
Fields and Galois Theory, Math 422-501 March 2015

Homework 5

Problem 1. Let G be a finite group. Show that G is solvable if and only if there is a
sequence of groups

{1} = G0 ⊂ G1 ⊂ · · · ⊂ Gn = G

such that Gi is a normal subgroup of Gi+1 and Gi+1/Gi is cyclic for any i = 0, . . . n− 1.

Problem 2. Let P ∈ k[X] be a separable polynomial with degree n and G its Galois
group over k. We see G as a subgroup of Sn. Let R be the set of roots of P in an algebraic
closure Ω of k. Let

disc(P ) = (−1)n(n−1)/2
∏

x,y∈R,x 6=y

(x− y).

(1) Why do we have disc(P ) ∈ k× ?
(2) Give an explicit formula for a δ ∈ Ω such that δ2 = disc(P ) and such that

σ(δ) = ε(σ)δ of any σ ∈ G (and where ε : Sn → {±1} denotes the signature).
(3) Show that if G ⊂ An then δ ∈ k.
(4) Show that if k has characteristic different from 2 and δ ∈ k then G ⊂ An.

Problem 3. (1) Show that the Galois group of a polynomial with degree 2 is trivial
or Z/2Z.

(2) Show that the Galois group of an irreducible polynomial P ∈ k[X] with degree 3
is either A3 or S3.

(3) Show that the Galois group of X3 − 2 over Q is Z/3Z o Z/2Z.

Problem 4. Let p be a prime number, Ω an algebraic closure of Fp and r ≥ 1. Let P1, . . . Pr

be r irreducible polynomials in Fp[X] with respective degrees d1 . . . dr. We suppose that
they are pairwise coprime.
Let K be the subfield of Ω generated by Fp and the roots of all Pis for 1 ≤ i ≤ r.

(1) Show that the Frobenius of K is a product of r cycles with disjoint support and
respective lengths d1 . . . dr.

(2) Deduce that the Galois group of K has cardinality the LCM of d1, ,̇dr.
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