solutions were verified to exist
numerically in Chapter 6. While the ring solutions provided interesting re-
sults, they did not rely on the general boundary coordinate model derivation
as they could easily be constructed using polar coordinates. Therefore, we
next considered a problem of a near circle r = rg+ch(f) where ¢ < 1. While
this could also be studied using a polar coordinate formulation, it would re-
quire carefully tracking the asymptotic consistency of both € and e, where as
the singular boundary coordinate framework is valid on any curve. One of the
key requirements in the near-circle formulation was that when saturation was
considered, the effective saturation parameter b given by (2.23) is perturbed
by the changing geometry and was a function of the arclength of the curve.
After resolving the continuity, jump, and normal velocity conditions we solve
the problem up to O(g?). It was necessary to consider the expansion up to
this order because as was evidenced in section 2.3.2, the first order correction
only accounted for introducing sinusoidal perturbations from the Fourier se-
ries of h(#). However, polynomial representations h(6)* for o > 1 occurred
at O(e?) and introduced n = 0 Fourier modes which overall caused a shift in
each of the boundary inhibitor value, Uy, modified saturation parameter, b,
and normal velocity V respectively. This was evidenced in Figures 2.12 and

2.13. By analyzing the normal velocity correction we saw that when ry was
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small enough, the velocity was dominated entirely by the curvature which
circularized the curve. However, for ry large (or equivalently, D small), this
could not be guaranteed to be satisfied and indeed we saw growing curves in

Chapter 5.

Following the formulation of various solutions, we returned to the radially
symmetric ring solution in Chapter 3 and performed a linear stability anal-
ysis. When formulating the stability problem, we could not use standard
exp(At) eigenfunctions since the steady-state was slowly evolving with time-
scale T = e ?t. Because of this, we needed to use a WKB formulation (3.4)
which resulted in the eigenfunction being the evolution of the eigenvalue over
time given by (3.9). The form of the operator used with the activator eigen-
functions admitted even and odd solutions which we analyzed separately. For
the even solutions, in Lemma 3.1.0.1, we saw that only solutions which were
of a single sign could lead to instabilities and in section 3.2, using the global
inhibitor problem we derived a non-local eigenvalue problem for the activa-
tor eigenfunctions (3.16). Splitting this eigenvalue problem using functions
Cin(X) and f(u) defined by (3.19), we were able to transform this into a root
finding problem (3.20). We then studied the roots of this problem on the
real axis and in the complex plane after setting saturation b = 0. This lead
to Principal Result 3.2.9.1 which has two very key conclusions. Firstly, there
exist neutral stability Fourier modes m = m;- and m = my+ such that a real
unstable eigenvalue always exists on m,- < m < my+. This is an important
result because it states that ring solutions will always go unstable to breakup

instabilities for some range of modes when b = 0. A second interesting result
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was that on 0 < m < m,- there were no unstable eigenvalues for 7 small
enough which, as 7 increased, transitioned via a Hopf bifurcation to become

unstable.

In order to verify the conclusions from Principal Result 3.2.9.1, we derived
an algorithm for computing eigenvalues in 3.2.10. In Figures 3.5 and 3.6, we
confirmed the range of unstable eigenvalues existed. In Table 3.1 we per-
formed a series of comparisons to the asymptotic and numerically computed
neutral stability points which showed excellent agreement with one another.
Next we added saturation and showed via Figure 3.9 that the largest eigen-
value tended to zero as b tended to its critical value. This had the effect of
stabilizing the ring solution as was seen in Figures 3.10 and 3.11. Full numer-
ical simulations in Chapter 5 confirmed the stabilizing effect of saturation to

breakup instabilities.

In section 3.3, we showed the odd eigenfunctions produced eigenvalues of
O(e?), called small eigenvalues, which means they would only become rele-
vant on the long time-scale T'= O(¢~2). Unlike previous work, such as [39],
we were not able to classify these eigenvalues using the outer region away
from the curve since the derivative did not commute through the operator,
having extra terms due to r~!. Therefore, we approached the small eigenval-
ues via the inner region only. We concluded that the small eigenvalues given
by (3.99) turned out to precisely be the normal velocity condition for a near
circle from section 2.3.2. We showed via (3.101) how this conclusion could

be predicted a priori. This is significant because it means that assuming ring
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solutions are stable to breakup then the full dynamics are captured by the

near circular problems discussed in section 2.3.2.

In Chapter 4 we considered a general framework for which the non-local
eigenvalue analysis of section 3.2 could be made explicit. Indeed we showed
that under a special class of eigenfunctions g(w) to the linearized operator
of the homoclinic orbit defined in Lemma 3.1.0.1, we could formulate the
NLEP explicitly via (4.7). Assuming a form for g(w), we derived a condition
(4.11) relating g(w) to f(w) in the problem wy, —w + f(w) = 0. If this f(w)
was such that a homoclinic orbit existed then we could obtain the explicit
formulation (4.7). This allowed us to gain analytic insight into the stability
of stripe solutions (section 4.2) and circle solutions (section 4.3). The sig-
nificance of the explicit formulation for these geometries was that we were
able to derive Principal Result 4.2.2.1 which allowed us to extend stability
results for parameter regimes not previously explored. Furthermore, in an
infinite stripe domain, we were able to analytically obtain the unique value of
7 = 71 for which a Hopf bifurcation occurred and presented this in Principal
Result 4.2.2.2. Such an analytic treatment of the Hopf bifurcation had never
previously been considered. We validated the Hopf bifurcation analysis in
Figures 4.2 and 4.3 where we showed that for a fixed value of 7, and two
exponent values ¢ that complex eigenvalues with positive real part did or
did not exist based on the comparison with the analytically determined Hopf
bifurcation value 7.2. The results generalized for finite and infinite domains

but for finite domains we could not classify the unique Hopf bifurcation value.
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Full numerical simulations in Chapter 5 verified breakup instability patterns
for both the stripe and ring in the explicit and implicit formulations. This
was done by randomly adding data to steady-state solutions and looking at
the discrete Fourier transform during the curve evolution. In all instances
the predicted instability modes or bands persisted until secondary insta-
bilities of spot dynamics occurred. We define secondary instabilities to be
anything which that occurs after the breakup pattern has emerged. Some
types of observed secondary instabilities were spot collocation motion where
spots continued to move as a ring and spot annihilation where spots were
destroyed until a single spot remained. We tested stability to zig-zag modes
by giving a perturbed circle as initial data and allowing it to evolve. We
demonstrated parameter regimes for which the curve was both stable and

unstable to zig-zag modes.

Finally in Chapter 6 we derived a general numerical framework for solv-
ing quasi-steady solutions in R%. We used a layer potential formulation for

solving any problem of the form (2.19) subject to general conditions,

dn
du
(i), e

where Uy was the inhibitor value on the curve and V', the normal velocity. We

showed the universality of this formulation by verifying our numerical method
with the Mullins-Sekerka problem in 6.2.2. One of the intricate details about

a layer potential formulation is that it involves the evaluation of singular
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integrals with logarithmic strength. We extract the logarithmic integrals
and evaluate them analytically using a Lagrange polynomial interpolation
for any density functions. Since we are dealing with closed curves, in order to
avoid the effects of near-singularities arising from periodicity we also remove
logarithmic singularities that are within one period from the true singularity.
In 6.2.1 we show that this introduces an error that has the same order as
the overall numerical quadrature error. We treat the curve evolution entirely
implicitly which allows us to take relatively large time steps. This is in
contrast to work such as [84] where an implicit-explicit splitting technique is
used. In 6.3 we use the numerical method for solving the saturated Gierer-
Meinhardt model and verify many of the analytically determined conclusions
such as the ry equilibrium radii and the circularization of near circular curves
with rg < 1. However, we then extend results beyond what is currently
understood analytically in 6.3.2. We use an elliptical geometry and show
that it also tends to a circular curve. We also consider the evolution of
non-concentric circles and interesting behaviour such as that which occurs in
Figure 6.18 happens whereby a curve that is an initial circle evolves into a

rotating ellipse.

7.1 Future Work and Open Problems

The completion of this work has stimulated some new key results in the
pattern formation community, specifically attributed to the introduction of
the saturation parameter in the Gierer-Meinhardt model. As such, there are

several open problems that have arisen which warrant some future investi-
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gation. Firstly, the general curve tracking framework developed in Chapter
6 will hopefully stimulate analytic investigation into other geometries that
have not been previously considered. Of specific interest is the non-concentric
circle problem which dynamically transitioned to an ellipse. Since this dy-
namic event can occur with a single non-concentric circle, then perhaps this
could be recast, using a conformal mapping argument, to a concentric geom-
etry which is more available to analysis. In terms of the numerical tracking
method itself, the dynamic transition of non-concentric circles may demon-
strate the existence of solution bifurcations and we are interested in using
techniques such as pseudo-arclength continuation to search for these bifurca-
tion diagrams as a function of the saturation parameter. Another interesting
case study would be the further investigation of buckling states such as those
evidence in Figure 6.19 and whether the saturation can be chosen such that

both a buckling pattern forms and that it is stable to breakup.

One of the limitations of the curve tracking method implementation is that
if disjoint curves approach each other, there are convergence issues due to
near singular integration of neighbouring logarithmic functions. As such, we
are interested in adapting the method to handle near singular integration. A
method outlined in [68] presents some promising ideas for how we could im-
plement this feature. We are also interested in finding a level set formulation
for this problem to compare and contrast the advantages of each method. In
section 2.3.1 we commented that non-radially symmetric inhibitor solutions
exist on a ring but that they are difficult to compute using a standard New-

ton algorithm because of the persistence of the constant solution. We are
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therefore interested in using a regularized optimization approach where we

penalize the constant solution to find non-radially symmetric solutions.

For the explicit eigenvalue formulation in Chapter 4, we discussed that Prin-
cipal Result 4.2.2.2 proves the existence of a unique Hopf bifurcation value
7 = 7! for stripe solutions in an infinite domain. However, no such result
exists for stripe solutions in a finite domain and as such, this remains an open
problem. For the implicit formulation in Chapters 2 and 3, we showed that
including saturation not only changes the bifurcation curve from saddle-node
to one producing hysteresis but also that saturation can stabilize breakup in-
stability modes. It is likely that the bifurcation diagram transformation and
stability analysis are related and it is an open problem to determine the effect
of introducing a second set of stable solutions in Figure 2.11 to the overall
linear stability to breakup modes. In terms of saturation, we have considered
the exponent set p = 2, but there would be an equivalent saturated solution
for other values of p and it is an open problem to investigate these under the

homoclinic existence criteria of Lemma 2.2.0.1.

On the topic of stability, throughout this thesis we have only considered
pattern formation problems in the semi-strong regime where D, = ¢ < 1
and D, = D = O(1). In contrast to this, there is also a weak interaction
regime where D, = O(¢?) as well. In this regime we expect that stability
results for the Gierer-Meinhardt model without saturation as computed for
stripes in [39] generalize to arbitrary curves since the underlying differential

equations are identical. One of the insights of [39] is that there exists a fold
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point of a saddle-node bifurcation D, = D, such that solutions do not exist
for D, < D.. It has been shown (cf. [45], [42], [56]) that this saddle-node
bifurcation fold point transitions to solutions which admit spot or stripe
splitting. In the presence of saturation, one can show using full numerical
simulations such as those in Chapter 5 that the saturation parameter itself
can cause curve splitting even when D, > D,, i.e. well within the existence
range. It is currently an open problem to classify the conditions for such

curve splitting.
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Appendix A

Derivation of Boundary
Properties for Single Layered

Potentials

The properties of layered potentials for Laplace’s equation have appeared
in a variety of manners and texts (cf. [18], [34], [36]). In this appendix,
we will derive the Dirichlet and Neumann jump conditions for the single
layer potential of Laplace’s problem with the fundamental solution (6.3) in
a more systematic way. The connection to the fundamental solution of the
Helmholtz problem (6.1) is described in section 6.1. Consider solving the
following Dirichlet Laplace problem

Au =0, r€R*\T

u= f(x), xel

with ' a closed curve in R2. The single layer potential for some continuous

density ¢ is then

u(z) = / Bz, )é(q) dg,
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for all z. To evaluate the Dirichlet condition, we need to understand what
happens as z approaches x( along its normal direction. Consider some point

o on I' and define the portion of the curve I,
Te:{qeT||lzo—q| <e€}, e 1.

Let, x = z¢y + an;, where the subscript indicates that o > 0 traverses the
inward pointing normal. As we near I,

I h,
lim u(xo + an,)

 tim ( / Pl o )olg)da-+ / B + i )00 dq) ~ f(),

where we have used the Dirichlet condition. Now, since the fundamental

solution is not singular on I" \ T'. then we have that

f(ag) = / L M o@des / lim ®(zo + oty )é(q)dg, (A1)

I, a—0t+

where we have carried the limit inside the integral since we are not directly
evaluating at the singularity. On I, we have that ¢ = zo + 8t with —e <

[ < e and so on this portion of the curve,

B0+ i, g) = —5-log |VaT+ 57|~ =5 log|] + O(a?),
and
Qb(Q)%Qﬁ(IO)?
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since it is continuous. The second integral in (A.1) then becomes,

[ tim wGa ot oty dg = 252 [t (151 -+ 0(0®) a5
= _9lwo) (eloge — €)
— 0,
e—0

and therefore the singularity contributes nothing to the integral and as ¢ — 0,
fat) = [ @lai)ola) da
r

Similarly, if we approach from below the curve, we have
o) = [ @i a)ola) do
r

and so we have that [u] = 0 and the Dirichlet condition is
f@) = [ ee0olds  aeT (A2
r

Now consider what happens to the normal derivative of v as we approach

the curve from above,

0P

F\FE anz

. U A
algga on. (o + am;) = (z0,q)¢(q) dg

(A.3)

) 0P .
* /r i, on, (zo + afii, q)¢(q) dg,
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where once again we have interchanged derivatives, limits, and integrals by
avoiding evaluating the singularity directly. Now,
0P (2.q) 1 z—q
—(x —
an Y q

xT

Ry, (A.4)

27|z — gP?

where n, is the positively oriented normal at zy. Note that n, = +n; de-
pending on the orientation and we will proceed with n, = n; noting that
there is a minus sign difference if n, is the external norm. Substituting =

and g on I'. into (A.4),

0P . . 1 Q@
a_nz(% + afiy, zo + Bt) = Tl 2
Now if § # 0 then for a < 1,
ﬁﬁ? ~ % — 0.
However, if 8 = 0 then
o 1

m = E aZl Sgl’l(O&)OO.

Therefore,
1 «
————— = A(p).
2m o + 32 (5)
To find A we integrate around 5 = 0,
o+
«
———dp = —27A.
/0 a? + (32 P "
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To track the singularity at § = 0, take f = ab and let @« — 0. Since o > 0,

the integral becomes

< 1
/ T db=rm 27 (A.5)

Therefore we have that

0P
on

(o + amy, xo + 5£) = _%5(5)-

xT

Substituting this into (A.3) we get

) 0P ‘
ah—>n([)1+ 8_;;(:60 on;) = mr, on, (#0, 0)9(e) dg = ¢(o) /—e %6<ﬁ) as
0P
= [ gt da - 252

Now if we instead approach the curve from below then the only difference is

that the scaling in (A.5) satisfies @ < 0 and so the integral becomes

— 00 1
/ m db = —7T = —27TA,

o0

and instead we get

lim
a—0~ ’flz

Ju . [ 0% ¢(xo)
(ot ai) = [ 5% o q)ola) dg + 257

T
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Therefore we have the jump condition

0 X 0P

lim S eron) = [ S Ga)ola)dg - A per (asw)
0 R 0P

C}H(I)l, 87:; (x +any) = /r o (x,q)¢(q) dg + @ rel. (A.6b)

Notice that indeed as was stated in section 6.1,

u ~
(xo + an,),

(xo + an,) — lim

ou ’ ou
— | = Im
on|p  a—0+ On, a—=0- 0n,
lim, s (o + amy) — Jim. P (g + aly) = —p(x), B, =1y
Y
lim 2% (zy — afy) — lim (o — o) = x), By = —A

a0t e

= —(f, - 0))¢().

We will now finish off by looking at the tangential derivative for completeness,

ou 0P
lim — n;) = — (o, d
Jim o an) = [ SR 00(a) da
+ [ dim SR+ onaol@de (A
im — (z¢ + an,, : :
r, a—0+ Ot 0 aa
Looking at the derivative on I',
0P ) - 1 g 1
gr, FoFoBito + 0t = =5 X T

ot,

Using the Cauchy Principal Value for the integration,

[ 3o
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and there is no contribution on I'.. Therefore,

d
i SF (e +an) = [ S ool ds wel,
T

a0+ Ot on,,
. Ou .. [ 0%
Jim o (z +any) = A a_nm(x’ @)o(q)dg =z €T,
and we get
0
ou] _y
|:atx:| I

showing that the tangential derivative is continuous.

(A.8a)

(A.8b)
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