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Rules governing examinations:

1.

No books, notes, electronic devices or any papers are allowed. To do your scratch work, use the back of the
examination booklet. Additional paper is available upon request.

2. You must be prepared to produce your library/AMS card upon request.

3. No student shall be permitted to enter the examination room after 15 minutes or to leave less than 15

I agree to follow the rules outlined above

minutes before the completion of the examination. Students must ask invigilators for permission to use the
washrooms.

You are not allowed to communicate with other students during the examination. Students may not
purposely view other’s written work nor purposefully expose his/her own work to the view of others or any
imaging device.

At the end of the exam, you will put away all writing implements upon instruction. Students will continue to
follow all of the above rules while the papers are being collected.

Students must follow all instructions provided by the invigilators.

Students are not permitted to ask questions of the invigilators, except in cases of supposed errors or
ambiguities in examination questions

Any deviation from these rules will be treated as an academic misconduct. The plea of accident or
forgetfulness shall not be received.

(signature)

Question: 1 2 3 4 5 6 7 8 9 10 | Total

Points: 19 12 9 6 10 11 9 7 9 8 100

Score:

AN

Important

. Simplify all your answers as much as possible and express answers in terms of fractions or constants

such as /e or In(4) rather than decimals.

Show all your work and explain your reasonings clearly!

Questions in a section are weighted evenly unless otherwise stated.
Formula sheet at the back (you may tear it off and use it for scratch work).

Additional sheets of paper for calculations are available upon request.
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1. Multiple-choice problems

(Full marks for correct answer. No partial marks.)

(a) (3 points) Given the following general terms a,, determine whether the corresponding

sequences {ap }n>1 are converging, diverging, and/or bounded. Check all boxes that apply.
(do not calculate the limit of converging sequences.)

converging | diverging bounded

ii.

iii.

(b) (3 points) Determine whether the following series converge or diverge. Check appropriate
box. (do not calculate the value of converging series.)

converging | diverging

25y 3n
LN~ (n+1)n?
e

o0

L
1ii. Z nn.

n=

(c) (3 points) Determine whether the following integrals converge or diverge. Check appro-
priate box. (do not calculate the integrals.)

] /Oo x+1
1. ﬁd%
1 rrta A+t
[o.¢]
1
il. ——dx:
/2 In (z19)

1 4
iii. /x_sclm:
0

converging | diverging
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(d) (4 points) Consider the following differential equations. Check the appropriate box.

ii.

y(t) =In(1+5)

) = — 2 s a solution to % = ¢
z(t) = — = is a solution 0o =tz

dy
dt

is a solution to — =te

-y

true

false

(e) (6 points) Match Taylor series and functions. Check the appropriate box.

ii.

iii.
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00 1)
Z(n')

n=0

n=1

00
2 : nxn—l
n=0

2

T
"=1-— —_...
x x+2

(2n —1)! B 6 120

=142z +322%...

sin x

COS T

1H(1+$) e T
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2. Short-answer-problems
(Full marks for correct answer. Work must be shown for partial marks.)

N
(a) (2 points) Find the telescoping sum Sy = Z (W _ \/E) )
k=1
ANSWER: Sy =
1
(b) (3 points) Consider the function and its series f(x) = = ag + a1z + asx® + .. ..

1—a3
Find agg and f(wo)(()) (i-e. the 100th derivative of f(x) evaluated at x = 0).

ANSWER:  agy = F100(0) =

Final Exam Page 3 of 13



Math 103 Name:

(¢) (3 points) Evaluate the following limit: L = lim 3
z—0 X

ANSWER: L=
5 3 4
(d) (2 points) Express / f(z)dx +/ f(z)dx +/ f(z) dx as a single integral of the form
3 4 2

2
/a ’ £(z) da.

ANSWER: a= b=

(e) (2 points) The concentration of a certain hormone in the blood changes periodically over
24h. The graph of the production rate p(t) and removal rate r(t) of the hormone are
shown below.

In the figure, clearly mark the times

r (U i. t1 at which the total concentration
of the hormone is highest, and

ii. t9 at which the hormone concentra-
p( l‘) tion is increasing at the fastest rate.

Final Exam Page 4 of 13



Math 103 Name:

3. The equation of a circle of radius r centred at the origin is 22 + y? = r2.
(Work must be shown for full marks.)

T
(a) (2 points) The area A of the circle is given by A = 2/ Vr?—ax?dx.
T

Draw a sketch, which clearly identifies the integrand,
T
and shade the area given by / Vr?—ax2dx.
T

NI~

NV

T s
(b) (1 point) Give a reason for the simplification: 2/ V2 —a?dx = 4/ V2 —az?dx.
-r 0

T
(¢) (6 points) Evaluate A = 4/ Vr?2 —x2dx. (Hint: use trigonometric substitution. )
0

ANSWER: A=
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4. (6 points) Consider a swarm of ants distributed over a circular region. At distance r from the

1
centre of the region, the density of the ant population is observed to be b(r) = R measured
r
in units of one thousand per square meter. What is the total number of ants within a radius
of 2m?  (Work must be shown for full marks.)

ANSWER:
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d
5. Consider the differential equation d—?; =y?—1.  (Work must be shown for full marks.)

(a) (2 points) Find all steady states (equilibria).

(b) (2 points) Determine the stability of all steady states (equilibria).

(Note: formal as well as graphical reasoning is acceptable.)

(c) (6 points) Solve the differential equation using the initial condition y(0) = 2.

ANSWER: y(t) =
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6. Consider the function F(x) = Axe ¥, where A > 0 is a parameter. Now consider the iterated

map x441 = F(xy) for t =0,1,2,3,....
(a) (2 points) Find all fixed points (steady states, equilibria).

(Work must be shown for full marks.)

(b) (5 points) Determine the range of A for which each fixed point (steady state, equilibrium)

is

stable.

(¢) (4 points) Starting at xg, use cobwebbing to draw x; up to z5 in the two graphs below,

which show F'(z) for two different values of A.

X

L S e S L N e S e s 2

t+1

0 X,
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7. Consider the Normal (or Gaussian) probability density function (pdf) given by
2
f(z) = \/76_2502 for —oo < x < 00.  (Work must be shown for full marks.)
T

(a) (2 points) Find the mean Z.

ANSWER: T =
(b) (1 point) Find the median 1.

ANSWER: x

N[

(0]
(c¢) (2 points) Using the fact that f(z) is a pdf, find the integral I = / e™27% dy.

—0o0

ANSWER: I =
(d) (4 points) Find the variance V.

(Hint: what is the anti-derivative of 376723:2?)

ANSWER: V=
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n—1)3(x—2)"
1+3n

oo
8. (7 points) Find all x such that the series Z ( converges?
n=0

(Work must be shown for full marks.)

ANSWER:
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oo
9. (9 points) Suppose the power series y = Z anx" solves the differential equation

n=0
dy
-J -9
dr +zy
with the initial condition y(0) = —1. Determine ag, a1, az and as.

(Work must be shown for full marks.)
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10. Integration (Work must be shown for full marks.)
. . 1+e”
(a) (4 points) Evaluate the integral I = 1ot dx
— €

ANSWER: I =

(b) (4 points) Evaluate the integral Iy = /cos(ln x)dz.

ANSWER: I =
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Math 103
USEFUL FORMULAE
SUMMATION
N
S k- N(N2 +1)

—_

k=

N 2
2
k=1
N
1— N+1
3kl
1—r
k=0
TRIGONOMETRIC IDENTITIES
for « = :  sin(2a) = 2sinacos

sin(a + ) = sina cos B + cos asin f3;
cos(a + B) = cos acos 5 — sin asin 3; for a = B:  cos(2a) = 2cos’a — 1 = cos®> a — sin® «

sina +cos’a =1
1

2 [
cos? o

tan’a 4+ 1 =sec? a =

SOME USEFUL TRIGONOMETRIC VALUES

1 . (77) V2 . (77
-, sin|(—|)=-—, sin{—
2 4 2 3

sin(0) =0, sin (%) =
\f T \/ T ™
_v3 cos (—) = 72, cos (—) = %, cos (§> =0, cos(m)=-1

T
1 ()<
cos(0) cos ( & 5 1 3

DERIVATIVES
d ) 1
— arcsine = ——
dz V1 — 22
d 1

— arccosr = —————
dx V1 — 22

d ) 1
— arctanz =
x 1+ 2

d 2
—tanx = sec” x

dzx
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