Math 256. Final
Name:
No formula sheet, books or calculators! Include this exam sheet with your answer booklet!
Part I

Circle what you think is the correct answer. +3 for a correct answer, —1 for a wrong answer, 0 for no answer.

1. The ODE ¢ — y?e~% = y? with y(0) = 1 has the solution,
(a) (" +x+C)t b (e*—z+C)! () (e —x)!

(d) (e ®+a2)! (e) None of the above,

where C' is an arbitrary constant.

2. The system

1 3 0
yv=126 0]y
0 0 2
has the general solution,
(CL) up —+ 11262t + U3€t (b) 11167t + u26t + U3672t (C) up + u262t —+ 11367t

(d) uje™t +uge' + fuze? (e) None of the above,

for three constant vectors uy, us and us.

3. The inverse Laplace transform of
4

y(s) = SE 1)
(a) y(t) =1t — cos2t, (b) y(t) =1t +sin2t, (¢) y(t) =1— cos2t,
(d) y(t)=1-sin2t, (e) None of the above.

4. Which of the following is a solution to the PDE wy = c?ugy:
(@) uw=coscr sint (b) u=cosz sint (¢) w=cos3x sin3ct

(d) uw=¢e" sinct (e) None of the above.

5. Laplace transforms are
(a) Cool if you like that sort of thing

(b) dif ficult to invert using formal definitions
(¢) atype of integral
(d) a method of turning ODEs into algebraic equations
(e) All of the above.



Part I1

Answer in full (i.e. give as many arguments, explanations and steps as you think is needed for a normal
person to understand your logic). Answer as much as you can; partial credit awarded.

1. (12 points) A particle in a fusion reactor satisfies the equations of motion,
P rar+2y=0, y+y-20=0 2 +z=21+y%

Find the path taken by the particle if it starts at the point (x(0),y(0),2(0)) = (0,1,0). Where does the
particle eventually end up?

2. (12 points) Write the ODEs
¥ =x+4y, 1y =2z+8y,

as a 2 x 2 system and then find the general solution using the eigenvalues and eigenvectors of the constant
matrix that appears in your system. Find the solution if the initial values are z(0) = z’(0) = y(0) = 0 and
y'(0)=9.

3. (12 points) From the definition of the Laplace transform, prove that £{y"} = s?3(s) — sy(0) — y/(0) and
L{f(t—a)H(t —a)} = e *f(s). Find
= s+4
(s +4s+13)

Using Laplace transforms, solve the ODE
i+ 4y + 13y = t26(t — 2),
with y(0) = 1 and y(0) = 0, where §(¢) is the delta-function.

4. (16 points) Solve

Ut = Ugy, u(0,8) =0, wu(z,0)=sinnz,
with

() u(2,t)=0 & b) wu(2,t) =2.



Fourier Series:

For a periodic function f(z) with period 2L, the Fourier series is

fx) = %ao + i [an cos (n_z:v) + b, sin (n_z:v)}
n=1

with

L nm

aoz%/if(w) dz, an:%‘/_if(x)cos(?) dx, bnz%/_Lf(x)sin(Tx) dzx.

Helpful trig identities:

sin0 =sinm =0, sin(n/2) =1= —sin(37/2),
cos0=—cosm =1, cos(m/2)=cos(3r/2) =0,
sin(—A) = —sin A, cos(—A) =cos A, sin? A +cos? A =1,
sin(2A4) = 2sin Acos A, sin(A + B) = sin A cos B + cos Asin B,
cos(24) = cos* A —sin® A, cos(A + B) = cos Acos B — sin Asin B,

Useful Laplace Transforms:

& = )

", n=0,1,2,... —  nl/s"
e - 1/(s—a)
sin at — a/(s* +a?)
cos at — s/(32+a2)
tsinat — 2as/(s% + a?)?
tcosat — (s> — a?)/(s* + a?)?

v = syls) —y(0)



