ZARISKI DENSE ORBITS FOR REGULAR SELF-MAPS OF
TORI IN POSITIVE CHARACTERISTIC

DRAGOS GHIOCA AND SINA SALEH

ABSTRACT. We formulate a variant in characteristic p of the Zariski
dense orbit conjecture previously posed by Zhang, Medvedev-Scanlon
and Amerik-Campana for rational self-maps of varieties defined over
fields of characteristic 0. So, in our setting, let K be an algebraically
closed field, which has transcendence degree d > 1 over F,. Let X be
a variety defined over K, endowed with a dominant rational self-map
®. We expect that either there exists a variety Y defined over a finite
subfield F, of F,, of dimension at least d+1 and a dominant rational map
7 : X --3 Y such that 7o®™ = F" o7 for some positive integers m and r,
where F' is the Frobenius endomorphism of Y corresponding to the field
Fy, or either there exists o € X (K) whose orbit under @ is well-defined
and Zariski dense in X, or there exists a non-constant f : X --» P! such
that f o ® = f. We explain why the new condition in our conjecture is
necessary due to the presence of the Frobenius endomorphism in case X

is isotrivial. Then we prove our conjecture for all regular self-maps on
G

1. INTRODUCTION

1.1. Notation. We let Ny := NU{0} denote the set of nonnegative integers.
For any self-map ® on a variety X and for any integer n > 0, we let ®" be
the n-th iterate of ® (where ® is the identity map id := idy, by definition).
For a point x € X with the property that each point ®"(z) avoids the
indeterminacy locus of ®, we denote by Og(x) the orbit of z under @, i.e.,
the set of all ®"(x) for n > 0.

1.2. The classical Zariski dense orbit conjecture. The following con-
jecture was motivated by a similar question raised by Zhang [Zha06] and was
formulated by Medvedev and Scanlon [MS14] and by Amerik and Campana
[ACO8].

Conjecture 1.1. Let X be a quasiprojective variety defined over an alge-
braically closed field K of characteristic 0 and let ® : X --+ X be a dominant
rational self-map. Then either there exists a € X (K) whose orbit under ® is

well-defined and Zariski dense in X, or there exists a non-constant rational
function f: X --» P! such that fo® = f.
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One sees immediately that if there exists a non-constant rational function
f: X -—» P! such that f o ® = f, then no orbit Og(a) can be Zariski
dense in X. So, the entire difficulty in Conjecture 1.1 is proving that when
there is no non-constant rational function f invariant under ®, then one
may indeed find a point o with a Zariski dense orbit. Conjecture 1.1 was
proven (see [AC08, BGR17]) in the case K is uncountable. However, if K is
countable, then Conjecture 1.1 is very difficult and only a few special cases
are known (see [BGRS17, GH18, GS17, GS21, GS19, GX18, MS14, Xiel9)]).
The main difficulty comes from the fact (as proven in [AC08, BGR17]) that,
from a strictly geometric point of view, there exist countably many proper
subvarieties of X one needs to avoid in order to find a point with a Zariski
dense orbit; thus, when K is countable, one needs to exploit the arithmetic
dynamics of the setting from Conjecture 1.1 in order to find a point whose
orbit is Zariski dense.

1.3. A variant of the conjecture in positive characteristic. The pic-
ture in characteristic p is very much different due to the presence of the
Frobenius endomorphism for any variety X defined over a finite field (see
[BGR17, Example 6.2] and also the next Remark).

Remark 1.2. If X is any variety defined over I, then there exists no non-
constant rational function f : X --» P! invariant under the Frobenius endo-
morphism F': X — X (corresponding to the field automorphism z — xP);
however, unless trdegy K > dim(X), there is no point in X(K) with a
Zariski dense orbit in X (each orbit of a point o € X(K) lives in a sub-
variety Y C X defined over [, of dimension dim(Y') = trdegy L, where L
is the minimal field extension of F, for which a@ € X(L)). Note that the
Frobenius endomorphism is very special in the sense that for most maps one
can expect a dense orbit for a point defined over a field extension of F, with
a transcendence degree smaller than dim(X).

The discussion from Remark 1.2 motivates the following conjecture.

Conjecture 1.3. Let K be an algebraically closed field of positive transcen-
dence degree over IFT;, let X be a quasiprojective variety defined over K, and
let ® : X --» X be a dominant rational self-map defined over K as well.
Then at least one of the following three statements must hold:

(A) There exists a € X(K) whose orbit Og () is Zariski dense in X.

(B) There erists a non-constant rational function f : X --» P! such
that fo® = f.

(C) There exist positive integers m and r, there exists a variety Y de-
fined over a finite subfield ¥, of F,, such that dim(Y") > trdegEK—Fl
and there exists a dominant rational map 7 : X --+Y such that

To®™ =F"or,

where F' is the Frobenius endomorphism of Y corresponding to the

field F,.
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Remark 1.4. Note that if X is any variety defined over F,, endowed with
some endomorphism ®, then each point @ € X(F,) would be preperiodic
under the action of ® and so, the trichotomy from Theorem 1.3 cannot
hold. Hence, it is necessary to assume that K is transcendental over F, in

Conjecture 1.3.

We note that in [BGR17, Theorem 1.2], it was proven that if there is
no non-constant rational function f invariant under ®, then any point
a € X(K) outside a countable union of proper subvarieties of X would
have a Zariski dense orbit. So, in particular, [BGR17, Theorem 1.2] proves
Conjecture 1.3 whenever K is uncountable, which leaves once again the case
when K is countable as the outstanding open case in Conjecture 1.3.

1.4. Our results. We prove our Conjecture 1.3 in the case of regular self-
maps ® of GY.

Theorem 1.5. Let N € N and let K be an algebraically closed field of
characteristic p such that trdegg K > 1. Let ® : GN — G be a dom-
inant regular self-map defined over K. Then at least one of the following
statements must hold.

(A) There exists a € G (K) whose orbit under ® is Zariski dense in

GY.
(B) There exists a non-constant rational function f : GN --» P! such
that fo® = f.

(C) There exist positive integers m and r, a connected algebraic subgroup
Y of G (defined over a finite field F,) of dimension at least equal
to trdegEK + 1 and a dominant regular map 7 : GY — Y such
that

(1.5.1) Todm =F"or,

where F is the usual Frobenius endomorphism of Y induced by the
field automorphism x — z9.

Remark 1.2 shows that indeed condition (C) is necessary due to the pres-
ence of the Frobenius endomorphism of G ; we also illustrate the trichotomy
from the conclusion of our Theorem 1.5 in the next series of examples.

Ezxample 1.6. Let p be an odd prime number, let K be the algebraic closure
of Fyy(t), let (81, B2,83) € G3,(K) and let ® : G3, — G2, be a regular map
defined over K.

(1) If ® is the translation map given by (z1, x2, x3) — (S121, f2x2, B323),
then condition (B) in Theorem 1.5 holds if and only if 51, 52, 83 are
multiplicatively dependent, i.e., there exist integers ¢y, ca, c3, not all
equal to 0 such that H?:1 B = 1. If the B;’s are multiplicatively
independent, then conclusion (A) from Theorem 1.5 holds; clearly,
conclusion (C) does not hold in this example.
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(2) If ® is given by (21,22, 73) — (f12}, Baah, B323), then condition (B)
from Theorem 1.5 does not hold; this can be seen either directly,
or by invoking our Theorem 2.2 since conjugating ® by a suitable
translation yields the group endomorphism (z1, z2, 3) — (2}, 25, 23).
Therefore, no non-constant fibration can be invariant under ®.
However, also conclusion (A) from Theorem 1.5 does not hold for

this example. Indeed, for any point
o= (061,042,043) € an(K)7

the orbit of o under ® is contained in some proper subvariety of
G3, of the form V x G,,, where V C G2, is a curve. More precisely,

—1/(p=1) p=1/(p—1)
Bl 9 62

V' is the translation by the point ( ) of a curve

defined over F, containing the point (alﬁll/(p_l), agﬁ;/(p_l))

(3) If @ is given by (x1,x9,x3) — (lef,ﬂzxf,ﬁ;;xgs), then conclu-
sion (A) from Theorem 1.5 holds (neither conclusions (B) nor (C)

hold for this example) and so, there exists a point in G2, (K) with
a Zariski dense orbit.

The strategy of our proof for Theorem 1.5 is as follows. Each regular self-
map ® of G)Y is a composition of a group endomorphism ¢ : GY — G
with a translation 7, (by a point y € G.(K)) (see [lit76, Theorem 2]).
Then for each point a € GY (K), the entire orbit Og(a) lies in a finitely
generated subgroup I' of GY (K). Assuming Og(a) is not Zariski dense in
GX| then it means its Zariski closure Z C G is a proper subvariety. Since
Z(K)NT is Zariski dense in Z, then the result of [Hru96, Theorem 1.1]
yields that Z is a finite union of translates of subvarieties defined over F,,.
This property yields some useful information regarding the endomorphism
¢ in connection with the translation 7,. However, in order to obtain even
more precise information (which in turn delivers the desired conclusion in
Theorem 1.5) we employ the F-structure result of Moosa and Scanlon [MS04,
Theorem B] regarding the intersection of a finitely generated subgroup with
a subvariety of GY (see Theorem 2.1 and also [CGSZ21, Section 2.2] for a
concise description of the main result from [MS04]).

The same strategy employed in our proof of Theorem 1.5 should extend
with appropriate modification to the general case when we replace G by
a split semiabelian variety G defined over a finite field (for example, one
would need to employ the results of [Ghi08] to describe the intersection
of a subvariety of G with a finitely generated subgroup, plus there exist
additional complications due to the larger, possibly non-commutative ring
of endomorphisms for an abelian variety defined over a finite field). How-
ever, the variant of Theorem 1.5 in the context of isotrivial abelian varieties
defined over a field K of transcendence degree 1 over F, is already quite
difficult since the proof of one of the main technical ingredients in our proof
of Theorem 1.5 (see Proposition 4.1) does not extend to the abelian case;
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instead, the Diophantine question that arises in the case of abelian varieties
defined over a function field with a positive transcendence degree is chal-
lenging. So, we expect the extension of Theorem 1.5 to the case of isotrivial
abelian varieties defined over a function field of a positive transcendence
degree to be quite difficult. Furthermore, the case of a non-isotrivial abelian
variety defined over a function field of positive characteristic will have addi-
tional complications since even the structure of the intersection between a
subvariety of such an abelian variety with a finitely generated subgroup is
significantly more delicate. Finally, the general case in Conjecture 1.3 when
X is an arbitrary variety is expected to be at least as difficult as the general
case in Conjecture 1.1. As kindly pointed out by the referee, when X is an
algebraic group, one often finds that if there is no Zariski dense orbit under
the action of @, then there exists some suitable algebraic group Y endowed
with a dominant map g : X — Y with the property that go® = g; so, when
X is not an algebraic group, then Conjecture 1.3 is significantly harder. The
increased difficulty for the characteristic p variant of our conjecture is not
surprising since quite a few arithmetic conjectures turned out to be very
difficult in characteristic p, even more so than in characteristic 0; for ex-
ample, we mention the variant of the Dynamical Mordell-Lang Conjecture,
which was shown to be very difficult in characteristic p even for the case
of regular self-maps of tori (see [CGSZ21] and the more general discussion
from [BGT16, Chapter 13]).

We sketch briefly the plan for our paper. In Section 2 we state a precise
version of our Theorem 1.5 (see Theorems 2.5 and 2.6 which refine Theo-
rem 1.5). In Section 3, we prove Theorem 3.7 which solves Theorem 1.5 in
the special case ® is a composition of a translation with a unipotent group
endomorphism. in Section 4, using Theorem 3.7 (along with a general re-
duction provided by our Proposition 3.12 from Section 3.3), we complete
the proof of Theorem 1.5 (along with Theorems 2.5 and 2.6).

Acknowledgments. We thank Tom Scanlon who suggested the more
precise version of condition (C) from our Conjecture 1.3. We are grateful
to the anonymous referee for their useful comments and suggestions, which
improved our presentation.

2. ADDITIONAL RESULTS AND SOME TECHNICAL REDUCTIONS

2.1. Generalities. As a matter of notation, we use id|x to denote the iden-
tity map on the variety (or more general, the set) X. For N-by-N matrices
we use id := id to denote the corresponding identity matrix.

For any field K and any finitely generated subgroup I' C G,,(K), we say
that © € Gy, (K) is multiplicatively independent from T" if there is no nonzero
integer m such that ™ € I'. Similarly, given ~1,...,7, € G, (K), we say
that x is multiplicatively independent from ~1, ..., if x is multiplicatively
independent with respect to the subgroup of G,,(K) spanned by the ~;’s.
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More generally, we say that x1,...,zs € G, (K) are multiplicatively inde-
pendent from 71, ..., if the subgroup of G,,(K) generated by the z;’s has
trivial intersection with the subgroup generated by the ~;’s.

For any point y € GY, we let Ty : GN — GX be the translation-by-y

mo

automorphism, i.e., 7,(z) := y - x for each z € G%. Furthermore, in our
paper we find useful to use vector notation for the points of G¥, i.e., from
now on, the point z € G\ will be denoted as & := (z1,...,2xN).

Since End(GY) = My n(Z), we have that each dominant endomorphism
¢ of GY is identified by an invertible N-by-N matrix A with integer entries
such that

(2.0.1) o(T) = 74,
ie, o(x1,...,zN) = <HZ]\L1 x?l’i, ce Hf\;1 a:(;NZ) We will often identify

the group endomorphism ¢ of GJY with its corresponding N-by-N matrix A
as in (2.0.1). Furthermore, we recall that any regular self-map of G is a
composition of a translation 7; with a group endomorphism .

For a point @ := (v, . ..,ay) € GY(K) and some vector ¥ := (v1,...,vN) €
ZN | we let
N
(2.0.2) a’ =]y
i=1

In particular, given a group endomorphism ¢ corresponding to a matrix A
as in (2.0.1), given a point @ € G)¥ (K and also given a vector ¥ with integer
entries, we have

(2.0.3) o (@7 = (@™,

where A! represents the transpose of the matrix A. Also, for any @ € GY (K)
and any k € Z, we let @* be the k-th power of the point @ in G (K).

For a regular self-map ® : GY — G given by & 5 - #4, a simple
computation yields the formula for the n-th iterate:

p=d Zn;1 A] n
(2.0.4) " (7) = (5) = @A
Finally, we state a special case of the Moosa-Scanlon structure theorem
[MS04, Theorem B] which will be used repeatedly in our proofs.

Theorem 2.1. Let K be an algebraically closed field of positive character-
istic p, let N be a positive integer, let V. .C G\ be a subvariety defined over
K and let T C GY(K) be a finitely generated subgroup. Then, V(K)NT is
a finite union of sets of the form

(2.1.1) U:=7-S(1,...,7;01,...,0p) H,
where there exists some positive integer m such that

Fyroart, gt e,
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the 0;’s are positive integers, H is a subgroup of I' and

r

é.n.
Sy -5 T3 015000, 0r) = H('Ffj)p] "in; €Ny forj=1,...,r
j=1

2.2. A more precise statement for Theorem 1.5. Our strategy for
proving Theorem 1.5 is as follows. We will first prove Theorem 1.5 for
group endomorphisms and then use our result to infer the general case in
Theorem 1.5.

The next result is used in deriving a more precise statement for Theorem
1.5 in the case where @ is a group endomorphism.

Theorem 2.2. Let N € N, let K be an algebraically closed field of charac-
teristic p and let ® be a dominant group endomorphism of GY defined over
K. Then the following statements are equivalent:

(i) For some £ € N, the kernel of ®° — id is positive dimensional.
(ii) There exists a non-constant rational function f : GY -+ P! such

that fo® = f.

If the equivalent conditions (1)-(ii) do not hold, and also assuming that
trdegEK > N, then for any point & € GY(K) with the property that its

coordinates o, ...,an are algebraically independent over F,, we have that
any infinite subset of Og(d) is Zariski dense in G .

Remark 2.3. Condition (i) from Theorem 2.2 tells us that for a dominant
group endomorphism ® of GY (defined over an arbitrary algebraically closed
field K), we have that ® preserves a non-constant fibration (as in condi-
tion (ii) from Theorem 2.2) if and only if the matrix A € My y(Z) corre-
sponding to ® (as in (2.0.1)) has an eigenvalue which is a root of unity.

Remark 2.4. Given a group endomorphism ® : G — GY corresponding
to some (invertible) matrix A € My n(Z) (see (2.0.1)), we see that condi-
tion (C) from the conclusion of Theorem 1.5 is equivalent with asking that
there are k := trdegEK + 1 Jordan blocks in the Jordan canonical form for
A corresponding to eigenvalues A1, ..., A\r with the property that for some
positive integers m and r, we have that

(2.4.1) AT = = A=

Note that the eigenvalues A1, ..., A\ may be equal; we are only asking that
they correspond to distinct Jordan blocks for A. This observation will be
used throughout our proof of Theorem 1.5.

Using Remarks 2.3 and 2.4, we see that in the case of group endo-
morphisms, Theorem 1.5 is equivalent with the following result which is
a stronger version of Theorem 2.2.
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Theorem 2.5. Let K be an algebraically closed field of positive transcen-
dence degree over Fp, let N € N and let ® be a dominant group endomor-
phism of GL corresponding to some matriz A € My n(Z). Assume the
following two conditions are met:

(1) there is no eigenvalue \ of A which is a root of unity.

(2) there does not exist k = trdegg K + 1 Jordan blocks in the Jor-
dan canonical form of A corresponding to eigenvalues Ai,..., A
satisfying the equation

(2.5.1) AP == N =0,

for some positive integers m and r.

Then there exists d € GN(K) whose orbit under ® is Zariski dense in GL.
Furthermore, given any finitely generated subgroup I' C Gy, (K), one can
choose @ € GN(K) such that

(i) the subgroup spanned by o, . ..,an (the coordinates of &) has trivial
intersection with I'; and
(ii) any infinite subset of Og(d) is Zariski dense in G

The next result provides a more precise form in the conclusion of Theo-
rem 1.5 for a dominant regular self-map of G.

Theorem 2.6. Let N € N, let K be an algebraically closed field of positive
transcendence degree over F,, let g e GN(K), let ¢ : GY — G be a
dominant group endomorphism corresponding to some matriz A € My n(Z),
and let ® := T5O®. Assume there does not exist k := trdegEK + 1 Jordan
blocks in the Jordan canonical form of A corresponding to eigenvalues A1,. . .,
Ak satisfying the equation A" = --- = \i" = p" for some positive integers m
and .
Then the following statements are equivalent:

(i) There is a non-constant rational function f : GN -+ P! such that
fod=Ff.
(ii) There is no @ € G (K) whose orbit Og(a) is Zariski dense in GX .
(iii) There ezists a positive integer { and there exists a mnonzero vector
v € ZN such that

b1 i\t =
(2.6.1) (A9t .5 =7 and FE=04) 7 — 1,

Remark 2.7. We explain here the relevance of condition (iii) from Theo-
rem 2.6. The existence of a nonzero vector o € Z" satisfying (2.6.1) means
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that for each n € N and for each @ € GY (K), we have that (see (2.0.4))
o (q)7 = g(zyﬁgl AT)' &(A"’f)t-a
_ G554 (S A)'T L 57 by condition (i)
_ FEE64) ) | 57 (by condition (iif))
=@ (by condition (iii)).

Therefore, Og¢(d) is contained in a coset of the proper algebraic subgroup
H C GY given by the (nontrivial) equation ¥ = 1 (actually, H is invari-
ant under ®’ according to the above computation). Thus Og(a) must be
contained in a proper subvariety of GY (which is a finite union of cosets of
H) and so, it can never be Zariski dense in G). Furthermore, one can find
the non-constant rational function f : G --» P! which is invariant under
® arguing identically as in the proof of [GS21, Theorem 1.2] where a similar
condition (iii) was given in the general case of split semiabelian varieties
defined over a field of characteristic 0.

So, the implications (i)=-(ii) and (iii)=-(i) from Theorem 2.6 hold with
identical proof for regular self-maps of tori regardless of the characteristic
of the field. The interesting features of Theorem 2.6 is that one can prove
the implication (ii)=-(iii) in positive characteristic as well. In characteristic
0, the proof of (ii)=-(iii) from [GS21, Theorem 1.2] employed the classical
Mordell-Lang theorems for semiabelian varieties (as established by [Lau84,
Fal94, Voj96]) and it was incomparably much easier than the proof of our
Theorem 2.6. Indeed, in characteristic p, since the classical Mordell-Lang
theorems do not hold (see [Hru96)), one needs to employ a significantly more
complicated approach in order to establish the same equivalence as the one
stated in our Theorem 2.6.

3. USEFUL REDUCTIONS FOR THE GENERAL CASE AND THE PROOF OF A
SPECIAL CASE

3.1. General strategy for our proofs. We first describe the general ap-
proach to proving our results. So, we write ® : GY — G as TFop for some

point 5 € G and some group endomorphism ¢ of G2, which corresponds

to some (invertible) N-by-N matrix A with integer entries.
Using [BGRS17, Lemma 2.1], in order to prove our results, we can always
replace ® by a suitable iterate, i.e., for any given ¢ € N,
e there exists a Zariski dense orbit under the action of ® if and only
if there exists a Zariski dense orbit under the action of ®¢; and
e & leaves invariant a non-constant rational function if and only if ®*
leaves invariant a non-constant rational function.
When we replace ® by ®f, the group endomorphism ¢ is replaced by ¢’
(and thus, the matrix A is replaced by Af), while the point 3 is replaced by



10 DRAGOS GHIOCA AND SINA SALEH

52§;5 A (see (2.0.4)). The advantage in our approach is that now we can
assume the following: for each eigenvalue A of A, we have that either A = 1,
or \ is not a root of unity.

We prove our results separately in the two cases outlined above, i.e., we
deal separately with the case when A is a unipotent matrix, and with the
case when A has no eigenvalue root of unity. In the latter case, the advantage
is that no matter what is the translation g appearing in ®, then we can
conjugate ® by another suitable translation 75 so that

(3.0.1) U= 751 o®ory
is actually a group endomorphism of GYY. Indeed, we choose ¥ such that
iid*A _ /g

(note that id — A is an ivertible N-by-N matrix since we assume in this
case that A does not have eigenvalues which are roots of unity) and then
we see that W defined as in (3.0.1) is indeed a group endomorphism. Since
our results are invariant if we replace the self-map ® by a conjugate of
itself with an automorphism of G (see [GS19, Lemma 3.1]), the case when
A has no eigenvalue root of unity reduces to proving our result for group
endomorphisms (i.e., we are left to proving Theorem 2.5).

The case when ® : G — G is given by a composition of a translation
5 with a group endomorphism ¢ corresponding to a unipotent N-by-IN
matrix A is treated in the next section.

3.2. The case of unipotent maps. We start by defining the main prop-
erty we are investigating in this paper.

Definition 3.1. Let ® : GY — GX be a dominant regular self-map defined
over an algebraically closed field K. We say that ® has property Px if
either there exists a non-constant rational function f : GY --+ P! such that
fo® = f, or there exists a point & € GN (K) with a Zariski dense orbit under
®, or there exist positive integers m and r, a connected algebraic subgroup
Y of GY of dimension at least equal to trdegEK + 1 defined over a finite
subfield F, C K and a dominant reqular map 7: G — Y such that

(3.1.1) To®" =F"orT,

where F is the usual Frobenius endomorphism of GY induced by the field
automorphism x — x9.

Next we establish a useful reduction in all of our proofs.

Proposition 3.2. Let N € N and let A,B € My n(Z) be invertible ma-
trices with the property that there exists an invertible matriz Q@ € My n(Q)
such that B = Q7'AQ. Let ¢ and ¢ be group endomorphisms of G corre-
sponding to the matrices A and B, respectively.
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Let K be an algebraically closed field of characteristic p. For each 7 €
GN(K), we let G5 := 75090 and V5 := 7501 be the corresponding dominant
reqular self maps on (Gfx defined over K.

Let k € N such that both matrices kQ and kQ™' have integer entries. We
let g: GN — GX be the group endomorphism corresponding to the matriz
kQ. Then for each B € GN(K), we have that if (I)g(ﬁ) has property Py, then

\I’g has property Pk .

Remark 3.3. We note that if the matrices @ and Q! have integer en-
tries, then the result of Proposition 3.2 follows immediately from [GS19,
Lemma 3.1] since we can consider the group automorphism g : GY — G
corresponding to the matrix @ and then ¥ 5= g o <I>g( 5 ©9; which means

that ¥ i has property Pg if and only if <I>g( 5 has property Pxk.

Proof of Proposition 3.2. Let 5 € GY(K). Lemmas 3.4 , 3.5, and 3.6 deliver
the desired conclusion in Proposition 3.2. The next commutative diagram
will be used in our proofs for Lemmas 3.4 , 3.5, and 3.6.

L

:
¢y Yoo s

(3.3.1) lg lg lg

-
g(B
G% P G% 9(B) G7Nn

\_/

(bg(g)

Lemma 3.4. If there exists a non-constant rational function which is in-
variant under (I)g(ﬁ)f then there exists a non-constant rational function which

18 tnvariant under ¥ 5

Proof of Lemma 3.4. Let f : GN --s P! be a non-constant rational function
such that

(3.4.1) fo (I)g(g) =f.

Let f; := f o g (which is still a non-constant rational function since g is a
dominant group endomorphism). By the commutative diagram (3.3.1) and
the equation 3.4.1, we get

f1o\Ilg:fogo\I/E:fO(I)g(ﬂ)Og:ng:fl,
thus proving the lemma. O

Lemma 3.5. If there exists a K-point with a Zariski dense orbit under
(I)g(g)’ then there exists a K -point with a Zariski dense orbit under \Ifg.

Proof of Lemma 3.5. Let d@ € G (K) whose orbit under P, 5 is Zariski

dense in GY. Since g is a dominant group endomorphism, there exists some
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7 € GN(K) such that g(y) = @. Then for each n € N, using the commutative
diagram (3.3.1) we have that

n >\ _ xJn N n(=

q)g(g)(a) - q)g(ﬁ") 0 (9(7)) - g(\IJE('Y))
Since g is finite morphism, the orbit of 4 under ¥ 5 must be Zariski dense
in GY, as claimed in Lemma 3.5. O

Lemma 3.6. If there exists a connected algebraic subgroup Y of GN with a
dimension larger than trdegEK and a dominant reqular map 7 : GY — Y
such that ®,g) satisfies equation (3.1.1) for some positive integers m and r,
then for the dominant regular map 7o g: GYN — Y we must have
TogoWg =F"oTog.
Proof. Using the diagram (3.3.1) we have
Togo\I/an:To@ZEﬁ)og
=FoTtogby (3.1.1),
which concludes our proof of Lemma 3.6. ([

Combining Lemmas 3.4, 3.5 and 3.6 yields the desired conclusion for
Proposition 3.2. O

Theorem 3.7. Let N € N, let K be an algebraically closed field which is
a transcendental extension of Fp, let ¢ be a unipotent group endomorphism

of GN, let § € GN(K) and let ® : GN — GN be the dominant regular
self-map given by ® = T50 Q. Then ® has property Pg .

Before proving Theorem 3.7, we first recall the definition of upper asymp-
totic density of a subset of non-negative integers.

Definition 3.8. Given a subset U of the set of non-negative integers, the
upper asymptotic density of U is given by

_ #{0<n<m:neU}

lim sup .

m—oo m

Remark 3.9. Upper asymptotic densities will appear frequently in the rest
of the paper. So, from now on, for the sake of simplifying our notation, we
will refer to the upper asymptotic density of some subset U C Ny simply as
density of U and also, denote it by d(U).

Proof of Theorem 3.7. Using Proposition 3.2 (along with the fact that any
unipotent metrix with integer entries can be conjugate through a matrix
with rational entries to its Jordan canonical form), we may assume from
now on, that the matrix A corresponding to the group endomorphism ¢ is
in Jordan canonical form.

The following result provides a precise criterion for the trichotomy in
property Py satisfied by a self-map ® : G — GY of the form ® = Tgo ¢,
where ¢ is a group endomorphism corresponding to a unipotent matrix A in
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Jordan canonical form. Before stating our result, we recall the notation Jy ,,
which denotes a Jordan canonical block of dimension m > 1 corresponding
to the eigenvalue A.

Proposition 3.10. Let K be an algebraically closed field, which is transcen-
dental over F, and let ® : GY(K) — G (K) be given by

N N
(3.10.1) (T1, .. Tn) (51 Hiﬂ?l’i, ey By Hx?m> ’
i=1

i=1
where a; ; are the entries of a matriz A := Ji i, @ J1,is—is @D J1,i,—i,_,
(where 1 < iy <iy < --- <ig=N) and (By,...,Bn) € GN(K). Then, the
following statements are equivalent:
(i) There is a non-constant rational function f : G —-+ P! such that

fod=f.
(ii) There is no @ € GY(K) whose orbit is Zariski dense in GY (K).
(iii) Biys---, B, are multiplicatively dependent.
Proof. As noted already in [AC08, MS14, BGR17], we have that (i)=-(ii).
Now, in order to prove that (ii)=-(iii), it suffices to show that if 5;,, Bi,, - - -, Bi,
are multiplicatively independent then we can find a point in G\ (K) with a
Zariski dense orbit. Note there exists a vector 4 such that

_\ A—id
(7) N :(Bla"'?ﬁil*lalth#»la'"aﬁ’igfla]-)'
It is easy to check that the map 7y 0 ® o 751 is given by
(3.10.2)  Z+ FZ4, where = (1,...,1,8;,,1,...,1,5;,) € G (K).

Therefore, after conjugating ® with 75 (see also [GS19, Lemma 3.1}), we
may assume without loss of generality that

(3.10.3) (B1,....08)=(1,...,1,8;,,1,...,1,5,),

i.e., B = 1 unless k = i; for some j = 1,...,£. We choose a point

(3104) a = (Oél, ey Oy 1, 1, 04,41, ... y Qlig—1, 1,... y Qj,—1, 1) € G,]X(K),
such that o;,,..., 05 -1, B8, 41, .., -1, Bi, are multiplicatively inde-

pendent (note that since trdegEK > 0, we can find arbitrarily many multi-
plicatively independent elements of K). We let

ﬁ: (O[l, s 704111_1,,67;1,0[1'14_1, s 7aig—17/8ig)'

Then the orbit of o under ® consists of points of the following form:
Os(a) = {BAH_1+"'+A+id&An in € NO}.

We claim that the orbit of & under & is Zariski dense. We argue by contra-
diction, and therefore assume that its Zariski closure V is a proper subvariety
of GYY.

We let T' C GY be the finitely generated group consisting of all elements
of the form 7% where E is any N-by-N matrix with integer entries; clearly,
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O4(d) CT. By Theorem 2.1, we know that V' NI is a union of finitely many
sets of the form

(3.10.5) U:=7-S(1,...,7r;01,...,0p) H,
where there exists some positive integer m such that
(3.10.6) yroalt, o el

the ¢;’s are positive integers, and H is a subgroup of I'.

Because Og(d) is contained in finitely many sets of the form (3.10.5), then
there must exist a given set U of the form (3.10.5) for which the following
subset of Ny:

S={neNy: ®"(a) e U}

has positive density d(S) (see Remark 3.9 regarding our notation for upper
asymptotic density of subsets of Ny).

The algebraic closure of H must be an algebraic group G contained in
the stabilizer of the variety W, which is the Zariski closure of U. Since V
is a proper subvariety and W C V', then G must also be a proper algebraic
subgroup of GY. So, there must exist a nonzero vector & € Z such that

(3.10.7) (&) =1 for each €€ H.
Let n € S; so, " («) € U (see (3.10.5)). Equation (3.10.6) yields that
Fm = ¢ and 7" = 7P for each i = 1,...,r,

where C, By, ..., B, € My n(Z) and so,

(3.10.8) o™ (@)™ = ()P B g

for some nonnegative integers n; and some €, € H. So, combining (3.10.8)
with (3.10.7) yields

_ r Sing t
(3109) (I)n(d»)mv _ T—]»(C-FZJ':M’ 7 JBJ) 7

On the other hand, we know that ®"(a) = ,672?:_01 A gAr (see (2.0.4))
and we also compute:

(3.10.10)
1 (711) (ilz) 1 (Tll) (1‘4712171)
0 n

1

tp—lp_1—2
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and so,
(3.10.11)

" () G ()
Al id = ? n ("1:1) DB ? O O

Therefore, using (3.10.9) along with formulas (3.10.10) and (3.10.11), we
obtain that for each n € S, we have

(3‘10‘12) B’m(zz_;—ol Ai)i‘ﬁ ) @»(mAn)tj _ (ﬁ)ctﬁ-i-z:;:l p"idi B;fﬁ'
Now, both sides in (3.10.12) consist of products of powers of

(31013) A1y ey QG —1, 6i1aai1+17 ey Oy —1, /Bizv Qjot-1y - )aig—lv /Big

and since the N elements of G,,(K) from (3.10.13) are multiplicatively inde-
pendent, then it means that the exponents of each ; and each §;; appearing
in the left-hand side of (3.10.12) must match the corresponding exponent of
the a;, respectively of f3;; appearing in the right-hand side of (3.10.12).

Now, since ¥ := (v1,...,vn) is nonzero, then there is some 1 < k < /¢
such that the tuple (v;,_,+1,...,v;,) is nonzero (where we denoted iy :=
0 for convenience). We use equations (3.10.10) and (3.10.11) to compute
the exponent of f3;, appearing in the left-hand side of (3.10.12) and then
comparing it with the exponent of §;, from the right-hand side of (3.10.12),
we get

o)+ " +o "
Zk—1+1 Zk _ 'lk_l ’Lk—1+2 Zk _ Zk_l _ 1 1k 1

.
(3.10.14) =bo+ Y b’
j=1

for some integers by, ...,b, which are independent of n (and only depend
on the entries of the matrices C, By, ..., B, and the entries of the vector /).
Since the tuple (vik_1+1, ey vik) is nonzero, then the polynomial

T —Tk—1
(3.10.15) P(n):=m: Z Vig 145 ° < " )
j=1

i —lp—1 +1—7

must be non-constant. So, equations (3.10.15) and (3.10.14) yield that each
element n € S must satisfy an equation of the form:

(3.10.16) P(n) =by+ »_bip™™,
j=1

for some n; € Nyg. Because P is non-constant (while the ¢;’s are positive
integers and the b;’s are given), [GOSS21b, Theorem 1.1] yields that d(S) =
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0, therefore contradicting our assumption that S has positive density. Hence,
indeed Og (&) must be Zariski dense in G, as desired for showing the
implication (ii)=-(iii).

Finally, in order to prove that (iii)=-(i), we know that there exists a
nonzero ¥ € Z* such that H§:1 BZJ = 1 since the 3;;’s are multiplicatively
dependent. Therefore, the non-constant rational function

l
Jar,..ay) = [[ 2
j=1

is invariant under ® (note that iy = N with our notation from Proposi-
tion 3.10). This concludes our proof for Proposition 3.10. U

Proposition 3.10 finishes the proof of Theorem 3.7. ([

Remark 3.11. Our proof of Proposition 3.10 shows that for a regular self-map
® as given in (3.10.1), if in addition the vector 8 has the form (3.10.3) with
Biy, - - -, Bi, multiplicatively independent, then for any point & € GN(K) as
in (3.10.4) such that

at,..., ai1717/8i15ai1+17 ey aigflvﬁizv [0 77VEES Oéigflvﬁig
are multiplicatively independent, Og (&) is Zariski dense. Furthermore, our
proof of Proposition 3.10 yields the stronger statement that for a point
a@ € GN(K) as in (3.10.4), for any subset S C Ny of positive density, the set
{®"(d): n € S}

is actually Zariski dense in GJ. The strength of this refined result com-
ing from Theorem 3.7 allows us to prove an important reduction step in
Theorem 2.6 (see Proposition 3.12).

3.3. The split case. The following result is instrumental in proving our
Theorem 2.6 by reducing it to our Theorem 3.7 combined with Theorem 2.5.

Proposition 3.12. Let K be an algebraically closed field of characteristic
p >0, let N\,Ny € N, let N := N1+ No, let D be an invertible No-by-No
matriz with integer entries, whose eigenvalues are not roots of unity, let B
be a unipotent Ni-by-N1 matriz in Jordan canonical form, i.e.,

B = JLil D J1,1‘2_7;1 b---D Jl,is—i5717
where is = N1, and let 3 := (1,...,1,84,1,...,1,8:.) € GN\(K). Let

—

Y= (1, Vi1 L, Vi 41 -+ Yio—1 L, Yigt 15 - -+, Yiu1, 1) € GH(K)
and let @ = (aq,...,an,) € GN2(K). Assume the following elements of
G (K) are multiplicatively independent:

(3.12.1) Vs e oo s Yir—1 By Yirt1s - - s Vig—15 Bigs

and define

7= (V155 Vir—15 B1s Vir+15 - -+ Vis—1, Biy)-
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Also, assume that the ;s are multiplicatively independent from the elements
from (3.12.1), i.e., letting T be the subgroup of G,,(K) spanned by the ele-
ments from (3.12.1) and letting A be the subgroup of G, (K) spanned by the
a;’s, then 'N A = {1}.

Let @1 : GN' — G be the regular map defined by

T B ()8 for each € G,

Let ®y be the group endomorphism of GN? given by T (a?)D for each
7 € GN2, and let ® be the regular self-map of GY = G)* @ GN2 given by
D1 P Dsy.
Assume that for any positive density subset S C Ny, the set
{®5(d): n € S}
is Zariski dense in GN2. Then Og(Y ® @) is Zariski dense in GJ.

Proof. Assume Og(7 @ @) is not Zariski dense in GY and thus, let V C G
be its Zariski closure.

Let A :=T™N x AN ¢ GY(K); then Og(Y @ &) C A. Then VN A is a
finite union of sets of the form (3.10.5), i.e., sets of the form

(3.12.2) U:=1y-S(M,...,7;01,...,6;) - H,
where there exists some positive integer m such that
(3.12.3) o'y syt € A,

while the ;s are positive integers and H is a subgroup of A. Because the
entire orbit of Y@ & under @ is contained in the union of finitely many sets as
the one from (3.12.2), there must exist some set U as in (3.12.2) containing
®" (7 @ d) for all integers n in some subset S C Ny of positive density.

Now, assume there exists some nonzero vector #; € ZN and some vector
¥y € Z™2 such that for the vector ¥ := ¥ @ ¥y € ZV, we have that (5)17 =1
for each € € H. We argue as in the proof of Proposition 3.10 and get that
for each n € S, we have

n; t

(3.12.4) a7 0@ = (T a) TS E) T
for some suitable N-by-N matrices C, By, ..., B, with integer entries. Now,
using that @ is a nonzero vector, along with our hypothesis that the 3;,’s and
the v;’s are multiplicatively independent, while the a;’s are multiplicatively
independent from the 3;,’s and the v;’s, then arguing exactly as in the proof
of Proposition 3.10 (see equations (3.10.14), (3.10.15) and (3.10.16)) we get
that there exists some non-constant polynomial P and some integers b; such
that for each n € S, there are non-negative integers n; such that

(3.12.5) P(n)=by+ Yy bip™".
=1

Since S has positive density, this yields a contradiction to the conclusion of
[GOSS21b, Theorem 1.1]. Therefore there is no nonzero vector v; € Z™
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such that for some ¥ € ZN?, we have that ¥ = ¥, @ ¥, kills each element
of H. We let G C G be the Zariski closure of H; then G is an algebraic
subgroup. Now, the fact that any vector ¥ € Z" which kills each element
of G must have its first N entries equal to 0 yields that G = G%l x Gy for
some algebraic subgroup Go C G2,

So, letting W be the Zariski closure of U in G,Nn, then its stabilizer must
contain G and therefore, it contains GN! (seen as a subgroup of G\ under
the natural embedding & +— ¥ @ ]TGZQ); i.e., for each & € GN! and each

ii € W, we have that €- i € W. Hence W = G x Z, for some subvariety
Z C GN2. However, Z must contain each ®4(&) for n € S and S C Ny is a
set of positive density; then our hypothesis yields that Z = G)2. Therefore,
W = GJ and so, indeed Og (7 & @) must be Zariski dense in G. O

4. PROOF OF THEOREM 1.5

We start this Section by proving a preliminary result used in the proof of
Theorem 2.5 and then we will proceed to proving Theorems 2.5 and 2.6.

Proposition 4.1. Let K be an algebraically closed field of transcendence
degree d > 1 over F,. Let ® : G (K) — GY(K) be given by ¥ — (@)",
where A is an invertible N-by-N matriz that has a conjugate of the form

s l;

(4.1.1) @ @Jpni7m<j>7m1(j—1> ;

i=1 \ j=1 ‘
(4)

where n;’s are distinct positive integers and m,

such that for every 1 <1 < s we have

O M < <ml®)

’s are non-negative integers

0=m

while .
Z mg-éj) = N.
j=1

Then one of the following statements must hold:

(1) There exists 1 < i < s such that £; > d.
(2) for any finitely generated subgroup A C G, (K) there exists d €
GN(K) such that
(i) the subgroup of Gy, (K) spanned by the «;’s (the coordinates of
@) has trivial intersection with A; and
(ii) any infinite subset of Og(d) is Zariski dense in G
Remark 4.2. Note that condition (1) in Proposition 4.1 says precisely that
condition (C) from Theorem 1.5 holds for the given map ®.

Proof of Proposition 4.1. Suppose that condition (1) does not hold. We will
prove the next lemma which reduces the problem to the case where A is
equal to a matrix of the form (4.1.1).
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Lemma 4.3. It suffices to prove that condition (2) holds in the case where
A is equal to a matriz of the form (4.1.1).

Proof of Lemma 4.3. Since A has a conjugate of the form (4.1.1), there must
exist a group endomorphism W corresponding to a matrix of the form (4.1.1)
and a dominant group endomorphism g : G% — G% such that the next
diagram commutes

N $ N
Gy — Gy,

(4.3.1) lg lg

N v N
GN ¥, GN.

Suppose that & satisfies conditions (i) and (ii) with respect to the group
endomorphism ¥. We choose § € GY such that g(ﬁ) = d. Using Lemma
3.5 the orbit of 5 under ® must be Zariski dense in GY. Now suppose for
the sake of contradiction that there exists some non-zero vector @ € Z such
that 57 € A\ {0}. Let g correspond to a matrix B € My n(Z) which is
invertible as g is dominant. So, there must exist a non-zero integer m and
a non-zero vector 7' € Z such that B!’ = m#. This implies that

0—217’ _ gBtﬁ’ _ B’mﬁ c A\{O},
which contradicts the assumption that & satisfies condition (ii). This con-
cludes our proof of Lemma 4.3. ([l

Therefore, from now on we may assume without loss of generality that A
is equal to a matrix of the form (4.1.1). Choose t1,...,tq € Gy, (K) that are
algebraically independent over F, and moreover, the subgroup of G,,(K)
generated by t1,...,t; has trivial intersection with A. We claim that any
infinite subset of the orbit of

d=a1® - ®d, € GY(K),

where
a; ::(tl,...,tl, to,..., T2 ..., tgi,...,tgi)
~—_———— ~—_——— —_——
mi.l) times mz(?) — mgl) times mgli) - myi_l) times

under @ is Zariski dense. Note that for every 1 < i < s, @; is well-defined
since £; < d. We also note that due to our choice for t1,...,t4, the entries
of @ satisfy conclusion (i) from Proposition 4.1.

Now, suppose that there exists an infinite subset S C Ny with the property
that the Zariski closure of the set {®"(&): n € S} is a proper subvariety
V C GY; we will derive a contradiction, which will thus show that & also
satisfies conclusion (ii) from Proposition 4.1.

Let T'g be the finitely generated subgroup of G,, (K ) generated by t1, ..., tq
and let I' := T € GY(K). Then Og(&) C I and furthermore, by Theorem
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2.1, VNI is a finite union of sets of the form (3.10.5), i.e., sets of the form:

(4.3.2) U:=~"1S(f1,...,7:01,...,6:) H,

where there exists some positive integer m such that

(4.3.3) Ny e T

the 0;’s are positive integers, and H is a subgroup of I'. We also recall that
S(ifts - 7r; 015 ..., 0y) consists of all points of the form [}_, (ﬁj)péjnj for
any nonnegative integers ni, ..., n,.

Since S is an infinite subset of Ny and each ®"(&) belongs to a set as
in (4.3.2), then the pigeonhole principle guarantees that at the expense of
replacing S by an infinite subset of it, we may assume that each ®"(&) are
contained in the same set U as in (4.3.2).

Lemma 4.4. The Zariski closure of the set U from (4.3.2)E of the form
v LW, where W C GT]YL is a proper subvariety defined over IF,.

Proof of Lemma 4.4. The Zariski closure of the subgroup H from (4.3.2)
is an algebraic subgroup of GY and therefore, it is defined over F,. Also,
the Zariski closure of the set S(7i,...,7;01,...,0,) is invariant under a
suitable power of the Frobenius endomorphism (more precisely, it is invariant
under F°, where ¢ is the least common multiple of all the positive integers
;). Therefore, the Zariski closure of S(7i,...,7;01,...,0,) - H must be a
subvariety W defined over F,. Furthermore, W is a proper subvariety of
G% since, according to our assumption, also V' C G% is a proper subvariety
(and y~!- W C V). This concludes our proof of Lemma 4.4. O

Lemma 4.4 yields the existence of a polynomial g(z) € Fplz1,...,zN]
such that g(v - ) vanishes at each point ®"(&) for n € S. Let g(¥) :=
Zf\il a; (a‘c’)ﬁi, where the vectors v; € ZV are distinct and each a; € F,, is
nonzero.

Let 77 := (t1,...,ts) € G4 (K) and choose a point 7jo := (},...,t) €
GZ (K) where (/)™ = t; for every 1 < i < d; in particular, (7jo)™ = 7. Also,
note that #;, ..., are algebraically independent over F,. Similarly, define

Goi= )& @ &, € GY(K),
where

=/ / / / / / /
ai::(t17...,t1, t2,...,t2 gy tei7...7t4i )
N—— N——

(2

i mgl) times mz(,ei) — mgg'i_l) times

mgl) times m

Since 4™ € I', there must exist an N-by-d matrix B with integer entries such
that ¥ = 2. This implies that 7 = ¢ - (7jo)® where ¢ € GN(K) is a point
of order dividing m; in particular, 5 € GY(Fp). Also, for every 1 < k < d
define @, to be a vector in Z" whose i-th coordinate is equal to 1 whenever
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the i-th coordinate of « is equal to t; and it is 0 otherwise. Then, for every
n € S we must have

M —
- Z (ai(g)ai) (dg) ™A™ (ﬁO)Btvi

M d
(4.4.1) = Zci . H(t;{)m((An)tﬁi)'ﬁk+(Bt77i)lc’

i=1 k=1

where ¢; 1= a; - (5)”3 € F, and (B'#;); denotes the k-th coordinate of B'%;
for every 1 < i < M. Since t},...,t!, are algebraically independent over F),
there must exist ¢ < j such that

m((A")'0;) iy, + (B'0)e = m((A™)'0) - ik + (B'0))i
for every 1 < k < d, which implies that
(4.4.2) m((A™)!(0; — v3)) - @ + (B(0; — v))r =0

for every 1 < k < d. But because there are only finitely many pairs (i, j)
of indices in {1,..., M}, by the pigeonhole principle, there is a pair (i, j)
and an infinite subset Sy C S such that for every n € Sp, (4.4.2) holds. Let
W= v; —U; € ZN and (B'w); = ¢, € Z for every 1 < k < d. So, for each
n € Sy and every 1 < k < d we have

(4.4.3) m((A™)!5) - @ + cx = 0.

For each n € N, we have that A™ equals

. D n @ Gy 1y
P (?)p(n Dmni ... (m(.j)—m(.j_l)fl)p(n (m;” —m;” ")+ 1),

s £; s ‘ n — (D _ U=y 4 9y
@ 0 P (mgj)—mgjfl)—Q)p(n (mg —m;"0)+2)n;
=1 j=1 : : . :

Let @ := (wy,...,wy). Since W is nonzero, we let w, be the first nonzero

entry of W from the left. Due to the definition of each i, we have that
there exists a unique 1 < k < d such that the r-th coordinate (i), of iy is
non-zero. Also, there exist unique integers 1 < ¢ < s and 1 < j’ < ¢;; such
that
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./
-1
rfmg,] )

— +1)- it
Then, the coefficient of (Tm(ﬁ_l)l)p<n ( ) " in (A™)i - iy,
(note that we have a dot prodluct of vectors) is equal to
(4.4.4) wy (i)

which is non-zero as both w, and (i), are non-zero. Furthermore, there
is no other (nonzero) term in (A™)%& - i@, containing p™™’ multiplied by a
polynomial in n of degree greater than or equal to r — ml(,] U (note that
this is a consequence of our choice for the coordinates of &@). Therefore we
get

m((A")'d - ) = Y Qu(n)p"™,
i=1

where each Q; is a polynomial with coefficients in Q and furthermore, Q;(n)
(4'-1)

is nonzero of degree r —m,; — 1. Thus, equation (4.4.3) becomes

(4.4.5) > Qi(n)p"™ +c=0
=1

for every n € Sp. But, the left-hand side of (4.4.5) is the general term of
a non-degenerate linear recurrence which can have only finitely many solu-
tions (see [Sch03] for a thorough treatment of the famous Skolem-Mahler-
Lech problem represented by equation (4.4.5)) since not all of the @;’s are
identically equal to zero and furthermore, because the n;’s are distinct pos-
itive integers, the quotient of any two p™ appearing in the equation (4.4.5)
is not equal to a root of unity and also no p™ is a root of unity (note that
the characteristic roots of the linear recurrence sequence from (4.4.5) belong
to the set {1,p",...,p"™}). This contradicts the fact that Sy is an infinite
set. So, any infinite subset of the orbit of & under ® must be Zariski dense
in GY, which concludes our proof of Proposition 4.1. g

The next lemma will be used in the proof of Theorem 2.5.

Lemma 4.5. Let p be a prime number, let N € N, let7 € ZN, let 61,...,0, €
N, and let A, B1,...,B,,C be N-by-N matrices with integers entries such
that A is invertible and moreover, none of the eigenvalues of A are mul-
tiplicatively dependent with respect to p. If there exists an infinite subset
S C N with the property that for each n € S, there exist ni,...,n, € Ny
such that

.
(4.5.1) A" =CT+ Y p"¥ By,
=1

then U must be the zero vector.

Proof. Note that there exists a matrix P such that A = P~'DP where
D = ‘]>\1,Z'1 @J)\z,ig—il @ e @ J)\Z’iz_”71 (ie = N) Thus, equation (4.5.1)



ZARISKI DENSE ORBITS 23

becomes

,
(PT'D"P)i = Co+ Y p"% BT,
=1

which is equivalent to
-

(4.5.2) D"P§ = (PC)7+ Y _p"%(PB).

i=1
Now suppose for the sake of contradiction that ¢’ is nonzero. This implies
that P¥ is nonzero (since P is invertible). Let j be the first nonzero coor-
dinate of Pv from the right. Let igc = 0 and suppose that is_1 < j < i4 for
some 1 < s < {. Comparing the j-th coordinate of both sides of equation
(4.5.2) we get that there exist a,cy,...,c, € Q with a # 0 such that

Al = ep™ e

for each n € S. This fact contradicts [CGSZ21, Theorem 5.1 (A)]; therefore,
¥ must indeed be the zero vector, as claimed in Lemma 4.5. [l

Proof of Theorem 2.5. Let I' C G,,,(K) be a finitely generated subgroup.
We first prove a useful reduction.

Lemma 4.6. It suffices to prove Theorem 2.5 after replacing ® by an iterate
®° (for some £ € N).

Proof of Lemma 4.6. So, assume conditions (i)-(ii) are satisfied for the start-
ing point @ (with respect to I') and for the endomorphism ®¢ (for some given
¢ € N). We claim that @ will also satisfy conditions (i)-(ii) in Theorem 2.5
for the endomorphism ®. Clearly, condition (i) is unaffected since it refers
strictly about the coordinates of the given starting point @. Now, in order
to check condition (ii), we let S C Ny be an infinite subset and we want to
prove that

(4.6.1) Us := {"(@): n € S}

is Zariski dense in G)\. In particular, there exists i € {0,...,¢ — 1} such
that the set

Sip:={neS:n=iy (mod¢)}
is an infinite subset. Since condition (ii) is verified by (<I>E ,@), then the set
(4.6.2) Usjiy = {@"(@): n € Sy}

must be Zariski dense in GX. Because ®% is a dominant group endomor-
phism, then also ®" (Us;,) € Ug (see (4.6.1) and (4.6.2)) is Zariski dense
in G)Y, as desired in the conclusion of Lemma 4.6. U

Using Lemma 4.6 (and therefore after replacing ® by a suitable iterate),
we may assume that the matrix A corresponding to the endomorphism &
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has the property that for each of its eigenvalues A, if A\ is multiplicatively
dependent with respect to p, then actually,

(4.6.3) A = p"™ for some m € N.

Note that the exponent m from (4.6.3) can be chosen indeed to be a positive
integer since m = 0 would lead to A having eigenvalues root of unity (which
is not allowed by hypothesis (1) in Theorem 2.5), while a negative integer
would mean that A from (4.6.3) would not be an algebraic integer (which
contradicts the fact that A is an eigenvalue of a matrix with integer entries).

We let g € Z[z] be the minimal polynomial for the endomorphism ®. We
let hq(z) be the polynomial with integer coefficients, which is a factor of
g(x) having all the roots (with corresponding multiplicities) of g(x) which
are of the form (4.6.3). Then we can write g(x) := hi(x) - ho(x), where also
the polynomial hg(x) has integer coefficients. Furthermore, hi(z) and ha(x)
are coprime polynomials. We let G1 = hy(®)(G)) and G2 = ho(®)(GL).
Then G; and Go are both connected algebraic subgroups of GJ\. Since h;
and ho are coprime, then there exist polynomials with integer coefficients
@1 and @2 along with some positive integer £y such that

Q1(z) - h(z) + Q2(z) - ha(z) = Lo,

which means that G and G are complementary subtori of G\, in the
sense that G ~ Gf’?n and Go ~ (G,]X_k, for some integer k € {0,..., N} and
moreover, G% = (1 - G2, while G1 N Gq is finite (consisting only of points
of order dividing ¢y). Furthermore, ® induces endomorphisms of both G;
and Gg; call them ®1, respectively ®s. In addition, the minimal polynomial
of @ is hgo(x), while the minimal polynomial of ®9 is hi(z). Also, if we let
t: Gy x Gy — GY be the map given by (z1,2) + 21 - 2 (note that Gy
and Gy are subgroups of GY), then the following diagram commutes

G1XG2%)G1XG2

(4.6.4) l l

GN ., GN
Note that ¢ is a finite morphism of degree £3. We now prove the following

lemma.

Lemma 4.7. It suffices to prove the conclusion of Theorem 2.5 for the
action of U := (®1,P9) on G1 x Ga.

Proof of Lemma 4.7. For a given finitely generated subgroup I' C G (K),
we let I' := ;~1(T'V) and then let Ty C G,,(K) be the finitely generated
subgroup spanned by the projections of I' onto each coordinate of G| x Gg —>
GV,

Assume there exists a point (Z1,Z2) € (G1 x G2)(K) satisfying the con-
clusions (i)-(ii) of Theorem 2.5 with respect to (®1,®2) and the subgroup
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I';. We claim that 7 := ¢ (%1, Z2) € G (K) satisfies the conclusions (i)-(ii)
of Theorem 2.5 with respect to the endomorphism ® and the subgroup I'.

Indeed, first of all, condition (i) is satisfied by & with respect to the
subgroup I' since the same condition is satisfied by (&1, Z2) and subgroup
I'1. As for condition (ii) in Theorem 2.5, we let S C Ny be an infinite subset.
Since by our hypothesis, the set

{(@1,®2)" (71,72) : n € S}

is Zariski dense in G1 X G, then its image under ¢ will be Zariski dense in (G,Nn,
thus proving the desired condition (ii) for ®, as claimed in Lemma 4.7. O

Now, G7 x Gy is itself isomorphic to G¥, x GN~*; our argument thus
far has been similar to the proof of our Proposition 3.2 in order to justify
that we can work with a dominant group endomorphism ¥ = (®1, ®9) where
®, : Gk, — GF and @, : GY=F — GN—F given by &1 53"141 and respectively,
Ty 53”242. Moreover, the minimal polynomials of A; and Ay are ha(x) and
hi(x), respectively.

We pick a starting point (1, #2) for the action of ¥ on G¥, (K)x GN=*(K)
of the following form:

e 75 € GN7F(K) satisfies both conditions (i)-(ii) from the conclusion
of Proposition 4.1 with respect to the finitely generated subgroup
I' € G, (K) (note that because of Condition (2) in the hypothesis
of Theorem 2.5, Condition (2) in Proposition 4.1 must hold); and

e T has its k coordinates multiplicatively independent among them-
selves and also, the subgroup of G,,(K) generated by the coordi-
nates of &1 has trivial intersection with the subgroup spanned by I'
and the coordinates of 5.

Let
(4.7.1) A= {(ff?l,fgb) B € MNl,Nl(Z) and Fs € MN27N2(Z)} ;

then A is finitely generated and all the points in Oy (71, Z2) lie in A.
We let S C Ny be an arbitrary infinite subset; we will prove that the set

U := {\I/n (.fl,fg) nec S}

must be Zariski dense in G2Y. If U is not Zariski dense, then we let V C G
be its Zariski closure. Using Theorem 2.1, there must exist a set of the
form (3.10.5) containing infinitely many elements of U. So, at the expense
of replacing S by a still infinite subset (and thus replacing the set U with
its corresponding infinite subset), we may assume without loss of generality
that there exists a set

(4.7.2) Fi=X-S(f,... 7 01,...,6,) H,

containing U. Now, regarding the set F, just as before, there exists a positive
integer m such that

(4.7.3) X LT e A,
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while the d;’s are positive integers and H is a subgroup of A.

Since we assumed that U is not Zariski dense in G\, then V is a proper
subvariety of G and in particular, the Zariski closure of H must be a
proper algebraic subgroup of G ; so, there exists a nonzero ¥ € Z" with the
property that

(4.7.4) for each h € H we have (ﬁ)v =1

We write 7 = (v7,72) € Z™M x ZN2. Using (4.7.3), there exist matrices
B; € My, n,(Z) and C; € Mn, n,(Z) (for i = 1,...,r) along with matrices
D; e MNJ.7NJ.(Z) for j = 1,2 such that

" = (f?l,fgl) for each i =1,...,7 and X" = (i:’lDl,@DQ) .
So, for each n € S, using that ¥"(Z,%3) € F, we must have some some
nonnnegative integers n; (for ¢ =1,...,r) such that

(T, To)"T = (B (1), PY(To))™
= (1) - BF (2)""

n\t, n\t,

_ .iﬂln(Al) vL | j»;n(‘%) v

Dt 3T 165 Btoy LDt ST ni6; Ctaid
(475) = "L‘l 191 Zlflp iVl '$22 2 szlp 3 V2

)

where in (4.7.5) we also used (4.7.4). Since the coordinates of #; are mul-
tiplicatively independent among themselves, and also multiplicatively inde-
pendent with respect to the coordinates of s we must have that

T
(4.7.6) m(A})'0i = Divi + ) p"% Bl

i=1
for every n € S. Hence, since none of the eigenvalues of A; are multiplica-
tively dependent with respect to p, Lemma 4.5 yields that we must have
71 = 0. So, this means that for any vector ¢ = ¥} ® vp € ZN with the

property that (E)v = 1 for each point h in the Zariski closure H of H inside

G1 @ Go, we must have that ¥ is the zero vector in ZN1. Therefore, H is an
algebraic group of the form Gy @ H for some algebraic subgroup Ho C Go.

So, the Zariski closure W of the set F (which is itself contained in the
Zariski closure of the set U) must be of the form G ®W> for some subvariety
Wy C G because G1 @ ng is contained in the stabilizer of W. However,
Ws contains all the points ®4(x2) for n € S. Then using the fact that S
is an infinite subset of Ny along with Proposition 4.1, we conclude that Wy
must be the entire Go. So, actually W must be the entire G| & G2 = G%,
which means that any infinite subset of the orbit of (&1, #2) under (®1, ®2)
must be Zariski dense in G; X (5.

This concludes our proof of Theorem 2.5. (|
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Proof of Theorem 2.6. As noted before (see [AC08, MS14, BGR17]) we have
that (i)=-(ii).

Our strategy for proving that (ii)=-(iii) is to assume that condition (iii)
does not hold and then prove the existence of a point with a Zariski dense
orbit.

First note that there exists a suitable power A™ of A (for some ng > 1)
such that each eigenvalue of A™ is either equal to 1 or it is not a root of
unity and each eigenvalue of A™ which is multiplicatively dependent with
respect to p is actually of the form p™ for some m € Ny. Next we prove that
condition (iii) from Theorem 2.6 is not changed when replacing ® by ®"°.

Lemma 4.8. Let ng € N. If condition (iii) from Theorem 2.6 is not met
for the reqular self-map ® : G — G, then condition (iii) is also not met
for @™ : G% — G,{X.
Proof of Lemma 4.8. When we replace ® by @™ then we replace A by A™0
and also, replace 8 by

s ——ng—1 AJ

(4.8.1) By 1= [2i=0

Now, we assume there exists a nonzero vector ¢ € Z~ such that condi-
tion (iii) is met for ®™0, i.e., for some ¢ € N we have:

{—

t _\ (Thzh anon)'y
(4.8.2) (Anof) 7= and (51)( A
But then using (4.8.1), we see that

AT A _ (et )

1=l = glE= ),
thus proving (in connection with (4.8.2)) that condition (iii) would be met
for @, contradiction. This concludes our proof of Lemma 4.8. ([

Lemma 4.8 allows us to replace ® by ®"° and therefore, it suffices to find
a point & € GY(K) with a Zariski denese orbit under ®"°; note that then
also Og (@) would be Zariski dense in GY. So, from now on, we work under
the hypothesis that
e each eigenvalue of the matrix A corresponding to the group endo-
morphism ¢ (where & = Tgo ) is either equal to 1 or it is not a
root of unity; and
e ecach eigenvalue of A which is multiplicatively dependent with re-
spect to p is actually of the form p™ for some m € Nj.
This hypothesis yields that there exists an invertible matrix P with ra-
tional entries such that

(4.8.3) PYAP = J1, @ J1ig—ir @ s @ J1ig—is @ D,

where D is an invertible matrix satisfying the following properties:

e no eigenvalue of D is a root of unity;
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e there does not exist k := trdegEK + 1 Jordan blocks in the Jordan

canonical form of A corresponding to eigenvalues Aq,..., Ap satis-
fying the equation A\{* = --- = A" = p" for some positive integers
m and r.

We write N := i and Ny := N — Ni; so, Nj is the dimension of the
unipotent matrix B appearing on the right-hand side of equation (4.8.3),
while Ny is the dimension of the matrix D. According to Proposition 3.2
(especially, see Lemma 3.5), it suffices to prove the existence of a point with
a Zariski dense orbit under the assumption that the matrix A actually has
the form from the right-hand side of (4.8.3). Furthermore, condition (iii)
is unchanged when we replace A by another matrix with integer entries of
the form P~'AP where P and P~! have rational entries. Indeed, one can
choose some positive integer m such that both mP and mP~! have integer

entries and then condition (iii) holds for the triple (A, 5’, 17) (and ¢ € N)

if and only if condition (iii) holds for (P—lAP, ﬁm<P*1>t,mPtU) (and the
same integer /).

So, from now on, we may assume that the matrix A corresponding to the
endomorphism ¢ is itself equal to B D.

For any vector # = (x1,...,2y5) € GN(K), we let Zp and Fp denote
(x1,...,zn,) and (Tny41,--.,2N) respectively. Since D has no eigenvalues
that are equal to a root of unity we can choose a vector yp € G)2(K) such

that (57,:))Dfid]\’2 = ED. Also, there is a vector 45 such that

_ \B-id
(73) = (Blv s 7B7:1*1’ 1, ﬁilJrla s 761'3*1’ 1) :

Let ¥ := yp @ 9p € GJ. It is easy to check that the map 750 ® o 7'7_1 is
given by
(4.8.4)

i fp7P @ 7P, where By = (1,...,1,8;,,1,...,1,8.) € GN(K).

According to [GS19, Lemma 3.1], it suffices to prove that there exists a point
with a Zariski dense orbit for the regular self-map on G\ given by (4.8.4).
We also note that condition (iii) is unchanged when replacing A and 5 by A
and ', where (' := 533 @ 0. Indeed, for any positive integer ¢, we have that

(A9 = 7 if and only if (B*)!05 = ¥ and Tp = 0

since 1 is not an eigenvalue of D’. Moreover, every eigenvector of (B*)!
corresponding to 1 must be of the form

(4.8.5) 0,...,0,vi,,0,...,0,v;,).
So, for a vector as in (4.8.5), we have that

(5) (oizhan)'s )(Zfé A')'s

— 1 if and only if (5’
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Therefore, in the proof of the implication (ii)=-(iii) we may assume from
now on that g = 5 and fp = (0,...,0) (see (4.8.4)).
Since condition (iii) does not hold, in particular we have that

(4.8.6) Biys- -, Pi, are multiplicatively independent.

Indeed, otherwise we would have some nonzero vector w € Z° such that
| BZ] = 1 and so, letting

7:=(0,...,0,w1,0,...,0,ws,0,...,0,ws,0,...,0) € Z

be the vector whose only possibly nonzero entries are its i;-th entries (for
j=1,...,s), we immediately see that

(4.8.7) Af =7 and f7 =1

Thus showing that condition (iii) holds in this case. So, indeed, since we
assumed that condition (iii) does not hold, then we must have that the 3;;’s
are multiplicatively independent (as claimed in (4.8.6)). We let

A= (V- Vi1 L, Yir1s -« - Yio—1s L Yig 1, - -+, Vig—1, 1) € GYH(K)

where the v;’s are multiplicatively independent and also multiplicatively
independent with respect to the 3;,’s.

Since the eigenvalues of D satisfy the hypotheses of Theorem 2.5, then we
can find @p € G)2(K) which satisfies conditions (i)-(ii) from the conclusion
of Theorem 2.5 with respect to the subgroup I' of GX spanned by all the Bi;’s
and all the ~;’s. In particular, this means that writing dp = (a1,...,an,),
we have that the a;’s (along with the 3;.’s and the ;’s) satisfy the hypothe-
ses of Proposition 3.12. Hence, the orbit of @ := dp @ dp € GY(K) under
® must be Zariski dense in GY, as claimed. This concludes our proof of

m>

Theorem 2.6. O

As noted in Section 2, Theorem 1.5 is a consequence of Theorem 2.6.
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