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1, Each candidate should be prepared to proiuca tris iiUraryTaivfs card.upon request.
2, Read and observe the following rules:
No cal:didate shall be pgrmitbed to enter the examination room after the expirat!on of one half hour, or to leave
during the first half h6i:r of ilie examination. 

.

candidaies are not permittecl t'o ask qtrestions of the inviiilitors, except in cases of supposecl errors or ambiguities
iu saminatioo questions.

cAUTIoN - Candidates guilty of any of the following or similar practices shall be immediately dismissed from the
examination arrd sirall be.liable to disciplinary aciion,.

(a) Making use of ariy books, papers or raemoranda, other than those authorized by the examiners.
(b) Speaking or communicating with other candidates.

f accident or forgetfulness
shall not be received.

3. Smoking is not permitted during examinations.

Problern trrax score scol'e

1. 30

2. 20

.1. 25

4. 25
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1. This problem contains two parts

(a) Solve the following heat equa,tion

4cJ1 : t"tr** 4u,-oo < r < *oo,t ) 0

u(o' 0) : e-"
Hint: let u(r,t) : etu(r,t).

(b) Solve the following wave equation

'tlt.t.='t"t,x.r + 1",0 < r ( *cC,t ) 0

u(r,0) : L,u4(r,0) : 0,r > 0

u(0,t) :0,t>0

Page 2 of 9

(30 points)

(15 points)

(15 points)

t- ta) Let^ ucx'+)-- Str(x' t)' Tk-\ \rCx,t) 
'dntl-"le,

u^J)1 ,*Z -T-J - GT
d-

t*'
;b-1t+l t

tt+r)B'-#Z t +"

(t*D(u- ?'frf + {-
= (tr,) (u - #)'r +"(,-
=(trr) ty-tr)'t #toA ttote-hf* J e-\Er'/trd*t'.[5 e

IUIIt - ua t, 62_ a_z

,# nlH ' -J d?-JJ e-fr
. \)a

. -zz:oFnl{.U.t) v

_*{fr

_(9'$t
Pr

^Er)

(tVr, = vtx
\ -t'
L rr(x,d=e .

@

2-

ry-B'J



November 2018

(continuing blank Page)

to uk,+)= L
,{I.,

Math 400 Midterm II, Section 10L Page 3 of 9

loo't)i' \f0t't)+ *t{ttud-l ' u

ffin we ff^o,t\*gn

v2

e-fre +

= t tfet(*-ct) t'fu*e*'*{

f,2o
4 L70

-l , lto

(p).fl,sre aye 'UD@"'"3,J rso sdve *'t,-Tvobb-,.-'

&; li't r *4 o''t
q.

tJ-
29t

Metrnod 1' [ 1q@0t5,\}^

uCxrt)

w\o^ {> c t

tl= L
'$ e Lore

nt
*. ,."'cct-s)d:

.D r-cGb,.-9
/"-\

r'd-- \

d+-s)\*:-*--+

wLsn t< c+ , de I

L{= o + *.

= #, (rea

= *, ( stt-.
r (ctz -2'C

c r+ L.31o roc,t) z i Lr, 

-_,

____.-__-- L z__k
t 

' :' ,

Mea,d.z r Leb tltx,{

rqr= v,
\

t ecr,r) =
L v(o, t)

Gb-x t+c,b

-'7'\-.--r
(:r"a ;\*-,"

tr. xL,G_

Lca

tot*+tt + f"*tr+*l]

r;g +$ , *'"*

>t f- x<c'b

t

I



November 2018 Math 400 Midterm II, Section L01 Page 4 of 9

(20 points) 2, This problem contains two. parts,

(10.points) (a) Prove that the diffusion equation

ut : k'u** * f(s,r), 0 < r ( *oo,t ) 0

u(r,O)=d@),0(z(*oo
u(0, t) : h(t),t > 0

is well-posed. .

Hint: let u(r,t) : u(n,r) + h(i) and use the method of reflection to find the solution
. formula.

(10 points) (b) Discuss one difference'between wave equation and heat equation. Justify your answer.
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(25 poinis) 3, Consider the fbllowing heat equation

1:J'1 :1trt 0<r<1' 
'>0u(r,0)=d@),0<r<1

u"(0, t) * 2u(0,t) : 0, u,(L,t) - 2u(1,1) : 0, , > 0

(i) (20) Use the method of separation of variables to find the general solution, (You should
give the equations for negative, zero or positive eigenvalues, and gerleral solution with
coefficients in terms of the eigenfunctions and /.)
(ii) (5) What can you say about the asymptotic behavior of u as t -+ +@? Justify your
a,nswer,
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4, Consider the fbllowing eigenvalue problem

' .fr2x" -*X' *,\X:0, 1<r<e
(t) : o'x(e) :6'

(a) Write the eigenvalue problem in standard Sturm-Liouville form (pX')' . QX * )tr.rX :0.
(b) Solve the eigenvalue problem, (Hint: For Euler's type equati oL aX" + bX' -1- cX = 0 we

let X : rr where r satisfies the cha{acteristic root equation ar(r - 1) f br * c: 0, If
rt * rz then X : ctrrrt * c2r'21if 11 - r'z : r then X : ctfrr * c2urlogr; if r : ) + zri is
a complex root, then X : crc) cos(plogr) * c2r^ sin(plogru).)

(c) Use the method of separation of variables to find the solution to the following wave
equation

'utt : fr21lss - fr'llat| < t < e

u(1, t) :0,u(b,t) : 0

u(r,O) : 0,u1(r,0) : r, I < r I e

You may use results in part (b),
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