1. TRUE or FALSE

(a)

()

(d)

A homogenous system with more variables than equations has a nonzero solution.

True (The number of pivots is going to be less than the number of columns and
therefore there is a free variable which provides nonzero solutions.)

If x is a solution to the system of equations Ax = b for some vector b then 2x is also a
solution to the same system.

False (In fact whenever b is nonzero and x is a solution to Ax = b then

A(2x) =2Ax=2b #b.)

If A has a zero column then the homogenous system Ax = 0 has a nonzero solution.

True (The zero column will contain no pivot and therefore the corresponding variable is
free and provides nonzero solutions.)

The only linear transformation which is both one-to-one and onto is the identity map.

False (For example it is easy to see that the map T : R? — R? which takes every vector
v € R? to —v is a linear transformation which is both one-to-one and onto.)

2. Find the complete solution set to the system:

2$1+2I‘2+ZL‘3+JZ4—I5:6
21’1+21’2+1’3+2!L’4—3£B5 =10
—2x1 — 229 + 223 — 3x4 + 625 = —12

2 21 1 -1 6 221 1 —-1| 6
2 21 2 =3 0 )—=(0O0O0 1 =2 4 |—
-2 -2 2 -3 6|12 003 -2 5|6
221 1 —-1| 6
003 -2 5|6
000 1 =2 4

Using the row echelon form of the matrix given above, we see that x,, x5 are free and we have:

2$1+2$2+$3+J]4—I5:6
3r3 — 214 x5 = —6 =

.734—21'5:4

T4 = 4"—21'5
313 = —6 + 224 x5 = —6 + 2(4 + 225) 5 = 2 £33 — X5

2x

So the general solution is of the form

1=6—229 — 23 — x4+ 25 =6 — 205 — (1/3)(2 £3%5) — (4+ 225) + x5 = 4/3 — 225 — 245

- X5 2/315

Ty =2/3 — 0 — 25 /3
.9:3:2/3—5;&5—3‘5/3
$4:4+2£E5

for arbitrary x5 and x5.



3. Find the reduced row echelon matrix which is row equivalent to
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4. Suppose
1 =3 0 2 0
A=10 01 3 0
1 0001

(a) Find all the solutions to the system of equations
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Ax = —4
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(b) Express the vector
2
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0
as a linear combination of columns of A. Wewwes e golutin i pant (@)
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5. In each of the following cases, determine whether the given vector is in the set spanned by

the columns of the given matrix: s wank do e The > 03{ D S &

2 10 -1 Ahase gupmantid Wby et o
(a)(l)with(Oll) [?:-.

3 11 0

xm%'- - (éi:‘ﬁ)

4 3 2 —4 e esin 3
(b) 0 | with | 1 —1 —3 | o7
—3 1 5 3

0 1 2
6. Determine if the set S = { ( 1 ) , ( 2 ) , ( 3 ) } is linearly independent in R3 and
2 3 4

explain why.
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7. Determine if each of the following functions is a linear transformation. If it is the case find
the matrix representing the transformation with respect to the standard bases.

(a)

sl
LZR3—>R1,WithL ) = —X9 — X1.
T3
T Y1
Solution: Suppose x = | 9 andy = [ v are vectors in R? and ¢ € R is a
T3 Y3
scalar. Then
CI1
L(cx)=1L CTo =—cry—cxy =c(—x9—11)
CTI3
=cL(x)
Also
1+
L(x+y)=L Ty + 12 = —(z24y2) — (w1 +y1) = (=22 — 21) + (=42 — 1)
T3+ Y3
= L(x) + L(y)

These show that L is linear. Also we can see that L(e;) = —1, L(e3) = —1 and L(e3) =0
for the standard vectors in R?, which shows that the standard matrix is the 1 x 3 matrix
(-1 =1 0).

L:R? 5 R withL(< 1 )) — ( 7172 )
) To

Solution: L is not linear. For example we can see that L(e; + e;) = ( } > But

Lier) = ( 8 ) and L(es) — ( ! ),so

L(e1 + L<82) # L(el) + L(eg>
which shows that L is not linear.
L:R?>— R with L To =1.
Solution: L is not linear. For example L(2e;) = 1 # 2L(ey).

L:R2—>R2WithL((xl)):(xQ_xl>.
i) 0

Solution: It is easy to check like part (a) above to see that L is linear. To find the
standard matrix, we have

Liey) = ( " ) — (—1)e1+0e, and L(es) — ( ; ) — o1 + Oes

So the standard matrix of L is ( _é (1) )



8. For the following linear transformations, find the standard matrix and also determine if they
are one-to-one or onto.

(a)

T:R?>— R with T To = T9.

Solution: It follows from the definition of 7" that T'(e;) = T'(e3) = 0 and T'(e3) = 1. So
the standard matrix of 7" is the 1 x 3 matrix Az = (0 1 0).

0
T is onto because for every b € R, T b = b. In other terms, Arx = b is

consistent for every b € R.

T is not one-to-one, since T'(e;) = 7'(0) = 0, or in other terms Arx = 0 has more than
one solution.

T :R? - R3 with T'(e;) = e; + e3 and T'(e;) = —e; + €.
Solution: The definition of 7" immediately shows that the standard matrix of T is

0 —1
Ar=11 1
1 0

T is not onto because there is no vector x € R? so that T(x) = ey, or in other terms
Apx = ey is inconsistent.

T is one-to-one. Recall that to prove this one only needs to show that the homogenous
system Arx = 0 has only the trivial solution. This can be seen by finding the row
echelon form of the matrix has two pivots.

TR S Rwith T (7)) =( 7"
' T2 —r1— T2 )
Solution: T'(e;) = ( 1 ) =e; —eyand T'(ey) = ( _1 ) = e; — €. So the standard

matrixofTisAT—< 1 1>.

T is not onto, because T(x) = e; has no solutions, or in other terms Arx = e is
inconsistent.

T is not one-to-one either, because T'(e; — ey) = T'(0) = 0, in other terms Arx = 0 has
more than one solutions.

9. Suppose the following vectors in R? are given

(a)

0 1 1
vi=| 1 |,va=10 [,va=|1
1 1 0

Determine if the set S = {vy, va, v3} is linearly independent.

Solution: Recall that to check that S is linearly independent, we need to check if the
equation x1vy + x2ve + x3v3y = 0 has a nonzero solution. Equivalently we need to check



if the homogenous system of equations Ax = 0 has a nonzero solution, where
011
A=11 01
110

To show this system has no nonzero solution, it is enough to find the reduced row echelon
form of A and see that it has exactly three pivots.

01 1 1 01 1 0 1
1 o01)—-1011]}]—=101 1]
1 10 1 10 01 -1
1 0 1 1 01 1 00
Oo1 1 }|—=1011]—=1(101P20
0 0 =2 0 01 0 01

Hence S is linearly independent.

(b) Determine if S spans R3.

Solution: To prove S spans R?, we need to show the system of linear equations Ax = b
has a solution for every b € R?. But we saw that A has three pivots and therefore every
row contains a pivot. This implies that Ax = b is consistent.

(c¢) Express the vector
1
1
3
as a linear combination of elements of the vectors in S.

Solution: We need to find a solution to the system of equations

1
Ax= 1| 1
3
01 1|1 1 0 111 10 11]1
1 o017 }J—=1011j/1]—=101 1|1 | —
1 1 03 1 1 03 01 —-11]2
1 0 1|1 1 01 1 1 0 0 3/2
01 1|1 =011 1 ]1—=1010 3/2
00 —2/1 00 1[-1/2 00 1[-1/2
This shows
1
1_—v—|—§v——v
SRRSO A



10. Suppose T' : R™ — R" is a linear transformation which is not onto. Answer the following
questions and explain your answers.

(a) What is the size of the standard matrix for 77
n>xh
(b) How many pivots does the standard matrix of 7" has?
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(c) Can T be one-to-one?
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