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(30 points) 1. This problem contains two parts.
(15 points) (a) Solve the following heat equation
4ut=um+4u,—oé <z < 4oo,t>0
| 'u,(x,.O) =
Hint: let u(z,t) = etv(z,t).
(15 points) (b) Solve the following wave equation
Uy = Uzz + 1,0 < 2 < 400, >0
u(z,0) = 1,u(z,0) =0,z > 0
w(0,£) = 0,t> 0
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(20 points) 2. This problem contains two. parts.
(10. points) (a) Prove that the diffusion equation
V ut=kum+f(:z:,t),0<a:<ﬁ—’%-oo,t>0

u(z,0) = ¢(z),0 < z < 400
w(0,t) = A(t),t > 0

H

is well-posed. ..

Hint: let u(z,t) = v(z,t) + h(t) and use the method of reflection to find the solution
formula.

(10 points) (b) Discuss one difference between wave equation and heat equation. Justify your answer.
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(25 points) 3. Consider the following heat equation

Ut =Uge O0<zT <1, t>0
u(z,0) = ¢(z), 0<z<1
uz(0,t) + 2u(0,t) =0, ug(1,t) — 2u(l,t) =0, t >0
(i) (20) Use the method of separation of variables to find the general solution. (You should

give the equations for negative, zero or positive eigenvalues, and general solution Wlth
coefficients in terms of the eigenfunctions and ¢.)

(i) (5) What can you say about the asymptotic behavior of u as t — +o0o? Justify your

answer. o =2 J 3
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(25 points) 4. Consider the following eigenvalue problem

2?X —zX +AX=0l<z<e
' X(1)=10,X(e) =0.
(5 points) (a) Write the eigenvalue problem in standard Sturm-Liouville form (pX") = ¢X + X =0.

(10 points) (b) Solve the eigenvalue problem. (Hint: For Euler’s type equation aX” +bX' + cX =0 we
~ let X = " where  satisfies the characteristic root equation ar(r — 1) + br + ¢ = 0, If
71 # 79 then X = c12™ + cpa™; if 1 = r9 = r then X = 12" + cpz” logz; if r = A +ipis
a complex root, then X = c1z* cos(ulog x) + cox? sin(ulogz).)

(10 points) (c) Use the method of separation of variables to find the solution to the following wave
equation
Ut = :r,'Zu:MC —2ug,l<zx<e
u(1,t) = 0,u(e,t) =0
u(z,0) = 0,u(z,0) =z,1 <z <e

You may use results in part (b).
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