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ABSTRACT. Let fi,...,fn € Q[z] be polynomials of degree d > 1 such
that no f; is conjugated to % or to +£Cy(x), where Cy(z) is the Cheby-
shev polynomial of degree d. We let ¢ be their coordinatewise action on
A" ie., p: A" — A" is given by (z1,...,7n) = (f1(z1),..., fn(zn)).
We prove a dynamical version of the Pink-Zilber conjecture for sub-
varieties V' of A™ with respect to the dynamical system (A",¢), if
min{dim(V'), codim(V) — 1} < 1.

1. INTRODUCTION

1.1. Notation. As always in dynamics, we write ¢ for the m-th compo-
sitional power of the self-map ¢ for any m € Ny (where Nyg = NU{0}); also,
¢ is the identity map. The orbit of some point o under ¢ is denoted by
Oy, (a) and it consists of all ¢ (a) for m € Ny. For a subvariety ¥ C A"
under the action of an endomorphism ¢, we say that Y is periodic if there
exists a positive integer m such that Y = ¢™(Y); similarly, we say that ¥
is preperiodic under the action of ¢ if there exists m € Ny such that ¢™(Y")
is periodic.

For every d > 2, the Chebyshev polynomial of degree d, denoted Cy(z),
is the polynomial of degree d satisfying the functional equation Cy(z + %) =
¢ + x%- Following | |, a disintegrated polynomial is a polynomial of
degree d > 2 that is not linearly conjugated to ¢ or £Cy(x).

1.2. The Dynamical Manin-Mumford and the Dynamical Bogo-
molov Conjectures. The following theorem proven in [ | is a special
case of the more general Dynamical Manin-Mumford Conjecture and of the
Dynamical Bogomolov Conjecture proposed by Zhang | ]

Theorem 1.1 (] ). Let fi,...,fn € Qlx] be disintegrated polynomi-
als of degree d > 1 and we let ¢ be their coordinatewise action on A",
i.e., ¢ : A" — A" is given by (z1,...,x4) — (fi(z1),..., fu(xy)). For
any irreducible Q-subvariety X C A", if X contains a Zariski dense set of
preperiodic points, then X is preperiodic. Furthermore, if for each ¢ > 0,
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the set of points (a1, ...,a,) € X(Q) such that
hp(ar) + -+ hy,(an) <€
is Zariski dense in X, then X is a preperiodic subvariety.

In Theorem 1.1, given a polynomial f € Q[x] of degree larger than 1, h +(4)

is the canonical height defined as Ef(a) = limy, oo ’ég; ?}‘;n) for any a € Q,

where h(-) is the usual Weil height. For more details regarding heights, see

Actually, in | , Theorem 1.1], the above result was proven for po-
larizable endomorphisms of (P1)", i.e., maps of the form (z1,...,2,)
(fi(z1),..., fa(zn)) where each f; € Q(z) is a rational function of degree
d > 2 (which is not conjugated to a monomial, a +Chebyshev polynomial,
or a Lattés map). We will prove in Theorem 3.2 a slightly more precise
version of Theorem 1.1 for any subvariety of A™ which contains a Zariski
dense set of periodic points.

In Theorem 1.1, if each polynomial f; is conjugated with either a mono-
mial or a +Chebyshev polynomial, then we recover the classical conjectures
of Manin-Mumford and Bogomolov for algebraic tori. Actually, those con-
jectures (including in their version for abelian varieties) motivated Zhang to
formulate in early 1990’s a far-reaching dynamical conjecture for polarizable
algebraic dynamical systems generalizing both these classical diophantine

problems and Theorem 1.1 (see also | D).
In Theorem 1.1, since the coordinatewise action of ¢ on A" is given by
polynomials, one does not encounter the counterexamples (see | ]) to

the original formulation of the Dynamical Manin-Mumford Conjecture (and
of the Dynamical Bogomolov Conjecture), and hence one is not expected
to require the stronger hypothesis for the reformulation from | , Con-
jecture 1.4] of the Dynamical Manin-Mumford Conjecture. We note that
Theorem 1.1 was initially proven when X C A" is a curve in [ ].

1.3. The Dynamical Pink-Zilber Conjecture. In | ], a dynamical
version of the Bounded Height Conjecture (see | ] for the formula-
tion of this classical conjecture in the context of algebraic tori) was proven
for endomorphisms of A™ given by coordinatewise action of disintegrated
polynomials. The results of [ | suggest the following variant of the
Pink-Zilber Conjecture in a dynamical setting; see | , , | for
the statement of this conjecture in the classical setting of algebraic tori, or
more generally, of semiabelian schemes.

Conjecture 1.2. Let fi,..., f, € Q[x] be disintegrated polynomials of de-
gree d > 2. We let ¢ be their coordinatewise action on A", i.e., p : A" —
A™ is given by (x1,...,2n) — (fi(x1),..., fu(zn)). For each positive inte-
ger s < n, we let Perl®! be the union of all irreducible periodic subvarieties
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of A™ of codimension s; similarly, we let Prepl®! be the union of all irre-
ducible preperiodic subvarieties of A™ of codimension s. Let X C A™ be an
irreducible subvariety of dimension m.

(1) If X N Per™ U s Zariski dense in X, then X is contained in a
proper, irreducible subvariety of A™, which is periodic under the
action of .

(2) If XN Prep™t1) is Zariski dense in X, then X is contained in a
proper, irreducible subvariety of A™, which is preperiodic under the
action of .

It makes sense to restrict in Conjecture 1.2 to polynomials which are
not conjugated to monomials or Chebyshev polynomials since otherwise we
would encounter the classical Pink-Zilber Conjecture (see | | for a com-
prehensive discussion). Also, we note that if X is contained in a proper,
irreducible (pre)periodic subvariety Y of A™, then (simply, by geometric
considerations of counting the dimensions) X intersects nontrivially each
(pre)periodic subvariety of relative codimension in Y equal to dim(X), and
thus, X has a Zariski dense intersection with Perldim(X)+1] (respectively,
Prep[dim(X )H}); this scenario is exactly similar to the classical case when a
subvariety X C G}, contained in a proper algebraic subtorus would have a
Zariski dense intersection with the union of all subtori in G}, of codimension
equal to dim(X) + 1.

We also note that the two parts of Conjecture 1.2 are independent, nei-
ther one implying the other one. Furthermore, it is likely that the meth-
ods one would need to employ in proving the above two conjectures might
differ slightly. For example, we would expect that some of the p-adic tech-
niques developed for proving the Dynamical Mordell-Lang Conjecture (for
more details, see | , Chapter 4]) could prove useful in treating Con-
jecture 1.2 (1) in full generality. On the other hand, in attacking Conjec-
ture 1.2 (2), one might need to develop generalizations of the arguments
employed in | |. Also, Conjecture 1.2 (2) is particularly challenging
since one lacks a corresponding Dynamical Bounded Height Conjecture for
preperiodic subvarieties, in the spirit of the one proven in [ ] (which
is valid only for periodic subvarieties). Attempting to prove a variant of
the Bounded Height Conjecture for preperiodic subvarieties of A™ leads to
subtle diophantine questions similar to the ones encountered in | ].

Finally, it is important to observe that if we did not impose the condition
that the polynomials have the same degree, then there would be simple
counterexamples (similar to a naive formulation of the Dynamical Manin-
Mumford Conjecture, which does not require the polarizability of the given
endomorphism). Indeed, if f € Q[z] has degree d > 2, then its graph y =
f(x) is a (rational) plane curve containing infinitely many points which are
periodic under the coordinatewise action of (z,y) — (f(x), f2(y)); however,
this graph is not periodic under the action of (f, f?).
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1.4. Our results. We prove the following results.

Theorem 1.3. Let f1,..., fn € Q[z] be disintegrated polynomials of degree
d > 1 and let ¢ be their coordinatewise action on A", i.e., ¢ : A" — A" is
given by o(x1,...,zn) = (f1(z1),..., fu(zn)). Let X C A™ be an irreducible
subvariety defined over Q such that min{dim(X), codim(X)—1} < 1. If XN
Perldim(X)H1] s Zariski dense, then X 1is contained in a proper, irreducible,
periodic subvariety of A™.

Therefore Theorem 1.3 provides a proof for Conjecture 1.2(1) in the fol-
lowing 3 nontrivial cases:

(I) X is a hypersurface (see Theorem 3.2, which proves a more general
result).
(IT) X is a curve (see Theorem 4.1).

(ITIT) X C A™ has codimension 2 (see Theorem 5.1).

Clearly, if X is a point (i.e., dim(X) = 0), or if X = A" (i.e., codim(X) = 0),
Conjecture 1.2 holds.

It is difficult to extend any of our results to dynamical systems given
by the coordinatewise action of rational functions due to the absence of
Medvedev-Scanlon’s classification | | of periodic subvarieties in that
case (see also | ]). Also, it is difficult to extend Theorem 1.3 to subvari-
eties X C A" of dimension either larger than 1, or codimension larger than
2; see the following Example, which can be generalized to any subvariety of
A" of dimension in the range {2,...,n — 3}.

Example 1.4. Let f € Q[z] be a polynomial of degree d > 2 and let
¢ be its coordinatewise action on AS. Let X C A3 be a surface which
projects to a non-preperiodic point to each of the first 3 coordinates, i.e.,
X = (¢ x X1, where ¢ € A3(Q) and X; C A? is a surface defined over Q.
We also assume X is not a periodic surface, while ¢ is not contained in a
proper periodic subvariety of A3; this last assumption can be achieved (see
Section 2) by assuming the coordinates of ¢ := ({1, (2, (3) belong to different
orbits under f, i.e., there is no 4,5 € {1,2,3} and no m,n € N such that
f™(&) = f™(¢j). Then X is not contained in a proper periodic subvariety
of A% and therefore, Conjecture 1.2 predicts that X N Perl® is not Zariski
dense in X. In particular, this yields that

(1.5) X100 (0f(¢1) x Of(¢2) x Of(¢3))

is not Zariski dense in X;. However, understanding the intersection from
(1.5) is equivalent with solving a stronger form of the Dynamical Mordell-
Lang Conjecture for hypersurfaces in A3 and at the present moment, this
problem seems very difficult; for a comprehensive discussion about the Dy-
namical Mordell-Lang Conjecture, see | ]

As shown in a series of papers by Bombieri-Masser-Zannier (see | ,
]), even the classical Pink-Zilber conjecture in the context of algebraic
tori is very difficult and initially, only the case of curves was established; for
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more details, see the beautiful book of Zannier | ]. In the dynamical
context, the fact that we do not even know the validity of the Dynamical
Mordell-Lang conjecture makes Conjecture 1.2 particularly challenging.

1.5. Plan for our paper. We prove Theorem 1.3 by splitting it into its
3 nontrivial cases (I)-(III), i.e., X is a hypersurface (Theorem 3.2), X is a
curve (Theorem 4.1) and finally, X has codimension 2 (Theorem 5.1). The
common ingredients for proving these results are the classification of peri-
odic subvarieties of A™ under the coordinatewise action of n one-variable
polynomials (as obtained by Medvedev-Scanlon | |, along with some
further refinements obtained by the authors in | ]) and also the proof
of the Dynamical Manin-Mumford and of the Dynamical Bogomolov conjec-
tures for endomorphisms of (P*)" (see theorem 1.1 and | , ). In
the case of curves X C A™, we also need to employ the recent result of Xie
[Xie], who proved the dynamical Mordell-Lang Conjecture for plane curves.
In Section 2, using | | (along with its refinements from [ ) )]
we introduce the structure of periodic subvarieties of A™ under the coordi-
natewise action of n one-variable polynomials. In Section 3 we prove Theo-
rem 1.3 for hypersurfaces X C A" (see Theorem 3.2, which actually proves
that any subvariety of A™ containing a Zariski dense set of periodic points
must be periodic itself). Then we continue by proving Theorem 1.3 when
X is a curve (see Theorem 4.1) in Section 4, and we conclude our paper by
proving Theorem 1.3 when codim(X) = 2 (see Theorem 5.1) in Section 5.

Acknowledgments. We thank Tom Tucker for his comments on our
paper.

2. STRUCTURE OF PREPERIODIC SUBVARIETIES

Most of this section is taken from [ , ] which, in turn, follows
from | , ]. Throughout this section, let n > 2, and let f1,..., f
be disintegrated polynomials in Clz]. For m > 2, an irreducible curve (or
more generally, a higher dimensional subvariety) in A™ is said to be fibered
if its projection to one of the coordinate axes is constant, otherwise the
curve (or the subvariety) is called non-fibered. For any two disintegrated
polynomials f(x) and g(x), write f = g if the self-map (x,y) — (f(x),g(y))
of A? admits an irreducible non-fibered periodic curve. The relation = is
an equivalence relation in the set of disintegrated polynomials (see | ,

Section 7).

Let ¢ = f1 X ... X f, be the self-map of A" given by ¢(x1,...,2,) =
(fi(x1),..., fu(zn)). Let s denote the number of equivalence classes arisen
from fi,..., f, (under =). Let ni,...,ns denote the sizes of these classes

(hence ny + ...+ ng = n). We relabel the polynomials fi,..., f, as fi;
for 1 < i <sand 1l < j < n; according to the equivalence classes. After
rearranging the polynomials fi, ..., f, so that equivalence polynomials stay
in blocks, we have ¢ = 1 X...x @, where ¢; is the self-map f; 1 x...x f; », of
A" There exist a positive integer N, non-constant p; ; € C[z] for 1 <i <s
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and 1 < j < n; and disintegrated wy, ..., ws € C[z] in s different equivalence
classes such that the following holds. For 1 < i < s, let ¢; be the self-map
w; X ... x w; on A and let ¢ = ¢ X ... X 5. Let n; be the self-map
Pil X ... X pip, of A™ and let n =n; x ... x n;. We have the commutative
diagram:

A" % Lo x A LAM X ... x A"
(2.1) n n

A" x X AT —— AT L X AT
©
We have the following simple observation:

Lemma 2.2. Let V be an irreducible p-preperiodic subvariety of dimension

r. We have:
(a) Bvery irreducible component of n= (V) is -preperiodic and has
dimension 7.
(b) If V is p-periodic then some irreducible component of n~ (V) is
W-periodic.
(¢) Let X be an irreducible subvariety in A™ and let Perg] (respectively
Per”) be the union o p-periodic (respectively W-periodic) subvari-
P

eties of codimension r. IfXﬂPerg] 18 Zariski dense in X then there

is an irreducible component X' of n~Y(X) such that X' N Perg] is
Zariski dense in X'.

Proof. Part (a) follows from the commutative diagram (2.1) and the fact
that 7 is finite. For part (b), if (V) = V then ¢™° maps the set of
irreducible components of n71(V) to itself; hence at least one element in
this set is a -periodic subvariety.

For part (c), we have a collection of points {P; : i € S} that is Zariski
dense in X and satisfies the property that for each ¢ € S, there is an irre-
ducible p-subvariety V; of codimension r such that P; € X NV;. For each
i € S, there is an irreducible component W; of n=(V;) that is ¢-periodic
and there is a point @; € W; such that n(Q;) = P;. Let X1,..., Xy denote
all the irreducible components of n~(X). We partition S into Si,...,Suy
such that i € S; implies Q; € X; for every 1 < j < M. We claim that
there exists some j € {1,..., M} such that {Q; : i € S;} is Zariski dense
in Xj; consequently X; N Perz] is Zariski dense in X;. To prove this claim,
assume that the Zariski closure of {Q; : i € S;} is strictly smaller than X
for every j € {1,...,M}. Then the image under n of the union of these
M Zariski closures contains {F; : ¢ € S} and is strictly smaller than X,
contradiction. O

Remark 2.3. We will also use the following simple observation which can be
proved by arguments which are similar to the ones employed in the proof of
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part (c) above. If X is an irreducible subvariety of A” and {V;: i € S} is a
collection of irreducible subvarieties of A" such that X N|J;cg Vi is Zariski
dense in X and Sy, ...,Sy is a partition of S then there exists j such that
XN Uiesj Vi is Zariski dense in X.

Each irreducible p-preperiodic subvariety V of A™ has the form V; x...xVj
where each V; is an irreducible y;-preperiodic subvariety of A™. Let W be
an arbitrary irreducible component of n~*(V). Then W is t-preperiodic
and has the form Wy x ... x W where each Wj is an irreducible component
of ¢ L(V;) and it is tp-preperiodic. Note that t; is the coordinate-wise
self-map of A™ induced by the common polynomial w;.

Let f be a disintegrated polynomial and let ® = f x ... x f be the corre-
sponding self-map of A™. We recall the structure of ®-periodic subvarieties
of A" given in | , Section 2]. Write I,, = {1,...,n}. For each ordered
subset J of I,,, we define:

A7 = Al

equipped with the canonical projection w; : A™ — A”. In this paper, we
will consider ordered subsets of I,, whose orders need not be induced from
the usual order of the set of integers. If Ji,..., J,, are ordered subsets of I,
which partition I,,, then we have the canonical isomorphism:

(Tgyseeymy ) A" =AM x . x ATm,

For each irreducible subvariety V of A", let Jy denote the set of all j € I,
such that the projection from V to the j' coordinate axis is constant. If
Jy # (), we equip Jy with the natural order of the set of integers, and we let
ay € A’V(C) denote 7, (V). Even when Jy = ), we will vacuously define
(AY)7v as the variety consisting of one point and define ay to be that point.
We have the following:

Proposition 2.4. (a) Let V' be an irreducible ®-periodic subvariety of
A" of dimension r. Then there exists a partition of I, — Jy into r
non-empty subsets Ji,...,J, such that the following hold. We fix
an order on each Ji,...,J., and identify:

A" = ATV x AT x . x AT,

For 1 < i < r, let ®; denote the coordinatewise self-map of A’
mduced by f. For 1 < i <r, there exists an irreducible ®;-periodic
curve C; in A% such that:

V=A{ay} xCy x...xC,.

(b) Let C be an irreducible ®-periodic curve in A™ and denote m :=

|I,—Jc| > 1. Then there exist a permutation (i1, ..., 4im) of I, —Jo
and non-constant polynomials ga, . .., gm € Q[x] such that C' is given
by the equations xi, = g2(i,),- - -, Ti,, = gm(i,, ). Furthermore,

the polynomials gs, ..., gm commute with an iterate of f.
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Remark 2.5. Let C' be a non-fibered irreducible preperiodic curve in A2
under the map ®(z,y) = (f(z), f(y)). Then ®"(C) is periodic for some r.
So we know that C satisfies an equation of the form f"(z2) = g(f"(x1)) or
f(x1) = g(f"(z2)) where g commutes with an iterate of f. We can express
both cases by an equation of the form g(x1) = G(z2) where both g and G
commute with an iterate of f.

Remark 2.6. The above discussion gives a very precise description of irre-
ducible ¢-preperiodic subvarieties of A" (recall that ¢ = f1 X ... X fp).
Occasionally, the following simpler observation is sufficient for our pur-
pose. Let V' C A™ be an irreducible ¢-periodic subvariety. Then there
exist 1 <4 < j < n and an irreducible curve C in A? which is preperiodic
under (z,y) — (fi(z), fj(y)) such that V C 7= 1(C) where 7 is the projection
from A" to the i-th and j-th coordinates AZ.

Remark 2.7. The permutation (i1, . .., i, ) mentioned in part (b) of Proposi-
tion 2.4 induces the order i1 < ... < 4, on I,, — Jo. Such a permutation and
its induced order are not uniquely determined by V. For example, let L be
a linear polynomial commuting with an iterate of f. Let C' be the periodic
curve in A2 defined by the equation z2 = L(x1). Then I — Jo = {1,2}, and
1 < 2 is an order satisfying the conclusion of part (b). However, we can
also express C' as 1 = L~!(23). Then the order 2 < 1 also satisfies part
(b). Therefore, in part (a), the choice of an order on each J; is not unique.
Nevertheless, the partition of I, — Jy into the subsets Ji,...,J, is unique
(see [ , Section 2]).

Next we describe all polynomials ¢ commuting with an iterate of f:

Proposition 2.8. Let f € Clz]| be a disintegrated polynomial of degree
greater than 1. We have:

(a) If g € Clx] has degree at least 2 such that g commutes with an
iterate of f then g and f have a common iterate.

(b) Let M(f*°) denote the collection of all linear polynomials commut-
ing with an iterate of f. Then M(f*°) is a finite cyclic group under
composition.

(¢) Let f € Clx] be a polynomial of minimum degree d > 2 such that
f commutes with an iterate of f. Then there exists D = Dy >0
relatively prime to the order of M(f*°) such that foL = LP o f for
every L € M(f°).

() {f’moL: m >0, LeM(fOO)} — {Lofm: m >0, LeM(fOO)},
and these sets describe exactly all polynomials g commuting with an
iterate of f. As a consequence, there are only finitely many polyno-
mials of bounded degree commuting with an iterate of f.

Remark 2.9. In the diagram (2.1), if fi,..., f, are in QI] then the poly-
nomials w;’s and p; ;’s can be chosen to be in Q[z]. In Proposition 2.8, if
f(x) € Q[z] then f € Q[z] and elements of M (f>) are in Q|x].
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We will use the following immediate corollary to recognize when a point
is f-periodic:

Corollary 2.10. Let f € C|x] be a disintegrated polynomial of degree greater
than 1.

(a) Let g(z) € Clz] such that deg(g) > 2 and g commutes with an
iterate of f. Then o € C is g-periodic if and only if it is f-periodic.
(b) Let p(x) € Clx] such that deg(p) > 1 and p commutes with an
iterate of f. Let o € C be f-periodic. Then p(«) is also f-periodic.
(¢) If a is f-preperiodic then for any polynomial g that commutes with
an iterate of f and deg(g) is sufficiently large, g(a) is f-periodic.
(d) If a is f-preperiodic then the set

{9(a) : g commutes with an iterate of f}
is finite.

Proof. Part (a) is obvious since g and f have a common iterate. For part (b),
choose m such that " commutes with p and o = f™(«). Then f™(p(a)) =
p(f™(a)) = p(a). For part (c), let » > 0 such that f"(«) is f-periodic,
then if deg(g) > deg(f)", we can write g = g1 o f” where g; commutes with
an iterate of f by Proposition 2.8(d). Now g(a) = g1(f"(«)) is f-periodic
by part (b). For part (d), let f be as in Proposition 2.8, we can write g
as Lo f™ for some m > 0 and L € M(f°°). Since « is f-preperiodic and
M(f°°) is finite, there are only finitely many possibilities for g(«). O

We now consider the more general self-map ¢ = f; X ... x f,, as in the
beginning of this section. Let V be an irreducible @-preperiodic subvariety
of A" with r := dim(V'). As before, Jy denotes the set of i € I,, such that the
projection from V to the i-th coordinate A! is constant and ay € A7V (C) is
the image 77V (V). By Proposition 2.4 and the diagram 2.1, we can partition
the set I, \ Jy into r non-empty subsets Ji, ..., J, such that after identifying

A" = ATV x AT x L x AT

we have:
V:{av}xClx...xCr

where each Cj is a preperiodic curve in A7i with respect to the coordinate-
wise self-map induced by the polynomials f;’s for ¢ € J;. Moreover, if V
is periodic then ay and each C; are periodic. Since each Cj is necessarily
non-fibered thanks to the definition of Jy-, we have that f ~ g for f,g € J;
for 1 < j < r. We have the following:

Definition 2.11. The weak signature of V is the collection consisting of the
set Jy and the partition of I, \ Jy into the sets Jy,...,J,.
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3. PROOF OF THEOREM 1.3 FOR HYPERSURFACES

We start by proving a more precise version of | , Theorem 1.1] for
plane curves containing infinitely many periodic points.

Theorem 3.1. Let f1, fo € Q[z] be disintegrated polynomials of degree d >
2 and let ¢ : A2 — A2 be their coordinatewise action, i.e., (x1,T2)
(fi(x1), fa(xa)). If X C A? is an irreducible curve containing infinitely
many periodic points, then X must be periodic under the action of ¢.

Proof. This theorem follows from the more technical result | , Theo-
rem 5.1]. Here we include a different proof illustrating the sort of arguments
used in the later sections. First of all, by Theorem 1.1, we have that X is
preperiodic since it contains infinitely many (pre)periodic points. We now
recall the equivalence relation = in Section 2. If f; and fo are not in the
same equivalence class then the only @-preperiodic curves are of the form
{¢1} x Al or At x {(o} where (; is fi-preperiodic for i = 1, 2. However, since
X contains infinitely many periodic points, we conclude that X is periodic
(i.e., (1, or respectively, (2 must be periodic).

We now assume that f; =~ fo. By Lemma 2.2, we may assume that
fi = fo =: f. The arguments in the previous paragraph can be used to
treat the case when X is fibered. We reduce to the case that X is a non-
fibered preperiodic curve. Let f be as in Proposition 2.8; since f and f have
a common iterate, we may assume that f = f without changing the content
of Theorem 3.1. By Proposition 2.4 and without loss of generality, we may
assume that X satisfies the equation f*(z) = g(f*(y)) for some k > 0 and
g(z) € C[z] that commutes with an iterate of f. By Proposition 2.8, we can
write g = L o f¢ for some L € M(f>) and ¢ > 0.

Let (a1, a2) be a ¢-periodic point on X and let p > k such that f*(a1) = a1
and f”(az) = as. By using Proposition 2.8 and applying f*~* to both sides
of the equation

fHar) = g(f*(az))
and thus using that there exists some L; € M(f>) such that f*%o L =
Lio fP7* we get
fPar) = La(f7+(a2)).
Then using that both a; and as are fixed by f” yields that

a1 = L1 (f*(a2)).

Now, because M (f°°) is finite and there are infinitely many periodic points
(a1,as) on X, there exists L € M(f) such that o = L(f*(8)) for infinitely
many (periodic) points (a, ) in X. Therefore X is given by the equation
T = f/(fe(y)), thus proving that X must be periodic, as claimed. O

The above theorem is the key step to obtaining the following more general
result:
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Theorem 3.2. Let fi,..., fn, d, and ¢ be as in Theorem 1.5. Let X be
an irreducible subvariety of A™ such that X contains a Zariski dense set
of w-periodic points, then X is periodic. Consequently, Theorem 1.3 holds
when codim(X) = 1.

Proof. Since X contains a Zariski dense set of preperiodic points, Theo-
rem 1.1 yields that X must be preperiodic. Let J C {1,...,n} denote the
factors A! of A for which the projection from X is constant and let a € A7
be the constant image of X (under the aforementioned projection). After
rearranging the coordinates of A™, the discussion from Section 2 gives that
X has the form

{a} x X1 x ... x X,

where r = dim(X) and each X; is a preperiodic non-fibered curve. By the
assumption on X, the point a must be periodic. Therefore, by working with
each X;, we now reduce Theorem 3.2 to the case when X is a non-fibered
curve of A”. In particular fi,..., f, belong to the same equivalence class.
By Lemma 2.2, we may assume that fi =...= f, =: f.

For each i # j in {1,...,n}, let m;; denote the projection from X to
the i-th and j-th coordinates A? and let X ; denote the Zariski closure of
m;;(X). By Theorem 3.1 and Proposition 2.4, X ; is given by the equation
x; = g(x;) or x; = g(x;) where g commutes with an iterate of f. Doing this

for all pairs (4,7), we have a permutation (i1, ...,4,) of (1,...,n) such that
X satisfies the equations x;, = ga(xi,), ..., Ti, = gn(zi,_,) where ga,...,gn
commute with an iterate of f. Since such equations describe a periodic
curve, we have that X is periodic. O

4. PROOF OF THEOREM 1.3 FOR CURVES

In this Section we prove the following result
Theorem 4.1. Theorem 1.3 holds when X C A" is a curve.

Proof. The case n = 2 follows from Theorem 3.2 (or equivalently, from
Theorem 3.1). We will prove next the result for n € {3,4} and proceed by
induction for n > 5. We recall the notation and terminology from Section 2.
We are given that the curve X has a Zariski dense (i.e. infinite) set of
points each of which is contained in a periodic subvariety V' of codimension
2. Since there are only finitely many possibilities for the weak signature, by
Remark 2.3, we may assume that all of the above periodic subvarieties have
a common weak signature consisting of a (possibly empty) subset J = Jy
of I, and a partition of I, \ J into n — 2 non-empty subsets Ji, ..., Jy,_2.
Let h denote the absolute logarithmic Weil height on P!(Q). We also let h
denote the height on A™(Q) C (P*)"(Q) given by

h(z1,...,xn) = h(z1) + ...+ h(z,).
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For each f;, let h #; denote the canonical height on PY(Q) associated to f;,
and let h denote the function on A" C (P1)*(Q) given by:

h(x1, .. 2n) = hy(21) + ...+ hy, (20).

Note that h is the canonical height associated to ¢ (which is the coordinate-
wise action of the polynomials f; on A™). We refer the readers to | ] and
[ , Chapter 3] for more details on height and canonical height functions.

4.1. The case when the ambient space has dimension 3. Without
loss of generality, we have the following possibilities for the weak signature
(j ) J 1):

Case A: J = 0 and J; = {1,2,3}. By part (c) of Lemma 2.2, we
may assume that fi1 = fo = f3 =: f. By Proposition 2.4 and Remark 2.3,
we may assume that there are infinitely many points {P;}$°, such that for
each i, there is a periodic curve V; defined by the equations zo = g;2(z1)
and x3 = g;3(x2) such that P; € X N'V; where g; 2 and g; 3 are polynomials
commuting with an iterate of f. If {deg(g;2)}i>1 has a bounded subsequence
then Proposition 2.8(d) yields that there exists a polynomial g such that
gi,2 = g for infinitely many i. Hence X is contained in the periodic surface
defined by zo = g(z1) because it is a curve containing infinitely many points
from this surface. The case when {deg(g;3)}i>1 has a bounded subsequence
is treated similarly. We now assume that

lim deg(gi2) = lim deg(g;3) = oo.
1—00 1—00

Write P; = (a;,bi,c;). Let m 2 denote the projection from A3 to the first
two coordinates A% and let Y be the Zariski closure of 71 9(X).

We consider the case when 7 o is non-constant on X, in other words Y
is a curve in A2. Then there exist positive constants C; and Cy depending

only on the curve X such that for every point (a,b,c) € X(Q), we have:
(4.2) h(c) < Cy max{h(a),h(b)} + Cs.

Inequality (4.2) is a special case of | , Lemma 3.2 (b)] (see also [ ,
Corollary 3.4]). Since |h —hy¢| = O(1), there exist positive constants C3 and
C4 depending on X and f such that:

/ﬁf(c) < C3max {Ef(a),ﬁf(b)} +Cy
for every (a,b,c) € X(Q) (see also | , Corollary 3.4]). In particular,
this inequality holds for the points P; = (a4, b;, ¢;). On the other hand, we
have:

hy(ci) = deg(gi3)hy(b;) and hy(b;) = deg(gi2)hy(as).
Overall, we have:

~

deg(g:.3) max {Ef(ai), hf(bi)} < Ts(e;) < Csmax {ﬁf(ai),ﬁf(bi)} +Cy.
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Since lim deg(g;3) = oo, we get lim; o (max {ﬁf(ai),/ﬁf(bi)}) = 0 and so,
Theorem 1.1 yields that the curve Y is preperiodic.

A more careful analysis shows that X is contained in a periodic surface,
as follows. First, consider the case when the projection from X to the first
or second coordinate A'! is constant, then this constant, denoted -, is nec-
essarily preperiodic since Y is preperiodic. From ¢; = g;3(bi) = gi,3(9i2(ai))
and Corollary 2.10, we have that ¢; is periodic for all sufficiently large ¢ and
the sequence {¢; };>1 consists of only finitely many points. Hence there is a
periodic point ¢ such that ¢; = ¢ for infinitely many ¢. We conclude that X
is contained in the periodic surface A% x {¢}.

When the projection from X to neither the first nor second A' is constant,
by Proposition 2.4 and Remark 2.5, the preperiodic curve Y satisfies an
equation of the form g(x1) = G(z2) where g and G commute with an iterate
of f. Therefore the point (a;, b;) satisfies both g(a;) = G(b;) and b; = g; 2(a;).

The following observation will be used repeatedly throughout our proof.

Lemma 4.3. With the above notation, for all i sufficiently large, we have
that b; is periodic.

Proof of Lemma 4.3. When i is sufficiently large so that deg(g;2) > deg(g),
from Proposition 2.8(d), we can write g; » = u; o g where u; is a polynomial
commuting with an iterate of f. Therefore

bi = ui(g(ai)) = ui(G(b;))

and Corollary 2.10(a) implies that b; is f-periodic. O

Using that b; is periodic along with the fact that ¢; = g;3(b;), we obtain
that ¢; is also f-periodic (by Corollary 2.10(b)). Let Y’ be the Zariski
closure of the projection from X to the second and third coordinates AZ.
Since (b;, ¢;) is periodic for all sufficiently large i, we have that Y is periodic
(according to Theorem 3.1). Hence X is contained in the periodic subvariety
Al x Y.

The case when 77 2 is constant on X is obvious. Indeed, X = {(a,b)} x A
and since X NV; # 0, we have b = g 2(a) and g1 2 commutes with an iterate
of f. Hence X is contained in the periodic surface defined by zo = g1 2(z1).

Case B: J = {1} and J; = {2,3}. As in Case A, we may assume that
fo = fz3 =: f and there are infinitely many points {P; = (a,bi,¢;)}i>1
such that for each ¢, there is a periodic curve V; defined by z; = ¢(; and
x3 = g;(x2) such that P; € XNV, where (; is fi-preperiodic and g; commutes
with an iterate of f. By similar arguments in Case A, we may assume
lim; oo deg(g;) = oo.

When 71 2 is non-constant on X, we can use similar arguments as in Case
A. This time, we have an inequality of the form

~

(4.4) hy(e) < Csmax {hy, (@), s (8) } + C
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for every (a,b,c) € X(Q) where C5 and Cg are constants depending only on
X, f1, and f. So we can conclude that lim; . h #(bi) = 0. Since Y contains
the Zariski dense set {(a; = (;,b;)}i, we have that Y is preperiodic, by
Theorem 1.1. If the projection 71 from X (and Y') to the first A! is constant
then we have a; = (4 for every ¢ and X is contained in the periodic surface
{¢1} x A2. Tf the projection 79 from X (and Y) to the second A' is constant,
then inequality (4.4) combined with the fact that a; = ; is periodic and the
fact that lim;_,~, deg(g;) = oo yields that b; must be preperiodic. But then,
because b; is constant as we vary i and deg(g;) — oo, Corollary 2.10(c)
yields that c¢; must be constant and periodic, thus providing the desired
conclusion in Theorem 4.1. If m; and my are non-constant then Y satisfies
an equation g(x1) = G(x2), where g and G commute with an iterate of f. In
particular ¢g({;) = g(a;) = G(b;); so, by Corollary 2.10, G(b;) is f-periodic
(note that (; is periodic). When deg(g;) > deg(G), by (the proof of) part
(c) of Corollary 2.10, we have that ¢; = g¢;(b;) is also periodic. Now the
Zariski closure of the projection from X to the first and third coordinates
A? contains the Zariski dense set {(a;, ¢;) : i is large} of periodic points, it
must be periodic thanks to Theorem 3.1. Hence X is contained in a periodic
surface.

The case 2 is constant on X is also obvious. Indeed, X = {(a,b)} x Al
and since X NV; # (), we have that a = (;. Hence X is contained in the
periodic surface {¢1} x A2,

Case C: J = {1,2} and J; = {3}. This time, each periodic curve V; has
the form {(ay, 8;)} x Al where a; is fi-periodic and ; is fo-periodic. If o
is non-constant on X then Theorem 3.1 implies that Y is a periodic curve in
A2 hence X is contained in the periodic surface Y x Al. If 71,2 is constant
on X, since X NV; # (0, we have X = V] is periodic.

4.2. The case when the ambient space has dimension 4. We will need
the following result:

Proposition 4.5. Let f(z),g(x) € Q[z] with deg(f) = deg(g) =: d > 2.
Let C C A? be an irreducible Q-curve with the following properties:

o C is non-fibered.
o There exist o, 3 € Q such that C N (Of(a) x Oy(p)) is infinite.

Then C' is periodic under the action (x1,x2) — (f(z1), g(x2)).

Proof. As in Cases A and B (see also | , Corollary 3.4]), since C' is non-
fibered there exist positive constants C7 and Cg depending on C, f, and g¢

such that for each (a1, a2) € C(Q), we have

(4.6) max{hy(a1), hg(az)} < Crmin{hy(ar), hy(az)} + Cs.

Now, since CN(Of(ar) x Oy(B)) is infinite and C projects dominantly to both
coordinates, we get that « (respectively /3) is not f-preperiodic (respectively
g-preperiodic). Hence hy(a) > 0 and hy(f) > 0. From this observation,

inequality (4.6) for each point (f™(«a),¢"(8)) € C(Q), and the fact that
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/ﬁf(fm(a)) = dm/ﬁf(a) and Eg(g”(ﬁ)) = dnﬁg(ﬂ), we conclude that [m — n]
is uniformly bounded as we vary among all points (f™(«), g"(8)) € C(Q).
Therefore, there exists an integer ¢ such that there exist infinitely many
(m,n) € Ng x Ny with the property that (f™(a),¢"(8)) € C(Q) and also
m —n = {. Without loss of generality, we assume that £ > 0, and therefore
get that C' contains infinitely many points from the orbit of ( o), ﬂ) under

the action of (x1,z2) — (f(z1),9(x2)). Since the Dynamical Mordell-Lang

Conjecture (see [ , Chapter 3]) is known in the case of endomorphisms
of A? (as proven in [Xic]), we conclude that C is periodic under the action
of (z1,z2) — (f(x1),9(x2)), as desired. O

We now return to the proof of Theorem 4.1. We have the following cases
for the weak signature (J, Ji, J2):

Case D: |J;1| = 1 or |J2| = 1. Without loss of generality, assume |Ja| = 1,
more specifically Jo = {4}. Now there are infinitely many points {P; =
(@i, bi, ¢i,d;) }i>1 such that for each 4, there is a periodic surface V; such that
P; € X NV;. Moreover, we have that V; = W; x A! where W; is a periodic
curve under the self-map fi x fo x f3 of A3

Let 71,93 denote the projection from A? to the first three coordinates A3.
If 71 2 3 is non-constant on X, then the Zariski closure Y of 71 2 3(X) in A3
is a curve and we can apply Theorem 4.1 to the data (n = 3, f1, fa, f3,Y)
to conclude that Y is contained in a periodic surface S in A%. Hence X is
contained in the periodic hypersurface S x Al. The case 7 2 3 is constant on
X is obvious. We have that X = {(a,b,c)} x Al. Since P; = (a;, b;, ¢;, d;) =
(a,b,c,d;) lies in V; = W; x A, we have that X itself is contained in the
periodic subvariety V; (for every 7).

Case E: |J;| = |J2] = 2. Without loss of generality, assume J; = {1,2}
and Jo = {3,4}. As in Case A, we may assume f; = fo =: f and f3 = f4 =:
g. By Proposition 2.4 and without loss of generality, we may assume that
there are infinitely many points {P; = (aj, bi, ¢i, d;) }i>1 such that for each i,
there is a periodic surface V; defined by xo = U;(z1) and x4 = T;(x3) such
that P, € X NV; and U;(x) (respectively T;(x)) commutes with an iterate
of f(z) (respectively g(z)). For such polynomials U;(z) and T;(z), and for

any a € Q, we have (see [ , Lemma 3.3]):
(4.7) hy(Ui(a)) = deg(Ui)hf(a), hy(Ti(a)) = deg(T;)hy(a).

As in Case A, we may assume that lim;_, . deg(U;) = lim;_,o deg(T;) =
o0. Let 71 3 denote the projection from A? to the first and third coordinates
A? and let Y denote the Zariski closure of m 3(X).

We consider first the case when 73 is non-constant on X, in
other words Y is a curve in AZ.

As in Case A, there are positive constants Cy and C1y depending only on

X and f such that for every point (a,b,c,d) € X(Q), we have:

Ef(b) +ﬁg(d) < Cg(ﬁf(a) +?Lg(c)) + Chp.



16 D. GHIOCA AND K. D. NGUYEN

Combining with (4.7) and the fact that P; = (a;, b;, ¢;, d;) € X NV;, we have:
(deg(Us) — Co)hy(as) + (deg(Ts) — Co)hg(bi) < Cho.
Since lim;_, o, deg(U;) = lim;_, o deg(T;) = oo, we get that lim; /l{f(ai) =

lim; 00 Eg(ci) = 0. By Theorem 1.1, the curve Y is preperiodic under the
map (z1,z3) — (f(x1),9(x3)). A more carefuly analysis shows that X is
contained in a periodic subvariety as follows.

When the projection from X to the first (or respectively the third) coor-
dinate is constant, then this constant is necessarily preperiodic since Y is
preperiodic. Since b; = U;(a;) (respectively d; = Tj(c¢;)), we can argue as in
Case A to conclude that there is an f-periodic point (respectively g-periodic
point) ¢ such that b; = ¢ (respectively d; = () for infinitely many i. Hence
X is contained in the periodic surface Al x {¢} x A2 (respectively A% x {¢}).

Now consider the case when the projection from X to both the first and
third coordinates is non-constant, or equivalently Y is a non-fibered curve
in A2, This implies f ~ ¢g. By Lemma 2.2, we may assume that f = g (i.e.
fi=fo=f3 = fas = f). Remark 2.5 gives that Y satisfies an equation of
the form g(z1) = G(x3) where g and G commute with an iterate of f. In
particular b; = U;(a;), d; = T;(¢;), and g(a;) = G(¢;). When 1 is sufficiently
large so that deg(U;) > deg(g) and deg(T;) > deg(G), we can write:

U=Ufogand T; =T; oG

where U and T} commute with an iterate of f. Obviously, either deg(U;*) >
deg(T}) or deg(T}) > deg(U;}). By restricting to an infinite subsequence of
{P;} and without loss of generality, we may assume that deg(T) > deg(U})
for every i. From Proposition 2.8, we can write T = S; o U/ where 5;
commutes with an iterate of f. We have:

di = Ti(c;) = T; (G(ai)) = T (9(as)) = Si(U; (9(as))) = Si(Ui(as)) = Si(bi)-
If {deg(S;)}: has a bounded subsequence then by similar arguments as
before, X would be contained in a periodic surface of the form x4 = S(x2)
and we are done. Now assume lim;_,, deg(.S;) = oo. Since the projection
from X to the first 3 coordinates is non-constant, there exist C'1; and Cs
such that:
hy(d;) < Crymax{hy(a;), hy(b;), hy(ci)} + Cha.
On the other hand: R R
hy(di) = deg(Ti)hs(ci),
hy(di) = deg(Si)hy(bi) = deg(S;) deg(Us)hy(ai)
and {deg(S;)}:, {deg(T;)}i, and {deg(U;)}; become arbitrarily large; so, we
conclude that
llim Ef(ai) = llim /};f(bl) = 'lim /}\Lf(ci) =0.
1—00 1—00 1—r 00
By Theorem 1.1, the Zariski closure Z of the projection from X to the first
2 coordinates A? is preperiodic. We are assuming that the projection from
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X to the first coordinate is non-constant. If the projection to the second
coordinate is constant then it must be preperiodic (since Z is preperiodic),
denoted . Now d; = S;(b;) = Si(7) and we can argue as in Case A to
conclude that X is contained in a periodic hypersurface of the form A3 x {¢}.
It remains to treat the case when the projection to the second coordinate is
non-constant. Then Z satisfies an equation g*(z1) = G*(x2) where g* and
G* commute with an iterate of f. By similar arguments as in Case A (see
Lemma 4.3), we conclude that b; is f-periodic when ¢ is sufficiently large,
and so, d; = S;(b;) is also f-periodic. Then Theorem 3.1 implies that the
projection from X to the second and fourth coordinates axes is a periodic
curve and we are done since we obtain that X is contained in the periodic
(irreducible) hypersurface in A%, which is the pullback of the aforementioned
periodic plane curve under the projection map (x1, x2, x3,x4) — (2, 24).

Finally, we treat the case when 73 is constant on X.

Write {(o,7)} = m13(X), hence (ai,¢;) = (a,7) for every i. If « is
f-preperiodic then for all i sufficiently large, we get that b; = Uj(a;) =
Ui(y) must be some given periodic point  and thus, X is contained in the
periodic hypersurface A! x {8} x A? and hence, we are done. Therefore
we may assume that « (respectively ) is not f-preperiodic (respectively
g-preperiodic). Hence ﬁf(a) > 0 and /ﬁg('y) > 0. From (4.7) and the fact
that

lim deg(U;) = lim deg(7;) = oo,

1—00 1—00
we conclude that lim;_ ﬁf(b,-) = lim; oo /i\Lg(di) = oo. Consequently, X
projects dominantly to both the second and fourth coordinates of A%. Let
X' be the curve in A? which is the Zariski closure of the image of X under
the projection to the second and fourth coordinates.

From Proposition 2.8, we can write

Ui= f"ou T;=g" ot;

where m;,n; € Ng, u; (respectively ¢;) commutes with an iterate of f (re-
spectively g) and max{deg(u;),deg(t;)} < deg(f) = deg(g). From Proposi-
tion 2.8 again, there are only finitely many possibilities for the pair (u;, t;).
Hence there exists u(x) and t(z) such that (u;, t;) = (u,t) for infinitely many
i. Overall, the curve X’ in A? satisfies the following properties:

e X' is non-fibered.

o X'N(Op(u(er)) x Oy(t(B))) is infinite.

By Proposition 4.5, X' is periodic under the map (x2,x4) — (f(22), g(x4)).
Therefore X is contained in the periodic hypersurface

{(z1, 22,23, 24) : (22,74) € X'}

and we finish the proof of this case.
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4.3. The case when the ambient space has dimension larger than
4. Let N > 5, assume Theorem 4.1 holds for n < N — 1. We now consider
n = N. Note that the common weak signature (7, Ji, ..., JJ,—2) of the V’s
is a partition of {1,...,n} for which J could possibly be empty while each
J; is non-empty. Since 2(n—2) > n, there must be some j such that |J;| = 1.
Without loss of generality, assume J,,_o = {n}. We can now proceed as in
Case D: if the projection from X to the first (n — 1) coordinates is non-
constant then we reduce to n = N — 1 and apply the induction hypothesis,
otherwise we can easily conclude that X is contained in V; for every 4. This
finishes the proof of Theorem 4.1. O

5. PROOF OF THEOREM 1.3 FOR SUBVARIETIES OF CODIMENSION 2

Theorem 1.3 is proven once we deal with the last case of it, which is
contained in the following result:

Theorem 5.1. Theorem 1.3 holds if X C A™ has codimension 2.

Proof. Here we are assuming that the intersection between X and the union
of all periodic curves is Zariski dense in X and we need to prove that X is
contained in a periodic hypersurface of A". We argue by induction on n;
the case n = 2 is trivial while the case n = 3 was proven in Theorem 3.1.
We assume n > 4 from now on.

By using Remark 2.3 as in the proof of Theorem 4.1, we can assume that
all of the above periodic curves have a common weak signature J; which is
assumed to be {1,...,s} where 1 < s < n. By Lemma 2.2, Remark 2.3,
and Proposition 2.4, we may assume that fi = ... = f; =: f and there are
periodic curves {V,,}m>1 (in A™) such that the following hold:

(a) there is a Zariski dense set of points { P, };m>1 in X such that P, €
X NV, for every m, and

(b) each V;, is defined by equations 2 = gm,1(21),...,2Zs = Gm,s—1(Ts—1)
where the g,,;’s are polynomials commuting with an iterate of f,
along with equations zs11 = G s41,-..,Tn = am,n Where each a,,;
is fi-periodic for s +1 < i < n.

Write
Pm = (bm,la R bm,n)

with by, j41 = Gm,j(bm,;) for 1 < j < s—1and by, j = am; for s+1 < j <n.

By restricting to a subsequence, we may assume that { Py, },,,>1 is generic
which means that every subsequence is Zariski dense in X. This is possible,
as follows. First we enumerate all the countably many strictly proper irre-
ducible Q-subvarieties of X as {Z1, Zs,...}. Then we let mq := 0, let P,
be the first point in the sequence {Pp,}m>m, which is not contained in Zi,
let P,,, be the first point in the sequence { Py, }m>m, that is not contained
in Z1 U Zy, and so on. The subsequence {Py,, };>1 is generic in X.
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If for some i € {s+1,...,n}, the projection from X to the i-th coordinate
axis Al is constant, then X is contained in the periodic hypersurface z; = a1 ;
and we are done.

So, from now on, we may assume that each projection of X on
the coordinate axes zs11,...,2, is not constant.

In particular, this means that for every i € {s+ 1,...,n} and any f;-
periodic point (, there are at most finitely many m’s such that a,,; = (;
otherwise an infinite subsequence of {P,,} is contained in the hypersurface
x; = (. Since { Py, }n, is generic, X is also contained in x; = ¢, violating our
assumption.

Claim 5.2. Theorem 5.1 holds when s = 1.

Proof. Since s =1, each V,, is of the form
Al x (@m2,- -y amn)-

We project X to the last n —1 coordinate axes and thus obtain a subvariety
X1 € A" ! of codimension 1 or 2. Furthermore, according to our hypoth-

esis, X contains a Zariski dense set of periodic points (a;2,...,a;); thus
Theorem 3.2 yields that X7 is periodic, hence X is contained in a periodic
subvariety. ([l

From now on, we assume 2 < s < n. Furthermore, as argued in the
proof of Theorem 4.1, we may assume that for j = 1,...,s — 1, we have
deg(gm,j) — 00 as m — oo.

Claim 5.3. Theorem 5.1 holds if X does not project dominantly onto the
s-th coordinate Al of A™.

Proof of Claim 5.3. Let by be the image of the constant projection from
X to the s-th coordinate A! and let T(s) be the projection from X to the
remaining n— 1 coordinates A"~ 1. Let X (s) be the Zariski closure of () (X).

For each m we have that V;,, N X contains some point (b1, - .., bmn) such
that for i =1,...,s — 1, we have
- he(b
hg(bm,i) = Silf( s) — 0 as m — oo.
[T;=; deg(gm,;)
Since also for i = s+1,...,n we have /f;f(bm,i) = ﬁf(am,i) = 0, we conclude

that X ;) contains a Zariski dense set of points of canonical height converging
to 0. Thus Theorem 1.1 yields that X, is preperiodic. A more careful
analysis shows that X is contained in a proper periodic subvariety, as follows.

Since dim(X ) = dim(X), we have that X is a hypersurface in A"~'.
By Remark 2.6, there exist i < j in {1,...,s — 1,s + 1,...,n} and an
irreducible curve C in A? that is preperiodic under (x;, ;) — (fi(2:), fj(x;))
such that X(,) = 7~ !(C) where 7 is the projection to the i-th and j-th
coordinate axes, i.e.,

(5.4) (@15 Ts—1, T 1y - -5 ) —> (T4, 25).
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We have several cases (note that the projection from X to each of the ¢-th
coordinate Al for £ € {s+1,...,n} is non-constant):

(i)

(i)

(iii)

i,j € {s+1,...,n}. Then the curve C contains the Zariski dense
set of periodic points {(am,i,@m,j)}m- By Theorem 3.1, C is pe-
riodic. Hence X(,) is periodic and X is contained in the periodic
hypersurface 71'(_8; (X(s))-

i,j € {1,...,s — 1} and the curve C is fibered. Hence there exists
an f-preperiodic point v such that X is contained in the hyper-
surface z; = v, say. From by = bps = gms—10...0 gmi(7y) and
Corollary 2.10, by choosing sufficiently large m, we have that b
is f-periodic. Hence X is contained in the periodic hypersurface
Ts = bs.

i,j7 € {1,...,s—1} and the curve C is non-fibered. By Remark 2.5,
C satisfies an equation g(z;) = G(z;) where g and G commute with
an iterate of f. Asin Case A in Section 4 (see Lemma 4.3), we have
that by, j is f-periodic when m is sufficiently large (see Lemma 4.3).
Then bs = bms = Gm,s—1 0 ... 0 gm,j(bm, ;) is f-periodic and we are
done.

ie{l,...,s—1},j€{s+1,...,n}, and the curve C is fibered. We
can use the same arguments as in Case (ii) above since we know C
must project dominantly onto the z; coordinate axis and therefore,
we must have that the curve C is given by an equation of the form
x; = v, for a preperiodic point ~.

ie{l,...,s—1},j € {s+1,...,n}, and the curve C is non-fibered.
Then f; ~ f;. By Lemma 2.2, we may assume that f; = f; = f.
Now C satisfies an equation g(x;) = G(z;) as in Case (iii). Hence
g(bmi) = G(apm,;) is f-periodic. By choosing m sufficiently large
such that deg(gms—10...0 gm:) > deg(g), we conclude that by, =
bn.s = Gm,s—1© - .. © Gm,i(bm,) is periodic.

This finishes the proof of Claim 5.3. U

From now on, in the proof of Theorem 5.1 we assume that X
projects dominantly onto the s-th axis.

Let m(5) and X(4) be as in the proof of Claim 5.2. We still have 2 more
cases: dim(X(y)) =n — 3 or dim(X(,)) =n — 2.

Claim 5.5. Theorem 5.1 holds if dim(X(,)) =n — 3

Proof of Claim 5.5. In this case, we have that X = X, x Al (where the
factor A' comes from the s-th coordinate). Furthermore, by our assumption,
we know that X,y has a Zariski dense intersection with periodic curves of

A"~ ! given by the equations:

T2 = gm1(21), T3 = gm2(®2), * , Ts—1 = Gm,s—1(Ts—2)
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and the equations
Ts+1 = Om,s+1, Ls42 = Qms4+2," " , Tn = Amn-

In other words, X,y has a dense intesection with Perl"=2 ¢ An-1, By the
inductive hypothesis, we conclude that X, is contained in a strictly proper
periodic subvariety of A”~! and so is X. O

From now on, in the proof of Theorem 5.1 we may assume
dim(X(5)) = n — 2 = dim(X).

Then there is a strictly smaller Zariski closed subset Y(,) of X() such
that for Y := 71(Y{y)), the induced morphism from X \'Y to X, \ Yy is
finite. At the expense of removing finitely many pairs (P, Vi,)’s for which
P,, € Y, we may assume that P,, € V;,, N (X \Y) for every m (note that
the sequence of points {P,,} is generic in X).

Since the map from X \ Y to Xy \ Y{,) is finite, by | , Corollary 3.4]
there are constants cg,...,Cs—1,Cs+1,--.Cn such that for each m € N we
have the inequality:

(5.6) p(bms) <cot D cilip(bm)-

Using the fact that for each ¢ =1,...,s — 1, we have
- Tg (b
(5.7) Ry (bm) = = Oms)
Hj:i deg(gm,j)
while for each i = s+ 1,...,n, we have that Ef(bmﬂ-) = ?Lf(amﬂ-) = 0.

Combining (5.7) with (5.6) and with the fact that deg(gm,;) — 0o asm — oo
foreach i =1,...,s — 1, we conclude that

(5.8) lim ﬁf(bmﬂ-) =0foreachi=1,...,s—1.
m—r0o0

So, X(s) contains a Zariski dense set of points of small height, i.e., the points
(b1 bms—1,bms+1,- -, bmpn). Then Theorem 1.1 yields that X, is
preperiodic.

As in the proof of Claim 5.3, there exist i < jin {1,...,s—1,s+1,...,n}
and a preperiodic curve C in A? such that X = 71(C) where 7 is the
projection to the i-th and j-th coordinate axes, as in (5.4). We have cases
(i)-(v) as in the proof of Claim 5.3. Case (i) can be handled by the exact
same arguments. On the other hand, cases (ii) and (iv) cannot occur under
the hypothesis that X projects dominantly onto the s-th coordinate axis.
Indeed, in both those two cases (ii) and (iv) we would have that C is fibered,
given by some equation z; =~ (or ; = ) for some ¢ (or j) in {1,...,s—1}
and some preperiodic point 7. But then (without loss of generality) by, ; = v
for each m and so,

bm,s = (.gm,s—l O--+0 gm,i) (bm,z) = (gm,s—l ©--+0 gm,i) (’7)
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takes only finitely many values as we vary m by Corollary 2.10. However,
the points {P,,} are dense in X and X projects dominantly onto the s-
th coordinate axis, contradiction. Therefore, we are left to analyze only
cases (iii) and (v) appearing in the proof of Claim 5.3.

In cases (iii) and (v), we have that by, s is periodic when m is large; by
removing finitely many m’s, we may assume that b,, ; is periodic for every
m. Forany k € {1,...,s—1}, from by, s = Gm,s—10...0 Gm k(bm k), we have
that by, is f-preperiodic. Therefore, using again that each by, = ap i
is periodic for k > s, Theorem 1.1 yields that X is preperiodic becaue
it contains a Zariski dense set of preperiodic points. From the discussion
in Section 2, we know that X is a product of preperiodic curves. Since
dim(X) =n —2 and X5 = C x A3 (the factor A"~3 comes from all the
l-axes where £ € {1,...,n}\ {i,74,s}), we only have two possibilities.

Case F: The first possibility is that X = C’ x A"~ where C’ is a prepe-
riodic curve in A3 which is also the projection from X to the i-th, j-th, and
s-th axes (hence C' is the projection from C’ to the i-th and j-th axes A2).
Now in both cases (iii) and (v) from the proof of Claim 5.3, we have that
br,; is periodic for all (sufficiently large) m. Consequently, the projection
from X to the j-th axis together with the s-th axis is a curve containing the
Zariski dense set of periodic points (b, j, bm,s)m. Therefore this projection
is a periodic curve by Theorem 3.1. Hence X lies in the periodic hypersur-
face which is the inverse image in A" of this periodic plane curve under the
projection map (z1,...,2n) — (T, Zs).

Case G: The second possibility is that there exist £ € {1,...,n}\{i, 7, s}
such that X = C x C” x A"™* where C" is a preperiodic curve in A? which
is also the projection from X to the s-th and ¢-th axes and the factor A"~
comes from the k-th axes for k € {1,...,n}\ {i,j,s,¢}. Now if £ € {s+
1,...,n} then we have by, ¢ = an, ¢ is periodic, hence the curve C” contains
the Zariski dense set of periodic points (b, s, by ¢)m. From Theorem 3.1, we
have that C” is periodic and we are done since then X is contained in the
periodic hypersurface A% x C" x A",

From now on, in the proof of Theorem 5.1 we assume that ¢ €
{1,...,s}.

If the projection from C” to the ¢-th coordinate is constant then we derive
a contradiction. Indeed, then xy = v where «y is f-preperiodic. From b,, s =
Gm,s—1 0 ... 0 gm¢(7), we obtain that the s-th coordinates by, s of the points
P,, must belong to a finite set, contradicting thus the fact that these points
are dense in X, which is a variety projecting dominantly onto the s-th
coordinate axis.

So, from now on, we may assume that C” is non-fibered (note that
we are already working under the assumption that X projects dominantly
onto the s-th coordinate axis).

Therefore C” satisfies an equation U(zs) = T'(xy) where U and T com-
mute with an iterate of f. It remains to treat case (iii) or case (v) in the
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proof of Claim 5.3. In either case, we may assume that f; = f and C satis-
fies an equation g(x;) = G(x;) where g and G commute with an iterate of
f- As in the proof of Claim 5.3, we have that b,, ; is f-periodic for all large
m. Hence both T'(bp,¢) = U(bm,s) and g(bm,i) = G(bm,;) are f-periodic for
all large m.

If i < £, we have by, ¢ = Gmr—10...0 gmi(bm;). Therefore when m is
large enough so that deg(gm 10 ...0 gm,) > deg(g), we have that by, is
periodic (see Lemma 4.3). Consequently, the curve C” is periodic since it
contains a Zariski dense set of periodic points (b, ¢, by, s). Similarly, if £ < 4,
when m is large so that deg(gmi—10...0 gmye) > deg(T), we have by, ; is
periodic (again using Lemma 4.3), hence C' is periodic because it contains
a Zariski dense set of periodic points (by,,i, b ;). This finishes the proof of
Theorem 5.1. (]

REFERENCES

[BGT16] J. P. Bell, D. Ghioca, and T. J. Tucker, The dynamical Mordell-Lang conjec-
ture, Mathematical Surveys and Monographs 210, American Mathematical
Society, Providence, RI, 2016. xiii4+280 pp.

[BGO06] E. Bombieri and W. Gubler, Heights in Diophantine geometry, New Math-
ematical Monographs 4, Cambridge University Press, Cambridge, 2006,
xvi+652 pp.

[BMZ99] E. Bombieri, D. Masser, and U. Zannier, Intersecting a curve with algebraic
subgroups of multiplicative groups, Internat. Math. Res. Notices 1999, no. 20,
1119-1140.

[BMZ06] E. Bombieri, D. Masser, and U. Zannier, Intersecting curves and algebraic
subgroups: conjectures and more results, Trans. Amer. Math. Soc. 358 (2006),
no. 5, 2247-2257.

[BMZ07]  E. Bombieri, D. Masser, and U. Zannier, Anomalous subvarieties—structure
theorems and applications, Int. Math. Res. Not. IMRN 2007, no. 19,
Art. ID rnm057, 33 pp.

[DGKNTY] L. DeMarco, D. Ghioca, H. Krieger, K. D. Nguyen, T. J. Tucker, and H. Ye,
Bounded height in families of dynamical systems, to appear in Int. Math.
Res. Not. IMRN, arxiv:1703.03565.

[GN16] D. Ghioca and K. D. Nguyen, Dynamical anomalous subvarieties: structure
and bounded height theorems, Adv. Math. 288 (2016), 1433-1462.

[GN17] D. Ghioca and K. D. Nguyen, Dynamics of split polynomial maps: uniform
bounds for periods and application, Int. Math. Res. Not. IMRN 2017 (2017),
213-231.

[GNY16] D. Ghioca, K. D. Nguyen and H. Ye, The dynamical Manin-Mumford con-
jecture and the dynamical Bogomolov conjecture for split rational maps, to
appear in J. Eur. Math. Soc., 2016, arXiv:1511.06081.

[GNY] D. Ghioca, K. D. Nguyen and H. Ye, The dynamical Manin-Mumford conjec-
ture and the dynamical Bogomolov conjecture for endomorphisms of (P*)",
submitted for publication, 2017, arXiv:1705.04873.

[GTZ11] D. Ghioca, T. J. Tucker, and S. Zhang, Towards a dynamical Manin-Mumford
congecture, Int. Math. Res. Not. IMRN 2011 (2011), no. 22, 5109-5122.

[MS14] A. Medvedev and T. Scanlon, Invariant varieties for polynomial dynamical
systems, Ann. of Math. (2) 179 (2014), 81-177.
[Ngul3] K. Nguyen, Some arithmetic dynamics of diagonally split polynomial maps,

Int. Math. Res. Not. IMRN 2015 (2015), 1159-1199.



24 D. GHIOCA AND K. D. NGUYEN

[Pin] R. Pink, A common generalization of the conjectures of André-Oort, Manin-
Mumford, and Mordell-Lang, preprint.

[Sil07] J. Silverman, The arithmetic of dynamical systems, Graduate Texts in Math-
ematics 241, Springer, New York, 2007, 511pp.

[Xie] J. Xie, The Dynamical Mordell-Lang Conjecture for polynomial endomor-
phisms of the affine plane, to appear in Astérisque, arxiv:1503.00773.

[Zan12] U. Zannier, Some problems of unlikely intersections in arithmetic and ge-

ometry, Annals of Mathematics Studies 181, Princeton University Press,
Princeton, 2012.

[Zha06] S. Zhang, Distributions in algebraic dynamics, Survey in Differential Geom-
etry 10, International Press, 2006, pp. 381-430.
[Zi102] B. Zilber, Exponential sums equations and the Schanuel conjecture, J. London

Math. Soc. 65 (2002), no. 1, 27-44.

DRAGOS GHIOCA, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRITISH COLUMBIA,
VANCOUVER, BC V6T 172, CANADA
E-mail address: dghioca@math.ubc.ca

KHOA DANG NGUYEN, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALGARY,
CALGARY, AB T2N 4T4, CANADA
FE-mail address: dangkhoa.nguyen@ucalgary.ca



	1. Introduction
	1.1. Notation
	1.2. The Dynamical Manin-Mumford and the Dynamical Bogomolov Conjectures
	1.3. The Dynamical Pink-Zilber Conjecture
	1.4. Our results
	1.5. Plan for our paper

	2. Structure of preperiodic subvarieties
	3. Proof of Theorem 1.3 for hypersurfaces
	4. Proof of Theorem 1.3 for curves
	4.1. The case when the ambient space has dimension 3
	4.2. The case when the ambient space has dimension 4
	4.3. The case when the ambient space has dimension larger than 4

	5. Proof of Theorem 1.3 for subvarieties of codimension 2
	References

