Matrix algebra, Math 221 Rachel Ollivier

‘Worksheet 7

We recall that given a vector u and the line L spanned by u, the orthogonal projection of a vector x onto L is

X.u
(1) proj,(x) = ot .
P

Now, instead of a line L, consider more generally a subspace W of R™. We are interested in the orthogonal

projection onto W. If {uy,...,u,,} is an orthogonal basis for W, then for any x € R™
. X. U1 X. Uy,

2 projy(x) = +——5 u1 + -+ .

. w0 g2 a7 ™

Given a point A of the space R™, the distance from A to the subspace W is the length
— . —
I0A = projy, (OA)||

— —
of the vector OA — projy, (OA).

Drawing :

Problem 1. Let u = ; and L the line spanned by u. Compute the distance to L from the points
1 0 1
0/7\3)7\2)"

P

roblem 2. Let L be the 1-dimensional subspace of R* spanned by u = e; + e; + e3 + e4. We consider

projy, : R* — R?

the orthogonal projection on L.

(A) What is the range of proj;, 7

(B) Let A be the matrix of proj; in the standard basis. What is the rank of A?

(C) Compute the coordinates of the images by proj;, of e1, ez, e3, e4.

(D) Compute A.

(E) Give a basis {vy, v, v3} of L+ = {x € R* x.u=0}.

(F) Consider the matrix P whose columns are vi, vz, vz and u. What is P71 AP ?
)

(G) Compute A9,



2

Problem 3. In R3, consider the plane P with equation z + z = 0.
(A) Find an orthogonal basis {uj,us} for P (that is to say an orthogonal set that is a basis for P).
(B) Find a basis {us} for P+.
(C) Consider the orthogonal projection T = projp. : R® — R3. It is a linear transformation.
(a) What is the range of T'7
(b) Give the matrix B of T in the basis {u,uz, us}.
(¢) Compute T'(ey), T(e2), T'(e3).
(d) Give the matrix A of T' in the standard basis.
(e) What is the matrix @ such that B = Q7 1AQ?
(D) (optional) Consider the orthogonal projection S = projp on P.
(a) Whatis S+T7
(b) What is the matrix C of S in the standard basis ?

(¢) Can you retrieve your answer to the previous question using Equation (2) at the beginning of this
worksheet ?

(E) What is A2? What is C27?

Problem 4. Let a be a positive number and L the line in R? with equation y = az. We consider the (orthogonal)
reflection T about L. Let 6 be the angle from the vector e; to the vector u; := (;) We want to determine
the matrix A of T' in the standard basis {e1,ez}.

(A) First approach (very optional). Let proj; be the orthogonal projection on L and proj;. the orthogonal
projection on L.

(a) Give the matrix M of proj;, in the standard basis.
(b
(c

(d) Give the matrix A of T in the standard basis in terms of «.

Give a basis {uz} for L+ and the matrix N of proj; . in the standard basis.

)
) What is proj;, — proj. ?
)

(B) Second approach.
(a) Let ug := (71&). After checking that B = {u;,uy} is a basis for R?, give the matrix D of T in B.
(b) Consider the matrix P whose columns are u; and up. What is the link between A and D ?

(c) Compute the matrix A in terms of a.

(C) Give the coordinates of the image of e; by 7" in terms of 6.
(D) (very optional) What is tan(f) in terms of a7 Prove the following identities :
1 —tan?(9) 2 tan()
cos(20) = ————=, sin(20) = ————.
(26) 1+ tan?(9) in(26) 1+ tan?(9)
NB : one can prove these equalities also by direct computation and using other trigonometric identi-
ties.
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