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Abstract. — Let F be a p-adic field with uniformizer π. We consider the uni-
versal module of the functions with value in Fp and finite support on the cosets
I(1)πZ\GL2(F ), where I(1) denotes the pro-p-Iwahori subgroup of GL2(F ).
We show that, as a smooth representation of GL2(F ), it is isomorphic to the
homology of level 0 of the associated cœfficient system on the tree. We then
use the result of [O2] to show that any representation of GL2(Qp), with a cen-
tral character and generated by its pro-p-invariant subspace, is the homology
of level 0 of a cœfficient system on the tree.

The construction by Colmez of an explicit (φ,Γ)-module associated to an
irreducible mod p representation of GL2(Qp)/p

Z lies on the existence of a
standard presentation for such a representation [C]. In other words, the
representation is the homology of level 0 of a cœfficient system on the tree
whose fibers are finite dimensional vector spaces. This result has been proved
by Colmez by direct calcultation of a standard presentation for an irreducible
mod p representation of GL2(Qp)/p

Z. Vignéras has shown the existence of such
a presentation by first considering the characteristic zero case and by reducing
integral structures [V]. We show here the result generically and directly in
characteristic p by first considering the case of the pro-p-universal module of
GL2 over any p-adic field. Theorem 2.1 of this paper says that this universal
module is isomorphic to the homology of level 0 of the cœfficient system on
the tree naturally associated by Schneider-Stuhler ([S-S]). We then use [O2]
to deduce results about the representations of GL2(Qp).

1. The pro-p-universal module of GL2(F ).

We denote by F a p-adic field with ring of integers O, maximal ideal P, and
residue field Fq. We choose and fix a uniformizer π. We consider the p-adic
group G = GL2(F )/πZ. We see the maximal compact K = GLn(O) and its
congruence subgroup Ki, i ∈ N, of the matrices congruent to 1 mod P i as
subgroups of G. Let I denote the standard upper Iwahori subgroup of K and
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I(1) its unique pro-p-Sylow. Let s =

(
0 1
1 0

)
and $ =

(
0 1
π 0

)
. The latter

normalizes the Iwahori subgroup and $2 is central.

Let G denote the finite group GL2(Fq) and B the upper triangular Borel
subgroup with Levi decomposition UT. The double cosets U\G/U are repre-
sented by the finite (extended) Weyl group W (1)

0 of G which is the semi-direct
product S2.T, where S2 is viewed as a subgroup of G. We fix an algebraic clo-
sure Fp of Fq. Let C denote what we call the finite universal module Fp[U\G].
The Fp-algebra H of the Fp[G]-endomorphisms of C will be called the finite
Hecke algebra. By Frobenius, a basis of H identifies with the characteristic
functions of the double cosets U\G/U.

Let C denote the pro-p-universal module Fp[I(1)\G]. The Fp-algebra of the
Fp[G]-endomorphisms of C is called the pro-p-Hecke algebra and denoted by
H. The subspace of C of the functions with support in K identifies with the
finite universal module C = Fp[U\G]. Among the Fp[G]-endomorphisms of
C, those stabilizing the subspace C constitute a subalgebra which identifies
with the finite Hecke algebra. A basis of H is given by the characteristic
functions of the double cosets I(1)\G/I(1) which are indexed by the semi-
direct product W (1) =< $ > .W

(1)
0 . (Recall that T identifies with a sugroup

of G via the Teichmüller isomorphism). It is an extended affine Weyl group
with length function ` extending the length of the finite Coxeter group S2.
The elements $ and t ∈ T have length 0 ([L]). We denote by Tw the element
of H corresponding to the double coset of w ∈ G. The following set is a basis
of H{

(Ts$)kTt, T$(Ts$)kTt, (Ts$)kTsTt, T$(Ts$)kTsTt, k ∈ N, t ∈ T
}
.

Proposition 1.1. — There is a system D of representatives of the right cosets
W (1)/W

(1)
0 such that

`(dw0) = `(d) + `(w0), ∀w0 ∈ W (1)
0 .

Proof. — True and to be written for GLn(F ). Pour n = 2, one can choose
D = {(s$)k, $(s$)k}.

Corollary 1.2. — The pro-p-Hecke algebra H is a free module over the finite
Hecke algebra H with basis {Td}d∈D.

A basis of the universal module C is given by the characteristic functions of
the cosets I(1)\G which we denote by{

[I(1)w] = w−1[I(1)], w ∈ I(1)\G}.
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More generally, for I(1)X a I(1)-homogeneous subset of G we denote by
[I(1)X] the corresponding characteristic function in C.

Proposition 1.3. — For i ∈ N, the Ki+1-invariant subspace CKi+1 is gen-
erated as an H-module by the functions {[I(1)w], w ∈ I(1)\G} which are
Ki+1-invariant.

Proof. — By induction on i, see [O2, Proposition 2.3] (recent version).

Corollary 1.4. — The K1-invariant subspace CK1 of C is generated as an
H-submodule by C. More precisely, as a vector space, it decomposes into the
following direct sum :

CK1 =
⊕
d∈D

Td C.

Proof. — [O2, Corollaire 2.4].

Remark 1.5. — The space TdC is isomorphic to C because the restriction of
Td to the space of I(1)-invariants CI(1) = Vect{[I(1)], Ts[I(1)]} is injective.

Let T be the Bruhat-Tits tree of G. Let σ0 denote the vertex corresponding
to the lattice O ⊕O in the canonical basis, whose stabilizer is K. The vertex
$σ0 corresponds to the lattice O ⊕$O.

Let [ . ] : Fq → O denote the Teichmüller lifting map. We see the elements
of O as vectors in FN

q via the isomorphism τ : (xj)j∈N 7−→
∑
j∈N

πj[xj].

Let i ∈ N, i ≥ 1, and a ∈ Fiq. Define

g0
a =

(
−τ(a) πi−1

1 0

)
, g1

a =

(
1 0

−πτ(a) πi

)
.

For convenience of notations in the proof of proposition 2.1, we set g0
∞ = 1.

The set of outpointing edges of the tree is the set of the images of the oriented
edge (σ0, $σ0) by the elements

{1 , gεa, for ε ∈ {0, 1}, a ∈ Fiq, i ≥ 1}.
For g ∈ G, we say that g is at distance i ∈ N if the vertex gσ0 is at distance i
from σ0. It only depends on the class of g in G/K. A set of representatives of
G/K is given by the "ends of the outpointing edges"

(1) {1, $, gεa$, for ε ∈ {0, 1}, a ∈ Fiq, i ≥ 1}.

For i ≥ 1, the i-radius sphere is Si = {(g0
a$)σ0, (g1

b$)σ0, for a ∈ Fiq, b ∈
Fi−1
q }.
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Remark 1.6. — This system of representatives has the following “good” prop-
erty : translation of the 1-radius sphere by the vertices at distance i is equal
to the i+ 1-radius sphere.

Proposition 1.7. — For i ≥ 1, we have an isomorphim of modules over the
pro-p-Hecke algebra :

(2) CKi+1/CKi '
⊕

g∈(1),g at distance i

g(CK1/CI(1))

Proof. — [O2, Proposition 2.7](recent version).

2. Mod p-representations of G and 0-homology of cœfficient
systems on the tree.

The aim of this section is to show that the augmented complex of oriented
chains of the cœfficient system associated to the universal module Fp[I(1)\G]
is exact. If F = Qp we will deduce the existence of a standard presentation for
the representations of G generated by their I(1)-invariant subspace.

We denote by T (0) (resp. T (1)) the set of vertices (resp. oriented edges) of
the associated Bruhat-Tits tree.

2.1. Review of the G-equivariant homological cœfficient system as-
sociated to a smooth representation of G.— Following [S-S, II.2], we
consider the (homological) coefficient system V associated to a smooth Fp-
representation V of G. For each simplex σ, the space Vσ is equal to the space
V Uσ of invariants under the pro-unipotent radical of the parahoric subgroup
associated to σ. The transition maps are the inclusions. Recall that we have
called σ0 the vertex of the tree corresponding to the lattice O ⊕ O in the
canonical basis. The stabilizer K(σ0) of σ0 is the maximal compact K. Denote
by σ1 the non-oriented edge {σ0, $σ0}. Its stabilizer K(σ1) is the subgroup
generated by $ and I, so that

Vσ0 = V K1 , Vσ1 = V I(1).

The space of 0-chains Ch 0(V) is the set of functions

T (0)→
⊕
σ∈T (0)

Vσ

with finite support, sending a vertex σ to an element of Vσ with the natural
action of G : under the action of g ∈ G, the function with support σ and value
v ∈ Vσ becomes the function with support gσ and value gv ∈ gVσ = V gUσg−1

=
V Ugσg−1 = Vgσ. TheG-space of 0-chains is isomorphic to the compactly induced
representation indGK(σ0)Vσ0 . We will denote by [g, v] the element of indGK(σ0)Vσ0
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with support K(σ0)g
−1 and value v ∈ Vσ0 at g. It corresponds to the 0-chain

gσ0 7→ gv. Note that [g, v] = g.[1, v]. From now on we identifiy the 0-chains
with this induced representation.

The space of oriented 1-chains Ch 1(V) is the set of functions

ψ : T (1)→
⊕

{σ,σ′}non-oriented edge

V{σ,σ′}

with finite support, sending an oriented edge (σ, σ′) to an element of the space
V{σ,σ′} and satisfying ψ(σ, σ′) = −ψ(σ′, σ). This space is endowed with the
natural action of G and is isomorphic to the compactly induced representation
indGK(σ1)Vσ1 ⊗ ε where ε : K(σ1) → Fp

∗ is trivial on I and ε($) = −1. The
element of indGK(σ1)Vσ1 ⊗ ε with support K(σ1)g

−1 and value v ∈ Vσ1 is denoted
by [[g, v]]. It corresponds to the 1-chain with support gσ1 sending the oriented
edge g(σ0, $σ0) to gv. We identify the space of oriented 1-chains with this
induced representation.

The G-equivariant boundary map, defined by

∂ : Ch 1(V) −→ Ch 0(V)
[[1, $v]] 7−→ [1, $v]− [$, v],

(3)

for all v ∈ V I(1), gives rise to a G-equivariant exact complex

(4) 0 −→ H1(V) −→ Ch 1(V)
∂−→ Ch 0(V) −→ H0(V) −→ 0.

The space H1(V) is easily seen to be trivial. On the other hand, if the
representation V is generated by its K1-invariants, one has a surjective G-
equivariant map

(5) Ch 0(V) −→ V −→ 0
[g, v] 7−→ gv

which factorizes through ∂. Saying that V is the 0-homology of its associated
coefficient system means that the kernel of (5) is equal to the Fp[G]-submodule
of Ch 0(V) generated by the elements of the form

(6) [1, $v]− [$, v], for v ∈ Vσ1 = V I(1).
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2.2. Level 0 homology of the cœfficient system on the tree associ-
ated to the pro-p-universal module.— We consider the case where the
representation in question is the universal module C = Fp[I(1)\G] and study
the associated G-equivariant cœfficient system C.

Theorem 2.1. — The pro-p-universal module C is the 0-homology of the as-
sociated cœfficient system on the tree.

Proof. — As anH-module, C is filtered by the spaces (CKi)i≥1 and proposition
1.3 says that the natural maps

(7)
⊕

g∈(1) at distance i

g(CK1/CI(1))
∼→ CKi+1/CKi

are isomorphisms.

Let F =
∑

g[g, vg] ∈ Ch 0(C) be a 0-chain. Take the g’s in the system of
representatives (1).

First suppose that the support of F is contained in the 1-radius disc, i.e that
the g’s for which vg 6= 0 are at distance ≤ 1 : they belong to the set

{1, g0
a$, a ∈ P1(Fp)}.

Write
F = [1, v] +

∑
a∈P1(Fp)

[g0
a$, va] = [1, v] +

∑
a∈P1(Fp)

g0
a[$, va].

Recall that the elements v, va lie in CK1 . For F to be in the kernel of (5) means
that

v +
∑

a∈P1(Fp)

ga$va = 0.

In particular, using isomophism (7) for i = 1, each va belongs to CI(1) which is
the H-module generated by the characteristic function of I(1) which we denote
by e : set va = hae, with ha ∈ H. Then

F = [1,−
∑
a

hag
0
a$e] +

∑
a

g0
a[$, hae] =

∑
a

g0
a([$, hae]− [1, $hae])

has the desired form (6).

Suppose now that the support of F is contained in the i-radius disc, with i ≥ 2.
Write

F = Fi−1 +
∑

g at dist. i−1
in the set (1)

∑
a∈P1(Fp)

[gg0
a$, vg,a]

where Fi−1 is an element of Ch 0(C) whose support is contained in the i − 1-
radius disc. If F is in the kernel of (5), then

∑
a∈P1(Fp) gga$vg,a belongs to

CKi and in particular, using isomophism (7), each vg,a belongs to CI(1). This
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implies that g0
a$vg,a lies in CK1 so that the following element of Ch 0(C) is well

defined, has support in the i− 1-radius disc, and belongs to the kernel of (5) :

F ′ = Fi−1 +
∑
g

[g,
∑

a∈P1(Fp)

g0
a$vg,a].

By induction, F ′ has the form (6). But

F−F ′ =
∑
g

{
[g,

∑
a∈P1(Fp)

g0
a$vg,a]−

∑
a∈P1(Fp)

[gg0
a$, vg,a]

}
=
∑
g

∑
a∈P1(Fp)

gg0
a

{
[1, $vg,a]−[$, vg,a]

}
equally has the desired form (6).

Remark 2.2. — Proposition 1.7 and theorem 2.1 are actually equivalent !

2.3. Smooth Fp-representations of GL2(Qp)/p
Z and 0-homology of cœf-

ficient systems.— Until mentioned, there still is no restriction on F . The
spaces of chains associated to C are endowed with structures of H-modules by
induction of the natural left action of H on C which commutes with the action
of G. The exact sequence of G-representations

(8) 0 −→ Ch 1(C)
∂−→ Ch 0(C) −→ C −→ 0.

is equally a sequence of H-modules.

Suppose now that the residue field of F is Fp. Then the space C is projective
as an H-module ([O1]) so that the exact sequence of H-modules is split.
Tensoring (8) by a right H-moduleM then gives an exact sequence compatible
with the action of G :

(9) 0 −→ indGK(σ1)(M⊗HCI(1))⊗ε −→ indGK(σ0)M⊗HCK1 ∂−→M⊗HC −→ 0.

Remark 2.3. — The sequence of G-representations (8) is split by the section
C −→ Ch0(C)
e 7−→ [1, e].

This map is not H-equivariant map, as we may check by noticing for example
that it associates to the element T$e = $−1e the function with support K$
and value e at $, whereas T$[1, e] is defined to be the function with support
K and value T$e at 1.

Suppose now that F is equal to Qp. Then the tensor product by the H-module
C gives an equivalence between the category of right H-modules and the
category of smooth Fp-representations of G generated by their I(1)-invariants.
This functor is a quasi inverse of the functor obtained by taking the space of
I(1)-invariants of a representation of G [O2].
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Let V be a smooth Fp-representation of G generated by its I(1)-invariants.
Taking M = V I(1) in the previous discussion gives an exact complex of G-
representations
(10)
0 −→ indGK(σ1)V

I(1) ⊗ ε −→ indGK(σ0)V
I(1) ⊗H CK1 ∂−→ V I(1) ⊗H C ' V −→ 0.

The space V I(1) ⊗H CK1 injects into V K1 since the H-module CK1 is a direct
summand of C [O1]. It is therefore a finite dimensional vector space as soon as
V is an admissible representation. One gets this way a standard presentation
for the representation V in the sense of [C] : the relevant K-stable subspace
generating the G-representation V is the space V I(1) ⊗H CK1 , that is to say,
the subspace of V which is generated as a K-representation by V I(1). In the
words of Breuil-Paskunas [B-P], any smooth Fp-representation of G generated
by its I(1)-invariants is the homology of the diagram

V I(1) ↪→ V I(1) ⊗H CK1 .

Remark 2.4. — 1. We know the structure of CK1 as a finitely generated
H-module.

2. In the isomophism V I(1) ⊗H C ' V, the space V I(1) ⊗H CK1 doesn’t
always identify with V K1 (for example for a supersingular representation,
see [B-P]).
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