A Complete List of Formulas (and Theorems) in MATH400-101, 2018-2019

Part 0:Formula to be given on your final exam paper
1. Charpit’s equation for fully nonlinear first order PDE

& = Fp,x(0) = xo(&)
L = F,, y(0) = yo(&)
% = —F, = pF,, p(0) = po(&)
Z—Z =—F, - qF., q(0) = qo(¢)
4 = pF, + qF,, u(0) = up(é)

2. Algebraic equations for negative and positive eigenvalues for Robin boundary conditions: X (0) — apX(0) =
0,X +aX()=0
Equation for negative eigenvalues:

_(ap +ap)y

A=- 2, tanh(yl) =
Y (D R

, X = cosh(yx) + 2 sinh(yx)
Y
Equation for zero eigenvalue
ap+a;+apal =0,1=0,X=1+apx

Equation for positive eigenvalue

(ap + apps

A=p4% tan(Bl) =
B, tan(Bl) 5~ avd,

X = cosh(Bx) + % sinh(8x)

3. Diffusion equation with source:
u; = kuxx + f(xv t)’
u(x,0) = ¢
u(0,1) = h(t), u(l, 1) = k(1)

Expansion:

U= Z_; (1) sin(%x)
fOo1) = Z:; £ sin($x)

$(x) = Z b sin(?x)

Then we need to solve 5
t, + Kty = - (h(0) = (1K) + ()

u,(0) = o

Part I: First Order Equations
a(x,y, wuy + b(x,y, wu, = c(x,y, u)



1. Method of Characteristics:

For
a(x, y)uy + b(x, y)u, =0

the method is as follows: Step 1: solve dﬁ—j‘ = % and find y = y(x; £), then solve & = &(x,y). Stpe 2. u = u(é(x, y)).

In general case, suppose that the initial conditions are given by (xo(£), yo(€), uo(£€)). Then we need to solve

@ = a(x,y, u), x(0) = xo(&)
2 = b(x,y,u), y(0) = yo(&)
& = o(x,y,u), u(0) = up(¢)

Find &, s in terms of x, y and then put it into the formula for u.
2. General Solutions for
a(x, yuy, + b(x,y)u, = c(x,y)
Method: 1) Solve the characteristics:
dy _ b(x.y)
dx a(x,y)
to get F(x,y;&) = 0 and then solve & = f(x,y). 2) Change variable

X =xy = f,y),uxy) = UX,y)

New equation for U:

and integrate.

3. Traffic Flow Problem:
pi +c(p)px = 0,0(x,0) = po(x)
where Q' (p) = c(p).

General solution:
x=c(@@)r+¢
Shock:
ds _Qp)-0p)
dt pr—p- ’ ’

Expanding fan:
u=H(A) = H(;), where c(H(A)) = A, A = ;
4. Fully nonlinear problem:

FQ,y,u,ug,uy) =0

Charpit’s equation:

& = F,, x(0) = x(&)

3 = Fa 30 =50

& = —F,~ pF,,p(0) = po(é)

g—f = —Fy—qFy, 9(0) = qo(§)

% = PFp +qFq, u0) = uo(é)
where (pg, qo) is computed via

F(x0, 0, o» q0) = 0, g = poXy + qoyy

Part I: Second order PDEs: general Formula



1. Wave Equation on the whole line:

6]

Uy — gy = f(X, 1), =00 < X < +00,
u(x,0) = ¢(x), us(x,0) = Y(x),—co < x < +00

Decomposition of first order operators 9> — 65 = (0 — 0,)(0x + d,) to obtain general solutions u = f(x — ct) +

g(x+ct)
D’ Alembert’s formula

1 x+ct 1 t x+c(f—5)
un) = 5@ —en + e+ 5 [ wody + fo ( O )dy)ds

x—ct 2c x—c(t—s)

2. Diffusion Equation on the whole line:

u; — kg, = f(x,1),—00 < x < +0o,t >0 ?)
u(x,0) = ¢(x),—c0 < x < +00
Solution formula . e
u(x,t) = f S(x -y, He(y)dy + f f S(x—y,t— 910, s)dyds
—00 0 —00
where {
Sx, 1) = e
Vékrt
3. Wave Equation on the half line:
Uy — g = f(x,1),0 < x < +00,2> 0
u(x,0) = ¢, u;(x,0) = ¥(x),0 < x < +o0 3
u0,)=0
Method of Reflection: extend f, ¢, ¥ oddly to (—co, +00):
| (), x> 0; ] y(x), x>0 Fo = f(x, 1), x>0;
Pt Z1 Zgp—x), x<0 Y T Zp(=n), x<0 T T Tpexn), x<0
1 x+ct 1 t x+c(t—5)
M(X, t) = _(¢ext(x - Ct) + ¢ext(x + Ct)) + wext(y)dy + = f ( fext(y’ S)d}’)ds
2 2c x—ct 2c 0 x—c(t—s)
There is a similar formula for Neumann boundary condition.
Inhomogeneous BC: u(0, t) = h(?). Use V(x, 1) = u(x, t) — xh(z).
4. Heat Equation on the half line:
U — Py = f(x, 1,0 <x < 400,t>0
u(x,0) =¢,0 < x < 400 4)
u(0,1)=0

Method of Reflection: extend f, ¢ oddly to (—co, +00):

| ¢(x), x>0 | fx,0, x>0
et = —¢(=x), x <0 Jer = —f(=x,1), x<0

u(x,t) = f S(x =y, D¢ex(y)dy + fo f S(x=y,t = 8)fe(y, $)dyds



There is a similar formula for Neumann boundary condition.
Inhomogeneous BC: u(0, ¢) = h(?). Use V(x, ) = u(x, t) — xh(z).
5. Wave equation in bounded interval

u(x,0) =@, u,(x,0) =(x),0 < x <1 &)
u(0,1) = u(l, 1)

Method of Extension: extend f, ¢,y periodically to (—oo, +00):

{ Uy —uy, =0,0<x<Lt>0

¢(x), 0 <x <1 U(x), 0<x <l
¢ext = _¢(_x)’l <x< 0; lpext = —lﬁ(—x),l <x< 0;
d(x £ 20), U(x +2),
1 X+ct
M()C, t) = §(¢ext(x - Ct) + ¢ext(x + Ct)) + 2_ d’ext(y)dy
C Jx—ct

Part III: Boundary Value Problems and Method of Separation of Variables

1. Method of Separation of Variations

Step 1: Find the right separated functions. Plug into PDE and obtain one Eigenvalue Problem (EVP) and one
ODE.

Step 2: Solve (EVP) and (ODE)

Step 3: Sum-up. Plug in the inhomogeneous BC and find the coefficients.

2. Standard Eigenvalue Problems

X +1X=0,0<x<!

2.1) Dirichlet BC: X(0) = X(I) = 0

_ (nm)?

A, = l_z’X” = sin(?x),n =1,2,..

2.2) Neumann BC: X' (0) = X' (/) =0

_ (mp

An 1—2,X,, = cos(gx),n =0,1,2,...

2.3) Periodic BC: X(0) = X(1), X (0) = X (I)

_ (2nn)?

An 2

2 2
X, = acos(%rx) + bsin($x),n -0,1,2,..

2.4) Summary of Robin boundary condition eigenvalue problems

X' +2X=0,0<x<1,
X (0) — aoX(0), X () + ,X() =0

Hyperbola:
1

1 1
a0+al+a0a,l= (Cl0+ 7)(a1+ 7)— l_2 =0
divides the parameter space (ay, a;) into Five Regions. Depending on the regions, the number of negative or zero
eigenvalues can be determined.

Equation for negative eigenvalues:

_(ao +a)y

A = —?, tanh(yl) =
Y (yD) N

, X = cosh(yx) + % sinh(yx)
Y

Equation for zero eigenvalue
ag+a;+apal =0,1=0,Xg =1+ apx



Equation for positive eigenvalue

(ap + apps

/l: Z,t l: 5
p tanh B —aoay

X = cosh(Bx) + % sinh(8x)

3. Sturm-Liouville Eigenvalue Problem
3.1. Transforming all second order linear eigenvalue problem to standard form:

X +ax +bX+AcX =0

p=up =au—q=Dbuw=cu

(p(O)X) —gw+ AW()X =0,0 < x < [,

X'(0) = hoX(©0) = 0, X () + X)) = 0
Lagrange’s identity: 1

[y —swr 1= wrs ~pf ol

1) all eigenvalues are real
202 >0ifhy >0,k >0
3) Different eigenfunctions are orthogonal with respect to the weight function w:

!
f w(x) X, X, dx =0
0
4) eigenvalues are discrete and approach to infinity
QA <Hh<..<A;,<.,4, >+

5) Expansion with respect to the eigenfunctions:

F) =) AXa(0)

i Xofw(x)dx

A, =
fo XZw(x)dx

4. Special solvable cases: aX  +bX + AX = 0; ax’X" + bxX + AX = 0; Bessel functions of order n:

2
R +-R-ZR+AR=0,0<r<a, R@=0
r r

Then
2

m,n Zm,n

r
a

A=, = R(r) = J,( ym=1,2, ..

a?’

where Bessel function of order n: )

| n
ot =In+ = 5y =0,J,(r) ~ 1"
r Z
The zeroes of J,, is denoted as
O0<zip<z2om <o <Zmp < ...

5. Method of Separation of Variables for heat equation/wave equation
1) Diffusion equation without source:

u, = kuy,0<x<l

u(x,0)=¢



u,)=0,u(l,t)=0

o

. nm
u(x, f) = Z ape ! s1n(7x)

n=1
where 1
2
an =2 f #(x) sin("Z x)dx
[ Jo [
Wave equation without source:
Uy = czuxx,() <x<l
u(x,0) = ¢, u,(x,0) = Y(x)
u(0,1) =0,ull,t) =0

u(x,t) = Z(an cos(n—llrct) + by sin(n—?c)) sin(gx)

n=1

where

[
a =2 f $(x) sin(- x)dx
I Jo I

n

2 [
ey, = = f w(x) sin("ZE x)dx
I I Jo l

Neumann BC: for heat equation

o0
a _ nn
u(x,t) = > + Z aye ! cos(Tx)
n=1

where

5 !
an = "f $(x) cos(x)dx,n = 0,1,2,...
I Jo !
For wave equation:

_ o + byt

u(x, 1) = 3 + ;(a,, cos(n—;wt) + by, sin(n—;rct)) cos(?x)

where

2 [
ap = 7[ #(x) sin(%rx)dx,n -0,1,..
0

i
by = % f Y(x)dx
I Jo
n

2 [
ey == f w(x) sin("ZE x)dx
I I Jo I

General formula for Sturm-Liouville Eigenvalue Problems: for heat equation

o

u(x,t) = Z eFlx (%)

n=1

2) Diffusion equation with source:
uy = kuy, + f('xv 0,

u(x,0)=¢



u(0,1) = h(t),u(l, ) = k(1)

Expansion:

u= Z:; 1, (1) sin(%x)
flx 1) = Z:; £.(0) sin($x)

$(x) = Z; b sin(?x)

Then we need to solve ok
t, + Kty = =5 (h(1) = (=1)'k(D) + £,(0
u,(0) = O

Wave equation with source:
2
Uy = e + f(x,0),

u(x,0) = ¢, u,(x,0) =
u(0, 1) = h(t), u(l, t) = k()

Expansion:

= ) sin(%x)
n=1
e = 3 fOsinF )
n=1
) = )" dusin(T)
n=1

W) = ) sin()

n=1

Then we need to solve

2
U, + Aty = Zn;zrc (h(t) = (=1)"k(®) + fu(®)

1n(0) = ¢y, 1, (0) = ¥,

3) Higher-dimensional Diffusion equation without source:

1 U
u,:k(urr+—u,+—2 ),0<r<a0<0<2nr
r r

u(r,0,0) = ¢(r, 6)
u(a,0,z) =0

2
_p(iman yé .
u= E E e (L )y cOS 1O + by SN 1O)
a

m n

a

B PR Ces ry cosXnt)dodr

j(;a j(;zn r¢(r9 Z)Jn(zm'n V) cos nbdodr

m,n



Higher-dimensional Diffusion equation with source:
1 Uy
u; = k(u, + —u, + —2) + f(r,0,1),0<r<a,0<6<2nm
r r

u(r,0,0) = ¢(r, 0)
u(a,0,z) =0

Zlﬂ n .
= J,(— n(E 0+ by, ,(t 6
u ;Zn: (a 7)(Gmp(t) cOS 1 (1) sinnb)
Ay + Kty i = forn(0), G n(0) = ¢y,.,(0)

By + kit b = fr(0), @ (0) = ¢7,,(0)

_ Zm,n
Hmn =
a

where for example

fl j(;a j(;)zlr rf(r» 0, t)Jn(Z’;;n }’) cos nfdodr
" N 02” rJ2(22 ) cos?(n6)dodr

6 Method of separation of variables applied to Laplace equation
6.1) Laplace equation in rectangle and cubes

u(x,y) = X(0)Y(y)
X +4X=0Y +1,Y=0,14,+1,=0

u(x,y,2) = X(0)Y(y)Z(2)
6.2) Radial Domains

u(r,8) = R(r)®(6)

Upoy

1
Au=urr+—u,+—2
r r

1) solution to

Au=0,0<r<a,0<6<2n, ua,d) =h(p)
is given by

u(r,0) = “—20 + Z::‘ P (ay cos(nf) + by sin(nf))

where 27 27 21
w=7 [ os.a, = [ h@costuors.b, =~ | hosinugrds,
7 Jo na" Jo as Jo

6.4) Laplace equation on wedges, annulus, exterior of disk
7. Method of separation of variables for Diffusion equation in a disk: polar coordinate

1
up = k(upr + —ur + —ttgp)
r &

u(r,8,0) = ¢(r, 9)



u(a,0,t) =0
The solution is given by
L

u(r,6,n=>>" Jn(ZmT’"r)(amﬁ COS(16) + by, sin(nb))e ™
m=1 n=0

where 2
foa X " o(r,6) cos(nf)dJ, (2 ryrdr
am,n = —
T fo I (ZZ—'”r Yrdr
b foa fozﬂ (1, 6) sin(nd)dJ, (2 ryrdr

a Zmn
T f() J,%(Tr)rdr

Part IV: Properties of Second Order PDEs
1. Classification of second order equations

A Uy, + 2a12uxy + aniyy + b]ux + bzl,ty =0

Type of PDEs: Elliptic, Parabolic, Hyperbolic
Change of variables to standard form
6x = 611165 + (112(9,7

Oy = a210¢ + axnd,
Then
E=anx+any
n=apx+any
2. Well-posedness of PDE problems: (a) existence (b) uniqueness (c) stability
2.1. Well-posedness of wave equations via d’ Alembert’s formula

2.2. Well-posedness of heat equation via heat equation formula.

3. For wave equation
_ 2
Uy = C Uxy

Domain of dependence, domain of influence
4. The energy of wave equation

1 00 ) C2 +00 s
E(1) = 3 u; (x, t)dt + 5 u,(x,dx

dE
— =0
dt

The energy of diffusion equation

E(r) = % f muz(x, dx

o

dE 0
Ez—kﬁmuiﬁo

Uniqueness of wave and diffusion equations by energy method.
5. For Laplace equation

Au=finD

5.1) Uniqueness: The solution to Dirichlet BC is unique; the solution to Neumann BC is unique, up to a constant;
the solution to Robin BC is unique provided a > 0,a # 0.



Uniqueness proved by energy method (and divergence theorem):

0
quu:f u—u— |Vu|2
D op Ov D

5.2) Laplace equation on a disk: Poisson formula

Au=0in0<r<a,0<0<2n, ula,b) = h)

A h(¢)
wr,6) = 2n fo a® + r? = 2arcos(9 — ¢)d¢

5.3) Mean Value Theorem: If Au = 0 then

] 27
u0) = o- fo u(a, $)d

5.4) Maximum Principle: If Au = 0 in D then maxp u = maxgp u, ming # = mingp u and equality holds if and only
if u = Constant

10



