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Work over Spec ① (Apologies : not spec-0 )

p4
g
: quaehnpro-jeuh-e4-fpa-e.is the non- comm . graded G-algebra

A = ① [ to
, . . . ,ty]q = Esto

, . .
. .tn?/titj--qniJtjti q=FT

Ni Cnij) =

, ) C- Mgs ( Es) skew- symmetric matrix

Q : Quantum Fermat Quintic
5

Q = Qcto
, . . . ,ty]q / to -1 . . - + tf ( tÉ+ . -+ ty central in A)

A→ Q :

"

Qa> P¥
"

quintic hypersurface

Goda : count the number of coherent sheaves G.g. fat points) on Q

Geometry associated to Q :

• abelian category of coh sheaves = qgr(Q)
= (f.g. graded left Q-modules ) / (f.d. graded left Q-mods)

• structure sheaf = Q → define subschemes of Q

theorem (Kanazawa) : ① qgr
(Q) has global dimension 3

i. e. dim Ext
"
( EF) cis Hi , Exile ,F) =D Yi> 3 .

"

ggr
( Q) is smooth of dimension 3

"

② if I is an eigenvector of N then

qgr (Q) is Calabi-Yau -3 i.e. Entice ,F)
✓

= Exp-i(F.E) .
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we did not get very
far with techniques from non- comm . geometry

A has a huge centre :

Altos . . ,ty]g/tE+ . .+tÉ Q Yo =P; A'% Elton . . ,ty]É
' tis

I 9 I
① Go

, .
-

,
✗ ↳Hot . . -1×4 P

>
I ✗ ¥-70 P

"

B = a [xo , . . . ,xy ] ✗ i

it : sheaf of non- comm . Opy - algebras , locally free of rank 625
.

if I Gpy ⑤ 0*+1-1)
" "

⑦ 0*+1-278
'

to Opal -3)
" '

⑦ 0*+1-4)

hoop, it IsA#0*+1-4) is a perfect pairing .

symmetric because I is an eigenvector of Nl .

② = AIX
,
X-P" hyperplane Eti =D

② •
•
✗

Q- 6×1-4) =w× symmetric perfect pairing .

Defy . A Calabi-Yau -3 pair is IX.a)
- - -

X : smooth projective G- scheme of dimension 3

Q : locally free ,
finite rank sheaf of O×- algebras

with a symmetric perfect pairing Q%Q
-

wx .

e.

g. every comm .
Ces is a pair CX, 0×7 , 0×00×6×-9=4

• qgrQ=( ooh sheaves of 6× -modules with a left Qmodule structure)

• Goh a-modules) is a cY3 Category :

Ett# E.F)
✓

= Ertz
" ( wage F , E)

wa = Mom
✗

(Qywx) ± Q as Q- bimodule
.

t the pairing
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Donaldson -Thomas Theory
Moduli spaces associated to pairs IX.a)

,
( they are comin! ) :

① n c- IN : Hills
"

Q =

"

Hilbert scheme of n points on IX. Q)
"

= closed subscheme of Quota , consisting of

quotients Q→F with left Q- module structure

and length_T=n .

② he @Cu) : ahh Q= moduli space of coherent G- modules

of Hilbert polynomial h ,
endowed with a

left G-module structure , ¥e as Q-mod

HiltonQ- Colla isomorphism onto a union of connected

[O~→F]↳ Kerl#F) components ( in good cases)
DT theory is about CohQ

,
but can be abused to study tibia .

DT theory : • make sense of #
"

GHQ c- 2-

• compute

key idea : Cohon behaves like a critical locus
.

Critic : f : M- G regular function ,
M : smooth E-scheme

.

Crit f → M

o

gdf
Assume Gitf proper : Intersection theory

dm rm #
in cñtf -- I /Mzzmm) .

e.g .

f- = 0
,
Griff -_ M self - intersection : Gaup-Bonnet :

#
"t Cñtf = f

g,

goptm) = C-Ddimm ✗top ( M)
cm]
Gop DM

= (1)dimmf
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General Case ( cñtf singular ) : singular Gamp -Bonnet

( micro - local inter theorem ,
Kashiwara - MacPherson i early 1970s )

#
uir

Crit 1- = ✗↳ ( crit f
, p ) µ : crit f- Z weight fetn .

PE Critf : Mlp) = C-1)
dimm ( 1- ✗ top (Milnor fibre of f- at P ) )

Milnor fibre :

intersection of a small ball MM around P

,

see << 1

with a nearby fibre of f

The Milnor fibre carries the vanishing cycles

Cohon behaves like a critical locus :

Taha IF = { F' c- Cdr Qiao) I FYEF '

=F}
= { F

'
: coh Once) -module , flat / ice] / FYEF '

-

- F)
= Ext

'

(F. F) 0 → et '→ t
'
- FYEF'=F -0

a
÷

Deformation theory : analytically near F , GHQ is

the 0 - locus of an analytic map

Ext ' CF
,F)- Etfs,F)
a a

whose lowest order term is the Yoneda square

[F- F'
-F) 1- [ F- F'

- F'- F ]

e - eoe
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The CT 3 condition :

Ext¥7,77 = Estf~IF.FI

so ene eoe is a differential
,
in fact the differential of

em tztrleoeoe ) tr :Ext¥F, F) = Hom It
,
F) ✓- ¢

a

In general , Cohon is not a global critical locus ,
but carries a

"

symmetric obstruction theory
"

( classical shadow of a C- 17 -shifted derived symplectic structure)

• Cot Q proper → #
" CohhQEZ deformation invariant

( Q=6× : R-Thomas -2000
, general case tin)

• Col Q has a constructible function 0 : Ghq- 2- sit
.

#wCohhq= ✗NP ( colloq
,

0) ( B
.

~ 2005)

Define : DT ( Colla) = #
"rlcohhcf) = ✗↳ ( cohhcf , v) .

Example : Q=0✗

E.
✗ (z) = It £7 #" (Hilbix) z" . Mlzt=¥?• (McMahon )

É= (✗ compact or not : use additivity ft )

eg . conm
. quintic 9×12-1 = 1%11- E zi)

" ° "

✗ (X) = -200 .

in

= (1+2-320
°

( 1- f)
400 ( I + 2- 3)

°O°
.
. .

eg .

#or ✗ = - XCX) = 200
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Localize :

Elton ,t, ]
5

u?
q

tie cnn.ua]q/EuE= -1 Oyo § Y f f¥. Ii① [ ✗t.mil/Exi---I1A3=Xo-=gp3=~X-ygIP4 Qlxos - -1×4 ]

titi ñj
Here ui=t¥¥- = and

uiuj-qujui-nij-nij-nio-nc.jo
-2 - l -2

2 0 - I - I

Ñ c- Me,×y( IT;-) Ñ :( ' ' 0 -2) .

2 I 2 0

Finite dim't left Qo -modules = d-algebra morphisms Qo - Mnxnlc
.

n-I.at most one of his . ,uy 1=0 . Say u , -1-0 , uz=uz=uy=0 .

uf= - I ⇒ u , = - g
"
i -0

,
. . ,4

5 1-dim'd reps so , . > Sy all supported over 41 , -40,010>EX

(E) =D such points in ✗ =-D
?

⇒ # Hills'Q = 50

m¥ /Ai] u , = f-
9-
" °

o -

g
:) in :(88 ) uz=uy=(88)

o - Sir→ Ai - Si -o extension b/c uiUz=q?uzu ,

IBI u , :( "
"

°i ) uz=( 8 f) m=uy=(8 :)O -g

o - Si
,

→ Bi - Si - 0 extension b/c was-7-1434

u
, =/

- 9-i
-2 o

o -

g;) nx=( 8 !) 42--43=189 )
o - Sir - Ci - Si - O extension b/c any =q"uyu ,
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is encoded in

the diagram :

**

:÷¥¥#a quiver bz

a
by

the quiver encodes its

path atgebra P e
}

G- vector space basis : paths of length70

multiplication : concatenation

the above suggests C? ? ? )

Qo- P uzns Eai ; us ↳ Ebi ; nun Eci

need relations in P :

hours = g-
'

nzuz → (Eai)@ bi) -

- g-
' ( Ebi ) / Eai) 15

muy = g-
'

uyhz → ( Eai) / Eci) -- g-
' ( Eci ) (Eai ) } relations

hzuy = g-
'

uyuz
-0 ( Ebi) / Eci) -_ g-

2 (Eci ) (Ebi ) R

Suze : Qo -4 PIR ; uzre Eai , ↳
re Ebi

, 44m Eci

4- Egie :/Tx, , is an isomorphism

→ over an analytic open nbhd of < 1
,-1,0.HU> c- XEP

'

Qo and PIR are isomorphic

A closed subscheme of Hills"Q , corresponding to fat points
set - theoretically supported over Gillian

,
is governed by

this quiver with relations R
.
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The element of P , a
linear combination of cycles :

f- = (Eg" b;)@a ;) (Eci) - g-
' ⇐ gi"b;) /Eci) ( Eai)

R = ( daif
'

, dnif , dci f) .

f is a potential for the quiver with relations
.

Moduli spaces of representations of a quiver with potential

are critical loci :

Rep
" (P

, R) = Crit f Rep np , Repnp - ① )

(Vialli) - b foe)

csin :

G (2) = It £,

#
" ( Hills" Q) z

"

= (1+5 #" Rep " (PR) E)
"

Mftsj
"

h>it

~ END ~

Thank you
!


