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Abstract

The purpose of this note is to give the first known example for a conjecture of Gold-
feld on the number of rank-one curves appearing in a family of quadratic twists. We
show unconditionally that the curve X0(19) has the property that a positive proportion
of its quadratic twists have analytic rank one. This amounts to a strong nonvanishing
statement for the derivatives of certain L-functions when the sign of the functional
equation is −1. We simultaneously obtain the fact that a positive proportion of twists
have analytic rank zero when the sign of the functional equation is +1.

Let E be a modular elliptic curve over Q, with corresponding newform F (z) =
∑

anq
n ∈

S2(Γ0(N)). Let L(s, F ) = L(s, E) =
∑

ann
−s be the usual L-series. Then L(s, F ) satisfies a

functional equation under s �→ 2− s, with sign ε = ±1 = ε(E). Let D be the fundamental
discriminant of a quadratic field K = K(

√
D) and write χD for the associated quadratic

character. In this setting we define the twisted L-function L(s, FD) =
∑

χD(n) · ann
−s. If E

is given by the equation Y 2 = P (X), then L(s, FD) is the L-function attached to the twisted
elliptic curve ED given by DY 2 = P (X). Therefore L(s, FD) also satisfies a functional
equation and, if (D,N) = 1, then the sign is given by εD = ε · χD(−N). For r = 0, 1, and a
positive real number X, define

M r
F (X) = #{D : |D| < X : Ords=1L(s, FD) = r}.

The following conjecture of Goldfeld [Gol79] is well-known:
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Conjecture I. If r = 0, 1, then the following asymptotic formulae hold, as X → ∞:

M r
F (X) ∼ X/2. (1)

A weaker version of this conjecture would require that

M r
F (X) 
 X, (2)

for r = 0, 1, as X → ∞. The essence of the conjecture is that the elliptic curves obtained
by taking quadratic twists of E should usually have rank 0 or 1, and that this rank should
be dictated by the sign in the functional equation. It follows from work of Kolyvagin, Gross,
and Zagier, that L(1, FD) �= 0 =⇒ Rank(ED(Q)) = 0, and that, if εD = −1, then
L′(1, FD) �= 0 =⇒ Rank(ED(Q)) = 1. This is in accordance with the conjecture of Birch
and Swinnerton-Dyer. One could also conjecture the estimates (1), (2), for the L-series
attached to arbitrary modular forms of weight 2 on Γ0(N).

To the best of our knowledge, there is no known example of an elliptic curve E for which
both estimates in (2) are valid, still less the equality of (1). While a recent preprint of
Iwaniec and Sarnak [IS97] shows the estimates in (2) hold under assumption of the Riemann
hypothesis, all unconditional results are rather weak. The best known general estimate for
M0

F (X) is due to Ono and Skinner [OS], who prove that

M0
F (X) 
 X/ log(X).

Even less is known about M1
F (X); the current record seems to be due to Perelli and Pomykala

[PP97], who show that
M1

F (X) 
ε X
1−ε.

However, more is known for special curves E. The first example in which part of (2)
holds was given by K. James [Jam], who showed that M0

E(X) 
 X when E is the curve
14B in Cremona’s tables [Cre92]. James’ method was subsequently extended to different
situations by W. Kohnen [Koh97] and the present author [Vat97]. Indeed, Theorem 0.3 of
[Vat97] showed that the estimate M0

F (X) 
 (X) holds for any semistable elliptic curve with
a rational point of order 3 and good reduction at 3. The purpose of this note is to provide
what appears to be the first example of a modular form where the complementary estimate
for the rank one situation M1

F (X) 
 X is valid. The precise statement of our result is as
follows:

Theorem II. Let E be the curve X0(19) (or 19B in Cremona’s tables). Then we have the
estimate

M r
F (X) 
 X,

as X → ∞, for r = 0, 1.
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As in James’ original method, a key ingredient in the proof is a theorem of Davenport and
Heilbronn [DH71] on the 3-primary part of the class groups of quadratic fields. The other
major ingredient is a theorem of Gross, which relates 3-torsion in the class groups to the
(non)triviality of certain twisted Heegner divisors. We will also need the celebrated Gross-
Zagier theorem [GZ86], which relates the heights of these Heegner divisors to the derivative
of a certain L-function. We remark here that the relationship between class groups and the
arithmetic of the Eisenstein quotients of certain Jacobian varieties may be traced back to
fundamental work of B. Mazur [Maz79], where the relationships between class groups and
the Mordell-Weil rank are rendered quite explicit. However, the theorems of Gross provide
some extra information, and are more convenient for the present application.

III. To prove our result we need some notation concerning Heegner points and quadratic
fields (we refer the reader to [Gro84], Ch. I, for a more detailed discussion). Let N be a
prime number, and let m = g.c.d.(12, N − 1). Let n = (N − 1)/m. We will let X denote the
modular curve X0(N). Let K be a complex quadratic field of discriminant DK in which the
prime N splits completely. If c is a square-free positive integer, we let O denote the order in
K with conductor c and conductorD = c2DK . If the equationD

2 = B2−4NC has a solution
in integers with (N,B,C) = 1, then we may define Heegner points with endomorphism ring
O as in [Gro84], I.2. Let χ be a quadratic Galois character of the ring-class-field of K with
conductor c; then χ determines and is determined by a factorization

D = DK · c2 = d · d′,

where d and d′ are fundamental discriminants of quadratic fields k and k′, with d > 0 (see
[Gro84], page 93). Thus k is real and k′ is imaginary. In this paper we will only use the case
where c > 0, c ≡ 1 (mod 4), (c, ND) = 1, and

d = c, d′ = DK · c.

With these assumptions we set L = k · k′. We let yχ denote the Heegner divisor in the
Jacobian J = J0(N) defined in [Gro84], I.8. Then this point will be rational over the field
L. We let h and h′ be the class numbers of k and k′ respectively. Let n denote a degree-one
factor of N in K; we assume that χ(n) = −1. Finally, we will let p be an odd prime factor
of the number n = (N − 1)/m.

Then the result of Gross that we will need is the following (see [Gro84], Prop. 15.1):

Theorem IV. If ordp(h · h′) < ordp(n), then the Heegner point yχ is of infinite order in the
p-th Eisenstein quotient Jp(L) of J .
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V. We may now prove our main result. We take N = 19, K = Q(
√
−3), DK = −3, and

p = 3 (observe that the prime 19 splits in Q(
√
−3)). Our conditions on c and χ are as

follows:

• c > 0 is squarefree, c ≡ 1 (mod 4), (c, 3 · 19) = 1;

• −3c2 = B2 − 4 · 19C has an integer solution with (19, B, C) = 1;

• χ(n) = −1, for a degree-one factor n of 19 in K.

Then one checks that the second condition above is empty because the given equation
is solvable for any choice of c with (19 · 4 · 3, c) = 1. The point is that −3 is a square
modulo both 4 as well as 19. The third condition can be obtained by choosing c so that 19
is inert in Q(

√
c). We find that all three conditions are satisfied if c is positive, and lies in

the appropriate congruence class modulo 3 · 4 · 19. Gross’ theorem then applies, and gives a
criterion for the Heegner point to have infinite order in the Jacobian J0(19) = X0(19) = E.

Let ψ and and ψ′ denote the quadratic Galois characters associated to k and k′ respec-
tively. Then ρ = IndL

Q(χ) = ψ⊕ψ′. Note that our hypotheses imply that the twisted L-series
L(s, F ⊗ ψ) has a functional equation with sign −1, whereas L(s, F ⊗ ψ′) has sign +1. Let
gχ denote the weight-one Eisenstein series with associated Galois representation ψ⊕ψ′. We
find that the Rankin-Selberg convolution L(s, F⊗gχ) has a functional equation with sign −1
and vanishes at s = 1. But now we may apply the Gross-Zagier theorem [GZ86] to compute
the derivative: a convenient form of this result is in given in [Gro84], Theorem 24.1, and we
find that the derivative is nonzero precisely when the Heegner point yχ is of infinite order.
In this case, we may conclude that the product

L(s, F ⊗ ψ) · L(s, F ⊗ ψ′)

has a simple zero at s = 1, and in view of the functional equations satisfied by each of the
factors, we find that L(s, F ⊗ ψ) has a simple zero, and L(s, F ⊗ ψ′) is non-zero. Gross’
theorem states that this happens if the class numbers of k and k′ are both 3-adic units.

According to the Davenport-Heilbronn theorem and a subsequent refinement by Naka-
gawa and Horie (see [NH88], Prop. 2; a convenient statement is also given in [Jam]), we
see that the number of 0 < c < X satisfying our conditions such that the class number
h′ = h(−3c) of k = Q(

√
−3c) is prime to 3 is 
 X as X → ∞. On the other hand, a

classical reflection theorem due to Scholz (see [Sch32], or [Wsh80], Thm. 10.10) states that
if the class number of Q(

√
−3c) is prime to 3, then the same is true for the class number of

Q(
√
c). Thus we find that the class numbers of k and k′ are prime to three for a positive

proportion of c, and this implies our theorem.
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