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1. Evaluate each of the following limits.

1. (a) [2 marks] lim
x→−∞

5x3 − 2x2 + 1

6x3 + 7

1. (b) [3 marks] lim
x→0

(
1

x(1− 2x)
− 1

x

)

1. (c) [2 marks] lim
x→∞

(
e−x − x

)
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2. (a) [3 marks] Define what it means for a function f to be continuous at a point a.

2. (b) [2 marks] Find the domain of the function g(x) =
1

sinx
.

2. (c) [1 mark] Is g(x) =
1

sinx
continuous on the interval (∞,∞)? Why or why not?
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3. [4 marks] Prove that the function

f(x) = x3 − 15x + 1

has three roots in the interval [−4, 4]. Make sure to state any assumptions you are making,
or theorems you are using.
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4. Let f(x) =
1

x + 1
.

1. (a) [4 marks] Find f ′(x) using the limit definition of derivative. (No marks will be given
for using other methods in part (a).)

1. (b) [2 marks] Confirm your answer in part (a) by finding f ′(x) using differentiation rules
such as the Quotient Rule or Chain Rule.
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5. Differentiate each of the following functions.

5. (a) [3 marks] f(x) =
cosx

sin2 x

5. (b) [2 marks] g(x) = e
√
x

5. (c) [3 marks] h(x) = ln (ln (x2 + 2x))
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6. [4 marks] Let

f(x) =

{
1
2

cosx if x < a

x2 + b if x ≥ a
.

Find constants a and b such that f is differentiable everywhere. Justify your answer.
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7. For this question, let f(x) = x2 − 6x and let P be the point (4,−12).

7. (a) [1 mark] Is P on the curve y = f(x)? Justify your answer.

7. (b) [1 mark] Find the slope of the line between P and a point (a, a2 − 6a) on the curve
y = f(x).

7. (c) [2 marks] Find the slope of the line tangent to the curve y = f(x) at the point
(a, a2 − 6a)
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7. (d) [4 marks] Find the slopes of all lines through P which are also tangent to the curve
y = f(x).

7. (e) [4 marks] Sketch, on the axes below, the curve y = f(x), the point P , and the lines
whose slopes you found in part (d).

 

y 

x 
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8. Both parts of this question refer to the curve y = (ax + b)7, where a and b are constants.

8. (a) [5 marks] Suppose that a 6= 0. Find the equation of the line tangent to the curve at

x =
b

a
.

8. (b) [2 marks] Suppose that a = 0 in the equation for the curve given above. Find the
equation of the tangent line in this case.
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9. [8 marks] Write down an algebraic expression for a function f satisfying the following
four criteria.

• lim
x→0−

f(x) = 2 • lim
x→−∞

f(x) = 0

• lim
x→0+

f(x) = −1 • f ′(x) = −2 for x > 0

Then sketch the function on the axes given.

 

y 

x 

11



10. Let f(x) = x + 2x2 sin

(
1

x

)
.

10. (a) [3 marks] Find f ′(x).

10. (b) [5 marks] Prove that in any interval (−d, d) (where d > 0), there are infinitely many
points c such that f ′(c) = −1. (Hint: when is sinx = 0?)

12



11. [3 bonus marks] Find a piecewise algebraic expression for the nth derivative of

f(x) = x lnx.
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This page may be used for rough work. It will not be marked.
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