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For each of the following five questions, circle the best option. If more than one is circled, no points will
be given. If you change your mind, clearly indicate your final choice by writing the appropriate
letter in the margin to the left. If you need scrap paper, use the back of the page.

The first two questions relate to the dynamics of a protein that is produced by an enzyme that is up-
regulated by the protein itself and might also be produced in response to an external signal (E). The
equation describing the dynamics of the protein concentration S is

dS

dt
= E + f(S) where f(S) = −kS +

vmaxS2

K2
m + S2

.
f(S)

S

1. (2 pts) Which of the following is a legitimate scale for S?

(a)
vmax

E
(b)

E

k
(c) E (d) K2

m

2. (2 pts) If the intensity of the external signal is initially zero and the protein is at a concentration
S = 0, how large a temporary increase in E is required to increase the signal to a high level, even after
the signal is removed (i.e. return to E = 0 but S stays high)?

(a) E > Km

(b) E > f(S∗) where S∗ satisfies f ′(S∗) = 0 and f ′′(S∗) < 0

(c) E > v/k

(d) E > f(S∗) where S∗ satisfies f ′(S∗) = 0 and f ′′(S∗) > 0

3. (2 pts) Given certain conditions on a system of two differential equations, the Poincare-Bendixon
Theorem allows one to determine the existence of which of the following?

(a) A Hopf bifurcation.

(b) An unstable steady state.

(c) A periodic solution.

(d) A French mathematician.

4. (2 pts) An enzyme with one binding site for a substrate S turns that substrate into a product according
to the following reaction scheme:

S + E 
 C → P + E

For such a reaction scheme, provided the total concentration of enzyme is small compared to the
total concentration of substrate, the formation of product is best described by which of the following
options? Assume that the parameters are appropriately consistent with definitions given in class.

(a)
dP

dt
= kS (b)

dP

dt
=

vS

Km + S
(c)

dP

dt
=

vS2

K2
m + S2

(d)
dP

dt
=

v1S + v2S
2

Km1Km2 + Km2S + S2

2
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5. (2 pts) The diagram below shows the bifurcation diagram for a model of the transmembrane potential
for a particular type of neuron. The parameter a represents the level of stimulation received by the
neuron from neighbouring neurons and the points labeled “HB” correspond to Hopf bifurcation points.
The stimulus is initially at a = a1, then gradually rises to a = a2 and then returns to a = a2. Which
of the following best describes the behaviour of the transmembrane potential of the neuron?

(a) Steadily high, then oscillatory, then a sudden
drop to a steady low level.

(b) Steadily low followed by a transition to a
steady high level and then a sudden return to
a low level.

(c) Steadily low followed by a transition to a
steady high level, then oscillatory and then a
sudden return to a low level.

(d) Steadily low followed by a transition to an os-
cillatory mode which then settles to a steady
high level followed by a sudden return to a low
level.

HB HB

aa
1

a
2

6. (6 pts) The following True or False questions all refer to a population (P) whose growth dynamics
show an Allee effect and is being fished at a rate proportional to the population size. The population
size is described by the equation

dP

dt
= rP

(
1− P

K

) (
P

T
− 1

)
− EP

where all parameters (r, K, T, E) are positive and T < K. For each question, circle either true or
false.

(a) The population has three steady states for any (positive) parameter values.
True or False.

(b) The population has at least one stable steady state for any (positive) parameter values.
True or False.

(c) The population can undergo a catastrophe (sudden collapse) if the fishing effort (E) rises to a
high enough level.
True or False.

(d) Whenever the population size is between T and K, the population size will be increasing.
True or False.

(e) When the population size is below T , the population size will be decreasing.
True or False.

(f) The maximum sustainable yield is attained when E is chosen so that the line y = EP is tangent

to the curve y = rP

(
1− P

K

) (
P

T
− 1

)
.

True or False.
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7. (9 pts) Sketch the phase line for each of the following equations. Your sketch should include dx
dt plotted

against the x axis with arrows indicating direction of motion on the x axis, any stable steady states as
filled circles and any unstable steady states as empty circles. For an initial condition x(0) = 1

2 , what
eventually happens to the solution?

(a)
dx

dt
= x(1− x)

(b)
dx

dt
= x(1− x2)

(c)
dx

dt
= cos(x) + 1

4
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8. (a) (3 pts) Briefly describe a biological system that has a slow variable and a fast variable. What
process is slow and what process is fast?

(b) (7 pts) Draw an approximate phase plane for the following system of equations under the as-
sumption that 0 < ε << 1. What kind of steady state does it have?

dx

dt
=

1
ε
(−x + y),

dy

dt
=

1
ε
(x− y) + x + y.

5
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9. (10 pts) Schnakenberg (1979) considered the following simplified model of glycolysis:

dx

dt
= x2y − x

dy

dt
= a− x2y,

where a > 0. As the parameter a varies, the steady state of the system changes its behaviour.
Determine the sequence of steady state classifications for increasing values of a (e.g. stable node-to-
saddle-to-unstable node ). Does the system undergo a Hopf bifurcation for any value(s) of a? If so, at
what value(s) does the Hopf bifurcation(s) occur?

6
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10. (14 pts) Consider the model proposed by Lotka and Volterra for the populations of two species (P1, P2,
measured in thousands of individuals) that are in competition with each other:

dP1

dt
= r1P1

(
1− P1

K1
− P2

α1

)
dP2

dt
= r2P2

(
1− P2

K2
− P1

α2

)
where K1 = K2 = 1, α1 = 2 and α2 = 3 (all in the same units as Pi).

(a) Consider the simple case in which the first species is the only one present (P1 > 0, P2 = 0).
What eventually happens to the size of the population (P1)?

(b) If the second species is present, what influence does it have on the growth rate of the first species?
Describe the meaning of α1.

(c) Draw the phase plane for the system. Include nullclines (label each of them clearly!), direction
field arrows and steady states (as clear marked dots).

(d) If there is a stable steady state in which both species population sizes are non-zero, the species
are able to coexist. In this system, can the two species coexist?
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