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In your answers, you must simplify standard trigonometric values (e.g. cos (%) = %) and

exponential values (e.g. log(e3) = 3). Otherwise, it is sufficient for your answers to be in
“calculator-ready” form.

In general, you may use any result proven in class or on assignments. You may find the
following identities helpful:

sin®(0) + cos?(f) = 1
tan?(0) +1 = sec?(0).

This page may be used for rough work. It will not be marked.



1. (a) [3 marks] Let f(¢) be continuous. Prove that / f(t)dt = / f(r—t)dt for all r.
0 0

1
(b) [3 marks] Determine whether the series Z ———— converges.
= nlog (n)



2n
(¢) [3 marks] Find the interval of convergence of E —(z = 3)"
n
n>0

(d) [3 marks] Suppose the Maclaurin series Z a,x" solves the differential equation

n>0
Py dy
>J i -0
dx? + xdx Ty

with initial condition y(0) = —1. Find as.



d
(e) [3 marks] Solve the differential equation d_z + 32y = 322



2. For each of the following statements, determine if it is true. If it is true, provide a
justification. If it is false, provide a counterexample.

(a) [2 marks] If |f(t)| is integrable, then f(t) is integrable.

(b) [2 marks] If f(z) is continuous on [l,r], then 4 /T flz)de = f(z).
dz [,

(c) [2 marks] All power series converge somewhere.



(d) [2 marks] tan(0.1) is greater than the linear approximation of tan(0.1) about 0.

(e) [2 marks] If E a,x" converges for some nonzero x, then g a, converges.
n>0 n>0

(f) [2 marks] Z (=)™ (V5 - 1) converges to log (V/5).

n
n>1




3. Evaluate the following integrals.

°°t—1

(a) [3 marks]/ e

(b) [3 marks] /2 o — 20



> log
c) [4 marks]/ thOO

(d) [4 marks] /Oﬂ e’ sin(t) dt



(e) [4 marks] /0

(f) [4 marks] /0

32 42

Noprs

log(2) 1 — et

1+ et

dt.

dt.
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4. Consider the differential equation

f(x) = —f(x). (1)

(a) [4 marks] Find all solutions to (1) of the form Z apx".

n>0

(b) [2 marks]| Using your answer to part (a) or otherwise, write down four different
solutions to (1) in closed form (that is, not in series form).

11



T
5. Letf(:v):B .
T

n

(a) [2 marks] Prove that f(z) has Maclaurin series E ﬁ
n !
>0

(b) [1 mark]| State the interval of convergence of the series in part (a).

(¢) [4 marks] Determine what the series g <+ converges to.
n
>1

1)
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6. Let f(x) = /01’ sin (¢%) dt.

(a) [3 marks] Find a power series representation for f(z).

(b) [1 mark] State the interval of convergence of the series in part (a).

(c¢) [3 marks] Suppose we approximate f(1) using the first three nonzero terms of the
series in part (a). Find a good upper bound on the error for this approximation.

13



7. [4 marks] Consider a satellite moving rapidly overhead at a velocity v. According to
special relativity, if a clock on the satellite reports the time T', a clock on the surface of
the Earth, below, reports the time

T
Te(v) = ——

v2

c2

where ¢ is the speed of light in a vacuum. GPS transmitters mounted on satellites are
engineered to account for this difference between T and T using the approximation

02
Tp(v) =T |1+ — ).
5 (V) ( + 202)
Justify this approximation. (Hint: use an appropriate linear approximation on the func-

. T
tion m)
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8. Newton’s Law of Cooling states that the rate at which an object changes temperature
is proportional to the difference between its temperature and that of its surroundings.
Equivalently, if T'(t) is the object’s temperature at time ¢, and the environment has
constant positive temperature E, then

dT
— =—k(T'—-F 2
= —K(T - B) ¢l

where k is a positive constant.

(a) [3 marks] Solve the differential equation (2) for T'(t).

(b) [1 mark] Using your answer from part (a), find 1tlim T(t).
—00

(¢) [3 marks] A cup of tea, initially at 100°C, is placed in a room kept at a constant
temperature of 20°C. Suppose it takes 2 minutes for the cup of tea to cool down to
60°C. What is the temperature of the tea after 10 minutes?
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9. [1 bonus mark| Draw a picture describing your love of mathematics.

16



