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Let G be a connected real semisimple Lie group with Lie algebra g. Let
g = ¥ 4 s be the Cartan decomposition and K the maximal compact subgroup
with Lie algebra §. Let @ be the character of an irreducible representation.
Then @ has an asymptotic expansion at zero (in the sense of Taylor series).
As consequences of this expansion we obtain results about the asymptotic
directions in which the K-types occur and about the Gelfand-Kirillov dimension
of the representation.

1. INTRODUCTION

Let G be a connected semisimple Lie group with finite center. Let = be an
irreducible admissible representation of G on a Hilbert space 5, and 0, its
distribution character: if fe C,~(G),

0.(f) = T ([ f(e)(e) dg)-

Harish-Chandra has made an exhaustive analysis of the analytic properties
of the distribution @, [5, 6]; in particular it is given by integration against a
function which is locally L1. Our goal is to relate the singularities of @, at the
identity to the structure of =. In section 2 and the first part of section 3, we
apply Harish-Chandra’s results in a simple way to get the following theorem.

THEOREM 1.1. Let 0, be the lift of O, to a neighborhood of the identity on
g = Lie(G). If fe C,>(g) and t > 0, define

f(X) = ramg f(7X).

* Supported in part by a grant from the National Science Foundation.

27
0022-1236/80/070027-29%$02.00/0

Copyright © 1980 by Academic Press, Inc.
All rights of reproduction in any form reserved.



28 BARBASCH AND VOGAN

Then there are an integer v and tempered distributions {D}7_, on g, such that for
feC(g),

o€

0.(f) ~ Z £Dy(f)
as t — 0%, (This asymptotic expansion should be understood in the same sense as a
Taylor series for a smooth function of t.) Furthermore, the support of D, is a union
of nilpotent orbits in g*.

We define 45(8,) C g* to be the union of the supports of the D;; 45(6,)
is a union of nilpotent orbits. (Probably 4S5(8,) coincides with the wavefront
set of @, at the identity, but we have been unable to prove this.) Let K C G
be a maximal compact subgroup. Then = | has a distribution character @ X.
Following Kashiwara and Vergne [8], we identify K with a subset of the orbits
of K in the dual t* of the Lie algebra of K (via the highest weight theory); and
we define ([8], Definition 6.1(b))

AS©.X) = {pet* | u = lim typ, , with u, € ¥,
n-oH>N
t, € R*, pu, occurs in 7 | g, and £, — 0}.

THEOREM 1.2 (see Theorem 3.5 and its proof). 8K has an asymptotic expan-
sion’y. ¥'E; in tempered distributions on ¥, computable in terms of the D, . In particular

ASO,%) = | Jsupp E; C {net* | Ine AS(O,) with X |; = u}.

If (for example) = is a discrete series representation, then equality holds.

The last assertion (together with Proposition 3.7, which computes 4.5(8,)
when 7 is in the discrete series) proves a conjecture of Kashiwara and Vergne
([8], end of Example 6.3). The rest of section 3 is largely devoted to showing
that these expansions behave well under parabolic induction (Theorem 3.5).

In section 4 we relate AS(@,) to primitive ideals. Among other things, we
show

TueoreM 1.3. The dimension d of AS(@,) is equal to the Gelfand-Kirillov
dimension of U(g) modulo the annihilator of w. Furthermore, if

0, ~ Y D,
f=—r

and D_, 5= 0, then d = 2r.

Thus the Gelfand-Kirillov dimension of the annihilator of = measures the
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singularity of @ at the identity; this may be regarded as related to the formula
8,(1) = dim~w

for finite dimensional representations.

Finally, we study the behavior of the asymptotic expansions under coherent
continuation (Theorem 4.7). This leads to a proof of Conjecture 5.1 of [11],
describing the asymptotic destribution of eigenvalues of the Casimir operator
for K in = (Corollary 4.8).

2. Asymproric ExpANSIONS oF DISTRIBUTIONS

Let 2 be a neighborhood of zero in R®, and 6 a distribution on C,*(£2). For
fe C=(R™) and t > 0, we define f, € C,~(R") by

fx) = tof (¢ ).
We say that 8 admits an asymptotic expansion at 0 if there is an integer r and a

family of distributions {D; | r < i <C o0} on R*, such that for f e C,*(R")

o

0f) ~ Y 6D(f) as t—0°
in the following sense. For each positive integer NV and compact set K there is a
constant C' = Cy x > 0, a positive integer &k = ky x, and a number ¢ =
en.x > 0, such that if suppfC K, and 0 <t < ¢, then supp f, £ 2 (so that
0(f;) is defined) and

|6) = 3 6D | < € sup | DF ¥,

i=r lal<k
(Here o« = (o ,..., &,) is a multi-index, |a| =3 «;, and
g \™ o \%
p= () ()

as usual.) Obviously the D, are unique if they exist. If D, # 0, we call r the
order of 8 at 0. We write § ~ Y, D, .

LemMa 2.1. Let 0 be a distribution on a neighborhood 2 of 0 in R*, admitting
an asymptotic expansion § ~ Y #*D, . Then D, is homogeneous of degree i; that is,
if fe C=(R") and s > 0,

Dy(fy) = s'D{(f)-

The trivial proof is left to the reader.
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We will be interested in the Fourier transforms of asymptotic expansions;
so we need

Lemma 2.2.  Every homogeneous distribution on R™ is tempered.

Proof. Let D be a distribution on C,*(R"), homogeneous of degree 7. We
must show that there are integers k&, , & > 0, and a constant C > 0, such that if
fe C.=(R™)

D) <C- sup (14 = ™| DefI.

|| Kky

To see this, first choose C; > 0 and an integer &, > 0 so that if f is supported
in the ball of radius 2 about 0, then

| D(f)l < Gy sup sup | D°f|.

a[<k2

Put &, = max(0,7 + k, + n + 1}. To get the desired estimate, we need a
special partition of unity. Choose a positive smooth function ¢ on say (— oo, 1.1)
satisfying

(a) ¢(x) =0 for x < .6, and @(x) < 1 always
(b) @(x) =1for.9 <x <1.1.

Extending ¢ to all of R by defining

(c) ¢(x) =1—@(x/2)for 1.1 <x <18
(d) ¢(x) =0 forx > 1.8.

Put ¢(x) = @(279x). Then p; & C,2(R), supp @, C (2771, 27*1), and 3;_ ¢y(x) = 1
for x > .9. Set

Dy = ({1~ z w12D))

D) = D(f- z w1 D)

Obviously D, satisfies an estimate of the desired sort; we need only show that D,
does. Put fi(x) = f(x) @,(| x |). If fe C,~(R"), obviously

D(f) = };:D(m-

‘We estimate each term of the sum separately. Fix j, and put ¢ = 2—7. Then

D(f%) = tD((f7))
= 2ijD(ft : ‘~P(1 x D)‘
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Now supp(f; - @(| x |)) is contained in the ball of radius 2 about 0. So

[ D(f: - ol 2 ) < C, - sup sup | DX(f; - 9)|.

lal<tey

If we use the rule for differentiating products, and the fact that the first &,
derivatives of ¢ are uniformly bounded, we find that this is bounded by

C, + 2%t sup sup | D*(f).

lal<hy 27 <Iml <ot

(The power of two comes from the fact that we are differentiating some dilation
of £, and the range of | x | from the support of ¢.) So

| DU < Cy - 2% sup  sup | D).

lel<ky 27 < Il <2’
For the values of x in question,
2:i(i+k2+n) < (2 . I x [)(i+kg+n+1) . -i

<@-]xlh 2.

Hence
| D(f7)] < Cs - 27 sup sup | x"D(f);
al<ky
S0
| DU < s - sup sup | D).
=0 al<ky, x
This proves the estimate for D, , and hence for D. Q.E.D.

If « is a multi-index, let x* = x§r -+ ayn.

LemMA 2.3. Let @ be a distribution on a neighborhood 2 of O in R*, admitting
an asymptotic expansion 0 ~ Y t'D; . If « and B are multi-indices, then 0 o x*
(0 composed with multiplication by x*) and 6 o D? admit asymptotic expansions.
More precisely:

00 x* ~ 3 t(D;_jq) © 5%)
0o DF ~3 t(Dy; g D).

Proof. Formally these are obvious; the necessary estimates of remainders
are trivial. Q.E.D.

580/37/1-3
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CorOLLARY 2.4. Let D =Y | <n2.D* be a differential operator on 82, with
2. € C(82). Let g, ~ > 5 8.5%° be the Taylor expansion of g, at 0 (g€ Y). Let 6
be a distribution on Q admitting an asymptotic expansion 0 ~ Y, t:D; at 0. Then
0 o D admits the asymptotic expansion

@ N
8D~ S ¢ Y (Y guDixo xﬂD"‘).

i=r—N  k=r—i ‘|a|—|B|=F

Proof. Notice first that the inner sum is finite. So formally the result follows
from Lemma 2.3; the necessary estimates are a straightforward consequence of
Taylor’s theorem with remainder, and are left to the reader. Q.E.D.

DerFInITION 2.5. Let 8 be a distribution on a neighborhood £ of 0 in R?,
admitting an asymptotic expansion § ~ 3 #*D,. The asymptotic support of §
at 0, AS(6), is the closure of the union of the supports of the D, .

It is easy to see that 4.5(6) is contained in the wave front set of # at zero.

CoROLLARY 2.5. In the setting of Corollary 2.4,
AS(6 - D) C A5(6).

If D is multiplication by a function which does not vanish at zero, then equality
holds.

Progf. If T is a tempered distribution on R”, then
(T o x8D*)~ = ¢ T o DBx",
where ¢, is an appropriate power of ¢. In particular,
supp(T o x8D*)~ C supp 7.
The first statement follows immediately. For the second, note simply that D1

is an operator of the same sort, at least in a neighborhood of zero. Q.E.D.

Of course the second statement can be generalized enormously, using some
sort of ellipticity condition on D; this is standard for the wavefront set. Since
we don’t need such results, they are omitted.

ExampLE. Let C C R” be a closed cone, £ a neighborhood of 0, and g a
function on C N £ which is smooth on a neighborhood of C N 2. For fe C,=(£2),
put

o) = | _f@s6)ds,

dx being the usual measure on R” Then 6 is a distribution on £, and has an
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asymptotic expansion 6 ~ X, #:D; . Here D, is defined as follows: let g ~
3" g.x* be the Taylor expansion of g at 0. Then

DA = [ ) 3 )

This is obvious if g = 1, and the general case follows from Corollary 2.4. This
example will be used in the next section to obtain asymptotic expansions of
characters.

3. AsymproTIC EXPANSIONS OF INVARIANT EIGENDISTRIBUTIONS

Let G be a connected semisimple Lie group with Lie algebra g. Consider an
invariant eigendistribution @ on G. Let 3 be the center of the universal en-
veloping algebra U(g,). In this section we will lift the distribution @ to a distribu-
tion on the Lie algebra and show that it has an asymptotic expansion according
to the definition in section 2. In particular & could be the character of an ir-
reducible representation. In this case we will use the asymptotic expansion to
obtain information about the representation.

We start by collecting some of the facts about invariant eigendistributions that
we will use later.

Tueorem 3.1. Let
Q ={Xeg:|ImA| < 7 for any eigenvalue A of ad X}.

Then Q2 is a G-invariant neighborhood of 0 in g.

(1) The exponential map exp: g — G is an analytic diffeomorphism when
restricted to Q2 onto the open set W = exp Q. Put

J(X) = det((exp(ad X/2) — exp(—ad X/2))/ad X).

Define £(X) = j(X)1/2, with the square root chosen so that £(0) = 1. Then the
Haar measure dx and the Euclidean measure dX are related by

dx = §X)2dX.
Let p € C*(RQ). Define f, € C=(#") by |
fulexp X) = EX) p(X).
Then
[ pr92dX = [ £, fo d.
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If © is a distribution on W~ we can define 0 a distribution on Q by the relation

e) = (1)

If O is G-invariant then so is 8. From here on assume @ is invariant.

(2) Let I(g,) be the ring of invariant polynomzals on g,. Then there is an
algebra isomorphism

> P,
between 3 and 1(g,) such that if © lifts to 0 then z - O lifts to O( p,)6. In particular, if
20 =x()0 foral zej3
for some character x: 3 — Y, then
()6 = x(p)0

where x(#.) = x(2).
In other words, if © is an eigendistribution for 3 then 6 is an eigendistribution for

a(1(g.))-

Proof. 1In this form these results are due to Harish-Chandra. A summary can
be found in [2]. The proofs are in [3], [5], and [6].
We will denote by 4" the set of nilpotent elements in g. By definition

A = {X € g: ad X is nilpotent}.

We will often identify g with its dual g* by the Cartan-Killing form B(-, -). W
define the Fourier transform as

Fof(X) = fg _eM0F() dr

for any fe C,2(g*) or fe ¥(g*) (the Schwartz space). Sometimes when there
is no ambiguity in terms of the algebra used we will denote the Fourier transform
by f. Via the identification mentioned before we can also write

Fof(X) = J;ew(x. Nf(Y)dY
where fe S(g).
THEOREM 3.2. Let © be an invariant eigendistribution, 0 the lifting to C,~(£2)

according to Theorem 3.1. Then 8 has an asymptotic expansion. If  ~ 3 £D, then
the D, are tempered, invariant and supp D, C A",
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Proof. According to [5], 8 is a function, analytic on g’ N 2, locally L1,
Suppose B, ,..., b, is a complete set of representatives of Cartan subalgebras.

Let 4; be the set of roots of g, with respect to ), , and P, a positive system.
We define

7(Z) = [] «(2).

aeP;

According to Harish-Chandra, for each f € C,*(g) we define
9/2) = 4Z) [ f(Adx - Z)dx
G/H,

where H, is the Cartan subgroup corresponding to fj; and Ze}; . The main
property of g, is. that it defines a continuous map from #(g) to .¥(h’) (see for
example [12], vol. 2, section 8:4).

Let fe C,~(2). If b are the connected components of the sets by, Weyl $
integral formula implies

0N =Y, (202 9/2)dz

where 6,; = 0 |y ing . It is known that 7,6,; is an analytic function which extends
to a neighborhood of the closure of h7 N Q; in fact it is a linear combination
of terms consisting of polynomials multiplied by exponentials. By changing
variables,

0f) = ¥ i fh | mliZ)6,(12)9/(Z) dZ.

By the example in section | this has an asymptotic expansion. By Lemmas 2.1
and 2.2 the D,’s are homogeneous and therefore tempered. By the uniqueness
of the asymptotic expansion the I);’s are also invariant. Due to Theorem 3.1,

ap0 = x(p)p for pel(g).

Let deg p = s, p homogeneous of positive degree. Then

[ 2)B)(fo) = t°0((@($).f)e)-
Thus, by the uniqueness of the expansion,
p)D; = x(P)Di-s

so for r large enough,

o(pT)D; = 0.
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This implies that (letting I+(g,) denote the ideal of invariant polynomials with
zero constant term)

supp D; C{X: p(X) = 0 for all p e I*(g,)}.
On the other hand, it is well known that
N = {X: p(X) = 0 for all p e I'(g,)}.

We now mention some facts about induced representations which will be
used later.

Let P == MAN be a parabolic subgroup and = an irreducible representation
of M on a Hilbert space #. Let v € af where p = m + a + nis the Lie algebra
of P. Let m, be the representation of P on 5#° defined by

wp(man) = otV “lv—o)(10g @) (m)

where p(X) = 4§ tr(ad X |},).
Let 7, = Indp® 7y .

LemMa 3.3. Let @ = tr mand O, = tr m, . If f € C(G) and p &€ C,=(P), then

tr wp(p) = fMAN e+V =108 &) @(m) p(man) dm da dn
O.(f) = [ ewrV 050 @(m) | f(kmank~) dk dn dm da
M4 KN
= [ V700w O(m) Dma) | f(smax) dx dm da
G/M4

Ma

where D(exp(Xm + Xa)) = | det(ePXmtX)/2 . p~8UXm+Xa)/2)| | for Xy € m,
Xqea. In particular let f*(Z) = f(Ad x - Z) and f|p be the function f restricted
tp P. Then

OUf) = [ trmp(fe ) dx.
G/P
Proof. 'This is well known when P is minimal. The proof carries over with
simple modifications. See [13].

Let g =f 4+ s be a Cartan decomposition. Let K be the compact group
corresponding to f.

LemMMA 3.4. Let pe C2(s), ¢ =0, [;p(X)dX = 1 and fe C*(K). Define

P X) = UM g(e71X)
fdexp Xk) = o(X) f(k)
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where X €5, ke K. Let m be an irreducible representation with character ©. m |y
also has a character which we denote by OX. Let € C,=(2 N ¥) be such that
YY) = f(exp Y). Let 0 and 0K be the distributions corresponding to @ and OX.
Let & and &g be the functions in Theorem 3.1 corresponding to G and K. Then

125% a(f) = mx(f) (weakly)
lim O(f,) = 6(f)
lim 0() = 0X(¢/éx)

where (X + V) = g X)(Y) and X €5, Yet.

Proof. We have the relations
w(f) = [ filw) m(a) d
¢
= [ DX) pdX) wlexp X) dX | f(R) (k) dk
where D(X) is the Jacobian of the map (X, k) — exp X * k. Since mg(f) =

Jxcf(R) m(k) dk and [@(X)dX =1, n(f) — mx(f) = mx(f) [s [D(X) m(exp X)
— I p(X) dX. Then for any v € 7,

(e = me(F < w1 D) wlexp Xpo — o1 @ X) X,
By changing variables,
[[1 DX) n(exp Xpo — vl 9 (X) dX = [ 1| D(eX) m(exp eX)o — o] 9(X) dX.
Since ¢ is compactly supported,
| D(eX) m(exp eX)o — || < C

for all X esupp o and € < 1. Thus we can apply the bounded convergence
theorem to obtain

lim w(fJo = mx(f)o-

The fact that 7y is of trace class is well known. We need part of the proof of
this fact to prove the statements in the lemma. Let

Q=1—(Xz2+ + X2)eUF

where X ,..., X, is an orthonormal basis of . Then let 5#° be the space of the
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representation = and {9}, an orthonormal basis of K-finite vectors for . ‘Then
@(fs) = Z (ﬂ(fE)vi > vz)
OX(f) = Y. (mx(fvi s v2)

i

0 = X (n(fuJoi )

A

k() = 3 (mxlfu)vi » 24)-

i

Similarly to the previous statement,
(o = | fulo) mx) dx = | €0 $(X) nlexp X) dX

converges weakly to mx(f;/e u)-

Thus any finite sum occuring in &(f,) or 8(4h.) converges to the corresponding
sum in OX( f) and 0%( £/ &xy) respectively.

Let t C f be a Cartan subalgebra of f and let A C t* parametrize K. For 8 € 4,
let J#, denote the 8-primary subspace of #’; we may assume that each v, lies in
some ;. Then for h e C,%(G),

Z ("(h)vz ’ 7}1) = Z 5(8)“s Z (ﬂ(f)sh)vz- s 7)2.)

deA v,€H85

where ¢(8) is the value of 2 on 8. Let m(8) be the multiplicity of § in # and
d(8) the dimension of the representation 8. Then if || #(x)|| < C for x € supp(k),

Y oe®) Y @k, v) <[ Q% € ) m(3)(8) d().

13]>N v, ey |81>N

It is known that

2, m(8) «(8)~* d(®)

&

converges if s is large enough.
In order to complete the proof we have to show that || Q% |, ¢ and || 2%, ll1,¢
are bounded independently of e. We note

Qf. = @ - 2,
5o by a change of variables
12l <12k
o2

Q) = (1= Lgs) |, (€008l exp(— 1y — -+ — 1K),

=
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By using the Campbell-Baker-Hausdorff formula we can write

log(exp Y exp X exp(—#, X, — - — 1,X,))
= M{(Y, X, t,X,) + MY, X, t,X,)

where M; e and M, € s are absolutely convergent infinite series in Lie brackets
of X, Y, t,X, . We note that each term of M contains at least one Y. Then

19 de = [ (1= S ) | 00+ My 900 M) aY dx.

By changing variables to ¥ = ¢Y" we get

2\ 8
L (1=Sa) | | 00y X 6X) + ey, X, X))
+5 i’ =0
- (e IM(Y, X, 1,X,)) d(eY, X, 1,X;) dY dX.

Then e M (Y, X, 1,X,) is analytic at ¢ = #; = -* = £, = 0. The rest of the
proof is straightforward.

Let p =m + a + n be a parabolic subalgebra and p* = m* -+ a* 4 n*
be its dual.

THEOREM 3.5. Let P = MAN be a parabolic, v € o and w € M an irreducible
representation of M on a Hilbert space. Let m, be the induced representation, © and
O, the corresponding characters. Let 0 and 6, be their lifts to the algebras g and m.
Let @, be the character of wp defined earlier and 8, its lifting to p.

For ¢ € C,~(g) define ¢* to be

9(Z) = plAd x - Z)

and @ |, the restriction of ¢ to p. Then

6,(9) = [ On(Eplé - 97 1,) d. (1)
K
Let 0,0 £/E ~ t°D; and 0, ~ Y HE;. Then
gv ~ Z pdimp—-dimg+¢ j Di(lPx |p) dx (2)
K
and
AS(B,)CAdK - {Aeg*: A, e AS(O)}. 3)

Assume that E; satisfy the following. Let ¢ > 0. Then if supp o Nsupp E; = &
for j < r and E(¢) # 0, then E (p) > 0. Then equality holds in (3). (This is e.g.

true for representations which are unitarily induced from limits of discrete series).
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Finally,
AS(Bp) = {Aep*: Agq = 0 and A |, € AS(O)}. C)
Proof. We note that

£4(X) = | dety((e0 XI2 — ¢-%4 XI3)fad X)L
= Eml(Xm) R(X + X2

and
E(X) = &u(Xu) - R(Xui + Xo)
where X = X,y + Xo + Xpep and
R(Xyy + X,) = | dety((¢3 X/2 — ¢80 X1%)/ad X)].

Then (1) and (2) follows from these formulas and Lemma 3.3. Relation (3)
is a simple consequence of these formulas. We note that if the E,’s satisfy the
positivity condition then so do the D,’s by the formula in Corollary 2.4.

Suppose A ¢ AS(0,) but Ae AdK - {Aeg*: A |, AS(@;)}. Then for any
@ € C,”(g*), supp ¢ contained in a small enough neighborhood of A,

[ Dig*1p) dx =0
K

for all 7. Let r be such that A € supp D, but Ad K - A ¢ supp D; with7 < r. Then
there is p € C,*(g*) such that ¢ > 0, ¢(2) # 0 and

D) #0
while

supp(g® |p) M supp D = @, i <randall xe K.
Then, it follows
[ Diomydx =0

since
D,(¢") = 0 for all x.

We now relate the support of 6, with the support of 8. From Lemma 3.3 we
deduce the relation

0p(9) = O(F "))
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where %, is the Fourier transform with respect to a and
(X)) = fap(X + Xp) dX,, Xem+ta
Assume
b ~ LV FAY)

for ¢ € Cy*(m). Then we have the relation

0p(Fp)e = O(Fnl9("s v, 0))y)

where g € C,°(p*) and the three coordinates refer to the decomposition p* =
m* 4 a* - wk,
Let

o, 17, 0) ~ T (0P @)t

be the Taylor expansion of ¢ in the variable ¢.
Thus

Ej(g'-p‘P) = Z a(Ps.v)‘/\a=l)Fﬁ—s('%u(q) [n))

sd

This implies relation (4) in the theorem.

Let 8 € K be an irreducible representation of K. Then we can associate to
each such & an orbit of a regular element in I* by the coadjoint action. We
identify K with this set of orbits.

Turorem 3.6. Let w be an irreducible representation of G on a Hilbert space .
Let © be its character and OK be the character of my = m | . Then O has an
asymptotic expansion at 0. Let

K{(7) = {8 e t*: there is a sequence 1,8, — 8 such that

t, — 0 and & occurs with positive multiplicity in my}.
Then
AS(EF) — K(m). ()
Also
AS(OKY C {8 e T*: there is A€ AS(8) such that A |y = 3}. 2)
If 7 is a discrete series representation then equality holds. (Related results may be

found in [8], Theorem 6.2. A weak version of (2) was recently proved by Howe
and Wallach (unpublished).)
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Proof. We first show that 6% has an asymptotic expansion at zero when @
is a discrete series character. Thus we assume rank g = rank f. We identify g
and g* via the Cartan-Killing form. Then !

ap)0 =p(N)8  for pel(g,)

and A a regular elliptic element. By the work of Harish-Chandra we may assume #
is a globally defined (not just on C,*()) tempered eigendistribution. Its Fourier
transform is a linear combination of measures supported on orbits of regular
elliptic elements, in fact by [9] just one such orbit. Let fe C,*(g*). Choose a
Cartan subalgebra 1 C T and let T be its Cartan subgroup. Then ([9])

AP f) = oY)

where @, and its properties were explained during the proof of Theorem 3.2,
Since

(Fof)e = 1OF (1),
0(Faf)) = 1M F(f 1)) = 1 (AImO-Tanka)/2 (1,T2).

As already mentioned, ¢,7 € & (1) where ¢ are the connected components
of t*. Thus

o (1) = 3, FE(f) + 1NTO(f)

igN

where | O(f)| C v (f) is a seminorm in the Schwartz topology.
In particular we apply this to i, defined in Lemma 3.4. We recall that

lim 8(4h) = OK(¢/£:)
so that
lim @3 g14(X) = O°(€/éxh). *
For any function f € C,*(f*) we define fx € C<(g*) by
Tx@) = f(A 1Y)
Let f = #74 where ¢ is as in Lemma 3.4. Then
l(ig(} Fob = fx .

We show that f, coincides with a Schwartz function along the support of
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@.J(A). Indeed let g* == F* + s* be the Cartan decomposition. Let X e g*
be such that

—n < —B(X, X) = [ B(Xy, Xy)| — B(X;, X;) < +1.
Then
B(Xs, X5) <n + | B(Xp, Xy).
Thus, on the set
U, ={X:| B(X, X)| <=}
for any polynomiél pe S(gc)‘ there is px € S(I,) such that
[P(X)] < [px(Xy)  forall Xe,.
Let &, € C,°(R), A, == 0 such that supp A, C (—1, +1). Let

h(X) = h(B(X, X)).
Then

hfx € (g*)
and

hfx = fxon ¥y,

if weassume by = lon(—4%, +J).
Thus <p;'K(tA) makes sense for ¢ small enough and A regular. In addition, for
any seminorm v, on #(g*) there is a seminorm v, on #(¥*) such that

ve(hfy) < vel f).

The set %, ,, contains the G orbit of ¢A for ¢ small enough as well as the set of
nilpotents 4", This implies that

lim 5 514,(11) = sy ()
133& E{(F ) = E(hfy), alli.
Finally, since . = ¢, ® ¥ we get
Fohe = Flp. @ FrY
We can find a bound on O(y,) uniform in ¢ < 1. We conclude

lim 5 514,(%) = gl (th)
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and
Pr(t) ~ ¥ Efr)t'.
Thus by (*) we get

OK(¢/€x ) = t—tdimg-Tankg)/2 ‘P;-K(t)‘)

80

ON(Elx ) ~ X 1 @imo-rankol2 B fr)

where ¢ = f.
Let S; = supp E;. We have to identify the union of the supports of the
distributions
f> Edfx)-
Let
K(6) = {6 € t*: there is A € AS(0) such that A | = 8}.

We want to show that 4S5(6X) = K(8). The inclusion 4S5(6%) C K(0) is clear.
Assume 8 € K(6) but 8 ¢ AS(6X). Then there is a neighborhood of 8, V, Ct*
such that for every f e C,°(t*) with supp fC V;,

E(fx) =0  forallz

On the other hand, there is A such that X |{ = 6 and A e {J; supp E; . Let » be
the smallest integer such that {A € g*: A |y = 8} N supp E, ¢ &. Then we can
shrink ¥V so that

{A:AfeVsNnsupp E; = @ for 7 <r.

Choose f, g C.2(Vy), f = 0, g < 0, and a neighborhood U; of § so that f > «
and g < —e on U;. Let Aye supp E, be such that Aj|ie Us. Let U, be a
neighborhood of A, such that if A e Uy, then Ay e Us . Let he C,2( U,\o) be such
that | 2| <{e. Then E(fx — k) and E,(h — gx) == 0 for i < r. Since ¢/ is
positive on positive functions,

E(fx—h =0, E(h —gx) = 0.

Thus E(gx) < E(h) < E,(fx) so E,(k) = 0 for all ke C,~(U. »,) @ contradic-
tion. Thus
K(0) = AS(6%).

The case when O is the character of a unitarily induced representation from a
representation in the limits of the discrete series is identical since in that case ¢
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is the Fourier transform of a ¢,£ with L a non-compact Cartan subgroup. We
now deal with the case when @ is not necessarily unitarily induced. Let @, =
Ind,%(m ® v ® 1). If P = MAN then the same proof as in Lemma 3.3 and
Theorem 3.4 shows that, for ¢ € C<(K),

trm(f) = [ maae” L) d.

Here M, — M N K and my is its Lie algebra. For ¢ € C,*(f N £2) this formula
reads

05 = [ 0% (Exlu ¥ Ime) dx )

where £y and fMK are the functions defined in Theorem 3.1. Thus if 6K has
an asymptotic expansion at 0, 6,X also has an asymptotic expansion. The formulas
mentioned in this theorem plus the ones in Theorem 3.5 imply the following.
Suppose = is in the limits of the discrete series. Let

0,, ~ Z tlEl
and
050 Eléy ~Y OF;.
Then for fe C2(f%),

F{AS) = E(fo)- 4

(This holds for unitary v by the arguments above, and in general by analytic
continuation.)

Since any character is a linear combination of such @, the inclusion (2)
follows from formula (4). Using formula (3) and the statements about 4S5(6,)
in Theorem 3.5 and the equality in (2) for discrete series we can conclude
equality in (2) for the character of just one induced representation.

Finally we show K(m) = AS(6%). Let § € K and y; be its character. Then
for p € C2(K),

0(e) = SZE m(8) x5(¢)-

On the other hand
6K(p) ~Y D(g) for geCHEn Q).

Since the D, are K-invariant we may assume ¢® = o for all x € K. Substituting
Fyp for p we get
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0X(Fp) = ), m(3)d(3) #(d)

o€

0K(Frpr) = 3, m(3) d(3) ¢(23)

sek

where d(8) is the dimansion of the representation 8. Thus

Y, m(8) d(8) p(t8) ~ 3. #'Dy(9)-

oe
Suppose p € K() but p ¢ AS(6X). Then there is a neighborhood of V, of u
such that supp ¢ C V, implies D;(¢) = O for all 7. But then

lim g m(8) d(8) p(t3) = 0.

Let ¢ > 0. There is a sequence ¢,,8,, — p. Assume @ = 1 in a small neighborhood
of u. Then

S m(8) d(5) 9(t,8) > m(3,) d(8.) 9(ta8,) > 1
3
for n large enough, a contradiction. Conversely, let u e 4AS(6%) but u ¢ K(=).
Then there is a set B,(e) = {ef*:||8| = 1, || 8 — (uf]| p[)l < €} such that,
with at most finitely many exceptions, if m(8) >0, then § ¢ V,(¢) = {y: ay e B,(¢)
for some « € R*}. Let ¢ be such that supp ¢ C Ad K - V(). Then

Y m(8) d(8) p(t8) = 0  for ¢ small

so all D,(¢) = 0. Thus p ¢ AS(8X), a contradiction. The proof is now complete.

We now determine the asymptotic K-types for the discrete series more
precisely. Consider G such that rank G = rank K. Assume tC{ is a Cartan
subalgebra. Let t’ be the set of regular elements and choose compatible orderings
for the root systems 4(g, , t.) and 4(f, , t.). Let t* be the set of regular elements
in a positive chamber for f and t+ = {);_, t where / are positive chambers
for g.

According to [4] the discrete series is parametrized by a lattice L C t*. Using
the identification between g and g* given by B(, ) we can identify any AeL
with a Z, € t/ such that, according to [9], the eigendistribution 8, defined before,
equals the Fourier transform of ¢/(Z,) (up to a constant). Then as pointed out
earlier, it is known that ¢, € F(1) so ¢/(tZ,) ~ > £D; ,(f) at t = 0. Clearly,
m supp D; , = AS(@,).

ProrosiTioN 3.7. Let

n ={Xeq X =lim¢; Ad x,Z, where t, — 0}.
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Then n = AS(0,) and 7 does not depend on X but only on the chamber ¥ which
contains Z, .

Proof. Consider any X €. Clearly X is nilpotent. We may assume X is
such that X¢cl AdG - (Y) — Ad G - (Y) for any other Y ev. It is enough
to show O(X) = Ad G - X is contained in the support of some D, , . We will
show that the G-invariant measure on O(X) is the limit of #*¢/(¢Z) for some «
and a certain class of fe C=(g) when t — 0*. Since 45(8,) C » trivially, this
will complete the proof. We will use the following facts without proof.

(The transverse described in Lemma 3.8 was first introduced by Harish-
Chandra. As stated here, Lemma 3.8 was first proved by R. Rao in connection
with some results (unpublished) on the measures supported on nilpotent orbits.)

Levmma 3.8. Let ¢q = dim O(X). Consider the Lie triple {X, H, Y}. Let
3y = Centy Y and % = X + 3y . Then the map b: G X U — g given by J(x, v)
= Ad x - v is a submersion. In particular, for any v € ¥, U is transverse to O(v)
and U° = Ad G - U is open. O(X)NU is a finite set. Let Be C (G X %).
Then there is fge C.2(UC) such that B f; is well defined and onto C,(%°).
Then

L/G f(Ad x - ) dx = fG Lmo(v) B(x, u) dox(s) dx.

For v semisimple, O(v) N % is closed and dE(u) is a measure defined by some C*-

form. For v = X it is a linear combination of delta functions.
If t > 0 then

Jolto) = 0 fy ()

where B; = Bog and ¢: G X U — G X U 1s given by

o, X +u) = (wvy, X +w), v, = exp(—} log tH)

and u, = tyu.

We get back to the proof of Proposition 3.7.
Assume Z, et/ such that O(#Z,) contains X in its closure. Then we may
assume O(Z) N % s @. Assume

O(ZYN % = {X + u: u in some closed submanifold of 3;}.
Then
OZYNU ={X +tAdy,  u: X +uec O(Z)yNu}.

We claim that || # || has to be bounded. Indeed, the set O(tZ) N % can have

only elements in its closure such that dim O(v) = g. Otherwise there would be

580/37/1-4
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Y €7 such that ¢l O(Y) — O(Y) contains X. By dimension considerations and
the fact that such a set is algebraic, the boundary of O(tZ) N % is finite. Assume
that || u || is unbounded. Let 3, = 3., V; where V; are eigenspaces for ad H
with eigenvalue —7. Then if u = Y u,,

t Ad yu = 3 46/,

If || # || is unbounded, we can find sequences #,and #,— 0 such that ||z, [} — co.
This gives a contradiction. It follows that, since O(Z) N % is also closed, that
O(Z) N % is conpact. Thus

Hn—a)/2 f fo(t Ad xZ) dx = th(Ad xZ)dx
GG,

G/Gg

= fG f%o(z) B, u) duw(u) dx

- f f B(x, X + tyg) de(u) dx.
G Y UNO(Z)

Since % N O(Z) is compact and X + tyu — X as t — 0, it follows at once
that O(Z)N % = {X} and

lim ¢in-o/2 f ot Ad xZ,) dx = ¢, f fo(Ad x - X)dx
10+ GlGy, G/Gx
and ¢z > 0. In terms of the function ¢, we can write

lim t=2g,/(tZ,) = ¢

0
-0+

J‘ f(Ad x - X) dx
G/Gx
if supp f C €. Or we can write
@/(0; Z2) = ¢z, f f(Ad«x - X)dx, suppfC %S
G/Gx

But now since ¢ is a Schwartz function, it follows that

lim @A(tZ; Zy) = ¢, f f(Adx - X)dx,  suppfC %P
-0+ G/Gy

This is enough to conclude that X € cl O(¢Z) for any other Z €t/ as well.
These arguments complete the proof.

CorRoLLARY 3.9. Let 8 be an invariant distribution supported on a set of
nilpotent elements n. Suppose 0 is homogeneous of degree n — o. Let n — r be the
largest dimension of an orbit contained in m. Then o« = (n — r)/2. In particular,
if « = (n — 7)[2 then 0 is a linear combination of measures.
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Proof. Let X €. It is enough to consider what happens when we consider
# 46 . Let dx be the Haar measure on G, dZ and du the Euclidean measures on
g and 3, respectively. We can lift § to a distribution dx ® 75 where 7, is a
distribution on % by

(dx ® 7o)(B) = O(f5)-
Then, if 6 is supported on O(X), 7y is supported on
OoXyNnu ={X}
by the previous argument. Thus 7, = D% where s is a multiindex and D¢ a

differential operator on C=(3,). Let B(x, X + u) = B,(x) Bo(X + u). We have
the relations

OR.f) = 10(fs) = 1 [ Bla) dx - (),
OR.S) = 0" 2f) = 7 [ By de - 7o(Ba)
where

Bo. o X 4 u) = B, (X + ) t”"'/z)u]-).

ix0
Thus

o(Ba.e) = tH T2 7y(By)

for all 8, € C,*(%). By using the fact that 7, is a derivative of the delta function
and the relation

DBy, Mump = (FHO2)'5 D3 |, o

for any multiindex s; and D, a differential operator on C°(V;), we get the relation,

lejl(l—i—%):a—}—(n——r)/l

Thus, « + (n — 7)/2 > O if one of the | s;| > 0 and o 4 (# — 7)/2 = 0 if and
only if | s; | = 0 for all j. This completes the proof.

The set described in Proposition 3.7 is being computed on a case-by-case
basis by D. Peterson; his results are complete at least for SU(p, g).
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4, RELATIONS WITH PRIMITIVE IDEALS AND COHERENT CONTINUATION

Let 7 be an irreducible admissible representation of G, @, its character, and
6, the corresponding distribution near O on g. In this section we will relate the
asymptotic expansion of 8, to the primitive ideal I, associated to 7. Suppose (as
we may without changing @, or 1) that = is realized on a Hilbert space J#, and
that 7 | is unitary. Let X C .# denote the subspace of K-finite vectors. Then X
is a module for the (complexified) enveloping algebra U(g,) of g; we denote this
action by = also. The ideal I, C U(g,) is defined to be the annihilator of X. We
have a homogeneous ideal gr(Z,) C S(g.), the symmetric algebra of g,. The
assoctated cone ¥(I) is defined to be the zero variety of gr(Z,) inside g¥ (which
is in a natural way the maximal spectrum of S(g.). The Gelfand-Kirillov dimen-
sion d(I.) may be defined to be the (complex) dimension of ¥(I,). One knows
that ¥7(I,) is a finite union of nilpotent orbits of the complex adjoint group G¢
in g, . (For all this see [1].) In interpreting the following theorem, one should
bear in mind the (easily verified) fact that if X e g*, then

dimc(Gc N 4Y) = dimc(G : X).
THEOREM 4.1. With notation as above,

AS(6,) C ¥(I,) N g*.

Furthermore,
d(I,) = dimg AS(®,) = dim¢ ¥(I,) = dimg ¥(I,) N g*.

The first term in the asymptotic expansion of the lift 6, of ©, to g is a linear com-
bination of Fourier transforms of invariant measures on nilpotent orbits of dimension
d(I), and hence has homogeneity degree —%d(L,).

Proof. Write 8, ~ Y, tD;. To prove the first assertion, it suffices to
show that if p € S(g) is a polynomial function on g} vanishing on ¥7(I.), and
¢ == —r, then there is some integer N = N(p,7) > 1 such that

D}op”:O.

Since such a polynomial lies in Vgr(I,) by the Nullstellensatz, we may as well
assume p € gr([,). By a standard argument, if this holds for p, and p,, then it
holds for p; + p,; so we may assume p is homogeneous, say of degree s. Let 9( p)
be the constant coefficient linear differential operator on g associated to p; then
what we must show is

D, §(p)N = 0. (4.2)
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Let {U,}7., be the canonical filtration of U(g,), so that U,/U,_; =~ S(g,). Choose
an element eI, N U, such that p = u + U, ;€ U,/U,_; >~ S%(g,). Consider
u as a left invariant differential operator on G. If #’* is the space of smooth
vectors in 5, then m(u) is a well defined operator on #°*, and if fe C,*(G),
then

w(u - f) = =(f) =(w).

Choosing an orthonormal basis {o,} of # consisting of K-finite vectors, we
find

O.(u-f) = Z<"’(" e, v
=y <n(f) n(w)o;, v, =0

since u € I; s0 ©_ o u = (. Let # be the lift of the distribution u to g defined as
in section 3; then

6,04 = 0. (4.3)

Clearly 4 is a differential operator of order s. Write

@O
i=Y i,
f=—8
with
ﬁi - Z CaB.XﬂDa
|Bl-lal=i
Jals

in terms of some basis {X;} of g. By the Campbell-Baker-Hausdorff formula,
one sees easily that

i_g = 0(p).
We now establish (4.2) by induction on 7. By (4.3) and Corollary 2.4,

0—:9”017'\/ 2 t]Ey,

j=—1-3
where
E;= ) D,od,.
MAt=F
Since E; = 0, we have for each 7 an equation of the form
-1

D;od(p) = D;oidi_y=— 3 Djoil;; ;. 44)

j=—r
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Suppose then that (4.2) is known for j < i. Choose N = N(p, 1) so large that
for —r <j<i— 1,

€ g 5o APV = o(p)NPPO;,

for some differential operator Q;; this is possible since #;_;_; has polynomial
coefficients. Applying 9(p)¥—* to both sides of (4.4), we get

i1
Do d(p)N = — Y Djod;;  o(p)N Tt

J=—1

i-1
= — 3 Do d(ppwiQ,

j=t

=0

by induction. This proves the first assertion of the theorem. By the remarks
preceding the theorem, it follows that

d(I,) = dim¢ ¥'(I,) > dimg ¥°(I,) N g* > dimg AS(6,).  (4.5)

Write 2d’ = dimg AS(0,). By Corollary 3.9, AS(®,) cannot support a homo-
geneous invariant distribution of degree less than —d’, so the order —r of §,
at 0 (recall that 8, ~ ;. , t:D;; to say that 6, has order —r means D_, 5 0)
satisfies » < d’. Suppose we can show that 2r 2> d(I}. This will force equalities
in (4.5), proving the second assertion; and the last will follow from Corollary 3.9.
So it is enough to show 2r > d(I,). Let ©_K be the K-character of =, and 6%
its lift to f. By Theorem 3.6,

6,5~ Y tE;

i=—s

we assume E_; # 0. The proof of Theorem 3.6 shows how to compute the E,
from the D;; in particular we have s < 7, so it suffices to show that 2s > d(I,).
Choose fe C,(f), invariant under Ad(K), so that f=0, and f(u) > 1 for
[ | < 1 (in some norm on £*). Then (f;)~ > 1 for | u| < L. With notation
as in the proof of Theorem 3.6, this gives

0,5(f) = 3. mu(£)"(p)  dim(y)

uek

> Y m, - dim(u).
uek
jul<et
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By Theorem 1.2 of [11], this last term satisfies

Y om, - dim(p) > A(r),
uck
lu|<t~?t

Thus —s < —3d([,) as desired. Q.E.D.

We turn now to the behavior of asymptotic expansions under coherent
continuation. For more details of the definitions, see [7], [10], or [11].
Fix a Cartan subalgebra §) of g, and some translate 4 Ch¥ of the lattice of
weights of finite dimensional representations of G. Let {§(A) |Ae A} be a
coherent family of virtual characters of G. This means that each @(}) is an
integral combination of irreducible characters of infinitesimal character A, and
if F is a finite dimensional representation of G with weights 4(F) C b} (counted
with multiplicity) then

O - OF) = Y, O\ + p). (4.6)
u€A(F)

Fix a system 4+ C 4(g, , b,) of positive roots. We will assume in addition that
whenever A is dominant (i.e. 2{a, A>/{a, o) is not a negative integer for « € 4+)
then @(A) is either 0 or the character of an irreducible representation =(}), and
that the latter is the case whenever A is nonsingular. Any irreducible representa-
tion 7 occurs as some 7(A) in such a coherent family, which is unique up to
obvious equivalences. In this case the non-zero «(A) have annihilators I, with
a common Gelfand-Kirillov dimension 2d; and every constituent of each virtual
character @(A) has Gelfand-Kirillov dimension at most 2d (cf. [11]). Accordingly
we can write

6, ~ Y £D,M).

i=—d

Now the D,(A) were constructed in section 3 from the formulas for 6, . Since
these formulas depend nicely on A (cf. [7], [10]), we deduce

ProrosiTiON 4.7. Let {0, | A€ A} be a coherent family of virtual characters as
above, with O, the character of an irreducible representation =(A) such that d(I,,,)) =
2d whenever A is dominant and regular. For fixed i, the distributions

{DY) [ Ae A}

span a finite dimensional space. Let {E,;} be a basis of this space. Then

D) = ZP:’J’(A)EU )
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with p;; a polynomial function on hy*, homogeneous of degree i + % dim{g/h). If
i = —d, then the p,; are harmonic.

Proof. Everything but the last statement follows from the remarks preceding
the proposition and straightforward computation. For the last statement, notice
that if F is a finite dimensional representation of G, lifting (4.6) to g gives

o) - T(F) = 3 6+ p)

we A(F)

here T(F) is a smooth function near 0 of g, and
T(F)0) = dim(F).

Applying Corollary 2.4, we get
D_() - dim(F)= 3 D_A+ p),

ueA(F)

(dimF) Y pssNE-ss = 3 D p-asA+mE;.

ued(F) j

Since the E_; ; are linearly independent, this gives

dim(F) * p_o ;) = Y p_gsA+ p)-

u€A(F)

By Lemma 4.3 of [11], it follows that p_, ; is harmonic. (Since p_, ; is already
known to be a polynomial function, one could give a simple direct proof.) Q.E.D.

CorOLLARY 4.8. With notation as in Proposition 4.7, there is a harmonic
polynomial c, homogeneous of degree } dim(g/h) — d, such that for A dominant,

lim =4 3 dimp - me(p) = <(p)-
lul<t
Here m)(1) is the multiplicity of p in m(}).

Proof. Write 65(X) ~ Y ;. 4 #E;. By (4) in the proof of Theorem 3.6,
Theorem 4.1, and Proposition 4.7, E_; is a linear combination of homogeneous
measures on T*, with coefficients homogeneous harmonic polynomials in A of
degree } dim(g/h) — d. In particular, if f € C,*() is Ad(K) invariant, there is a
harmonic polynomial ¢; of the specified degree, such that

lim ¢ Y dim p - me(u)f(t ) = e N).

e el
The corollary follows by an obvious approximation argument. Q.E.D.

This corollary establishes Conjecture 5.1 of [11].
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