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illustrates how the swimmer that is free atx = 0 but clamped atx = 2π actually moves backward
whenk is sufficiently large (that is, it moves in the same direction as the waves propagate).

For large wave number and low bending stiffness (see Fig.18), the swimmer profile over the
bulk of the body begins to resemble a periodic swimmer. Boundary layers emerge at the ends of
the swimmer over which the solution adjusts to satisfy the relevant boundary conditions. However,
as is evident in Fig.18, the boundary layer and interior solutions are largely independent of one
another: the solutions over the bulk are similar for all four boundary condition combinations, and
each boundary layer solution is independent of the condition at the other end. The boundary layers
remain pronounced even asD → 0, to the degree that the mean swimming speed does not appear
to converge to the corresponding periodic value, which might otherwise be expected (see Fig.19).

At large bending stiffness, the swimmer is unable to significantly flex under the forcing, furnish-
ing profiles with relatively low-amplitude and mild spatial oscillations (see Fig.19). ForD � 1,
the homogeneous solutions in (5.3) reduce to a cubic polynomial inx and the mean speed can be
shown to scale withD−2 (see Fig.19). Different behaviour arises when both ends are free: in this
instance, a much stronger rigid oscillation of the entire swimmer emerges. For example, ifk is an
integer, the form is approximately

Y ∼ −
15

π4k2 (x − π) sinkt. (5.7)

As this leading-order motion is reversible, it does not generate any net swimming; forward motion
is controlled by the higher-order flexing of the swimmer, and the speed remains of orderD−2 (see
Fig. 19).

Fig. 18 Scaled speeds,〈U 〉/A2, for D = 10−3 and varyingk are shown in the left-hand panel for each of the
boundary conditions in (5.1). The dotted curve shows the periodic result. The snapshots on the right show 12
instants of the swimming cycle withk = 5 for each set of boundary conditions
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Fig. 19 Scaled speeds for varyingD andk = 1, 3 and 5. Panels (a)–(d) correspond to the four boundary
conditions in (5.1) (the speeds fork = 1 are lowest at smallD but highest at largeD for each case). Lines are
dashed where speeds are negative. The insets show 12 snapshots of the profile during the swimming cycles for
k = 1 andk = 5 at D = 103

6. Conclusions

In Taylor’s model of a swimming microorganism, sinusoidal waves of low amplitude are sent down
the length of a flexible sheet, propelling the object forward. Katz (2) took this model one step
further, bringing the swimmer into the vicinity of a plane wall and allowing wave motions of higher
amplitude, but still prescribed shape. Here, we have allowed the wave motions to be determined
self-consistently by modelling the swimmer as an elastic filament bending under the action of an
imposed force that propagates in a wave-like fashion along its length. Moreover, we have also
filled the gap between the swimmer and the wall with complex fluid and explored how certain
non-Newtonian effects influence the dynamics.

Had we fixed the profile of the wave that propagates down the swimmer, then we would have
found that the swimming speed increases monotonically with forcing amplitude until the swim-
mer actually touches the wall. Of course, this situation is physically unrealistic, as the lubrication
forces required to bring the surfaces into contact demand an unrealistically large forcing amplitude.
Instead, by allowing the wave profile to be set by the solid mechanics of an elastic swimmer, we
have seen that the swimming speed actually reaches a maximum and then decreases, as the forcing
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amplitudeis raised. The speed ultimately decreases in this situation because at the higher ampli-
tudes, the swimmer is forced to press closer to the wall, which heightens the viscous resistance.
Although there may be a biological need for the swimmer to gain a close proximity to the wall, if
optimising the speed is the only requirement, then this selects a specific forcing amplitude. However,
we have also prescribed the spatial pattern of the imposed forcing, and the existence of a preferred
swimming speed and forcing amplitude suggests an interesting problem in optimal control if one is
further allowed to shape the forcing pattern arbitrarily.

Our main results for swimmers in non-Newtonian fluid concern the case when the fluid has a
yield stress. We have found that the forcing on the swimmer must exceed two thresholds before
it begins its forward motion. Below the lower threshold, the forcing on the swimmer is unable to
create any transverse motion whatsoever. But even when this threshold is exceeded, and waves
are propagated down the swimmer, there is still no forward progress because yielding occurs only
locally underneath each wave and rigid plugs persist in between that hold the swimmer in place.
Only once we reach the second threshold, when the swimming action forces the fluid layer to yield
everywhere, can forward motion occur. Both the flow underneath the swimmer and its shape are also
strongly affected by the yield stress: a propagating pattern of plug-like velocity fields accompanies
the wave travelling along the swimmer, and whenever the plugs touch the swimmer, the profile
becomes flattened. Future studies of locomotive strategies adopted by real organisms may place
these results in context by highlighting how the fluid environment influences the swimmer.

Finally, we presented a brief study of the effect of the head and tail of the swimmer by considering
non-periodic, flexing sheets of finite length. For this situation, the swimming dynamics depends
sensitively on the detailed boundary conditions at the head and tail, and there is no obvious optimal
choice over the entire range of physical parameter values. More curiously, for certain swimming
configurations, waves propagating down the sheet actually propel the swimmer backward.
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APPENDIX A

Constitutivemodels

The Oldroyd-8 constitutive model is the most general constitutive model that respects the symmetries typical
of fluid flow and the principle of material invariance and contains terms of quadratic nonlinear order in the
deformation rates, yet remains linear in the stresses (31,36). If τ denotes the deviatoric stress tensor, the law
can be expressed in thedimensionalform

τ + λ1
5
τ +

1

2
μ0(Tr τ)γ̇ −

1

2
μ1(τ ∙ γ̇ + γ̇ ∙ τ) +

1

2
ν1(τ : γ̇ )I

= μ

[

γ̇ + λ2
5
γ̇ − μ2γ̇ ∙ γ̇ +

1

2
ν2(γ̇ : γ̇ )I

]

, (A.1)

whereμ is a polymeric viscosity,λ1 andλ2 arerelaxation times, the deformation rates follow from the tensor

γ̇ = ∇u + (∇u)T ≡

(
2ux uy + vx

uy + vx −2ux

)

(A.2)

andtheμ j sandν j sare Oldroyd’s other parameters. The upper convected derivative is

5
τ = τt + uτx + vτy − [(∇u)T ∙ τ + τ ∙ (∇u)]. (A.3)

For the slender flow geometry of our problem, and ifε denotes a typical aspect ratio,

γ̇ ∼
c

H

(
O(ε) O(1)
O(1) O(ε)

)

. (A.4)

Moreover,∂/∂ t andu ∙ ∇ are of orderεc/H . Re-examining the constitutive law in light of these scalings, and
assuming that all ofc−1H(λ j , μ j , ν j ) remainof order one, implies that to leading order the stress components
are given by the relations expected for steady-state, uni-directional shear flow in thex-direction:

τ11 + (ν1 − μ1 − 2λ1)uyτ12 = μ(ν2 − μ2 − 2λ2)u2
y, (A.5)

2τ12 + (μ0 − μ1 − 2λ1)uyτ11 + (μ0 − μ1)uyτ22 = 2μuy, (A.6)

τ22 + (ν1 − μ1)uyτ12 = μ(ν2 − μ2)u2
y, (A.7)

wherethe numeric subscripts indicate the stress component. These equations are solved to yield the shear stress

τ12 =
μuy(1 + αu2

y)

1 + βu2
y

, (A.8)

which is the only component that enters the leading-order force balance, and where

α = λ1(ν2 − μ2) + λ2(μ0 − μ1) − (μ0 − μ1)(ν2 − μ2), (A.9)

β = λ1(ν1 + μ0 − 2μ1) − (μ0 − μ1)(ν1 − μ1). (A.10)
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For the classical Oldroyd-B model, all the parametersν j andμ j vanish, leavingα = β = 0 and constant
viscosity. A more interesting special case is the Johnson–Segalman model (31) for whichα = −λ1λ2ξ(2+ ξ)
andβ = −λ2

1ξ(2 + ξ), whereξ is another rheological parameter.
Note that the quasi-steady version of the non-Newtonian model emerges here because of our assumption

that the Deborah numbersHλ j /c areof order one and in view of the lubrication scalings (unlike in papers
by Laugaet al.). The viscoelastic model can be made richer in the slender limit if the scaled parameters
c−1H(λ j , μ j , ν j ) arepromoted to higher order inε. The effects of time-dependent elasticity then appear in
the problem, which unfortunately leads to a far less tractable partial differential form. Moreover, this upsets
the leading-order force balance expressed in (2.1).

APPENDIXB

Flow profiles for the Bingham fluid

Given the pressure gradient and swimmer position, we compute various flow quantities as follows. Note that
the case withY+ > Y andY− < 0 can only arise forU = 0 and unyielded fluid. Also, givenY±, we may
compute the surface shear stresses from

τ0 = −
1

2
pξ (Y− + Y+), τ1 =

1

2
pξ (2Y − Y− − Y+). (B.1)

A: Y± < 0 (pξ > 0, τ0 > B, τ1 > B)

u = −U − yY− pξ + 1
2 pξ y2, (B.2)

Y− =
1

2
Y −

U

Ypξ
, Y+ = Y− +

2B

|pξ |
, Q = Y −

1

2
U (1 − Y) −

1

12
pξ Y3. (B.3)

B: Y− < 0 < Y+ < Y (pξ > 0, τ0 > B, τ1 > B)

u =






−U, 0 < y < Y+,

−U + 1
2 pξ (y − Y+)2, Y+ < y < Y,

(B.4)

Y+ = Y −

√
2U

pξ
, Y− = Y+ −

2B

|pξ |
, Q = Y − UY +

1

6
pξ (Y − Y+)3. (B.5)

C: 0 < Y± < Y (|τ0| > B, |τ1| > B)

u =






up + 1
2 pξ (Y− − y)2, 0 < y < Y0,

up, Y− < y < Y+,

up + 1
2 pξ (y − Y+)2, Y+ < y < Y,

(B.6)

up = −
1

2
pξ Y2

− − U = −
1

2
pξ (Y − Y+)2, (B.7)

Y+ =
4B2 + 2Upξ − Y2p2

ξ

2|pξ |(2B − Y|pξ |)
, Y− = Y+ −

2B

|pξ |
, (B.8)

Q = Y +
1

6
pξ [Y3

− + (Y − Y+)3 − 3Y(Y − Y+)2]. (B.9)
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D: 0 < Y− < Y < Y+ (pξ < 0, τ0 > B, B > τ1 > −B)

u =

{
1
2 pξ (Y− − y)2, 0 < y < Y+,

0, Y− < y < Y,
(B.10)

Y− =

√
2U

|pξ |
, Y+ = Y− +

2B

|pξ |
, Q = Y +

1

6
pξ Y3

−. (B.11)

E: Y < Y± (pξ < 0, τ0 > B, τ1 > B)

u =

(

U −
1

2
pξ Y2

)
y

Y
+

1

2
pξ y2 − U, (B.12)

Y− =
1

2
Y −

U

Ypξ
, Y+ = Y− +

2B

|pξ |
, Q = Y −

1

2
UY −

1

12
pξ Y3. (B.13)

For U → 0, the following limits follow from the formulae above and coincide with the behaviour evident
in Fig. 13.

For CaseB, Y+ → Y except for a narrow region close toξ = π/2 over whichpξ ∼ O(U ). Consequently,
Y− → Y − 2B/pξ and Q → Y. Demanding that the flux be constant therefore implies thatY is almost
constant,Y ≈ Y∗. Moreover, the surface stresses becomeτ1 → +B andτ0 → B − Y∗ pξ .

For CaseD, Y− → 0, except, once again, in a narrow region nearξ = π/2 over whichpξ ∼ O(U ). This
then implies thatY+ → −2B/pξ andQ ∼ Y. Thus, the swimmer profile must again become nearly constant,
Y ≈ Y∗, and the surface stresses reduce toτ0 → +B andτ1 → Y∗ pξ + B.
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