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CHAPTER 4

Weak Solutions, part If

4.L. Guide
This chapter covers the well-known theory of De Giorgi-Nash-Moser. We

present both the approach of De Giorgi and of Mo.", so stud-ents can make com-parisons and can see that the ideas involved are essentially the same. The classical -
paper [12] is certainly very nice material for further reading. One may also wish to
compare the results in [L2] and [7].

4.2. Local Boundedness

In the following three sections we will discuss the De Giorgi-Nash-Moser the-oy f9r linear elliptic equations. In this section we will prove thJlocal boundedness
of solutions. In the next section we will prove Hdldertontinuity, Then in Section4'4 we will discuss the Harnack inequalily. For all results in these three sections
there is no regularity assumption of ctefficients.

The main theorem of this section is the following boundedness result

the following sense

f(x) 
J ",, 

DiuDig * cttp
B1

If f e Lq (B), then u+ e L
anyp>Q

L*(B) and c e Lq (B) for some q > n/z

Br, € e iR' and lai;|ry, + llcllro < A
Suppose that u e Ht (^B1) is a subsolrttion in

e foranyp e H;(B) andg > Oin 81 .

Moreove4 there holds for any 0 € (0, l) and

=lt
B1

ff"(Br).

';,, u* < c{T+Wllz+ll Lp@r)+ lllll LqGr) 
}

where C - C (n, l, A , p, q) is a positiye constant.

In the following we use two approaches to prove this theorem, the one by DeGiorgi and the other by Moser.

Pnoop. We firstprove for 0 : L/Z and p _ Z.

Mnuroo 1. Approach by De Giorgi.
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4. WEAK SOLUTIONS, PART II

Consider u:(u-k)+fork > 0and g eCi(Br).Setrp -uf2asthetest
function. Note u : u - k, Du : Du a.e. in {u > k} and u : 0, Du .:0 a.e.
in {u = 

k}. Hence if we substitute such defined g in (x), we integrate in the set

{u. k}.
By Hdlder inequality we have

rf
I o,i DiuDicp : I oti DiuDiufz + 2aii DiuDl ( u(
JJ

=^ I tDut''.'-z^ I ,r,|Dttut
I r ^^ 21\2 r

-2J I I tustv '

Hence we obtain

I tDutzr' = 
.{

flom which the estimate

I w<,r)P < ,{ I u2tDrr * I bw'* + kz I vw' +

follows.

. Recall the Sobolev inequality for u( e aj (Br)

(l,r,r.) 
* 

<c(n) 
!,,o(uc)tz

inequality implies that with d > 0 small and ( < 1

I tr,,tz = (l ffi)r (l wrp.)r ,,,, *olt-*-+

< c(n)yf yr, (l w<,)p)r ,r,, * o\ft+*-*

f ... 2 2

= 
u J lD@t)12 + c(n, d) ll/ ll?,1{uq # o}f+;-; .

Note | + ? - 3 - t - ) if q . n/2. Ther,efore we have the following estimate:

I w<,r)P . r{ I r'to{f * I vw'r' + kz I vtr, + F2fiut *otr,-* 
}

whereF:ll fllr.r1611.
We claim that there holds

(4.1) 1,"@iltz=.{ | *ptr +Gz + Fz)t{u(

if l{u( * 0}l is small.

l*prP* Ivtu's'+kz lvw'* Ivwe'l

I ,,,,,7

# oll'-+ l



It is obvious if c = O.In fact, in this special case there is no restriction on the L
set {u( * 0}.In general, Hcilder inequality implies that

| ,,,u'(2 . (l ,,0)' (1,,o'.) 
* 

,,,, * olf-#-i

< c(n) I ,r(ut)tz (l ,,,')* , {uc * 01ft-* ,

and

I ,,,r' . (l ,"r)r ,,,, * ou'-+

Therefore we have

lw<,r>r'=
,{I,'tDrf * ID@Ot't{,s *o}i-* +@2+p\t{,r *o}l'-+}.

This implies (4.1) if l{u( * 0}l is small.
To continue we obtain by Sobolev inequality

I(u()z = (lr,r)'.) 
* 

,r,, *o\1-# < c(n) I tr@ilt2t{u( *0}13.

Therefore we have

lrt)z. c{l ;lD(lzfiut *0}13 + Q<+ p)21{ut *0}l'**-*}
if l{u( # 0}l is small. Hence there exists an I > 0 such that

I @)z = 
t{ | *prf fiut *0}1" + u< + nzfiut *0}l'+"}

if l{u( * }tl is small. Choose the cut-off function in the following way. For ariy
fixed 0 < r < R < 1 choose q e Cf;(Bp) such that { : 1 in B, andO < ( < 1

and lDf l < 2(R - r)-1 in Br. Set

A(k,r): {x e Br;tr. > k}.

Weconclude thatfor any 0 < r < R < 1 and k > 0
'r

(4,2) J @-k)2<
A(k,r)

.{G+lA(k, R)le I Q't - k)2 + (k + D2lA(ft, R),'"'}
A(k,R)

if lA(k, R)l is small. Note

tA(k,R)t si I Lt*<lilu*tt,,.
A(k, R)



lf
lA(h,r)l : lB,.{u -k > h-k}l 

= 1n _ 1ry J @ -k)2.
A(k,r)

Therefore by @.Z)we have for any h > k > fts and I/2 < r < R < 1

I @ - h)2= t{ @+ I @ - h)' + (h + n1A@, R)t} v@, R)r
A(h,r) A(h.,R)
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Hence (4.2) holds if fr > ko : C llu+ ll p for some large C depending only on .1. and
A.

Next we would show that there exists some k - C(ko + F-') such that

t (u-k\2 -0.
orolr,r,

To continue we take any h > k Z ko and any 0 < r < 1. It is obvious that
A(k, r) ) A(h, r). Hence we have

t @-h)z< I @-k)2
orl,,, A(k,r)

and

or

(4.3) tt@ - D+ tt L2(8,)= t{ 
"} 

* ffi\"+tt@ -k)+tt',ii,, .

Now we carry out the iteration. Set rp (k, r) - ll@ - k)+ ll*@). For r - L/2 and
somek > 0tobedetermined. Deflneforl:0, 1,2,... ,

kt:ko*kG-+) (<ft0 +k)
f(:r+*Q-1.

Obviously we have

t,r-tr-, - *, r{-t-rt - *(1 - z).
Therefore we have for l. : 0, 1 ,2, . . .

e&r'rt) = 
t 

{ * *ru#iLl#w&ut,rt-r))'\+"

= . 
C . k, t .1. 

+ k . 2o+e)t . lqpe_r, rt_r)lr+" .| - t lrt*e
Next we Brove inductively for any l: 0, 1

(4.4) g(kt, rt) < 9(ko' rO 
for some y > |y"



4,z,LOCAL BOUNDEDNESS 77

if k is sufflciently large. Obviously it is true for (. ,: 0. Suppose it is true for I - t.
We write

tqGut,rt-t)lr+, ={W}'*": ffi ryP
Then we obtain

,(kt,rD<?: 
fttJF+k 2e(t+e) co(ks'rs)

1 - r k*' '19(ko' ro)l' ' -;t;
Choose y first such that y" : 2t+e, Note y > L . Next, we need

Cyt+e / g(ko, ro) \' ko * F + k
r-r \ o /' k <r'

Therefore we choose
k - C*{ko * F * p(ks,rs)}

for C* large. Let (. -+ +oo in (4.4). We conclude

A&o*k'r)-0'
Hence we have

sup r.r+ < (C* + 1){ko + F + g(ko, ro)} .

Br/z

Recall ko : Cllu+ll..z*,11 and g(ko, ro) . llu+llrzg;. This finishes the proof.

Next we give the second proof of Theorem 4.L

Mernon 2. Approach by Moser

First we explain the idea. By choosing the test function appropriately, we will
estimate the LP1 norrn of uin asmallerballby the Lpz normof z for. pt > p2ina
larger ball, that is,

llull yn(B,r) S Cllull Lpz(B,z)

for p1 > pz and 11 I tz. This is a reversed Holder inequality. As a sacrif,ce C
behaves like n\. By iteration and careful choice of {r;} and [p;], we will obtain
the result

For some k > A andm > 0, set u : u* * k and

lk+m ifu>m.
Then we have Dil* - 0 in {u < 0} and {n > m} and il* S a. Set the test function

e - qz(uf,a - p?+r, e ru]6r1
for some B > 0 and some nonnegative function 11 e Cl(Br). Direct calculation
yields

Dg: prf af;'Dri*il + qzutDu +2qDrt@f"" - k?+l)
: ,fufn(pDu* + Du) * ZrtDq@f," - kP+\ .
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We should emphasize that later on we will begin the iteration with fr : O, Note
g : 0 and Dg : 0 in {u < 0}. Hence if we substitute such g in the equation we
integrate in the set {z > 0}. Note also that u.* < u and nf,rA - kB+t < AtA rcr
/c > 0. First we have by H61der inequality

I ",,D;uDi<p: I ati!fi@Diil,n* Diu)rt'uf,

*, J aii D;il.Dirt@f,u - kfl+\rt

> ).p I n'af,lDil,nl' + x I n'a*tDuP - ^ I DullDrtluf,urt

> )"8 | n,attDil,nf * | | n,af-tDup - + | wrt,ata, .

Hence we obtain by noting u > k

o In'aL*lDil,,f * l,fuf,lDuf

= 
r{ | wrPaf,a' * I ("vf ataz + trtr'otrl

= 
t{ | wrPuf*u'* I ,on'afa'1 ,

where cs is defined as

co:lcl + +
Choose k = ll f llto if / is not identically zero. Otherwise choose arbitrary k > O

and eventually let k + 0*. By assumption we have

llcollu<A+1.

Setu -uhz.Note
lDwl2 <(1 + p){puf,lDunP+aflD"f}.

Therefore we have

I w*p,f =

or
rI lD@rilz <

J

Hcilder inequality implies

c{rr +il I*',D,ttz+(1 + il Irr*'r'][ ,

, (l (qw)*)'-r(l ,*,*)'-r =I "o*'r' = (l.r)* (A+



By interpolation inequality and Sobolev inequality with 2* : # - fl, . Z it +7
q > n/2, we have

llrtwll 2s- < ellrtwll*. * C(n, q)e-ffiX7wllrz
Lq-l

< s ll D (nw)ll r, * C (n, q) e- ffi lrwll Lz

for any small e > 0. Therefore we obtain

I w<*r)12 s c{rr + il I .'lD,tl'+ (1 + P)* I *'r'l
and in particular

I ,"@rir' . c(t + p)" I a"rP +,1')*' ,

where a in a positive number depending only on n and q. Sobolev inequality then
implies

U ,q*12')* = 
c(1 + u* I eDrtt' + n\*'

where X - h > 1 for n > 2 and X > Zfor n : 2. Choose the cut-off function

asfollows.Forany0 <r < R < 1set4 €Cl(Bn)withtheproperty

rl = l in B, and lDrll < 
*

Then we obtain

(!,*,)r =,ffi1.*,
Recalling the definition of ru, we have

(!,o,,tr)i ."ffi!.0,,r
Set y * p +2 > z.Then we obtain

/ ri
[ [rn- I = 

c*)." r

\i ) (R-,P!."
provided the integral in the right-hand side is bounded. By letting m --> *oo we
conclude that

ltullpvx(n,) s (rg)' ,, ullr,<no>



rl?
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provided llullu(Bn) < *oo, where C - C(n, e, \, A) is a positive constant inde-
pendent of y.The above estimate suggests that we iterate, beginning with y : 2,

as2,2X,2X',.... Now set for I : 0, 1,2, ... ,

Yi :\xi and ', 
: ** 

j_ 
'L ' 2t+t'

By yi : XYi-t and r;-1 - ri :1/2i+r, we have for I : 1,2,... ,

llull yt (B,i) I C (n, q , x,A) 7 llull yn-r (8,;-r)

provided llullyrt-r(6,;_r) < *oo. Hence by iteration we obtain

llull yrt @,i) S CL 7 llull yz611 ;

in particular

<C (!,.)r(l o"')*
Letting I * +oo we get

supu<Cllullpgll or
Btlz

sup z+ < C {llr+ ll y26,1 * k}
Br/z

Recall the definition of ft. This flnishes the,proof for p -- 2.

Renaenrc 4.2. If the subsolution u is bounded, we may simply take the test
function

e - rf (ufl+t - kP+\ e ui@r)
for some fr . 0 and some nonnegative function 4 € Cd(f ,).

Next *e dir"rrrs the general p caseof Theorem 4.L. This is based on a dilation
argument

Take any R < 1. Deflne

it(y) -u(Ry) fory e Br

It-is easy to see that fi satisfies the following equation
fr
I d,i Diil.D1q * 6fiq < I iq for any,p e H;(81) and O > oin 81
JJ
B1 B1

where

d(y) : a(Ry) , d(y) - Rzc(Ry) and i<y> - R'f(Ry)
for any ! e Bt Direct calculation shows

ld;il2*611 * ll6llzr(Br) : laiily*6p) + R2-; llcllro<rnl 5 A.
We may apply what we just proved to il. in'^B1 and rewrite the result in terms of u.
Hence we obtain for p > 2

;:, u* <'{#ll'*ll Lp@n)+ R2-6llf ll",'-,1
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1{'
where C : C(n, tr, A, p, q) is a positive constant'

The estimate in neo 
"inbe 

obtained by applying the above result to B1r-eln())

for any ! € Ben.Take R : 1. This is Theorem 4.1 for any g € (0, t) and p Z2'
Now we prove the statement for p € (0,2). we showed that for any 0 e (0, 1)

and0 < R < l thereholds

llr+ ll L*(Ben)= t 
{ -=fiu llu+ ll rz@n) + R'-t u f l"1'o)}

For p € (0, 2) we have

I ,r*r' < llu+llTJrua I ,u*r'
Bp Bn

and hence by Holder inequalitY

llr*ll L*(Ben) I
t(1 - 0)N';

ll / ll", tr^r 

I

"{
ru+ r'#,.,, (!.r.r' r.)r + tt / tr 

",,,-, 
)

I

1,
= ;tu+rp*6*, + c 

{ u,_;* (!_r.,,)' .
t

Set/(t) - llz+ll L*(B) forr e (0, 1l'Thenforany 0 <r < R < 1

f (r) < lf<^l + --9-ll'+ll Lp(Bt)+ cll f lltn6,1' 'z- (R-r)v
We apply the following lemma to get for any 0 < r < R < 1

f (r) < - ' '. ullr+ ll Lp @t) + c ll f ll r'6,1 '
(R - r)n

Let R --+ 1-. We obtain for anY e < L

r
llz+ll L*(ail = U _ uUllu+ll 

Lp@) + cll f llu6,1 '

T

We need the following simPle lemma:

Lnvue 4.3. Let f (t) > O be bounded in fro,trf with rs >- O. Suppose for
To<t<s{T1w€have

f(t)s|f(s)* u4n*a
for someg e [0, l). Thenfor any ro < t q 5 ( 11 there holds

f(t)=c(a,o) {#r*r}
f(e < ,St+,\*kr,LrsL g(eW rh'+B)
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pnoon. Fixzs =t 
<s 5 Tr.Forsome 0 <r < Lweconsiderthesequence \

{r; } defined by t* - t ;= (, -'rL)d(-t)

ts: t and ti+r: 
'; 
* (1 - r)r'(s - r)' q4

Note to :,t. BY iteration
- k-l

f (t) : f (tO < 0k f (t*). [f}*(s - r)-" *'] L''r-io '

Chooser<lsuchthat|t-o<L'thatis'g<ro<1'Ask->oowehave

f (t) =c(,a,0)tu+ry(s -r)-o *u)
D

IntherestofthissectionweuseMoser,siterationtoproveahighintegrability
result, which is closely related to Theorem 4,L' For the next result we require

nZ3.
Tnsone yt 4.4. suppose aij € L*(Br) arud c e L"lz(B) satisfy thefollowing

assuruption:

for sbme positive const.nts )u and. /t, Suppose that u e Ht (Br) ls a subsolution in

the follou,ing sense:

I o,,DiuDis * cus 
= | ru for anv e c H;(B) and's >-O in 81'

J.
Bt 81

If f € Lq (B) for some q € l#,t)'
Moreover there holds

then u+ e fi)"@) fo, # : 1
q

.)

n

llrr+ll rq* (nr/z)= a{llu+ll 12(at)+ ll/ll"',r,1}

where C - C(n, tr, A , Q,0(l()) is a positive constant with

/ 1?e(n;:I t t.l]l
\,,",{r, 

' ' 
)

PnooP. Fot m > 0, set il' : u+ and

,-,:lk 'ri:;:
Then set the test function

e:qzutaeni@)

Y^



4,z,LOCAL BOUNDEDNESS 77

for some P > 0 and some nonnegative functi on n e Cj (Br). By similar calcula-
tions as in the proof of Theorem 4.l we conclude

( I U, a# nzx)+ . c 1t + p){ 
l,orpatn, . I tctnzaf,az . I t rtn,atal

where i : h > 1. Hdlder inequality implies for any K > 0

lvn'of,a'.x I Tfafaz+ I blrfafaz
Ilcl<KI {lclt,(}

= 
* I ,f af,a'+ e(K)(l ,r,ot^rr^)* .

Note e(K) -+ 0 as K -+ *oo since c e L"/z(Br). Hence for bounded 0 weobtain
by choosing large K - K(p)

observe 
uhu . ou*-# ur+vb - 1Aa*Ar1fi .

Therefore by Hdlder inequality again we have for r7 < l

(l u,o#o'r)* . c(t + fr) {l oortz + qz)ata, + I ,rn,ilffi\ .

,b
(tt f)

B+1.

V
P;i

UJ

.(u

w
" ,"f#'

I,rh'af,u = ( I m )r ( I (q'ata')^)o'

= 
,( I ,'^-'oh^)* * 

"r,, 
,(l

Provided 
, _; _ ffi. o

rlB+l
I supp rll'- n-(trm

^r # -PGw).tfts) , fr; =

-*
e'"

{

't#r,)^u'
B>
e*'

which is.equivalent to

F+z=#
Hence B is required to be bounded, depending only on n and,4. Then we obtain

(l urrfto,^)r =,{l ,Dqtz+n)ata,+r rnp,[,].
By setting y : F * 2, we have by deflnition of q*

(4.s) z<y.q(n -z):{.n-Zq x
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We conclude, as before, for any such 7 in (a.5) and any 0 < r <.R 5, L

(4.6)llilllz,,(B,)3"{,+fifillt,<a*l+llftt.,.,,,}

provided llull u(Bn) < *oo. Again this suggests the iteration 2,2X, 2X2 , , . . ,

For given q e l#2, l), lhere exists a positive integer k such that"

zxo-'=ry#.zxo.
Hence for such k we get by flnitely many iterations of (a.6)

llilll *^k (Bzp) s c{nall r,<a,>+ ll / ll ,, <r,> }
in particular 

lull ,q 1o31+) = 
c{nal rz,,t)+ ll / llrr,u,, 

} 
.

While with y = s: in (4.6) we obtain

Wll r,. (Btp) s c{nall , + ,o .., * ll/ ll.,<r,r } '
I rx(Bztq) )

This finishes the proof.

r.*'&-l

2(nd

=N(1'ffif
- ait-6

T

4.3. Hiilder Continuity

We flrst discuss homogeneous equations with no lower-order terms. Consider

Lu : -Di(aii@)Diu) in 81(0) c m.'

where aij e L*(B) satisfies

\€P . a,@)€$i = Alf 12 for atl x e B1(0) and f e IR"

for some positive constants ,1, and A.

- DBruxlrtoN 4.5. The function u
lution) of the equation

if
I o,, O,uDiQ < 0(U 0)

!, 
e r, _

for all ,p e H;(Br) and g > O.

LBvrue 4.6. Let Q . C,o;j (R) be convex. Then

provided u e A,f"(Br).
(i1) if u is asupersolution andQ' < 0, then u : @(u) is asubsolutionprovided

u e Hrf,.(B;.

e nrf,.(n1) is calle d a subsolution (superso-

Lu -O


