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1. (a) Let F denote the family of all functions ¢: R?® — R satisfying the identity

: 2
Vo(z,y,z) = (ln(y2 +1)+ zzezzm) i+ . fy2j + (2xze“2 + 1) k.
)

If F is empty, explain why; if F is not empty, identify all the functions it contains.

(b) For any smooth closed surface S in R3, oriented using outward normals, define the flux

D[S] = //SFoﬁdS,

where F = (3y2 — 2% — z cos z) i—4y35+ (3z +sinz — ze¥ — 923) k.

Identify the surface S that gives the largest possible value for ®[S].

2. Associate with every real-valued sequence ai, as, . .., the values @,b € R U {400} defined by
- a1 +as+...+a
a = limsup a,, b =limsupb,, where b, = 1+ ax + m.
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(a) Present a sequence {a,} for which a # b.
(b) One of the inequalities @ < b or @ > b holds in general. Decide which one, and prove it.
(c) Prove: If |a| < 4+oco and |a, — a| — 0 as n — oo, then b = a.
3. Here are three statements. For each statement, (i) define each underlined word or phrase, (ii) decide if the
statement is true or false, and (iii) justify your decision by providing a suitable proof or counterexample.

(a) Whenever f: R — R is continuous and {x,} is a Cauchy sequence in R, defining y,, = f(x,) makes
{yn} a Cauchy sequence in R.

(b) The only functions f: [-1,1] — R that can be represented as a uniform limit of polynomials are
the polynomial functions.

(c) The following function is Riemann integrable on the interval [0, 1]:

2

= ifx:%forsomenzl,Q,S,...,
flz) = .
z*, otherwise.

4. Determine the number of zeros of the polynomial f(z) = 2% — 5z + 1 in the annulus {2 : 1 < |z| < 2}.
5. Let U be the open upper half plane with the unit segment joining 0 to i deleted. In symbols,
U={z:Imz>0}\{2z:Rez=0and 0 <Imz < 1}.

Find a conformal mapping of U onto the unit disk D(0,1) = {z : |z|] < 1}. (If your map involves a
function defined using a branch cut, specify the precise branch you use.)

6. Suppose that f is analytic in the region |z| < R, except for a simple pole at zy with 0 < |z < R. Let
f(z) = 3°0° s anz™ be the Taylor series of f at the origin. Show that the following limit exists and is
not 0:

A= lim anzg+1.
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