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Question Mark Possible marks

1 15

2 5

3 6

4 5

5 4

6 5

7 1 (bonus)

Total 40



Note that your answers must be in “calculator-ready” form, but they do not have to be
simplified.

In general, you may use any result proven in class or on assignments. You have to use
the Riemann sum definition of integral only in question 2. You may use without proof the
formulas

sin2(θ) = 1
2

(1− cos(2θ)) ,

cos2(θ) = 1
2

(1 + cos(2θ)) .

This page may be used for rough work. It will not be marked.
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1. (a) [3 marks] Evaluate

∫ 2

1

(t+ 5)(t− 1)10 dt.

(b) [3 marks] Evaluate

∫ e

1

t log(4t) dt.

3



(c) [3 marks] Evaluate

∫ ∞
0

te−t
2/5 dt.

(d) [3 marks] Evaluate

∫ 4

3

t2 + 4t+ 12

(t− 2) (t2 + 4)
dt.
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(e) [3 marks] Evaluate

∫ π/4

0

sin3(θ)

cos2(θ)
dθ.
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2. (a) [1 mark] Define, using Riemann sums, what it means for a function f(t) to be
integrable on an interval [l, r].

(b) [4 marks] Let

f(t) =

{
A if t = k

B otherwise.
,

where A, B and k are constants with A < B. Prove that f(t) is integrable on any
finite interval [l, r], where l < k < r.
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3.
 

(a) [4 marks] Use techniques of integration to calculate the area of the unit circle lying
above the line y = 1

2
. (This area is shaded above.)

(b) [2 marks] Verify your solution in part (a) by calculating the area without using
calculus. (Hint: what is the area of the triangle below the shaded area?)
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4. Let R be the region between the curves y = sin(πx) and y = cos(πx) from x = 0 to x = 1
2
.

(a) [2 marks] Let S be the solid obtained by rotating R about the x-axis. Write down,
but do not evaluate, an expression describing the volume of S using vertical slices.

(b) [3 marks] Let S be the solid obtained by rotating R about the line x = −1
4
. Write

down, but do not evaluate, an expression describing the volume of S using cylindrical
shells.
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5. [4 marks] Let B < T be positive constants. Let R1 be the region enclosed by the y-axis,
y = 1

log(x)
, y = B and y = T . Let C1 be a water-filled container whose interior is exactly

the same shape as the solid obtained by rotating R1 about the y-axis.

Let R2 be the region enclosed by y = 1
log(x)

, y = 1

log(x
2 )

, y = B and y = T . Let C2 be a

water-filled container whose interior is exactly the same shape as the solid obtained by
rotating R2 about the y-axis.

Prove that it takes more work to pump all of the water out the top of C2 than to pump
all the water out the top of C1.
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6. [5 marks] Let f(x) =

∫ 2

x

1√
1 + t3

dt. Evaluate

∫ 2

0

xf(x) dx.
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7. [1 bonus mark] Draw a short comic strip explaining how you learn mathematics.
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