
Lecture 7

Addingmarked points In order to count curves with condition imposed ,
we

need a way of specifying that our stable maps satisfy the conditions.

this is done by including marked points in the domain.

f : (2,
x,, x2)-> X

,
C iconnected

, possibly modal

Mg,
n(X, B) = curve of arithmetic

genue g ,
XitC are distinct non-modalE points, falc = B (Ant/f : (c

, x1 ,
"

; <) -> X)K
&

vdim Mg
,

n
(X, B) = - kx · B + (dimX-3) (1-g) + n

stability = every gene O collapsing component must have 3 or more

special points (marked or nudal).

Mg,n = My, n
(pt ,
o) Deligue-Mumford moduli space of stable curves. Non-empty for

2g + nc, 3 Smooth arbifold of dimension 3g-3th . Mon is a manifold.

examples Mo
,
s

= pt

upto isomorphism (P'
,

X
, x2 ,
3) E(P'

,
0
,

1,b)



not 0,
1
,
or 2 since

Mo
, y

= P' Mo
, y

=P- [0,
1
, 63 ↓

X; +xj

given (i, < , M, <3 ,
x4) E Mogy we get the cross-ratio : 6 =Axiss

cross-ratio is invariant under Mobius transformations and so gives

a well defined map Mo
,y
-> P-90,

1
, 63

what happens when points come together ?

i miI instead IiI

B
I

not in modali space
unique stable crore

with this topological
Mo

,y
= i' the 3 points in the type.

boundary Mo
, y

- Mo
,y correspond to

I Iin is it- - Iz 3

Mo
,5

= BlypisP2 to see this
,

choose 4 distinct points

X, X2, 43,
xyE4"

,
no 38 which are colinear (upto automorphisms of 4 this is unigue).

We define a map

B1sx ...
x342- Mos as follows



B1Ex,xy3
P

· Z

3

Xy
·

x4 C is the unique
conic passing through

·
C

[X , .., X 4 , z)

-

B1Ex..x43
P2 -D Mo

,5

z + (C,
X
, , (4

,z)

When EmpX; the

blow
up includes P = P (Ty

,P2)
i-e Z is X: plus3 - a tangent direction.

Xy
·

x4
Ci then the unique conic

passing through X,
:

, X4
C and having the specified
, tangent direction at Xi

The corresponding stable curre is
(
I

-z

Citinfi



Try to convince yourself that this map is bijective .
What do the boundary

components look like and what do they correspond to in Blapts ↑
2 ?

Lectre

-Gromor-WittemInvariants the moduli spaces with marked points have

evaluation maps

My ,
n
(X , B) eva& Xx ... xX

[f : (C
,

X : xn) -X] +-> (f(x), . .

., f(Xn))

Suppose we wanted to count the number of lines passing through

points pige41". We could look at

evi(p) nevi (g) < Mo
,
2 (P, [27) p--

maps such that

the first marked point -
2 ·

q

goes to p and the second -
·

p
to q

-

I

More generally,
if A,.., An <X are submanifolds and

evi (A) n ... nev (An) < Mg
,

n
/X,B) is finite

,
then it is the number of

genus o curves of degree B meeting the cycles A... An



Recall that intersection is dual to cup product under Poincare Duality.

If My,n
(X,B) is a smooth manifold and evi (Ai) are submanifolds

intersecting transversely ,
then the #8 points in Leviti) is given by

s/pairing
between ch and homology

NOW (A,..., An) = S ev, (PD/A .) ... u ev
* (PD(An)

[mgin(X,p)] ofundamental class E Hadimmsm(x&) (Mg,
n

(X,p)

the above makes sense even if ev" (Ai) do not intersect transversely,

but it does require the fundamental class [Mg,
n (X,B)] which a priori

requires Mgn(X,B) to be smooth. We've seen examples where Mg,n(X,B)

has multiple components of different dimensions and it isn't clear whatae

should do in that case.

Them there exists a class [Mg.
n(X,B)]" -> H (Mg

,
n (X, B);&)

(the tralfundamental class) of degree 2 virdim(Mg,
n (X,B)

This is not really a theorem without specifying the desired properties

of this class
,
but Lets vaguely say that it behaves"as if" it were the fundamental

class. In particular, if My, /X, B) is smooth and of the expected dim
,

then [Juir-usualclass

also NOW (A.,..., An) : = S ev (PD/A.) .... ev (PD/An)) is a deformation invariatn

[ms,
n(X, B)Jvir

Here is the way to think of it :



Model case : suppose M is defined as the zero locus of a section of a rector bundle :

E -ranka bundle on

M = 5 (0)=Y smoth ambient manifold Y

of dim d .

Then M has expected dimension &-r :

Ifa is transverse to the zero section
,

then Mis smooth and dim d-r.

If s is not transverse
,

then M is singular and /or larger than expected dimension.

In the transverse case
,
the fundamental class satisfies

ix[M] = PD(Cr(E))
um

- H2r(Y)
-

E Had-2r(Y)

In general ,
the class PD/Cr(E) E Hardin (i) does still come from a

class on M :There is a class [MJ" E Hardin(M) s .+.

ix [mj
vir

= PD(Cr(E))

the coets of [ig,
n (x,B)]" are in R because even if it is smooth

,
it

may be an arbifold (think manifold quadiented by a finite group).

NGN (A, . . An) = 0 unless - Kxp + (dimX-3)(1-g)th = Codinth

- - KxB + (dimx-3)(1-g)= KodinAi -1 )

each cycle Ai imposes codimAi-1 conditions



e.g. Divisors impose no conditions
,

intersection can be determined cohomologically
· each point on a surface imposes I condition.

On a CY3
,

virtual dim is always O so all we have are the invariants

with no insertions :

Now = f 1 E Q = often not "enumerative"
, regard asa

virtual count.
[mg(x, B)jvir

GU invariante are the closest to the enumerative interpretation when Mg, n (X,B)

is smooth and of the expected dimension. For example
,
if g : 0 and X = PN

then H'(2
,
8 TX) = 0 for all stable maps [f : <- 14] -Mo

,
n (M*, B) and so moduli space

is smooth.Kontserich used GN theory of P2 to solve for

Nd = # rational curves of deg d in 42 passing through 3d-1 points

= NEW (pt,..., pt) = ev
,
(PD(pt) ... evat, (PD/pt)

-

3d- 1 [Mo
, 30-1 (43d[27)] = no need for vir here

genus O GN invariants can be packaged together into Quantum Cohomology

Quantum Cohomology is a deformation of the usual cup product H
*(X)*H

*(*) -" H*(*)

which depends and various parameters and is built from genes O GW invariants.

the fact that guantum cohomology is associative comes from a non-trivial relation

among the GM invariants (the WDUV equation) which comes from Mo, 4.



LectureD
enrsOGN potential Assume H

*/X;Q) = H
<(X;Q) for simplicity

Let To Ti, . .,Tp
,

.... Tm E #(X;Q) be a basis
/

( um

I H choosen so Bi : =TiB EIN for

any effective curre class p.

Let gij = 5
,

T; Poincare pairing gis inverse matrix.

Let 3453 be dual basis : Ti = gis Ti (summation convention).

We use "correlator" motation borrowed from physics :

NEW (x.... an) = <x1
, ..., In T

these are symmetric in the entries and multilinear so we use monomial motation :

for example < pt....,
0
,
13

= < pRdY**Ki

&
pt>

or more generally

Stto TT, ..., TmL p
= <+Roy ... Thossee<

no

Consider formal variables to
,

"

,
tm

, q:, , gp and let 8=E tiT

Dit the genus O GN potential is

F := &[exp(U) ge where gi:= g" ... gi" Bi =Tif



F := &[exp(U) ge where gi:= g" ... gi" Bi =Tif

= It etiti Y
,

e

= E < E -10+
10

..... EatingaB Ko,
K,,

"

,km Ko !

= SSo <51 ...TayY other gB EQUG, ""8p,
to,

" hei

generating function for all possible genus O GI invariants.

this is a formal power series encoding all possible genus O invariants
.

The variables

ti keep track of insertions, the variables gi keep track of degree (monology class of the curve).

· Even though this is a formal function, in physics it has meaning as an actual

function and so we expect some convergence properties.

the formalism is designed so that we can extract individual invariants by taking
derivatives :

Pet = &(exp(U)Ti.TieYpe so

Perotic le =& <Ti
, "Tielog e



What about 4 -0 ? The constant coef in the g's corresponds to the B =0 invariants

<U, "Un7% =ext(UU...ev, e

Mo
,

n
(X, 0) = X * Mon evi = My projection into X

vdim Mo
,
n (X, 0) = dimx-3 + h = dimX + n -3

so Mo
,

n (40) is smooth and of the expected dim - [Wo
,
n 1x,0)]

Vi
= [Xx Mo

,
n]

<U
, ..., Un70

, 0

= S it(v) .. uM (n)
[Xx Mo,n]

0 if n +3

- E & Q
, 0UzUVs if n= 3

F(t,8)1g = 0

= 5 & 20To+ : + tmtm) cubic polynomial

Fast :=Ortooty satisfies Fapolg=o

= & Tautoo

so Foralg=o
= gB8 (poincare pairing) which allows us to recover up

product purely from F :



Lemma: TaVT = Fapelgo g
="Tas (using summation convention

Proof : Since the poincare pairing is mu-degenerate ,
to show the above holds

it suffices to show equality holds after applying STU)-) do both sidesfor

any

TriStarTgUT ! FaBalgo gas STo
= Fapelgo gas gar = Faerlgo true.

Lecture 10

Dit We define the antum product A on H
*/X) *Q19...Op,to," tom B

by the formula

ThATo = Froug'Tal

Above shows that when 9 : 0
,

A = 0
·
Als obviously commutative

Theorem A is an associative product.

[T*TB)*T = (Fapsg "Ts)*Ty
= Fasag Fers go Tol

50
Tol(Tp&T)*To = Forsg

*
Fix g

* Associative <= Fapsg""Fars = Forage Esp
E Fapeg" Ferr is symmetric in (4,B,

8
,
5) ④



Them Holds and is called the WDVV equation.

We will prove this by pulling back the obvious relation on Mo
,

y. First

Let's
prove some simple relations and study some examples.

&tring Equation : <x.... In To Y,
= 0 unless B=0 n= 2

of recall To = 1 so

<x.... InToho
,

= S ev(u ... er(n) u ev (To)
-

[Mo
,

n+ (X, B)Jvir I

so integrand pulls back from Mo
,
n (X,B) Whenever the "forgetful" map

Mo
,

n+
(X

,B)I Mo
,

n
(X, P) exists (which is always except when B=0

,
n=2)

XIf Mo
,
u(X, B) is of the expected dimension then eviki)v : vern

*/n) must be zero

since it is a class of degree dim Mo
,
n+ /X, P) but pulls back from Mo, (X, P), a space of

dimension 1 less. In general we need a property of the virtual class.

Only mu-zero invariant [dibetolo is for n= 28 =6 and < x
, 4To0SRa

so OF = E. <exp(U)Tolpgp = Utoloco = "SU2 = &tit;ie

so Foxy = Exp
-> To is the identity for A.



ErisorEquation for itE1, 3/ P3 <8"Ni]
,8

= (Ti B)<V 0,0

dis
orclass p

unless n = 2 B =0 · wecalled gP = g,
....

go
i

This formula is at least clear in the geometric interpretation of inversions.

< - ↑
Lw w To

Es
Et o

a

T
·

B . Ti choices for where to put the

(n+1st marked point.

Divisor Equation = &
= Si (explU)Ti)0

, gP = Bi <explu)ogB + Tilo
OtiB

i + E1, :,P3

= q:Of + ES U i

=> (ti-gigi) Fagu = 0 i +[1, .., p3

Except for cubic terms in t when g:0
,

the dependence

on gistis as a function of gieti



here
To = I T

,
= [p+JV

to t
, q

ToB = 0 only non-zero invariant is < Tot1)0, = 1

B + 0 p = d() < +P>
acris

= de ( <
acps

= [0dF since vdim Mo (4)
,
din'

= 2d-2

so E = Et + g E. <TP)/1) +P = + get
i

Fool = 1
,
Fill I get ,

all other triple derivatives are zero.

T
,
&T,

= Fig gaT I FloT
,

+ Fl To I get Toe
Since To =identity in ordinary and grantim zoh

. we write it as 1.

#
*(i) = R[T]/2 ,

RH
* (N1) = Q4+

, gB[ t1)
(t - get)/

"Small guantum cohomology" is the +->0 limit

we deformed a nilpotent ring toqH
*

(N1) = R [+
, 84 (T2

-8)
a semi-simple one.



Emple 12 H
*/PY) = Q [H]/ guerated by 1

,
H

,
Hi pt

To T
, Te

to t tz

< H
,

4
, 170

,0
= 1 (pt , 1

, 1) = 1 q

F = Etoti + stitz+E
<

amato,

alge ErFi e= "tot + 5 tt+0 n
/

= Etti + 5 +stz +0 (getida on
Na = < p+30 7

,
d[n]

= # of degree & rational curves passing through 3d-1 pts.

Homework : Compute the guantum products HAH
,

HApt
, pTApt .

show that gH
*/DY) =

Q[H,8)-q)

Associativity and Kontserich's formula

Recall that associativity is equivalent to the expression

(xp/20) : = Expsg
:
Ee'r being symmetric in the indices.

we study (11/22) = (12/12) noting that gij = (4,00) = gi

Flo F222 + Fr , Fizz + Fiz Fozz = Fizo F2i2
+ Fiz, Filz + Fizz Fizo

↑ ↑ 9/ ↑

I
O O O

F2zz = F,2 - Fill Fizz



Let Q = get then

Fzzz=odEata Fil= Na aQat t

FirO No dQs F
,= Nd d09I

Set Q = 1 then F2zz = Fi2 - Fill Fizz becomes :

-
3 -4

Nd +4) != Nadelatadedeteletal eNd
,

so Na=Ead Na
, Naz [did (2) - dide( )] ↑

diO

Lecture 12--°

Sketch of proof of WDVV egn in the case where Mon (X,B) is smoth V n.

Recall that we need to prove that the expression lijlke) = Fijag* Fore

is symmetric in the indices (i,j ,
k

,1)

Consider the integral

ijke,
n

,== ) P
*

(pt) ev,(Ti(ver)5j) ver
*

(Tk)ver(Tel u er (U)u ...Vend[Mo
,

n+4(X,B)]= assume
smooth U = Etiti

where p : Mo
,

n+
(X

,B) -> Mo
,y

- EM

[f : (C
,

x, ..., X n+1) - X] +- (C,
<, ,xi)st 2*)

ijke,
n
,
BE &[to tmD



Since we are assuming that everything is smooth
p
*(pt) = (pt(pt)) " and so

(*) jjke,
n

,p= J ev(tilu : ver(Te)ver(U)...very (U)

[p-(p+1]

Aside : we will use the following if ScM then S SPPud = o

Since they are all homologars, we can choos any point in Moy EN' ,
e. g.

pt = [x] o pr = [13
Bi

-&B
B2 B ,

+ Bz = B

p"5EX3 = Ef: Ame 3~E -> X A UB = 5 5
,

6
, . .., n+ 43

Cl 1Al + /B) = n

C W
AuB = 45, ..., myz

Mos (al+3
(X, B,) x Mo

,n+ (X, pz)

B, + Bz = B

specifically p"[X3 =AUB (Viai+ 3
* MeVidity)"(A) A<XxX

Since everything is smooth P
*)5TPP) = I (LeVIAH3 " REVIBH3)

*

(APP)

Fart in H(x*x) = H
*(X)* H

*

(X) &by
oTa

·lijke,Bi
= E S eval (Ta)v Revis (T4 u zer,(Tilu _

er(T; ) u
_
eV(u...Vig()

p,
+Bz=B [Mo

,
1a1 +3 (X, B, ) x Mo

,
131+3 (X, B2)] U Rev,*/Tilurevz

*

(Tel vaev
,

*(0) u...eVTB(+y (u)

=Enz
=n

(ii) S Lert +3
(Ta) v Rev

*

n+ (T9) ~zer(Tilu ,
er(T; ) u

,
eV(U...VTg()n

,

[Mo
,

n
,

+3(X, B, ) x Mo
, nn+3(X, B2)] U nev,*(Tivrevz

*

(Tel vaev
*(0)u ... umeV

*

+
(U)

B + Bz= B n2



=Entre ! <U TiTiTaL
p,

>U"
T TiTe

p, + Bz= B
)
gab

so & ijke
,

n
,p g

P
= ) &<exp (2)TiTi TaYp

,
g")(E) exp(t) + TkTeYpr

n
, B

= Fija gab Fare

since the original definition of >* lijke, up was symmetric in lijke) we find the above is

which proves the theorem.

Lecture 13

Return to the main targets of interest : CY3s
.

Since vdim Mg (X
, B) =0

there are no interesting insertions (we can stick in divisors but they are determined

by zero insertion invariants). All the information is contained in the t=0 series.

Associativity in guantum cohomology (WDVV) tells us nothing :

H
*(X) = H

°(*) 04 (X) 0 HY(X) ④HY(x)

To T,.
. . Tp TV, ...,T, 1

I divisors curre classes pt.

Since vdimMg(X,B) = 0
any curve inversion or pt inversion is zero if BE0.

Thus Fijk = coust if any of i
, j ,

k are indices corresponding to corres or points
o

-only triple integrals involving pts or curves are

Tirt; t e

PFu1u] orSarredivisors so hasa

WDVV : Lijke) = Fijag"Fake 8- either a or b will be a point or divison

index.



WDVV : Lijke) = Fijag"Fake 8- either a or b will be a point or divison

index.

=> we get 0 unless one of ijke is the 0 index
,

but then

(0ijk) = Focag" Fbjk = giag" Fbji = Fijk so symmetry tells us nothing.

Since insertions tell us nothing new
,

we only use the t = 0 series

Den the gene g GN potential of a CY3 X is

-T &

= N(x) Ng, p
(X) =< = satixagriX 9, B

⑲
v

.
P... UpPP for Bi = Bot; T

, , Ta Ros· basis for 42(X)

(previously gil

Det the all gens potential is Ex = Sifg ps
-

EQ[vB((a)

Laurent series in1
,

the string coupling constant.

Din the GN P tion function is given by

z = exp(F)

Aw Show that if we write

-: No5**

then Nis can be interpreted as possibly disconnected GW invariants :

Nip = S1
[mi(x,B)]

vin

Mi(X, B) : <f: C - X
,

C's possibly disconnected
,

at morst nodal curve
, 3fx[c]= B,

(AntIf)Kx
,

XIOc) = X = # connected

cangements-sung e



The relationship between enumerative geometry (literal curre counting) and GU theory

is very complicated on a1Y3 .
To illustrate

,
we take some classical enumerative

facts and study them in the context of GW theory

Let X= X(5) < P" be a generic smooth quintic 3-fold

· there are 2875 lines on X (By hefschetz hyperplans than H(X) = H2/4") #

so H2(X = * generated by class of a line I
· there are 609

,
250 quadria curves (all genus Of

· there are no curves of gen >0 in degree 1 ar 2.

What about the corresponding GV invariants ? For B = &[lin] we just write d

Ng,
a(X) for (g ,

d) = (0
,
1)

,
10, 2)

,
(1, 1)

No
, , = 2875 the maps must be isomorphisms onto their image

No
,z

= 609, 250 + + (2875)
↑ u

y
isomorphisms maps are double
and image covers of lines
where image in

smooth conic curve

Contribution of the set of
double covers of a fixed

-

line is to (not a

trivial computation).



Ni, = . 2875 (not zero) each of the lines contribute it coming

from maps

&
-

"degeneratecontributes

d
M

,
( X

, [Lim]) = M
,

x 4' U ... UM
,
x 4 on each component [m, x /JV = <pt]

-

2875 copies

of a CY3
V

Gl invariants have contributions coming from muscovers and degenerate maps

(having collapsing congments).
14

FundamentalProblem what is the contribution of an isolated curre of genus g and

degree& in X to Ngth, di (and to what extent does the question make sense ? ).

Den A smooth gen gare CCX is called rigid if O h
,
d Mgth)c, d[c])

union of

is a "connected components of Mg + n (X,&(c) .
In otherwords CCX doesn't deform and more over

no multiple of Cg (i.e. multiple cover) deforms (even infinitesimally).

&
Egth Co X

W g

-
->

[f : Cgn" Co <X] = My in) Cg, d[<g]) < Mg (x, a(g])g th



Since Mg(C, d(c]) < Mg(X, d [co]) is a union of connected components it makes

sense to restrict the virtual class

N, a ( ,<x)=S casvir(ength (g,sis

= Sc,
(0b)

[mgth (2g, d[cg3)]
vi

- - virdim = D = (2-2g) d + 2(gth) - 2

= 2h + (2-2g)(d-1)

CD/0b) is 7th chern class of
Obstruction sheaf

.
Fibers of obstruction sheaf are HlEgin ,

f
* Ncglx)

Lecture 15
-
I

-

: if CCX has CEP' and Nox Opit)&piHExample
O

then Co's super rigid . local I' a.
K

.a. resolved conifold

Nn
,
a) (cx) = <(ab) e- = Nu

,

a) Tot(a&W
,p()

[Mn(4)'
, d[N])Jvir

This can be computed using the K action : the K* action on target I induces

an action of 4 on the moduli space by composition. JEK
*
them

x [f : <-P'] = [cED4'14']
proj

Integration on a smoothmanifold with a KY can be done by Atiyah-Bott
*

(pairing coh classes localization. Integral can be computed purely
against the fundamentalis

by contributions from the K* fixed locus
.


