MATH 101 V01 — ASSIGNMENT 2

Solutions

1.

(a) Let f(x) be continuous on an open interval that contains = 1. Find an antiderivative G(z) with
G(1)=1.
(b) Solve the integral equation

3
fla) = 1+2/ F(t) dt

for f(x); that is, find an expression for f(x) in terms of elementary functions. After you have found
f(z), verify that it is indeed a solution, by substituting your expression for f(z) into the integral
equation and evaluating the integral.

Solution:
(a) The function

F(z) = [ f(t)dt

is an antiderivative of f(z): by the Fundamental Theorem of Calculus, F'(z) = f(x) for « belonging to
the open interval stated in the question.

If G(z) is an antiderivative of f(x), then G'(x) = f(x) by definition. Therefore
(@) = F'(),

and so

G(z) = F(x) + ¢,
for some constant ¢. Choose the constant ¢ by evaluating G at x = 1:
G)y=F(1)+c= [ ft)dt+c=0+c=c.

Since this is required to be 1, we take ¢ = 1 and then

Gle) = [T F(E)dt + 1.
(b) Use the property of integrals

l r

[ f@)dt =~ f(t)dt
to write the integral equation as

fl2)=1-2f7 f@)dt,

then differentiate to obtain

fa) = —24()
Lo
(@) (z) = -2,
(log |f(2)) = ~2,
log | (@)] = —2a + k.
If(z)] = e 22tk = ek e—2z,
f(z) = ek e,



therefore
1=+eked,

so we should take the + sign and k = 6, so
Fz) = b e 2 = -2
Verify that f(z) = €727 is a solution of the integral equation:
L+ 2f2 f(tydt =1+2f> 52 dt
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t=x

as is required to be a solution.

. There is a line y = ma through the origin that divides the finite region, bounded by the curve y =z — =

and the z-axis y = 0, into two regions with equal area. Find the slope m of the line.

Solution:
The finite region, referred to in the question, is

{(z,y): 0<y<az—2?,0<z <1},
and its area is
A:j;)l(xfx2)dx
= (327~ §2°),

[N

For the curve (line) y = ma to divide this region into two regions with equal areas, we need
m > 0.

Find the intersections of y =  — 22 and y = ma:

r — 2% =ma,

2?4 (m— 1)z =0,
z(r+m—1)=0,
z=0 or x=1-—m,
with
m < 1.

The area of the upper region is easier to find:

Aypper = Olim[(x —2?) — maz) dx
= [ [(1 = m)x — 2% da
= et — fat]

= %(1 —m)3
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Now we should choose m € (0,1) so that

The slope of the line is m =1 —

1

21/3 ~

Aupper = %A
t1-m)p* =5
(1—m)3 = %
1—-m= 23&
m=1-—
0.206 € (0,1).
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