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Important

1. Simplify all your answers as much as possible and express answers in terms of fractions or constants
such as

√
e or ln(4) rather than decimals.

2. Show all your work and explain your reasonings clearly!

3. Questions in a section are weighted evenly unless otherwise stated.

4. Formula sheet at the back (you may tear it off and use it for scratch work).

5. Additional sheets of paper for calculations are available upon request.



Math 103 Name:

1. Multiple-choice problems
(Full marks for correct answer. No partial marks.)

(a) (3 points) Given the following general terms an, determine whether the corresponding
sequences {an}n≥1 are converging, diverging, and/or bounded. Check all boxes that apply.
(do not calculate the limit of converging sequences.)

converging diverging bounded

i. (−1)nn:

ii.
(−1)n(n+ 1)

n+ 3
:

iii.
n2 + 2n

en + ne
:

(b) (3 points) Determine whether the following series converge or diverge. Check appropriate
box. (do not calculate the value of converging series.)

converging diverging

i.

∞∑
n=1

5n + 2n

5n + 3n
:

ii.

∞∑
n=1

(n+ 1)n2

(n+ 2)4
:

iii.

∞∑
n=2

1

n2 lnn
:

(c) (3 points) Determine whether the following integrals converge or diverge. Check appro-
priate box. (do not calculate the integrals.)

converging diverging

i.

∫ ∞
1

x+ 1

x4 + x3 + x
dx:

ii.

∫ ∞
2

1

ln (x10)
dx:

iii.

∫ 1

0
x−

4
5 dx:
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(d) (4 points) Consider the following differential equations. Check the appropriate box.

true false

i. x(t) = − 2
t2+2

is a solution to
dx

dt
= tx2

ii. y(t) = ln(1 + t2

2 ) is a solution to
dy

dt
= t e−y

(e) (6 points) Match Taylor series and functions. Check the appropriate box.

sinx cosx 1
(1−x)2 ln(1+x) e−x

i.

∞∑
n=0

(−1)n

n!
xn = 1− x+

x2

2
. . .

ii.

∞∑
n=1

(−1)n−1

(2n− 1)!
x2n−1 = x− x3

6
+

x5

120
. . .

iii.

∞∑
n=0

nxn−1 = 1 + 2x+ 3x2 . . .
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2. Short-answer-problems
(Full marks for correct answer. Work must be shown for partial marks.)

(a) (2 points) Find the telescoping sum SN =

N∑
k=1

(√
k + 1−

√
k
)
.

ANSWER: SN =

(b) (3 points) Consider the function and its series f(x) =
1

1− x3
= a0 + a1x + a2x

2 + . . ..

Find a99 and f (100)(0) (i.e. the 100th derivative of f(x) evaluated at x = 0).

ANSWER: a99 = f (100)(0) =
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(c) (3 points) Evaluate the following limit: L = lim
x→0

∫ x

0

(
et

2 − 1
)
dt

x3
.

ANSWER: L =

(d) (2 points) Express

∫ 5

3
f(x) dx+

∫ 3

4
f(x) dx+

∫ 4

2
f(x) dx as a single integral of the form∫ b

a
f(x) dx.

ANSWER: a = b =

(e) (2 points) The concentration of a certain hormone in the blood changes periodically over
24h. The graph of the production rate p(t) and removal rate r(t) of the hormone are
shown below.

t
24

r(t)

p(t)

0

In the figure, clearly mark the times

i. t1 at which the total concentration
of the hormone is highest, and

ii. t2 at which the hormone concentra-
tion is increasing at the fastest rate.
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3. The equation of a circle of radius r centred at the origin is x2 + y2 = r2.
(Work must be shown for full marks.)

(a) (2 points) The area A of the circle is given by A = 2

∫ r

−r

√
r2 − x2 dx.

-r -

r

2

r

2
r

-r

-

r

2

r

2

r Draw a sketch, which clearly identifies the integrand,

and shade the area given by

∫ r

−r

√
r2 − x2 dx.

(b) (1 point) Give a reason for the simplification: 2

∫ r

−r

√
r2 − x2 dx = 4

∫ r

0

√
r2 − x2 dx.

(c) (6 points) Evaluate A = 4

∫ r

0

√
r2 − x2 dx. (Hint: use trigonometric substitution.)

ANSWER: A =
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4. (6 points) Consider a swarm of ants distributed over a circular region. At distance r from the

centre of the region, the density of the ant population is observed to be b(r) =
1

r2 + 1
, measured

in units of one thousand per square meter. What is the total number of ants within a radius
of 2m? (Work must be shown for full marks.)

ANSWER:
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5. Consider the differential equation
dy

dt
= y2 − 1. (Work must be shown for full marks.)

(a) (2 points) Find all steady states (equilibria).

(b) (2 points) Determine the stability of all steady states (equilibria).
(Note: formal as well as graphical reasoning is acceptable.)

(c) (6 points) Solve the differential equation using the initial condition y(0) = 2.

ANSWER: y(t) =
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6. Consider the function F (x) = λx e−x, where λ > 0 is a parameter. Now consider the iterated
map xt+1 = F (xt) for t = 0, 1, 2, 3, . . .. (Work must be shown for full marks.)

(a) (2 points) Find all fixed points (steady states, equilibria).

(b) (5 points) Determine the range of λ for which each fixed point (steady state, equilibrium)
is stable.

(c) (4 points) Starting at x0, use cobwebbing to draw xt up to x5 in the two graphs below,
which show F (x) for two different values of λ.

xt

xt+1

0 x0 xt

xt+1

0 x0
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7. Consider the Normal (or Gaussian) probability density function (pdf ) given by

f(x) =

√
2

π
e−2x

2
for −∞ < x <∞. (Work must be shown for full marks.)

(a) (2 points) Find the mean x̄.

ANSWER: x̄ =

(b) (1 point) Find the median x 1
2
.

ANSWER: x 1
2

=

(c) (2 points) Using the fact that f(x) is a pdf, find the integral I =

∫ ∞
−∞

e−2x
2
dx.

ANSWER: I =

(d) (4 points) Find the variance V .
(Hint: what is the anti-derivative of x e−2x2

?)

ANSWER: V =
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8. (7 points) Find all x such that the series

∞∑
n=0

(n− 1)3(x− 2)n

1 + 3n
converges?

(Work must be shown for full marks.)

ANSWER:
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9. (9 points) Suppose the power series y =

∞∑
n=0

anx
n solves the differential equation

dy

dx
+ x y = 2

with the initial condition y(0) = −1. Determine a0, a1, a2 and a3.
(Work must be shown for full marks.)
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10. Integration (Work must be shown for full marks.)

(a) (4 points) Evaluate the integral I1 =

∫
1 + ex

1− ex
dx.

ANSWER: I1 =

(b) (4 points) Evaluate the integral I2 =

∫
cos(lnx) dx.

ANSWER: I2 =
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Useful Formulæ

Summation

N∑
k=1

k =
N(N + 1)

2

N∑
k=1

k2 =
N(N + 1)(2N + 1)

6

N∑
k=1

k3 =

(
N(N + 1)

2

)2

N∑
k=0

rk =
1− rN+1

1− r

Trigonometric identities

sin(α+ β) = sinα cosβ + cosα sinβ; for α = β: sin(2α) = 2 sinα cosα

cos(α+ β) = cosα cosβ − sinα sinβ; for α = β: cos(2α) = 2 cos2 α− 1 = cos2 α− sin2 α

sin2 α+ cos2 α = 1

tan2 α+ 1 = sec2 α =
1

cos2 α

Some useful trigonometric values

sin(0) = 0, sin
(π

6

)
=

1

2
, sin

(π
4

)
=

√
2

2
, sin

(π
3

)
=

√
3

2
, sin

(π
2

)
= 1, sin(π) = 0

cos(0) = 1, cos
(π

6

)
=

√
3

2
, cos

(π
4

)
=

√
2

2
, cos

(π
3

)
=

1

2
, cos

(π
2

)
= 0, cos(π) = −1

Derivatives

d

dx
arcsinx =

1√
1− x2

d

dx
arccosx = − 1√

1− x2

d

dx
arctanx =

1

1 + x2

d

dx
tanx = sec2 x
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