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Abstract

We show that elliptic Harnack inequality is stable under form-bounded perturbations for
strongly local symmetric Dirichlet forms on complete locally compact separable metric spaces
that satisfy metric doubling property (or equivalently, relative ball connectedness property).
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1 Introduction

Let X = {X;,t € [0,00); P*, x € X'} be a diffusion process on a locally compact separable metric
space (X, d). A function h on a ball B = B(x,r) is harmonic if h(X¢ar,) is a local martingale
under P* for every x € B; here 7p is the exit time from B by the process X and the filtration
is the minimal augmented filtration generated by X. The (scale-invariant) elliptic Harnack
inequality (EHI) holds for X if there exist constants C' > 1 and ¢ € (0,1) such that whenever h
is non-negative and harmonic on a ball B = B(x,r), then

sup h<C inf h. 1.1
B(z,6r) B(a,r) ( )

If it holds, the EHI is a valuable tool for the study of the process X and its associated heat kernel.
A well-known theorem of Moser [Mol] is that the EHI holds if X is the symmetric diffusion
associated with a uniformly elliptic divergence form operator A = div(A(z)V). Associated with
such a process is the symmetric Dirichlet form (€, F) on L?(R%; dz), where

F = WhRY) = {f e L2(R% dz) : Vf € L*(RY; dx)}
is the Sobolev space on R? of order (1,2) and

E(f, f) = /Vf (x)Vf(x)dx, feF.

We say two symmetric Dirichlet forms £ and £ on L?(R%; dz) with common domain F are
comparable if there exists C' > 1 such that

Wf, ) <& (ff)<C€ (ff) for all f € F.

Moser’s result gives the stability of the EHI, in the sense that if £1) and £® are comparable
symmetric Dirichlet forms on LQ(Rd;da:), associated with uniformly elliptic divergence form
operators A;, then the EHI holds for £®) if and only if it holds for £,



A few years later, Moser [Mo2, Mo3] proved a parabolic Harnack inequality PHI, which holds
for non-negative solutions to the heat equation associated with a uniformly elliptic divergence
form operator A. In particular, if u is any non-negative solution to the heat equation ‘?9—7; =
Au in a time-space cylinder Q = (0,72) x B(x,7), then writing T = r?,Q_ = (T/4,T/2) x

B(z,or),Q+ = (3T/4,T) x B(z,dr), we have

esssup u < Cpessinf u,
Q- Q+

where the constants Cp > 1 and ¢ € (0,1) do not depend on z,r or u. Subsequently Grigor’yan
and Saloff-Coste in [Gr(, [Sal92] gave a characterization of the PHI, and the stability of the PHI
follows immediately from this characterization. The methods of these papers are very robust,
and this characterization of the PHI was extended to diffusions on locally compact separable
metric spaces [St], and to random walks on graphs [Del].

For a number of years the stability of the apparently simpler EHI remained an open problem.
Stability on a large class of unbounded spaces (including Riemannian manifolds and graphs) was
proved by two of us recently in [BM1]. However, the result there relied on the metric space being
geodesic and satisfying some strong local regularity conditions; one key use of this regularity
was to ensure the existence of Green’s functions.

The natural context for the study of the EHI is that of locally compact separable metric
measure spaces with strongly local regular (symmetric) Dirichlet forms, which we call MMD
spaces. Examples include Riemannian manifolds, the cable systems of graphs [V], as well as
various classes of fractals. Not only do MMD spaces provide a common framework for all
these examples, but also certain transformations (change of measure, quasisymmetric change of
metric) which are natural for MMD spaces but are not so natural for manifolds and graphs.
These transformations are key to the argument in [BMI1].

This paper has three main goals:

(i) We give a weak sufficient condition (a local Harnack inequality) for a MMD space to have
Green’s functions. This improves significantly the results of earlier papers, such as [BMI],
BM2], which needed some parabolic regularity. In particular, it allows us to drop the
Green function assumption ([BM1, Assumption 2.3]) made in [BMI].

(ii) We carry through the program of [BMI] in the context of a MMD space satisfying these
weak regularity conditions. In particular, we drop the bounded geometry assumption (see
[BM1l, Assumption 2.5] for its definition) on the MMD space (X,d,m,E,F), and relax
the condition that (X,d) is a length (or geodesic) space; both are needed in [BMI]. We
assume that (X, d) is a complete metric space and satisfies metric doubling—see Definition
which is equivalent under EHI to the ‘relatively ball connectedness’ condition (see
Definition . The latter has the advantage that it is preserved by quasisymmetric
changes of metric. Example [8.1] shows that some regularity of the metric is needed if we
are to have stability of the EHI.

(iii) The metric space (X, d) may either be of bounded diameter or of infinite diameter.

For a metric space (X,d), we use B(x,r) to denote the open ball centered at z € X with
radius 7. The closure and the boundary of the ball B(z,r) will be denoted as B(x,r) and
0B(z,r), respectively.




Definition 1.1. A metric space (X, d) is said to be metric doubling (MD) if there exists N > 2
such that for any x € X, R > 0 there exist z1,...,zy € X such that B(z, R) C UZNIB(zi,R/Z).

We call a metric space that satisfies the metric doubling property a doubling metric space.

Remark 1.2. Assouad [Ass] showed that if (X, d) is (MD), then for every a € (0,1), the metric
space (X, d®) has a bi-Lipschitz embedding into R™ for some n > 1. This in particular implies
that a doubling metric space (X,d) is always separable. One can also deduce the separability
of a doubling metric space from its definition. Indeed, every ball in a doubling metric space is
totally bounded by [Hei, Exercise 10.17], which implies the separability. Furthermore, if (X, d) is
complete and (MD), then every ball in (X, d) is relatively compact by the aforementioned totally
boundedness property. Consequently, any complete doubling metric space (X, d) is separable
and locally compact.

When (X, d) is a locally compact metric space, a Dirichlet form (€, F) on L?(X,m) is said to
be strongly local if £(u,v) = 0 whenever u, v € F have compact supports with v being constant in
an open neighborhood of supp|u]. See Proposition below for its equivalent characterizations.

The main result of this paper is the following stability result on the (scale invariant) EHI.
See Definition for a precise definition of the EHI.

Theorem 1.3. Let (X,d) be a complete doubling metric space, and let m be a Radon measure on
X with full support. Let (£, F) be a strongly local symmetric regular Dirichlet form on L*(X;m).
Suppose that (X,d,m,E,F) satisfies the EHI. Let (£',F) be another strongly local symmetric
regular Dirichlet form on L?(X;m) such that

CIEf, )< Ef, f) < CES f) forall f€F

for some C > 1. Then (X,d,m,E", F) satisfies the EHI.

Theorem [1.3]is established based on characterizations of the EHI given in Theorem This
stability result is further extended in Theorem to strongly local MMD spaces that may
have different symmetrizing measures.

Suppose that (X, d) is a locally compact complete length space. By [BM1, Theorem 3.11],
(X,d) is metric doubling if (X,d,m,&, F) satisfies the EHI and has regular Green functions.
Theorem [I.3] together with Theorems [£.§ and [4.6] readily implies the following corollary, which
substantially improves the main result, Theorem 1.3, of [BMI]. Alternately, Corollary [L.4]follows
from Theorems and since the condition (c¢) in Theorem follows from [BBI, Theorem
2.5.28].

Corollary 1.4. Let (X,d) be a complete locally compact length space, and let m is a Radon
measure on X with full support. Let (€, F) be a strongly local symmetric reqular Dirichlet form
on L?(X;m). Suppose that (X,d, m,E,F) satisfies the EHI. Let (', F) be another strongly local
symmetric regular Dirichlet form on L?(X;m) such that for some C > 1,

CTEf f) < Ef, f) <CE(f,f)  forall f€F.
Then (X,d,m,&', F) satisfies the EHI.



The above corollary implies a generalized version of Moser’s EHI [Mol] from R™ to an arbi-
trary Riemannian manifold. Let (M, g) be a Riemannian manifold and let Sym(7'M) denote the
bundle of symmetric endomorphisms of the tangent bundle T'M. We say that A is a uniformly
elliptic operator in divergence form if there exists A : M — Sym(T M) a measurable section of
Sym(7T'M) and a constant K > 1 such that

K71g(¢,€) < g(A¢,€) < Kg(&,6) forall £ € TM,

such that A(-) = div (AV(-)), where div and V denote the Riemannian divergence and gradient
respectively. This extends [BM1, Theorem 1.4(a)] without any assumption on curvature. The
description of the Dirichlet form in this context is given in [CE], §2.2.5]. The following generalized
Moser’s EHI follows from Corollary [T.4]

Corollary 1.5. Let (M,g) be a Riemannian manifold and let A denote the corresponding
Laplace-Beltrami operator. If (M, g) satisfies EHI for non-negative solutions on Au = 0, then
it satisfies EHI for non-negative solutions of Au = 0, where A is any uniformly elliptic operator
in divergence form.

The remainder of this paper is organized as follows. In Section [2| we present definitions and
terminology associated with regular symmetric Dirichlet forms as well as some basic facts that
will be used in this paper. Existence and regularity of Green functions are given in Section
for transient regular Dirichlet forms. The transience condition is removed in Section [d It
is shown there that any strongly local regular Dirichlet form (£,F) on a connected locally
compact separable metric space X’ that satisfies the local EHI is irreducible and has regular Green
functions. Various consequences of the EHI are presented in Section [5] In particular, it is shown
that for a complete locally compact separable metric space (X, d), under the EHI, relatively
ball connected, metric doubling and quasi-arc connected properties are all mutually equivalent.
In Section @ a good doubling measure p is constructed on a MMD space (X,d,m,E,F) that
satisfies the EHI and is relatively ball connected. This measure relates well with capacities and
is a smooth measure with full quasi support on X. It is shown in Section [7] that the Dirichlet
form time-changed by the positive continuous additive functional generated by this doubling
measure p is a MMD space (X, d, u, £, F*) that satisfies Poincaré inequality PI(V), the cutoff
energy inequality CS(V¥) and a capacity estimate cap(¥), where ¥ is a suitable regular scale
function. From this we can obtain equivalent characterizations of the EHI in Theorem and
deduce the stability result of the EHI stated in Theorem The scale function ¥ varies both
in space and in time; [T€] first studied such location dependent scaling functions in detail. An
extension of Theorem is given at the end of Section m that the second Dirichlet form & may
have symmetrizing measure p different from m; see Theorem [7.11] Three examples are given in
Section [8] The first example shows that without certain regularity of the metric, the stability of
the EHI may fail. The second example is of a strongly local regular Dirichlet form that fails to
satisfy the non-scale-invariant Harnack inequality. The third one is of a space which satisfies the
EHI and is covered by the results of this paper, but fails to satisfy the local regularity required
in [BM1].

2 Preliminaries

In this section, we give definitions of some terminology from Dirichlet form theory that are used
in this paper and some basic facts. We refer the reader to [CEl [FOT] for more details on the
theory of symmetric Dirichlet forms. We use := as a way of definition.



Let (X, B(X)) be a measurable space and m a o-finite measure on X. A bilinear form (&, F)
on L?(X;m) is said to be a symmetric Dirichlet form if

(i) F is a dense linear subspace of L2(X;m);

(ii) &€ is symmetric and bilinear on F x F such that E(f, f) > 0 for every f € F;
(iii) F is a Hilbert space with inner product E1(f,g) := E(f,9) + [ f(x)g(x)m(dz);
(iv) For every f € F,g:=(0V f)Alisin F and E(g,9) < E(f, f).

A bilinear form (€, F) on L?(X;m) satisfying properties (i)-(iii) above is called a symmetric
closed form. Any symmetric closed form is in one-to-one correspondence with a strongly con-
tinuous symmetric contraction semigroup {7T3;¢ > 0} on L?(X;m). Property (iv) above is called
the Markovian property which is equivalent to the corresponding semigroup {T3;t > 0} being
Markovian; that is, 0 < T, f < 1 for any f € L?(X;m) with 0 < f < 1. A real-valued function f
is said to be in the extended Dirichlet space Fe if there is an E-Cauchy sequence { fy;k > 1} C F
so that limg_,o fr = f m-a.e. on X, and we define E(f, f) = limg_,o0 E(fk, fr). Clearly, F C Fe.
It is known that F = F, N L?(X;m); see [CF, Theorem 1.1.5(iii)].

The Dirichlet form (€, F) on L?(X;m) is said to be transient if there exists a bounded
g € L*(X;m) that is strictly positive on X so that

/ lu(z)|g(z)m(dz) < E(u,u)/?  for every u € F.
X

Clearly, if (£,F) is transient, then (F,&) is a Hilbert space. The Dirichlet form (£,F) on
L?(X;m) is said to be recurrent if 1 € F, and £(1,1) = 0. Denote by {T};t > 0} the semigroup
on L?(X;m) corresponding to the Dirichlet form (€, F). By Theorem 2.1.5 and Theorem 2.1.8
of [CE], (€, F) is transient if and only if there is some g € L'(X;m) that is strictly positive on
X and satisfies Gg := fooo T,gdt < oo m-a.e. on X; and (€, F) is recurrent if and only if for any
non-negative g on X with [, g(z)m(dz) < oo, Gg € {0,00} m-a.e. on X.

Denote by B™(X) the completion of the field B(X) under the measure m. A set A € B™(X)
is said to be {T}}¢>0-invariant if Ty(14cf) = 0 m-a.e. on A for all t > 0 and f € L?(X;m). By
[CEl, Proposition 2.1.6], A € B™(X) is {1} }+>o-invariant if and only if 14u € F for every u € F
and

E(u,v) = E(Lau, 14v) + E(1gcu, 14cv)  for every u,v € F. (2.1)

The Dirichlet form (€, F) on L*(X;m) is said to be irreducible if for any {T}};>o-invariant set
A, either m(A) = 0 or m(A€) = 0. An irreducible Dirichlet form is either transient or recurrent;
see [CEl Propositions 2.1.3(iii) and 2.1.6].

A Dirichlet form (£, F) on L?(X;m) is said to be regular if

(i) (X,d) is a locally compact separable metric space and m is a Radon measure on X with
full support;

(ii) FNC(X) is v/E1-dense in F, where C.(X) is the space of continuous functions on X having
compact support;

(iii) F N Ce(X) is dense in C.(X) with respect to the uniform norm || f|lec = sup,cy |f(z)] .



For a regular Dirichlet form (€, F) on L?(X,m), an increasing sequence {F; k > 1} of closed
subsets of X is said to be an E-nest if Ug>1Fp, is v/Ei-dense in F, where Fp, :={f € F: f =
0 m-a.e. on X'\ F}. A set N C X is said to be E-polar if there is an E-nest {Fj; k > 1} so that
N C X\ Ug>1F). An E-polar set A always has m(A) = 0. E-polar sets can also be characterized
by using capacity. Given a regular Dirichlet form (£, F) on L?(X;m), we can define 1-capacity
Cap; as follows. For any open subset U C X,

Cap,(U) :==inf{&(f, f): f€F, f>1m-ae onU} (2.2)
with the convention that inf () := oo, and for any subset A C X,
Cap;(A) :=inf{Cap,(U) : U C X open,U D A}. (2.3)

It is known (see [CE, Theorem 1.3.14]) that for a regular Dirichlet form (£, F) on L?(X;m),
A C X is E-polar if and only if it has zero 1-capacity. A statement depending on z € A is
said to hold &-quasi-everywhere (E-q.e. in abbreviation) if there is an E-polar set N C A so
that the statement is true for every z € A\ N. A function f is said to be &-quasi-continuous
on X if there is an &-nest {F;k > 1} so that f}Fk € C(Fy) for every k > 1, where C(Fy) =
{u : F; — Ru is continuous}. When there is no possible ambiguity, we often drop “£-” from
E-quasi-everywhere and £-quasi-continuous. For a regular Dirichlet form (€, F) on L?(X;m),
every f € F. has an m-version that is quasi-continuous on X', which is unique up to an £-polar
set; see [CEl Theorem 2.3.4] or [FOT) Theorem 2.1.7]. We always take a function f in F. to be
represented by its quasi-continuous version.

Recall that a Hunt process X = {Xy,t > 0;P*, 2 € X} on a locally compact separable metric
space X is a strong Markov process that is right continuous and quasi-left continuous on the one-
point compactification Xy := X U{0} of X. A set C' C Xj is said to be nearly Borel measurable
if for any probability measure p on X there are Borel sets A1, As such that Ay C C C Ay and

PH(there is some t > 0 such that X; € A3\ A1) = 0.

Let m be a Radon measure with full support on X. A Hunt process X is said to be m-symmetric
if the transition semigroup is symmetric on L?(X’;m). For an m-symmetric Hunt process X on
X, aset N C X is said to be properly exceptional for X if N is nearly Borel measurable,
m(N) =0 and

P*(X; € X9\ N and X;_ € Xy \ N forallt >0) =1 for every z € X\ N.

In 1971, Fukushima showed that any symmetric regular Dirichlet form (£, F) on L?(X;m)
has an m-symmetric Hunt process X = {X;,t > 0;P*,z € X} on X associated with it in
the sense that the transition semigroup of X is a version of the strongly continuous semigroup
{Ty;t > 0} on L*(X;m) corresponding to (€, F), see [FOT], Theorem 7.2.1]. Furthermore, for
any non-negative Borel measurable f € L?(X;m) and ¢t > 0,

Bif (z) == E°[f(X3)]

is a quasi-continuous version of T;f on X. The Hunt process X associated with a regular
Dirichlet form (£, F) on L?(X;m) is unique in the following sense (see [FOT) Theorem 4.2.8)):
if X’ is another Hunt process associated with the regular Dirichlet form (£, F) on L?(X;m),
then there is a common properly exceptional set outside which these two Hunt processes have



the same transition functions. We say the m-symmetric Hunt process X on X is transient,
recurrent, and drreducible if so is its associated Dirichlet form (£, F) on L%(X;m).

In the remainder of this section, (£, F) is a regular Dirichlet form on L?(X;m) and X =
{Xi,t > 0;P* 2 € X} is the Hunt process associated with it. Let ¢ denote the lifetime of X,
and {F;;t > 0} be the minimum augmented filtration generated by X.

A subset N' C X is said to be m-polar if there is a nearly Borel set N7 D N so that
P¥(op, < o0) = 0 for m-a.e. € X, where oy, = inf{t > 0: X; € Ni}. It is known that a
subset N' C X is £-polar if and only if it is m-polar, and any £-polar set is contained in a Borel
properly exceptional set for X; see |[CEL Theorems 3.1.3 and 3.1.5].

If (£,F) is irreducible, then (see [CEl Theorem 3.5.6]) for any non-E-polar nearly Borel
measurable set A,

P¥(ca <o00) >0 for E-qe z e X. (2.4)
Let D be an open subset of X. The part process X of X killed upon exiting D is a Hunt

process on D whose associated Dirichlet form (P, FP) on L?(D;m|p) is regular. Here m|p is
the measure m restricted to the open set D,

FP={feF:f=0E&qe on DY, (2.5)

and P = £ on FP; see, e.g., Exercise 3.3.7 and Theorem 3.3.9 of [CF]. It is well known (see,
e.g., [CF, Theorem 3.3.8]) that A C D is £P-polar if and only if it is &-polar. Property (2.4)
combined with |[CEl Proposition 2.1.10] yields the following.

Proposition 2.1. If (£, F) is irreducible and D¢ is not E-polar, then the regular Dirichlet form
(EP, FPY) on L?(D;m|p) is transient.

For u € F., the following Fukushima decomposition holds (see [CE, Theorem 4.2.6] or [FOT),
Theorem 5.2.2]): for &-q.e. z € X, P*-a.s.,

w(Xe) —u(Xo) = My + N}', >0, (2.6)

where M™ is a martingale additive functional of X having finite energy and N“ is a continuous
additive functional of X having zero energy. The predictable quadratic variation (M*") of the
square-integrable martingale M™" is a positive continuous additive functional of X, whose corre-
sponding Revuz measure is denoted by f(,y. We call i, the energy measure of u € Fe. It is
known that

1
§“<U)(X) < E(u,u) < ppy (&) foru € Fe.

When (€, F) admits no killing inside X', which is equivalent to the Hunt process admitting no
killing inside X' (that is, P*(X._ € X,( < 00) = 0 for £-q.e. € X), we have

1
E(u,u) = §u<u>(2€) for u € Fe. (2.7)

When u € F. is bounded, its energy measure fi(,y can be computed by the formula
/ V() p gy (dz) = 2E(u, uv) — E(u?,v) for all bounded v € F. (2.8)
X

For general u € Fe, ji(, is the increasing limit of i,y asn — oo, where u,, 1= (—n)V(uAn) € Fe.
See (4.3.12)-(4.3.13), and Theorems 4.3.10 and 4.3.11 of [CE] for the above stated properties of
Hu)-

The following is taken from Theorem 2.4.3 and Theorem 4.3.4 of |CF].



Proposition 2.2. The following are equivalent.

(i) (€,F) is strongly local (i.e., E(u,v) = 0 whenever u,v € F, the support of u is compact and
v is constant on a neighborhood of the support of u);

(ii) E(u,v) = 0 whenever u,v € F with u(v — ¢) = 0 m-a.e. on X for some constant c;

(iii) The associated Hunt process X is a diffusion with no killing inside X; that is, there is a
Borel properly exceptional set No C X so that for every x € X \ Ny,

P*(X; is continuous int € [0,()) =1 and P*( X, € X,( <o0)=0. (2.9)

In Theorem below, a new criterion for irreducibility will be given for strongly local regular
Dirichlet forms.

We use notation V' &€ D for V being a relatively compact open subset of D. For any open
set U, we define

functions on X such that for each open V' & U, there is some (2.10)

f is an me-equivalence class of R-valued Borel measurable}
g € FY so that f = g m-a.e. on V.

e = {f

Note that each f € .7-"1LOIC admits an m-version that is £-quasi-continuous on U, which is unique
modulo an £-polar set. We always let a function in .7-"1(({0 be represented by its quasi-continuous
version. When U = X', we simply write Fjo. for .ﬁfc

When the Dirichlet form (&, F) is strongly local, the energy measure fi,,, has the following
strong local property; see [CEl Proposition 4.3.1 and Theorem 4.3.10(i)].

Proposition 2.3. Suppose the Dirichlet form (£, F) is strongly local and D is an open subset
of X. Then

(i) puy (D) =0 ifu € Fe and u is constant £-g.e. on D;
(ii) Puy = My on D for every u,v € F so that u — v is a constant E-q.e. on D.

Let {Uk; k > 1} be an increasing sequence of relatively compact open subsets whose union is
X. For u € Fioc, there is some uy € F so that up = u m-a.e. on Uy. Define i,y = py,) on Uy.
Since (&, F) is strongly local, pu(, is uniquely defined by Proposition (ii). In view of ,
this allows us to extend the definition of £ to Fio. by setting

1
E(u,u) = §u<u>(X), U € Floc- (2.11)

In this paper, we will use time change of Dirichlet form and its associated Hunt process so
we need the notion of smooth measure. The following definition is from [CE] Definition 2.3.13].

Definition 2.4. Let (€, F) be a regular Dirichlet form on L?(X;m). A (positive) Borel measure
won X is smooth if it satisfies the following conditions:

(a) wu charges no E-polar set;

(b) there exists an £-nest {Fj} such that u(Fy) < oo for all £ > 1.



By [CE], Theorem 1.2.14], the above definition of smooth measure is equivalent to that defined
in [FOT, p.83]. Clearly every positive Radon measure charging no -polar set is smooth, as in
this case we can take the E-nest {Fj} to be the closures of an increasing sequence of relatively
compact open sets whose union is X. We say D C X is quasi open if there exists an E-nest
{F,} such that D N F,, is an open subset of F,, in the relative topology for each n € N. The
complement of a quasi open set is called quasi closed.

Definition 2.5. (See [CE| Definition 3.3.4] or [FOT), p.190].) Let p be a smooth Borel measure
on X. A set FF C X is called a quasi support of u if it satisfies the following:

(a) F' is quasi closed and pu(X \ F) = 0.

(b) If F is another set that satisfies (a), then F'\ F is E-polar.

Such a set F exists by [FOT], Theorem 4.6.3]. We say that p has full quasi support if X is a
quasi support of u.

We assume in the remaining of this paper that (£, F) is a symmetric strongly local regular
Dirichlet form on L?(X;m). We call (X,d,m,E,F) a metric measure Dirichlet (MMD) space.
Sometimes, to emphasize its dependence on the symmetrizing measure, we write F" for F.
Let X = {X;,t > 0;P*, 2z € X'} be the diffusion process associated with (X, d, m, &, F), whose
lifetime is denoted by ( and whose shift operators are denoted by {6;:};>0. The one-point
compactification of the locally compact metric space (X, d) is denoted as Xy := X U {9}. For a
nearly Borel measurable set A C X, define the stopping times

O'A:inf{t>01Xt€A}, TA:O'XB\A:inf{t>OZXt¢A},

and write 7, for 7(,1. Note that by definition, 74 < (if A C X.

Here and in the following, we use the convention that X, := 0, and that any function u
defined on a subset of X is extended to {0} by taking u(9) = 0.
The following definition is taken from [Che, Definition 2.1].

Definition 2.6. Let D be an open subset of X. We say a universally measurable function u
defined &£-q.e. on D is harmonic in D (with respect to the process X) if for every relatively
compact open subset U of D, t — u(Xiar,) is a uniformly integrable P*-martingale for £-q.e.
x € U. We say that a universally measurable function u on D is reqular harmonic in D (with
respect to the process X) if E*[|u(X;,)|] < oo and u(x) = E*[u(X;,)] for £-q.e. x € D.

Remark 2.7. (i) Observe that if u is a universally measurable function on U and if P*(ryy <
o0) = 1 for E-q.e. x € U, then t — u(Xipnr,) is a uniformly integrable P*-martingale for
E-q.e. z € U if and only if E*[|u(X;,)|] < oo and u(z) = E* [u(X,,)] for £-q.e. z € U.
Sufficient conditions on P*(7y < o0) = 1 for £-q.e. x € U are given in Propositions
and [3.2] below.

(ii) By the Markov property of X, it is clear that any regular harmonic function in D is
harmonic in D.

The relation of the above probabilistic notion of harmonicity to the analytic notion of har-
monicity has been investigated in [Che] for general symmetric regular Dirichlet forms. In the
setting of strongly local symmetric regular Dirichlet forms, one direction becomes much easier
to analyze; cf. [Chel Theorem 2.7 and Remark 2.8].



Definition 2.8. Let D be an open subset of X. We say a function u is £-harmonic in D if
u € .7-“& and
E(u,v) =0 for every v € C.(D)NF. (2.12)

Note that as explained in (2.11)), the bilinear form £(u,v) in (2.12)) is well defined due to the
strong locality of (€, F).

Proposition 2.9. Let D be an open subset of X.
(i) Any E-harmonic and E-quasi-continuous function in D is harmonic in D.

(ii) Moreover, any E-harmonic and &-quasi-continuous function in D is reqular harmonic in
any relatively compact open subset U of D such that

P*(ry <o0) >0 for&-qe zel. (2.13)

(iii) If w is locally bounded and harmonic in D, then u is £-quasi-continuous on D and E-
harmonic in D.

Proof. The proof for (i) and (ii) is essentially a particular case of [Che, Theorem 2.7]. For
strongly local regular Dirichlet forms, the proof can be much simplified. For the reader’s conve-
nience, we present a proof here.

(i) Suppose that A is an E-harmonic function in D. Let U be any relatively compact open subset
of D. There is a relatively compact open subset V of D so that U C V. Since h € ﬂ?c, there is
some f € FP so that f = h m-a.e. on V and hence £-q.e. on V as they are all represented by
their £-quasi-continuous versions. Since h is £-harmonic in D and (&, F) is strongly local, we

have
E(f,v) =E(h,v) =0 forevery ve C.(U)NF. (2.14)

Set g(z) := E*[f(X7,)]. Then by [CE], Theorem 3.4.8] or [FOT), Theorem 4.6.5], g € Fe, g = f
E-q.e. on U€ and g is £-harmonic in U. Since f — g € F, with f — g =0 £-q.e. on U¢, we have
E(f—g,f—g) =0. By [Chel Lemma 2.2],

P*(f(Xe) —9(Xe) = f(Xo) — g(Xo) for every t >0) =1 &E-q.e. on X. (2.15)

Therefore t — hM( Xiar,) = f(Xinry) = f(Xo) — 9(Xo) + 9(Xitar,) is a uniformly integrable
P*-martingale for £-q.e. x € U. So h is harmonic in D. This proves (i).

(ii) We continue with the notation of part (i), and assume that holds. Note that by [CF,
Theorems 3.3.9 and 3.4.9], f — g is in the extended Dirichlet space for the part Dirichlet form
(EY,FY) with EY(f —g,f —g) = E(f — g, f — g) = 0. Under condition ([2.13), we have by
[Che, Lemma 2.2] applied to (€Y, FY) that h = f = g &-q.e. on U. Thus for &-q.e. x € U,
h(z) = g(z) = E*[f(X,)] = E*[h(X4,)], where the last equality is due to the fact that h = f
&-q.e. on V D U. This proves that h is regular harmonic in U.

(iii) The proof of this part is the same as that of [Che, Theorem 2.9] except that the first sentence
in the proof there needs some details as follows. Without loss of generality, we assume that the
Hunt process X associated with the strongly local regular DIrichlet form (&, F) is defined on
the canonical sample space 2, which is the space of continuous functions on [0, c0) taking values
in Xy := X U{9}. Denote by {0;;¢t > 0} time shifting operators on Q. Let {F;t > 0} be the
minimal augmented filtration generated by X, which is known to be right continuous. Suppose
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that u is locally bounded and harmonic in D. Then for every relatively compact open subset U
of D, there is a properly exceptional set N' C U so that ¢ — u(X¢ar,) is a uniformly integrable
(in fact bounded) P*-martingale for every x € U \ N. Let Qg be the collections of those w €
so that

§(w) = lim  u(Xpan () (w) exists as a finite number. (2.16)

neN,n—oo

From the discrete martingale theory, we know that for z € U \ N, P*(Qp) = 1 and u(Xpar,)
converges to £ in L' (P%) as n — oco. This together with the strong Markov property of X implies
that for each z € U\ N and ¢t > 0, P*-a.s.

w(Xinry) = Hm B [u(Xpnm )| Finrg] = lim BT fu(Xoam, )| Fi] = B [§]F] (2.17)
Since £ is Foo-measurable, and the filtration {F;¢ > 0} is right continuous, there exists a right
continuous martingale (M;) such that M; is a version of E*(£|F;) for each t. Using (2.16) and
the martingale convergence theorem, M; converges to E” [£|Fx] = & both P-a.s. and in L?(P?)
as t — 0o. Hence for every 2 € U\ N and t > 0, we have by (2.17) and (2.16) that P*-a.s. on
{t < TU},

g0 = (lim B [¢Fui]) 00 = lim u(X(n par,) 00 = lim u(Xonr,) =& (218)

By , and , the random variable £ has the property that
u(x) = Jim E*[u(Xiar, )] = E¥[¢] forz € U\WN, (2.19)
PP(E#Eo0b,t<1y)=0 foreveryx e U\N. (2.20)

Moreover, it follows from ([2.16)) that
P*(€§ = u(Xy,) on {1y <oo}) =1 forzeU\N. (2.21)

We can then use the same proof as that for [Chel, Theorem 2.9] to conclude that u is £-harmonic
in U and hence in D. From (2.19))-(2.20) and [CF], Theorem 6.1.6], we conclude that u is &-
quasi-continuous on D. O

As noted in (2.4)), condition (2.13)) is satisfied if (£, F) is irreducible and U¢ is non-£-polar.
It follows from Proposition that a locally bounded universally measurable function v in D
is harmonic in D if and only if it is £-quasi-continuous on D and £-harmonic in D.

Proposition 2.10. Suppose D is an open subset of X.

(i) Any non-negative reqular harmonic function u in D is the E-q.e. limit on D of an increasing
sequence of bounded non-negative reqular harmonic functions {un;n > 1} in D.

(ii) Suppose that u is a non-negative harmonic function in D and that U is a relatively compact
open subset of D. Then u’U is the increasing limit £-q.e. on U of a sequence of bounded
harmonic functions on U.
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Proof. (i) For n > 1, define u,(z) = E* [(n A u)(X,,)] for z € D\ Ny. Clearly, by and the
fact that P*(7p = 0) = 1 for £-q.e. € ID by [FOT, Theorem A.2.6(i), 4.1.3 and 4.2.1(ii)], uy,
is a bounded non-negative regular harmonic function in D that increases to u(z) = E* [u(X,, )]
for z € D\ Ny, as n — oc.

(ii) Let U be any relatively compact open subset of D. By definition, there is a property
exceptional set N' C U so that ¢ — u(Xnr, ) is a P*-uniformly integrable martingale for every
z € U\ N. As noted in the proof for Proposition [2.9[(iii), from the martingale theory, we know
that for z € U \ NV, P*-a.s,

M; = seé@gHu(Xs/\TU) exists for every ¢t > 0 (2.22)
and M, is a right-continuous modification of u(X¢-,). By the martingale convergence theorem.
M; converges to some random variable ¢ > 0 in L'(P%) and P*-a.s. for every x € U \ N as
t — co. Note that in view of (2.16)), £ has the property that for every z € U \ N, u(z) = E[¢]
and P*-a.s. £ = o0y, for every t € [0,717). For each n > 1, define u,(z) = E*[{ A n]. Then
uy, is bounded and harmonic in U and it increases to w on U \ N as n — oo. O

3  Local regularity for transient spaces

Since (€, F) is strongly local, by Proposition its corresponding Hunt process X is a diffusion
that admits no killing inside X. Thus there exists a Borel properly exceptional set Ny so that
the Hunt process X, whose lifetime is denoted by (, can start from every point in X \ Ny and
holds. It follows that

P*(X; =z forallt € [0,{) and ( <o0) =0  for every z € X'\ Np. (3.1)

In the remainder of this section unless otherwise specified, we assume in addition that (€, F)
is transient. In view of [CE, Theorem 3.5.2], by enlarging the Borel properly exceptional set N
if needed, we may and do assume that

P* (C = o0 and tlim X = 8) =P*(( =o00) forevery z € X \N. (3.2)
—00
Proposition 3.1. For any relatively compact open subset D C X,

P¥(rp <) =1 for every z € D\ N.

Proof. Recall that Xy = X U{0} is the one-point compactification of X'. Since D is a relatively
compact open subset of X, X U {0} \ D is an open neighborhood of 9. We know from (2.9)) that

P*( X =0, ( <o0) =P*(( <o0) forzeX\N.
This together with (3.2]) implies that

P* <hTr?Xt = 8) =1 forany z € X \ Np.
t

Consequently, we have that P*(7p < ) =1 for every z € D \ Nj. O

The transience condition on (£, F) can be dropped from Proposition if we assume (&, F)

is irreducible and D¢ is of positive £-capacity. We emphasize that the transience of (€, F) is not
assumed in the next Proposition.
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Proposition 3.2. Suppose that (€, F) is a symmetric, irreducible, strongly local reqular Dirichlet
form on L?(X;m) and that D C X is a relatively compact open set of X so that D¢ is not £-polar.
Then P*(1p < 00) =1 for E-q.e. x € D.

Proof. Since (£, F) is an irreducible, it is either transient or recurrent. The conclusion of the
proposition follows readily from Proposition if (£, F) is transient. When (&, F) is recurrent,
the desired conclusion holds as well since X; in fact visits X \ D infinitely often under P* for
&-q.e. © € X by [CE, Theorem 3.5.6]. O

Lemma 3.3. P*(7, > 0) =0 for every x € X \ Ny, where 7, := inf{t > 0: X; # z}.

Proof. We have by (3.1) and (3.2) that 7, < { P¥-a.s. for every z € X'\ Nj. Clearly X, = x on
{0 < 7, < ¢} since X is a diffusion. Let A, := {7, > 0}. Since 14, = 14: 06, on {0 < 7, < (},
we have by the strong Markov property of X that for x € X'\ N,

P(A,) = E* [PX7 (A49);0 < 7, < ¢] = PP(AS) PP(0 < 7, < ¢) = (1 — P*(A,))P*(A,).

It follows that P*(A,) = 0. O

Let B4 (X) denote the set of non-negative Borel measurable functions on X'. Denote by
{Py;t > 0} the transition semigroup of the process X; that is,

Pf@) = BE[f(X)],  2€ X\ No,t>0, f € By(),
with the convention that f(9) := 0. Define the Green operator G by
Gf(z) = B /OO F(X))dt = /Oo B2 [f(X,)|dt = /OO Pif(z)dt, x€X\No, f € By(X).
0 0 0

Lemma 3.4. By enlarging the Borel properly exceptional set Ny if necessary, there is a function
go € LY(X;m) that takes values in (0,1] on X such that

Ggo(z) <1 forz e X\ Ny, Ggo€ F. and E(Ggy,Ggo) < 1. (3.3)

Proof. By [CE, Theorems 2.1.5(i), Lemma 2.1.4(ii) and Theorem 2.1.12(i)], there is an L!(X;m)
function g; bounded by 1, strictly positive on X', such that Gg; < co m-a.e. on X and Gg; € Fe
with £(Gg1,Gg1) < 1. Since Gg; is excessive and hence finely continuous [CE, Theorem A.2.2],
by enlarging the properly exceptional set Aj if necessary, we may and do assume that Gg; (z) <
oo for every x € X \ Ny, thanks to [CE, Theorem A.2.13(v)].

Let k > 1 and set fr = g1lqg, <k and Ty = inf{t > 0: Gg1(X;) < k}. Since Gg; is finely
continuous we have Gfy(Xr,) < Gg1(X7,) < k P*-as. on {T} < oo} for every z € X\ No.
Hence by the strong Markov property,

Gfk(l‘) = EIl{Tk<oo}/ fk(Xs)dS = Eml{Tk<oo}Gfk(XTk) < k forz € X\NQ
Tk

Let go = > pey k=127kf + 4711, Then go is (0, 1]-valued on X, and

Ggo(z) <1 for every z € X \ N,
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Ggo € Fe and E(Ggo,Ggo) < E(Gg1,Gg1) <1 in view of |[CF, Theorem 2.1.12(i)]. d

It follows from (3.3) that for every x € X \ Ny, G(z,dy), defined by G(z, A) = Gla(z), is
a o-finite Borel measure on X. By the symmetry of the process X, each P; is a symmetric
operator in L?(X;m). Hence

/ 9(2)Gf(x)m(dz) = / f(@)Gy(x)ym(dr)  for f.g € By(X). (3.4)
X X

We introduce a function dy on a locally compact separable metric space (X, d). Define for
every x € X, with the convention inf () := oo,

dx(x) = sup{r > 0: B(z,r) is relatively compact in (X,d)}. (3.5)

Remark 3.5. (i) Let {Dy;k > 1} be an increasing sequence of relatively compact open subsets
with U2 | Dy, = X. It is easy to see that for v € X,

d — i inf d . .
x() Jminf (z,y) (3.6)

(ii) Either dx is identically infinite on X or dx(z) < oo for every x € X and |dx(x)—dx(y)| <
d(z,y) for every z,y € X.

(iii) dx = o0 on X if and only if B(z,r) is relatively compact for every x € X and every r > 0.

We call dy the distance to the boundary function for the metric space (X, d). For an open
subset D C X, we can similarly define dp on (D, d|pxp) with the locally compact separable
metric subspace (D, d|pxp) in place of (X, d); that is,

dp(x) = sup{r > 0: B(z,r) is relatively compact in (D, dpxp)}- (3.7)

Clearly, we have
dp(z) < dy(z) for any x € D. (3.8)

Definition 3.6. We say condition (HC) holds if there is an E-nest {F,;n > 1} consisting of an
increasing sequence of compact subsets with Ny C X'\ U, F}, such that for all zy € X there exists
Tz € (0,dx(z) A1), such that if € (0,74,) and f € BL(X) has compact support in B(zg,2r)¢,
and satisfies 0 < f < cgo for some ¢ > 0, then Gf(x) is continuous in B(xg,r) N E, for every
n>1.

Condition (HC) is a weaker condition than the condition that bounded harmonic functions
in B(xg,2r) are continuous in B(zg,r). We show in Example an example of a MMD space
(X,d, &, F,m) such that (HC) holds but there is a bounded harmonic function in B(xg,2r) that
is not continuous at zg and in Example we use the infinite product spaces studied in [BSC]
to give an example of a space which does not satisfy (HC).

Note that it follows from the definition of £-nest in Section |2} if {F,;n > 1} is an E-nest,
then so is {K,;n > 1}, where K,, = supp|[lg,m|. Thus without loss of generality, in this paper
we always assume that the E-nest in (HC) has the property that F, = supp[lg, m] for every
n > 1. For an E-nest {F,}, N = X\ U, F), is E-polar and, in particular, has zero m-measure.
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Theorem 3.7. Assume that condition (HC) holds with an E-nest {F,}. Let N be a Borel
properly exceptional set that contains X \ UpF, D Ny. Then for every x € X \ N, G(x,dy)
is absolutely continuous with respect to m. Consequently, for every x € X \ N and t > 0,
P,(z,dy) := P*(X; € dy) is absolutely continuous with respect to m.

Proof. It follows from that G(z, A) = 0 m-a.e. on X for every A C X with m(A4) =0
(by taking f = 14 and g = 1). Let go be the strictly positive function from Lemma Fix
vo € X\ N and r € (0,74,). For j > 1, let E; = {x € X : 277 < go(z) < 2'77}. Then
the E; form a partition of X. Let A C B(xzg,2r)¢ be a Borel set with compact closure in
B(xo,2r)¢ and satisfy m(A) = 0. Since 14ng, < 27go, we have by condition (HC) that for each
k > 1 the function  — G(z, AN Ej) is continuous and therefore zero on B(xg,r) N Fj. Thus
G(z, AN Ej) = 0 for every x € B(wg,r) \ N. Consequently, G(z,A) =372, G(z, AN Ej) =0
for every x € B(xg,r) \ V. In particular, this shows that for every xop € X \ N,

G(z0,dy) is absolutely continuous with respect to m(dy) on X \ {z¢}. (3.9)

We claim that G(zg, dy) is absolutely continuous with respect to m(dy) on X'. This is clearly
true if m({zp}) > 0. We thus assume m({z¢}) = 0 and for ¢ > 0 define

¢
h(z,t) == Ex/ 1oy (Xs) ds.
t

We set h(z) = h(x,0) = (Glgy,))(z), and need to prove that h(xg) = 0.

The function h is harmonic on X'\ {zo} and since m({zo}) = 0, we have by that h =0
m-a.e. on X. Further, by condition (HC), h(x) = 0 on X'\ (NU{zo}). Thusif A = {y : h(y) > 0}
then A C N U {zo}. Let T = inf{s € QN [0,00) : X5 & A}; as N is properly exceptional and
(by Lemma X leaves zp immediately, we have P* (T = 0) = 1.

Let {Fi}t>0 be the minimum augmented admissible filtration generated by {X;}:>0. Let
t >0, and set My = h(Xs,t — ) for s € [0,t]. By the Markov property of X, for s € [0,],

¢ ¢
EIO [l 1{x0}<XT)dT‘.Fs:| = EXS /t‘ l{xo}(XT)dr = h(Xs7t — 3) — Ms PIO-&.S..

Thus {Ms;s € [0,t]} is a non-negative P*°-martingale that has a right continuity modification
(cf. [KS, Theorem 1.3.13]). In particular, there is Q¢ C © with P*0(€Qg) = 1 so that Ms(w) is a
right continuous in s € [0,¢] N Q for every w € . For every w € {T = 0} N, there exists a
sequence sy, | 0,5, € [0,¢] N Q such that X, (w) € A, and thus

0 < M, (w) =h(Xs, (W), t—sn) < h(Xs, (w)) =0.

Consequently we have My(w) = 0 P*-a.s. Thus we have h(xg,t) = E*My = 0. It follows
then h(xzg) = limy_h(zo,t) = 0. This together with shows that G(z,dy) is absolutely
continuous with respect to m(dy) on X for every x € X \ N. That P*(X; € dy) is absolutely
continuous with respect to m for every x € X \ N and t > 0 follows immediately from [CF|
Proposition 3.1.11] or [FOT), Theorem 4.2.4]. O

With Theorem [3.7] at hand, we can deduce the following.

Theorem 3.8. Assume that condition (HC) holds with an E-nest {F,}. Let N be a Borel
properly exceptional set that contains X \ UpF,, D Ny. Then there exists a non-negative jointly
B(0,00) x B(X x X)-measurable function p(t,z,y) on (0,00) X (X \ N) x (X \ N) such that
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(i) for every f € BL(X), x € X\ N and t >0, E*f(X;) = / p(t, z,y) f(y)m(dy);
X
(ii) p(t,z,y) = p(t,y, ) for every z,y € X \ N and t > 0;
(iii) For every t,s >0 and z,y € X \ N, p(t + s,x,y) = / p(t,x, 2)p(s, z,y)m(dz).
X

Consequently, g = fo (t,xz,y)dt, x,y € X \ N, is a non-negative jointly B(X x X)-
measurable functzon on (X \N) X (X \N) such that

() G (@) = [ alr.y)f@mldy) for cvery = € X\N and f € B.(20);

(v) 9(z,y) = g(y,x) for every x,y € X\ N, and x — g(x,y) is X|x\pr-excessive and finite
E-q.e. on X for everyy € X \ N.

(vi) For every yo € X \ N, = — g(x,y0) is harmonic in X \ {yo}. In fact, for any open subset
U of X with yo ¢ U, the function x — g(x,yo) is regular harmonic in U.

Proof. We first show that for each z € X\ and t > 0, X has a pointwisely defined transition
density function p(t,z,y). This part is almost the same as that for [BBCK| Theorem 3.1]. For
the reader’s convenience, we spell out the details here.

By Theorem for every t > 0 and 2z € X \ NV there is a [0, oo]-valued integrable kernel
y +— po(t,z,y) defined on X such that

E? [f(X,)] = Pf(x) = /X poltzy)f(y)m(dy)  for every f € By(X),  (3.10)

where B,(X) denotes the set of bounded Borel measurable functions on X. We note that
po(t,x,y) can be chosen to be jointly Borel measurable on (0,00) x X x X by an application of
the martingale convergence theorem (see, e.g., [GK| Proposition 5.6] with Hy(z,y) = c0). From
the semigroup property Piis = P;Ps, we have for every t,s > 0 and x € X \ N,

po(t + s,z,y) = / po(t,x, z)po(s, z,y)m(dz) for m-a.e. y € X. (3.11)
X
Note that since P; is symmetric, we have for each fixed ¢t > 0,
po(t,x,y) = po(t,y, ) for m-a.e. (z,y) € X x X. (3.12)

For every t > 0 and z,y € X \ V, let s € (0,¢/3) and define

pltn) = [ s ([ e =25, 2ms.pomids) ) miaw). 13)

Clearly, p(t,z,y) is jointly Borel measurable on (0,00) x (X \ N) x (X \ ). By (3.11) and
(3.12), the above definition is independent of the choice of s € (0,t/3). Clearly by (3.12 - with
t — 2s in place of ¢t and (w, z) in place of (x,y), we see that

p(t,x,y) = p(t,y,x) for every x,y € X\ N. (3.14)
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By the semigroup property (3.11)), (3.10)) and (3.12]), we have for any ¢ > 0 on X and x € X\ N,
E* [¢(Xy)]
[ ([ mts.cwimte = s. i) ) otmea)

-/ ( [ ms.z0 ( / po<t—2s,w,z>po<s,y,z>m<dz>> m(dw>) S(y)m(dy)
z/Xp(t,x,y)QS(y)m(dy)- (3.15)

Thus for each x € X \ N, p(t,z,y) coincides with py(t,z,y) for m-a.e. y € X. For t,s > 0 and

z,y € X\ N, take so € (0, (t A s)/3). We have by (3.11)-(3.13))

p(t+s,z,y)
= [ mtso.w) ([ pule+5 = 250, 20, miz) ) mc

= /X5 po(s0,x, w)po(t — 280, w, u1)po(So, u1, u2)po(so, w2, v)po(s — 289, v, z)
po(S0,y, z)m(dw)m(duy)m(dug)m(dz)m(dv)
= /Xp(t,:c, v)p(s, v, y)m(dv). (3.16)

Define g(x,y) := [° p(t,z,y)dt for 2,y € X\ N. Note that g : (X \N) x (X \N) — [0, oc] is
jointly Borel measurable It follows from (3.15)) and Fubini’s theorem that for every f € B, (X),

=E* /000 f(Xs)ds = /Xg(m,y)f(y)m(dy) for every x € X \ V.

Clearly by (3.14), g(z,y) = g(y,x) for every z,y € X \ N. Note that for each fixed y € X \ N
and ¢t > 0, by Fubini’s theorem and (3.16]),

Pig(,y)(x) = /Xp(t,w,Z)g(z,y)m(dZ) = /too p(s,2,y)ds < g(w,y) for every x € X'\ N,

and hence t — Pyg(-,y)(zx) is non-increasing and lim; o Pig(-,y)(x) = g(z,y). This shows that
for each fixed y € X \ W, x + g(z,y) is an excessive function of X|y\x. Moreover, for each
x e X\N, since [y g(x,y)g0(y) m(dy) = Ggo(z) < 1, g(x,-) < oo m-a.e. and hence g(z,-) < oo
E-q.e. on X by [CE, Theorem A.2.13].

The proof of (vi) is similar to that for [KW] Proposition 6.2]. Let yo € X \\V . Let U be an
open subset of X with yg ¢ U, and take t; > 0 so that U N B(yo,71) = 0. For any non-negative
f € BL(X), by Fubini’s theorem and the strong Markov property of X, for each x € U\ N with

f‘B (yo,r1)¢ =0,

/B L[] fmdy) = B (G, )
Yo,T1
— Gf(r) = / oo fymdy),  (3.17)
B(yo,r1)
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and this is finite if 0 < f < ¢gp on X for some ¢ > 0. Hence for each z € U \ N,

E* [¢(X7,,v)] = g(z,y) for m-a.e. y € B(yo,r1).

Since y + g(2,y) is X|x\a-excessive, it follows from the monotone convergence theorem, Fubini
theorem, the fine continuity of y — ¢(z,y) (see [CF, Theorem A.2.2] or [FOT), Theorem A.2.5])
and Fatou’s lemma that

E* [Q(XTUv yO)] = ltlfél Py (Exg(XTU’ )) (yO)
> lin;ﬁ)up P (g(x, ‘)1B(y0,r1)) (y())

> E¥ lirﬁ(i)nfg(x,Xt)lB(yoml)(Xt)
= 9z, y0)-

On the other hand, the optional sampling theorem (see, e.g., [KS, Theorem 1.3.22]) implies
that E” [g(X7,,%0)] < g(z,50) as x = g(z,y0) is excessive for X|y\n and hence {g(X¢, yo)}i>0
is a right-continuous P*-supermartingale for any = € X' \ N with g(z,yo) < oo by [CE, Proof
of Theorem A.2.2]. Thus we have E* [¢(X,,,v0)] = g(z,yo) for every x € U \ N; that is,
x — g(x,yp) is regular harmonic in U. This in particular proves that = — g(z,yo) is harmonic
in 2\ {yo}. O

We call the function g(x,y) in Theorem the Green function of X.

Remark 3.9. There are gaps in the proofs of the existence of a Green function in [BBK] and
IGHl Lemma 5.2]. For details of the gap in [GH], see [BM2, Remark 4.19]. The gap in [BBK] is
that it is not proven that the Green’s function is the integral kernel of the Green operator (cf.

Theorem [3.8|(iv)).

We next give a sufficient condition for (HC). The following definition is valid for any regular
Dirichlet form on X, that is, for that definition, we do not assume (&, F) is transient.

Definition 3.10. We say that the (non-scale-invariant) elliptic Harnack inequality (Ha) holds
on X if for any ball B = B(xg,r) in X with r € (0,dx () A1), there are constants Cp > 1 and
dp € (0,1) such that for any non-negative bounded u € F. that is regular harmonic in B(zo,r),

€SSSUP By 55U < OB essinf gy 5, U (3.18)

Remark 3.11. (i) If (Ha) holds, then (3.18)) holds for any non-negative u € F, that is regular

harmonic in B(zg,r). This is because u(z) = E* u(XTB(zO’T))} is the increasing limit of

up(x) == E* [(u/\n)(XTB(ZW))] as n — oo &-qe. on X, and by [CE, Theorem 3.4.8],

un > 0 is a bounded function in F, that is regular harmonic in B(xg,7); see also the proof
of Proposition [2.10[(i).

(ii) Note that if property (3.18) holds for a ball B = B(xq,r) with constants Cg and dp then
it holds for any larger ball B(zg, R) with constants Cp and dpr/R.
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Theorem 3.12. Assume that (Ha) holds and that
Ay :=inf {E(f, ) : f € F with || fll p2(a0;m) = 1} > 0.

Then (HC) holds. Moreover, the E-nest {F,} in (HC) can be taken so that for any compact
subset K C X and any xo € X \ K, there exist some ro > 0 with B(xg,79) C K¢ and a constant
C = C(K,xg,7m0) > 0 such that for any f € L*(K;m), Gf is continuous on KN F, for any
n>1 and

sup  [Gf (@) < C /K 1 ()lm(dz), (3.19)

x€B(z0,m0)\N
where N := X \ U2, F,.

Proof. Since Ay > 0, by [CF, Lemma 2.1.4(ii) and Theorem 2.1.12(i)] we have Gf € F. = F C
L2(X;m) and |G f|l2 < A3H|f] L2 for every f € L2(X;m).

Under Ay > 0 and (Ha), for every zp € X, r € (0,dx(zp)), and any ball B(yg, R) C
X\ B(zo,), by Remark [3.11](iii) above and the same argument as that for [GH, (5.10)], we have
for any f € L'(X;m) with f =0 on B(Y0, 0B(y,r) 1),

CB(20,7) CB(yo,R)

1F 112 aesm) - (3.20)

eSSSUP (5 67) |G f| <
Ny (B0, 630,07 B (Y0, O(0,1) R)

Observe that, in the same way as , by the strong Markov property of X, for such f,
Gf is regular harmonic in B(xg,); note that G|f| < oo £-q.e. by [CF|, Proposition 2.1.3(i) and
Theorem A.2.13(v)].

Let {zx;k > 1} C X be a sequence of points in X, {ri;k > 1} = QN (0,00), and

A = {n=(z,zjre,m) 4,5,k 1> 11, € (0,dy(z;) A1), 1 € (0,dx(z;) A1),
and B(z;, ) N B(zj,r) = 0}.

Let ;% € (0,1) be one half of the largest positive constant g in (Ha) for the validity of the
Harnack inequality in the ball B(xz;, i) and C;, > 0 be the corresponding comparison constant.
We select 9; 5, in this way to ensure the uniformity of the constants 6 g when the centers and radii
of the balls are close to each other. This uniformity is needed when we do the finite covering of
such balls over each compact set K in the last step of this proof. Note that A is a countable
set. For each n = (x4, 2j,7,7) € A, let {f,,p > 1} be a dense sequence in Cc(B(x;,0;,77))
with respect to the supremum norm chosen so that {f,},>1 N Cc(Uy) is uniformly dense in
C.(Up) for any n > 1, where {Uy},>1 is an increasing sequence of relatively compact open
subsets of B(zj,d;,m) with (J22, Uy, = B(zj,8;,m). Since fr € L*(X;m), Gfy € F and it is
quasi-continuous by [FOT) Theorem 4.2.6]. Thus there is an £-nest {F,gn),n > 1} consisting

of an increasing sequence of compact sets such that F7(L77) = supp []1 (M for any n > 1,

No C X\ ugole,gn) and G f, is finite and continuous on each F,ﬁ”) for every integer p > 1; see
[CE, Lemma 1.3.1]. Let N, := &'\ U%"ZlFén), which is E-polar and in particular has zero m-

L CikCa . . . L
measure, and C,, := B S B E ) Inequality (3.20]) yields that, with fy := 0,
for any ki, ke > 0,

sup |Gfk1 (:U) - Gsz (.%')‘ < CT]kal - ka”Ll(B(xjﬁj,lrl);m)' (321)
z€B(z:,0; 171) \Ny
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Since {fp,p > 1} is uniformly dense in C.(B(xj,0;;r;) and m is a Radon measure on X, it
follows that for every f € C.(B(xj,d;r;), Gf is continuous on B(x;, d; x7y) N FT(LU) forany n > 1
and

sup |Gf(l‘)| < C77||f||LI(B(:rj,éj’lrl);m)' (322)

z€B(xi,0; k7k) \ Ny

Let D be an open subset of B(xj;,d;;r;). Since 1p can be approximated pointwise by an
increasing sequence of non-negative continuous functions with compact support in B(x;,d;;7;),
we have from and the monotone convergence theorem that

sup G(z,D) < C,ym(D). (3.23)
2€B(wi,05,57k) \Ny

For any Borel subset A C B(xj,0;;r;j), let {Dy,;k1 > 1} be a decreasing sequence of open
subsets of B(x;,0;;rj) so that A C Ng;>1 Dy, and limy, oo m(Dy, \ A) = 0. By (3.23)) and the
dominated convergence theorem,

sup G(z,A) < lim sup G(z,Dy,) < lim Cym(Dy,) = Cym(A).
z€B(x4,0; 1K) \Nn k100 e B(wi,8; 1)\ Ny f =00

The above in particular implies that for each x € B(z;, ; k7%) \ Ny,

G(x,dy) is absolutely continuous with [0, Cy]-valued density (3.24)
with respect to m(dy) on B(xj, ;7). '

Since {fy,p > 1} C Co(B(zj,6;,7;)) is dense in LY(B(z;,8;,m);m), it follows from and
that Gf is continuous on B(z;, d; ki) N F,(Ln) for any n > 1 and holds for every
f €LY (X;m) with f =0 on B(zj,8;,m)°.

By |CE, Lemma 1.3.1] and its proof, by taking suitable intersections of FT(LZ)’S, there is an
E-nest {F,,n > 1} consisting of an increasing sequence of compact subsets of X such that
No C X\UZ, F), and that for every n = (z;, zj,7%,77) € A, G f is continuous on B(z;, 6; k%) N Fp,
for any n > 1 and

sup |Gf($)| < 077||f||L1(B(xj,6j7lrl);m) (325)
Z‘EB(CEi,(Si,ka)\N

for every f € L'(X;m) with f =0 on B(x;,8;;m)¢, where N := X \ U, F,, which is &-polar.

Let K be a compact subset of X'. As {x;} is dense in X one can deduce from by finite
covering that for any f € L'(X;m) that vanishes outside K, Gf is continuous on K¢N F, for
any n > 1, and for any xy € K¢, there is some ¢y > 0 with B(xg,79) C K¢ so that

sup |G f(x)| < C(K, B(xo, o))l fll L1 (5c;m)-
x€B(x0,m0)\N

This in particular proves that (HC) holds with the above E-nest {F},} of compact sets. O

Under the assumption of Theorem we have by (3.19) that for every compact subset
KcCX, Gz K) <ooforxe (X\N)\ K. In other words, G(z is a Radon measure

on X\ {z} for any x € X \ N.

gy

Using a time change argument, we can remove the assumption of Ay > 0 in Theorem [3.12

Theorem 3.13. Assume that (Ha) holds. Then the conclusions of Theorem[3.19 hold. Conse-
quently, the conclusions of Theorems and[3.§ hold.
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Proof. Recall that our running assumption is that the Dirichlet form (£, F) on L?(X;m)
(or equivalently, its associated Hunt process X) is transient. Let go be as in Lemma and
wu(dz) = go(z)m(dx). We now make a time change of X via the inverse of the positive continuous
additive functional A; := fot go(Xs)ds. That is, let YV; = X,,, where 7, := inf{s > 0: As; > t}.
Then Y is p-symmetric and transient, and its extended Dirichet form is the same as that of X;
see [FOT), Theorem 6.2.1 and Corollary 6.2.1] and [CE, Corollary 5.2.12] (since p and m are
mutually absolutely continuous). So the Dirichlet form of Y is (£, F. N L?(X; 1)) on L2(X; ).
Since Y and X share the same family of regular harmonic functions, (Ha) holds for Y. We claim
that

Ay =nf{E(f, f) : f € Fe N L*(X;5 ) with || fllp2(aep = 1} > 1. (3.26)

Denote by G the Green potential of Y, that is, for f > 0 on X,

0= [ e =E [ 500

Using the time change, we see that Gf(z) = E* IS (f90)(Xy)dt = G(fgo)(z). In partlcular we
have G1 = Ggo < 1. Thus for u € L?(X;p), by Cauchy-Schwarz and the symmetry of G with
respect to p,

[ @ur@utin) < [ Gw)@)Ginn) < [ G @l
X X X

< /X u(z)?G1(z)p(dz) < /X w(z)?p(dx). (3.27)

Therefore, for any u € L?(X;p), [y u( Ju(dz) < [y u(z)?p(dz) < oo by (3.27).
follows (cf. [CE, Theorem 2.1.12] o [FOT, Theorem 1.5.4]) that Gu € Fo N L2(X; ) with
&(Gu, Gu) = [pu( Yu(dzx). Hence for u € F. N L?(X;u), we have by (3.27) and the

Cauchy—Schwarz
/ u?(2)p(de) = E(Gu,u) < E(u, u)/2E(Gu, Gu)'/? < E(u,u)"/? |Jul| g2 (x.p
X

Consequently,
1wl L2y < E(u,u)? for every u € F, N L*(X;p).
This proves the claim .

For the process Y, we can take gé/ =1 in the role of gy for X in as G1 = Ggop < 1. By
Theorem (HC) holds for the process Y. Since G f = G(fgo) and an increasing sequence
of compact sets {F,} of X is an E-nest for the process X if and only if it is an E-nest for the
process Y in view of [CEF, Theorem 5.2.11], we conclude that (HC) as well as the rest of the
conclusions of Theorem hold for the process X. O

Remark 3.14. One can see from its proof that the properly exceptional set N in the conclusion
of Theorem in fact depends only on the properly exceptional set N7 D Ny of X for which

P*(X; € dy) is absolutely continuous with respect to m for every x € X\ N; and ¢t > 0. (3.28)

By Theorem under condition (HC), N depends only on the E-nest {F},} in the definition of
(HC). In view of the proof of Theorem under condition (Ha), the conclusion of Theorem
holds for a properly exceptional set N that only depends on N in and the properly
exceptional set in the property that Ggg < 1 £-q.e. on X.
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Remark 3.15. In Example 8.3, we will give an example of an irreducible strongly local regular
Dirichlet form for which (Ha) fails but (HC) holds. In fact, for this example, there exists a
discontinuous positive harmonic function.

4  Green functions

We now drop the hypothesis that (£, F) is transient. Recall that dy(z) is the distance to the
boundary function on X defined in ([3.5)).

Definition 4.1. For a MMD space (X, d, m, &, F), we say

(i) the (scale invariant) elliptic Harnack inequality (EHI) holds if there exist constants dp €
(0,1) and Cy € (1,00) so that for any x € X, R € (0,dx(x)), and for any nonnegative
bounded harmonic function h on a ball B(z, R), one has

esssup h < Cpg essinf h; (4.1)
B(x,6HR) B(xvéHR)

(ii) the (scale invariant) local elliptic Harnack inequality EHI,. if (4.1) holds for any nonneg-
ative bounded harmonic function on balls B(z, R) with 0 < R < dx(z) A 1.

Remark 4.2. (i) Clearly, the EHI implies the EHI},., and the EHI,. implies implies (Ha).

(i) If (X, d) is a geodesic metric space and EHI or EHI,. holds for some value of dz, then the
same holds for any other ¢’ € (0,1) with a constant Cp(d').

(iii) Suppose EHIj,. holds and u is a nonnegative harmonic function on a ball B(z, R) with 0 <
R < dx(z) A1. By Proposition [2.10[(ii), u is the increasing limit in B(z, R/2) of a sequence
of functions {u,;n > 1} that is non-negative, bounded and harmonic in B(x, R/2). It
follows that holds for w on the ball B(z,d};R), where ¢} = 0 /2. In other words, if
EHI},. holds, it holds for any non-negative (possibly unbounded) harmonic function.

(iv) If EHI},. holds, in view of (iii) above, iterating the condition (4.1)) gives a.e. Holder con-
tinuity of harmonic functions, and it follows that any locally bounded harmonic function
has a continuous modification |[GT12, Lemma 5.2].

Let D be an open set of X. Note that if (X,d,m,&,F) satisfies the EHI},., then so does
(D,d,m|p, &, FP), where (£, FP) is the Dirichlet form for the part process X of X killed upon
leaving D (see (2.5)). Let Dgiag denote the diagonal in D x D. For a subset A C X, we use A
to denote its closure and 0A its boundary.

Definition 4.3. (a) Let D be a non-empty open subset of X such that D¢ is not E-polar. We
say that (£, F) has a regular Green function on D if there exists a non-negative B(D x D)-
measurable function gp(z,y) on D x D with the following properties:

(i) (Symmetry) gp(z,y) = gp(y,x) for all (z,y) € D x D;
(ii) (Continuity) gp(x,y) is [0, c0)-valued and jointly continuous in (x,y) € D X D\ Dgiag;
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iii) (Occupation density) There is a Borel properly exceptional set Np of X P such that
(iii) (

E* /OTD f(Xs)ds = /DQD(:I:,y)f(y) m(dy) for every x € D\ Np, (4.2)

for any f € By (D);
(iv) (Excessiveness) For each y € D, z — gp(z,y) is XP|p\n,-excessive, where Np is
the set given in (iii);

(v) (Harmonicity) For any fixed y € D, the function z — gp(x,y) is in ﬂ([))(}{y} and for
any open subset U of D with y ¢ U, z — gp(x,y) is regular harmonic in U with
respect to XP.

(vi) (Maximum principles) If zy € U € D, then

_inf gp(xo,-) = inf gp(x0, ), sup gp (o, -) = sup gp (o, -). (4.3)
U\{zo} ou D\U ouU

We call gp(z,y) the regular Green function of (£, F) in D.

(b) We say that (€, F) has regular Green functions if for any non-empty open set D C X
whose complement D¢ is not E-polar, (£, F) has a regular Green function gp(z,y) on D,
where the properly exceptional set Np in (iii),(iv) can be taken to be Np = D NN for a
Borel properly exceptional set AV of X that is independent of D as long as D C B(x, R)
for some z € X and R € (0,diam(X,d)/2).

Theorem 4.4. Suppose that the MMD space (X,d,m,E,F) and let D be a non-empty open
subset of X such that the part process X is transient.

(i) Assume that (D,d, m|p, &, FP) satisfies (Ha). Then (€, FP) has a Green function gp(z,y)
in the sense that

(i.a) gp(x,y) is a non-negative jointly B(D x D)-measurable function and there is a Borel
properly exceptional set Np of XP such that

E? / 7 p(xa)ds = /D gp (e 9)f(y) m(dy), =€ D\ N,

for any f € B (D);

(i.b) gp(z,y) = gp(y,x) for every x,y € D\ Np, and xz — gp(x,y) is XD]D\ND—excessive
and bounded E-q.e. on any U € D \ {y} for every y € D\ Np;

(i.c) For every yo € D\ Np, x — g(x,y0) is harmonic in D \ {yo}. Moreover, for any
open subset U of D with yo ¢ U is reqular harmonic in U with respect to XP.

(ii) If (D, d,m|p, &, FP) satisfies the EHl\oc, then (£, F) has a regular Green function on D.

In particular, the above properties hold if (X,d,m,E,F) is irreducible and D is a non-empty
open subset of X such that D€ is not £-polar

Proof. (i) The conclusion of this part follows directly from Theorem by replacing X’ and X
by D and XP, and from Proposition Denote the corresponding Borel properly exceptional
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set in Theorem for XP by Np. The local £-q.e. boundedness of x + gp(z,y) on D\ {y}
for every y € D\ Np follows from (Ha), of Theorem [FOT, Theorem A.2.7] and
[CF, Theorem A.2.13(iv)]. Note that this A'p has the property that for every z € D \ Np, the
law of X/ under P? is absolutely continuous with respect to m|p for every ¢ > 0. This property
will be used in (4.5)) as well as at the end of this proof when establishing the excessiveness of
x +— gp(z,y) for every y € D.

(ii) Suppose now that (D,d,m|p,&, FP) satisfies the EHI}o. in (D,d). Let 29 € D and
r € (0,(dp(xo) A 1)/2). Let u be a bounded harmonic function in B(xzg,2r) C D. Iterating the
condition yields that there are constants ¢g > 0 and 8 € (0,1) that depend only 0 (D)
and Cy (D) in (4.1) (with D in place of X’) such that

d(z,y)

g

lu(z) — u(y)| < collull Lo (B(wo,2r) < > for a.e. z,y € B(wo,7). (4.4)
Since (Ha) holds on D, by (i) there is a Green function gp(z,y) in D. For each fixed yg € D\Np,
x +— gp(x,y0) < 0o m-a.e. and is harmonic in D \ {yo}. It follows from of Theorem
(of EHI o, and Remark [4.2[(iii)) that  — gp(x,yo) is (essentially) locally bounded in D \ {yo}-.
The Holder estimate implies that there is a locally Hélder continuous function gp (-, yo) on
D\ {yo} such that gp(z,yo) = gp(x,yo) for m-a.e. € D. Since gp(-,yo) is XD\D\ND-excessive,
t — gp(XP,yo) € [0,00] is right continuous on [0, 00) P¥-a.s. for every z € D\ Np; see, e.g.,
[CE, Theorem A.2.2]. Since the law of X} under P® is absolutely continuous with respect to
m|,, for every € D\ Np, we have for every z € D\ (Np U {yo}), P"-a.s.,

9p(x,y0) = QggogD(XtDWO) = QlaitfgoﬁD(XtD,yo) = 9p(%,y0)- (4.5)
Thus gp(z,yo0) = gp(z,yo) for every z € D\ (Np U {yo}). For each yo € D\ Np, we define
90 (Yo,v0) = 9p(yo,yo). The above shows that there is a function gp(z,y) defined on D x (D '\
NDp) so that for each yo € D\ Np, x — gp(z,y) is locally Holder continuous on D \ {yo} and
gp(x,y0) = gp(z,y0) for every z € D\ Np.

Since gp(x,y) is symmetric on (D \ Np) x (D\ Np) by (i.b), we have gp(z,y) = gp(y, x) for
every x,y € D\Np. We extend the definition of gp(x,y) on D x (D\Np) to (D x D)\ (NpxNp)
by setting gp(x,y) = g(y,x) for x € D\ Np and y € Np. Note that y — gp(xo,y) is continuous
in D\ {zo}. We next show that such defined gp(z,y) on (D x D)\ (Np x Np) is locally
jointly Holder continuous off the diagonal and thus its definition can be continuously extended
to (Np x Np) \ {(z,z) : x € Np}.

Let zo,yo € D\Np with x¢ # yo. There is 7 € (0, (pp(zo) A pp(yo))/2) such that B(zg,2r)N
B(yo,2r) = (. By the EHI}, in D, for every x € B(xo,20m(D)r)\Np and y € B(yo, 20u(D)r)\
Nbp,

gp(z,y) < Cu(D)gp(x,y0) < Cu(D)*gn(x0,y0)-

It follows from (4.4)) that for xq, 29 € B(zo,dg(D)r) \ Np and y1,y2 € B(yo,du(D)r) \ Np,

l9p(z1,91) — gp(@2,92)| < [9p(z1,91) — gp(22,91)| + |90 (%2, 91) — gD (22, Y2)|
< Cu(D)*gp(z0,yo)co (5 (D)r) P <d(9€17 w2)" +d(y1, 92)5) :
Consequently gp(z,y) can be extended continuously to B(xg,dr) x B(yg, dr) and hence to D x

D\ Dygiag as a locally Hélder continuous function. Clearly, gp(z,y) = gp(y,x) for x,y € D with
r # y. For w € Np, we define gp(w,w) := limsup, £,ep s ysw (2, y). In summary, we
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now have a symmetric Borel measurable function gp(x,y) : D x D — [0, 00] defined on D x D
so that gp(z,y) is locally Holder continuous on (D x D) \ Dgisg, and gp(z,y) = gp(x,y) for
x,y € D\Np. From now on, we take this refined version gp(z,y) for the Green function gp(z,y)
in D and drop the tilde from gp(z,y).

We next show that gp(z,y) is a regular Green function on D. We already have the symmetry
and continuity properties of gp(z,y). The occupation density holds for this refined gp(z,y) as
well since Np is E-polar so m(Np) = 0. Thus it remains to show the excessiveness, regular
harmonicity and maximum principle for gp(z,y) (see Definition [£.3). Suppose U is a relatively
compact open subset of D and xg € U. Let 9 > 0 be such that B(xg,r9) C U. For every
y € D\ (UUNp) and for every r € (0,r9), we have by the symmetry of gp(z,y) and the strong
Markov property of X that

TD

/ gp(z,y)m(dz) = Ey/ 1B(xo,r)<XS)ds —EyEXGU/ 1B(:co,r)(Xs)d3
B(zo,r) 0 0
= / ]EygD(x,ng)m(dx).
B(zo,r)

Dividing both sides by m(B(xo,)) and then taking r — 0 yields that

gp(z0,y) = EY [gp(z0, X2)] . (4.6)

This together with the continuity of gp on D x D\ Dgiag shows that

sup gp(zo,y) = sup gp(zo,y). (4.7)
yeD\U yedU

Identity holds with 7y, in place of oy for any open subset V of D with 2o ¢ V and any y €
V \Np by exactly the same argument. For this, we note that along with B(zg,79) € D\V
is used to apply dominated convergence theorem. Thus the regular harmonicity in Definition
(v) holds for gp(z,y). In particular, gp(-,y) € .ﬂg(}{y} for any y € D by Proposition iii).

For each fixed z € U \ Np and any Borel measurable function f > 0 on D, by the strong
Markov property of X,

| ot smidy = [ " H(x)ds > | Elon(X2 )l iwym(as).
D 0 D

Hence gp(z,y) > Em[gD(ng,y)] for m-a.e. y € D. Since for every z € D, y — gp(z,y) is
continuous on D \ {z}, we have by Fatou’s lemma that

gp(z,2) > Ei[gD(Xf)U,z)] for every z € U \ {z}.
Taking z = xg and by the symmetry of gp(z, 2), we get for every z € U \ (Np U {xo}),
D .
gp(wo, ) > E*[gp (w0, X7,)] > yle%ngD(vay)'

In the last inequality, we used the fact that P*(7y < 7p) = 1 due to Proposition By the
continuity of x — gp(xo,x) on D \ {zp}, we get

inf  gp(wo,y) = inf gp(zo,y).
yeU\{zo} yeau
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This together with establishes the maximum principle for gp(x,y).

We now show that for every y € D, x — gp(z,y) is XD|D\ND—excessive. Note that Np is a
properly exceptional set for X”. By (i.b), the above property holds for every y € D \ Np. For
y € Np, let y, € D\ Np so that y, — y as n — oco. Let x € D\ Np. Observe that since y
is E-polar, m({y}) = 0. As mentioned earlier, the law of X}” under P* is absolutely continuous
with respect to m for every ¢t > 0. Thus by the local Holder continuity of gp on D x D\ Dgiag
and Fatou’s lemma, for every t > 0,

E*g(X{,y) < liminf E*gp (X, yn) < liminf gp (2, yn) = gp (2, y). (4.8)
n—oo n—oo
On the other hand, since P*(lim; o X = z) = 1 and z # y, we have by Fatou’s lemma again,
gp(w,y) = E |lim gp(XP,y)| < liminf EZgp (X7, y).
t—0 t—0

This together with proves that @ — gp(x,y) is XP|p\n,-excessive for every y € Np and
hence for every y € D. This completes the proof that gp(z,y) is a regular Green function on
D. This concludes the proof of (i) and (ii).

Finally, if (£, F) is irreducible and D¢ is not &-polar, the regular Dirichlet form (£, F”) on
L?(D;m|p) is transient by Proposition O

The following property on the consistency of exceptional sets follows readily from Remark
This observation will be used to choose a common properly exception set as required in

Definition .31

Lemma 4.5. Suppose that (X,d, m,E, F) is irreducible and satisfies the EHljo.. Let Dy, Do be
open subsets of X such that X\ Dy is non-E-polar and Dy C Ds, and let Np, be a Borel properly
exceptional set of XP2 in Theorem (z) Then we can choose Np, N Dy as the Borel properly
exceptional set Np, in Theorem [4.4(i) for D = Dj.

Theorem 4.6. Suppose that (X,d,m,&, F) is irreducible and satisfies the EHI}.. Then (€, F)
has reqular Green functions. Moreover, the Borel properly exceptional set N of X in the defi-
nition of reqular Green functions for (€,F) in Definition[{.(b) has the property that for each
x € X\ N and every t > 0, P*(X; € dy) is absolutely continuous with respect to m(dy).

Proof. Since (X,d,m,&,F) satisfies the EHI},, every locally bounded harmonic function is
locally Holder continuous, and (D, d, m|p, &, FP) satisfies the EHIj, for every non-empty open
subset D of X whose complement D€ is not £-polar. The existence of regular Green functions
follow directly from Proposition and Theorem (ii) if we can show that there is a common
properly exceptional set N of X, independent of D, so that of Definition for the regular
Green function gp(z,y) on D hold for all x € D\ N.

We first show the existence of a common properly exceptional set N. Let Xy be a dense
countable subset of X, let {(zn,7,)}52; be an enumeration of Ay x ((0,diam(X,d)/2) N Q),
and set D, = B(z,,r,) for each n > 1. Then for any n > 1, since X \ D,, # 0 and hence is
non-&-polar, we can take a Borel properly exceptional set A/ ,Dn of XPr as in Theorem 4.4(1) for
D = D,. Next, choose a Borel properly exceptional set N” of X so that (J;2; N, C N’. Then
for any n > 1, we can take N’ N D,, as a properly exceptional set Np, of XP» as in Theorem
[4.4(i) for D = D,,. Let D be an open subset of X’ such that D C B(z, R) for some z € X and
R € (0,diam(X,d)/2). Then D C D,, for some n = np > 1 and therefore by Lemma 4.5 and the
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definition of N above, we can take (N’ N D,) N D = N’'N D as the Borel properly exceptional
set Np of X in Theorem (1) for D. This concludes the proof that (£, F) has regular Green
functions.

It remains to verify the absolute continuity of P*(X; € dy) with respect to m for all  in the
complement of an exceptional set. To this end, fix some Dy = B(xzg,r) with r = diam(X,d)/2
and let Dy = B(z0,7/2)", which are non-empty open subsets of X with D; U Dy = X. Define
T10=0,7:=7p, =inf{t >0: Xy ¢ D1}, 2 :=7p, 00, =inf{t > 11 : X; ¢ Do}, and for k > 1,

Tok+1 = Tp; © 0y and  Topg2 :=7Tp, 0 0n, -

Then for every a > 0, z € X \ N/ and Borel measurable function f > 0 on X,
Gof@) i= B [ etf(xae
0

0 Tok+1 0 Tok42
= Y E / e f(Xy)dt + ) B / e~ f(X,)dt
k=0 T2k k=0 T

2k+1

= Z]Ex [eaT%EXT%/ efatf(Xfl)ds;Tgk < C}
0

k=0
[eS) )
—|—ZE$ |:e_aT2k+lEX72k+1 /O €_atf(X8DQ)d5;7—2k+1 < g:| .

k=0

By Theorem applied to part processes X1 and X2, respectively, there is a properly
exceptional set NV O N of X so that Go(x,dy) < m(dz) for every € X \ N. We then
conclude by [CF, Proposition 3.1.11] that P*(X; € dy) < m(dy) for every z € X \ N. O

We next give a sufficient condition for a strongly local MMD space (X,d,m,E,F) to be
irreducible. First we present a characterization of irreducibility for such a Dirichlet form,
which in fact holds also for any strongly local quasi-regular Dirichlet forms by using quasi-
homeomorphism. See [CEl Theorem 5.2.16] for a characterization of irreducible recurrent Dirich-
let forms.

Theorem 4.7. Let (£,F) be a strongly local reqular Dirichlet form on L?(X;m). Then the
following are equivalent.

(i) (&, F) is irreducible;
(i) If u € Froc having E(u,u) = 0, then u is constant £-g.e. on X.

(iii) If u € Froe N L®(X;m) having E(u,u) = 0, then u is constant £-q.e. on X.

Proof. (i) = (ii): Suppose u € Fioc and E(u,u) = 0. Let {Uy; k > 1} be an increasing sequence
of relatively compact open subsets whose union is X. Then for each k > 1, there is some u, € F
so that up = u m-a.e. on Uy. By Fukushima’s decomposition ({2.6]),

uk(Xy) — up(Xo) = M{™ + N/*,  t > 0,P*-a.s. for E-qe. x € X,

where M“F is a martingale additive functional of X having finite energy and N"* is a continuous
additive functional of X having zero energy. Since fi1,y(Ux) = i) (Ur) = 0, we have M;"* =0
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for every t € [0, 7, ) P*-a.s. for £-q.e. x € X by [FOT, Theorems 5.2.3, 5.1.5 and (5.1.22)] (and
the optional sampling theorem [KS|, Problem 1.3.24(i)] applied to (M%) — (M¥*)) and

E(ug, ) =0 for every ¢ € FNC.(Uy).

The last display implies by [FOT| Theorem 5.4.1] that N, = 0 for every t € [0, 7y, ) P*-a.s. for
E-q.e. x € X. Consequently, we have for each k > 1 that for £-q.e. z € X, P*-a.s.

w(Xt) — uw(Xo) = up(Xe) —ur(Xo) =0 for everyt € [0, 17, ).
As limy_00 Ty, = ¢, wWe have for quasi-every z € X, P*-a.s.,
w(Xy) = u(Xo) for every t € [0,(). (4.9)

For a € R, define A, = {z € X : u(x) > a}. In view of (4.9), Pla, < 14, m-ae. on X.
Hence by the irreducibility of (€, F), either m(A,) = 0 or m(X \ A,) = 0. This proves that u is
constant m-a.e. and hence €-q.e. on X by [CF], Theorem 1.3.7].

(i) = (iii) is trivial.
(iii) = (i): Were the Dirichlet form (£, F) on L?(X;m) not irreducible, there would exist a

Borel set A with m(A) > 0 and m(A®) > 0 such that 1qu € F for any u € F and ({2.1)) holds.
In particular, both 14 and 14 are in Fioc, and (2.1)) with 1 4u, 1 gcv in place of u, v yields

E(lau,14ev) =0 for every u,v € F.

This together with (2.8]) gives that for any bounded u,v € F,

/Xv(x)u<1Au>(d:U) = 2&(1au,1quw) — E(14u?,v)
= 2&(u, (14v)u) — E(u?,140)
— [ L)@ da).
X
This yields
11 pu) (dz) = 1a(2) i) (d). (4.10)

Let {Ug; k > 1} be an increasing sequence of relatively compact open subsets whose union is X’
and uy € F N Ce(X) be such that u;, = 1 on Uy. We have by (4.10) and Proposition [2.3(ii), (i)
that

1014y (Uk) = 14140y (Uk) = pguyy(Ux N A) =0 for each k > 1,

and so )

€(La,14) = Spa(X) = 0.
Since 14, which is in Fj,. and bounded, is not constant m-a.e. on X this is a contradiction, and
proves that the Dirichlet form (£, F) on L?(X;m) is irreducible. O

Theorem [4.7] in particular implies that irreducibility is invariant under form-bounded per-
turbations in the following sense. If (X,d,m,&, F) and (X,d, u,E', F') are two strongly local
regular MMD spaces such that the Radon measure y does not change £-polar sets and has full
quasi support on X, F N C.(X) = F' N C.(X) and there is a constant C' > 1 so that

CLE(u,u) < E'(u,u) < CE(u,u) for u € FNC(X), (4.11)
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then (£, F) on L?(X,m) is irreducible if and only if so is (£, F') on L?(X, ). Note that, by
[CE, Corollary 5.2.12], the condition that u is a smooth measure of (X,d,m,E, F) with full
quasi support on X ensures that two extended Dirichlet spaces coincide. By [LJ, Proposition

1.5.5(b)], (4.11) implies that

C’fl,uw) < ,u'<u> <Cpyy on X foranyue F,= Fl. (4.12)

Theorem 4.8. Suppose that (X,d) is connected. If a MMD space (X,d, m,E, F) satisfies (Ha)
and any bounded function that is harmonic in each ball B(xg,r) with r € (0,dx(x0)) has a
continuous modification there, then (X,d,m,E,F) is irreducible.

Proof. (i) We first show that for any relatively compact open subset U C X with U # X,
P*(ry <o) =1 forqe zeU. (4.13)

Indeed, since AU is compact, there is some ¢ € FNC.(X) so that ¢ = 1 in a neighborhood of U.
By the strong locality of (£,F), ¢ is E-harmonic in U. Define h(z) := E*[p(X,,)]. By [FOT]
Theorems A.2.6(i), 4.1.3 and 4.2.1(ii)], h = ¢ £-q.e. on U°. In particular, there is a properly
exceptional set N so that for every z € U\ N,

hMXr)=p(Xs)=1 P%as. on {7y < oo}. (4.14)

Moreover, h € F is E-quasi-continuous on X and E-harmonic in U by |CF, Theorem 3.4.8] or
[FOT, Theorem 4.6.5]. Consequently, f := ¢ — h is a bounded £-quasi continuous element in
Fe that is E-harmonic in U and vanishes £-q.e. on U€. Therefore £(f, f) = 0. By [Chel, Lemma
2.2], there is a properly exceptional set N7 D N of X so that

P*(f(X:) = f(Xo) for every t > 0) =1 for every x € X' \ V. (4.15)

Note that for x € U\ M, h(z) = E*[p(X.,)] = P*(ry < o). For x € U\ N; having
h(z) = P*(1y < 00) > 0, we have by (4.14]) and (4.15)) that

h(z) = h(Xo) = M(X-,) =1 P%as. on {17y < oco}.

This proves that h takes values either 0 or 1 £-q.e. everywhere on U. Consequently, f = ¢ — h
takes values either 0 or 1 £-q.e. everywhere on U and hence on X'. Since f is bounded £-quasi-
continuous and £-harmonic on X due to £(f, f) = 0, it is harmonic on X on Proposition 2.9(i).
Hence by the assumption of the theorem, it has a continuous m-modification f which takes

values either 0 or 1. Since (X, d) is connected and U # X, f = 0 on X. It follows that f = 0
and hence h =1 £-q.e. on U. This establishes the claim (4.13]).

(ii) Suppose u € Fioc NL>®(X;m) and £(u, u) = 0. By the proof of (i) = (ii) part of Theorem
we know that holds P*-a.s. for £-q.e. x € X, and in particular that « is harmonic on
X. By the assumption of the theorem, u has a continuous version, which we still denote it by
u. Since (&, F) is strongly local, 1 € Fioc and £(1,1) = 0. Let xp be an arbitrary point in X’
and denote u(zo) by ap. Then u — ag € Fioc and fi(y_qy) = fi(uy by Proposition [2.3(ii). Thus

1
E(u—ap,u—ag) = 5/1(“,&0)(/1’) = s (X) = E(u,u) = 0.
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Let v = |u — ag|. By [CF, Theorem 4.3.10], v € Fioc and E(v,v) = 0. By and Proposition
2.9(ii), v is regular harmonic in B(zg,r) for any r € (0,dx(z¢)). Since v(zg) = 0, by (Ha) and
the continuity of v, we have v(x) = 0 on B(xg, ) for some r € (0, dx(z¢)); that is, u(x) = u(zg)
on B(xzg,r) for some r € (0,dx(xp)). This shows that for any constant a € R, both A, :=
{z € X : u(x) > a} and its complement A% = {x € X : u(x) < a} are open subsets of X. If
w is not a constant, then there is a constant a so that neither A, nor A¢ is empty. This would
contradict the assumption that (X, d) is connected. So u must be constant. This establishes the
irreducibility of (X, d, m, &, F) by Theorem O

Combining Theorem (4.8 with T heoremshows that if (X, d) is connected and (X, d, m, &, F)
satisfies the EHI} ¢, then (£, F) has regular Green functions.

5 Implications of EHI

Recall the definition of metric doubling from Definition We introduce a few related proper-
ties. For a metric space (X, d) and A C X, we set diam(A) = sup,, ,c 4 d(x,y). Forz € X, R > 0,
we denote by B(z, R) := {y € X : d(x,y) < R} the closed ball centered at z of radius R. The
following definition of relative K ball connectedness is adapted from |[GH| Definition 5.5].

Definition 5.1. (i) Let K > 1. A metric space (X,d) is relatively K ball connected if for
each € € (0,1) there exists an integer N = Ny(g) > 1 such that if zp € X, R > 0 and
r,y € B(xo,R) then there exists a chain of balls B(z;,eR) for i = 0,..., N such that
20 = x, 2y =y, B(zi,eR) C B(xg, KR) for each i = 0,...,N and d(z;_1,2;) < eR for
1 <i < N. We write Ny for the integer Nx(¢) with ¢ = 1/4. We say also that (X, d)
satisfies the property RBC(K). We say that (X,d) is relatively ball connected if there
exists K > 1 such that (X, d) is relatively K ball connected.

(ii) A metric space (X,d) is said to be uniformly perfect, if there exists C' > 1 such that if
x € X, r>0and B(z,r)° # 0 then B(x,r)\ B(z,r/C) # 0.

(iii) A metric space (X, d) is said be L-linearly connected (for some L > 1), if for all z,y € X,
there exists a connected compact set J such that z,y € J and diam(J) < Ld(z,y).

(iv) A distortion function is a homeomorphism of [0, co) onto itself. Let n be a distortion func-
tion. A map f: (X1,d;) = (Xo,d2) between metric spaces is said to be n-quasisymmetric
or an n-quasisymmetry, if f is a homeomorphism and

B(f(@), f@) _ (di(z.a)
&), f0) = (dm, b))

for all triples of points z,a,b € X, x # b. We say f is a quasisymmetry if it is n-
quasisymmetric for some distortion function . We say that metric spaces (X,d;) and
(Xa,d2) are quasisymmetric, if there exists a quasisymmetry f : (X1,d;) — (X2,d2). We
say that metrics d; and dy on X are quasisymmetric (or, dy is quasisymmetric to dg), if
the identity map Id : (X,d;) — (X, d2) is a quasisymmetry.

(v) We say a metric space (X,d) is quasi-arc connected, if there exists a distortion function
7 :[0,00) — [0,00) such that for all pairs of distinct points z,y € X, there exists a subset
J C X and an n-quasisymmetry v : [0,1] — J such that v(0) = z and (1) = y. Here J is
endowed with the metric d and [0, 1] has the Euclidean metric.
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The following lemma clarifies some relationships between these conditions.
Lemma 5.2. Let (X, d) be a complete metric space.

(a) Assume that (X,d) is relatively K ball connected. Then there exists L > 1, such that for
all z,y € X, there exists a continuous map = : [0, 1] — X such that v(0) = z, v(1) = y, and
diam(v([0,1])) < Ld(z,y). In particular, (X,d) is L-linearly connected.

(b) If (X,d) is connected then it is uniformly perfect.

(c) If (X,d) is relatively ball connected and satisfies metric doubling, then (X, d) is quasi-arc
connected.

(d) If (X,d) is quasi-arc connected, then (X, d) is relatively ball connected.

(e) Assume that (X,d) is relatively K ball connected. If p is a metric on X quasisymmetric
to d, then (X, p) is also relatively ball connected. In other words, the property of being
relatively ball connected is a quasisymmetry invariant.

Proof. (a) Fix € € (0,1) and let K, N = Nx(e) be the constants of relative ball connectivity.
Let z,y € X be a pair of distinct points. For each k£ € N, we define v, : [0, 1] — & as follows.

Let z((]l), z%l), . ( ) be a sequence of points in B(z, Kd(x,y)) such that d(z; 2 Z(Jr)l) < ed(z,y),
with z(() )=z zj(\}) =y. Let 7 : [0,1] = X be a piecewise constant function on intervals defined
by

) =2 foralli=0,1,...,N —1and for all i/N <t < (i +1)/N

and y1(1) = y. Similarly, for all 4 = 0,..., N — 1, we choose zj(2) € B(z @ yKed(z,y)),j =

iN,iN +1,...,iN 4+ N such that zl(JQ\? = z§1),z£]2\7)+N = zz-(_}_)l,d(z(- ), J(i)l) < e%d(z,y) and set

~2(t) :z](-z) foralli=0,1,..., N2 — 1 and for all i/N? <t < (i + 1)/N?,

with 72(1) = y. We similarly define v : [0,1] — & a piecewise constant function on intervals
[i/N* (j +1)/N¥), 5 =0,1,...,N¥ — 1. Since for all t € [0,1], d(v&(t), ves1(t)) < KeFd(x,y),
the sequence {vx(t),k € N} is Cauchy, and hence converges to say v(f) € X. This defines a
function v : [0, 1] — X'. Note that

o0

Z Kekd(z,y) = Kd(z,y)/(1 —¢).

k=0

If [ty — tof < 5% for some k € N, we have

d(y(t1),7(t2)) < d(ve(t1), v(t1)) + d(v(t2), v(t2)) + d(vk(t1), v(t2))

<2 <§: Keld(x,y)> + gkd(x,y)

=k
< 2K(1 — o)~ + 1)ekd(a, y),

which implies the continuity of ~.
This shows that the image J = 7([0,1]) is a compact, connected set and x,y € J with
diam(J) < Ld(z,y), where L = 2K /(1 — ¢). Therefore (X, d) is L-linearly connected.
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(b) Let B(x,r) be a ball such that B(x,r)¢ # () and let C > 1. Then B(z,r)¢ and B(x,r/C)
are non-empty disjoint closed sets. Since (X, d) is connected, B(z,r) \ B(z,r/C) # 0.

(c) By part (a), (X,d) is linearly connected. By Tukia’s theorem ([Mac, Corollary 1.2] and [TV,
Theorem 4.9]), (X, d) is quasi-arc connected.

(d) Let n be the distortion function corresponding to quasi-arc connectedness. Define K =
1+n(1). Let z,y € B(zo,R),z # y and 7 : [0,1] — J be an n-quasisymmetry such that
7(0) = z,v(1) = y. For all t € [0, 1],

d(z,y(t)) < n(t)d(z,y) < n(1)d(z,y).
Let € € (0,1) be arbitrary. Let N € N be such that 2n(2/N)n(1) < € and define z; = y(i/N)
fori=0,1,..., N. By n-quasisymmetry, we have
d(zi, zit1) < n(2/N)d(zi,w) < n(2/N)n(1)d(z,y) < 2n(2/N)n(1)R < eR,

where w = x if i > N/2 and w = y otherwise. This implies that (X, d) is relatively K ball
connected, where K = 2(1 + n(1)).

(e) Let Id : (X,d) — (X, p) be an n-quasisymmetry, where (X, d) is relatively K ball connected.
Let € € (0,1) and let 2,y € X,z # y be arbitrary. Choose &’ € (0,1) such that

n(2e') (n(K) +1) < e.

Choose points zg, z1,...,2n such that zg = x,zy = vy, B(z;,¢'d(z,y)) C B(z, Kd(z,y)) and
d(2i, ziy1) < €'d(x,y), where N = Ny q)(¢') is the constant associated with the relative ball
connected property of (X, d). For any i = 0,1,..., N — 1, let w € {z,y} be such that d(z;,w) =
max(d(zi, x),d(z,y)). Since d(z,y)/2 < d(z;, w), we obtain

(d(zi, 2i41) /d(zi,w)) p(2i,w) < 0(2")(p(, 2:) + p(z,y))
(2¢') (n(K) +1) p(z,y) < ep(z,y).

Since p(z, z;) < n(K)p(z,y), (X, p) is relatively K, ball connected, where K, =2+ 2n(K). O

p(zi, ziy1) <1
<7

Remark 5.3. See [GH| Definition 5.5] for the definition of relatively (¢, K) ball connected. 1t is
immediate that if (X, d) is relatively K ball connected then it is relatively (e, K') ball connected
for any € € (0,1). Conversely it is straightforward to show that if for some ¢ € (0,1), K > 1
(X, d) is relatively (e, K) ball connected then it is relatively K’ ball connected with K’ = 1+ %

The main result of this section is the following.

Theorem 5.4. Let (X,d) be a metric space such that B(x,r) is compact for all x € X and
r > 0. Assume that (X,d,m,E,F) is a MMD space that satisfies the EHI. The following are
equivalent:

(a) (X,d) is relatively K ball connected for some K > 1.

(b) (X,d) satisfies metric doubling.

(c) (X,d) is quasi-arc connected.

Proof. (b) = (a). This follows by the argument in [GH| Proposition 5.6]: for any K > 1+ &5
we obtain relative K-ball connectedness. (The hypothesis of volume doubling there is only
used to obtain metric doubling). Note that this implication requires EHI only for [0, 1]-valued

he FNC(X).
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(c) = (a), (a) + (b) = (c) (and so (b) = (c)) are proved in Lemma [5.2]
The proof of (a) = (b) needs more preparation and will be given after Lemma O

For the proof of (a) = (b) in Theorem [5.4] we follow [BMI, Section 3]; however it was
assumed there that the metric d was geodesic, and some changes are needed to handle the case
when we only have that (X, d) is relatively K ball connected. We now outline these changes.

Definition 5.5. We say that (X,d, m, &, F) satisfies the condition (HG) if (X, d,m, &, F) has
regular Green functions and there exist constants Cg, Kg > 0 such that for any xg € X, R > 0
and open set D in X with B(xg, KgR) C D and D¢ non-E-polar

sup gp(xo,y2) < Cq inf 9p(x0, Y1) (5.1)
y2€D\B(z0,R) y1€B(z0,R)\{z0}

Assumption 5.6. Throughout the remainder of this section except for Lemma [5.16] we assume
that (X,d) is a metric space such that B(z,r) is compact for all z € X,r > 0 and that (X,d)
is relatively K ball connected for some K > 2. Furthermore we assume that the MMD space
(X,d,m,E,F) satisfies the (scale invariant) EHI with constants Cpy, 0.

Recall that by Lemma (a), a complete metric space (X, d) that is relatively K ball con-
nected is connected. Thus under Assumption (X,d,m,E,F) is irreducible by Theorem
and has regular Green functions by Theorem By the maximum principle (4.3|) for the regular
Green function gp in Theorem [4.4ii), we have for any B = B(zg, R) € D,

sup gD(:L‘Oa ) = SUPgD(fL‘Q, ')7 _inf gD($07 ) = inf.gD(l'O’ ) (52)
D\B OB B\{zo} OB
Proposition 5.7. Let (X,d,m,&, F) be a MMD space that satisfies Assumption[5.6, Then (HG)
holds with constants Cq, Kg for Kg = 2K + 1, where Cq depends only on Cg, 0, Kg, Nx.

Proof. This follows from the proof of [GH, Lemma 5.7]. (The statement of the result in [GH]
has stronger hypotheses, but these are only used to obtain the existence and regularity of the

Green function, and to prove that (X, d) is relatively (e, K) ball connected for some ¢ € (0, 1)
and K > 1.) O

Under Assumption (€,F) has regular Green functions by Theorems and and
(HG) holds with constant K¢ = 2K + 1 and Cg > 1 by Proposition

Corollary 5.8. (See [BMI, Corollary 3.2].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption . Let K1 = K+ 1. For any ¢ € (0,1/2], there exists a positive constant C that
depends only on § and the constants in Assumption such that the following holds: for any
open set D in X whose complement D¢ is non-E-polar and for any B(xo, K1R) C D,

gp(xo,x) < Cgp(xo,y) for x,y € B(xo, R) \ B(xo,dR).

Proof. Let z,y € B(xo,R) \ B(zg,0R). Let ¢ = 00y /(1 + dp); we have e < §/2. We connect
y to xy by a chain of balls B(z;,eR), i = 0,1,... N, with the properties given in Definition
(i) of relatively K ball connected. Let ig be the first integer such that d(z;,,z¢) < dR. With

the definition of € given above, gp(zo,-) is harmonic on B(z;,eR/dp) for i = 0,...,i9 — 1, and
so we can use the EHI to deduce that gp(zo,z,) < C¥gp(wo,y). Finally by (HG) we have
gp(xo, ) < Cagp(wo, 2iy)- O
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Lemma 5.9. (See [BM1, Lemma 3.3].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [5.0. Let Ko = 2K + 3. There exists Cy > 1 that depends only on the constants
mn Assumption such that the following holds: Let xy € X, R > 0 and let B(zo, KaR) C D,
where D is an open set in X such that D¢ is non-E-polar. Then if x1,x2,y1,y2 € B(xo, R) with
d(z;,y;) > R/4, then

9p(z1,91) < Cogp (22, y2). (5.3)

Proof. Note that for any four numbers a; € [0, R), 1 <i < 4,
(0, R)\ Uiy [ai — (R/9),a; + (R/9)]| > R — (8R/9) = R/9 > 0

so there is some ag € (0, R) so that |ag — a;| > R/9 for all 1 < i < 4. As d(xo, ) is continuous
and by the RBC(K) property and Lemma (a), B(xo, R) contains a connected path from
xo to B(zo, R)¢, we have {d(zo,z) : = € B(xo,R)} = [0,R). Thus there is ap € (0,R) so
that |ag — d(zo,w)| > R/9 for w € {x1,x2,y1,y2}. Let z € B(xo, R) having d(zo,z) = ap.
Now applying Corollary to the balls B(z1,2R), B(z,2R) and B(z2,2R) with § = 1/18
consecutively, we get by the symmetry of the Green function gp(x,y) that

gp(z1,91) < Cgp(21,2) < C?gp(22,2) < C3gp (22, Y2).

This establishes the lemma by taking Cy = C3. O

As in [BM1], we define for an open set D C X with non-E-polar complement:

gp(x,r)= inf gp(z,y) provided B(z,r) C D,
y€OB(z,r)

Capp(A) = inf{E(f, f): f € (F)P, f>1E-qe. on A}, AC D,

where (F)P? = {u € F. : u = 0 £ —qe. on X\ D}. By noting that (F.)” is equal to
the extended Dirichlet space of (£, FP) [CF, Theorem 3.4.9], we set F? := (F.)P. We call
Capp(A) the relative capacity of A in D. The maximum principle implies that gp(z,r)
is non-increasing in r, and an easy application of (HG) gives that if y € 0B(«x,r) and B(z,r)U
B(y, Kgr) C D then

gp(@,7) < Cagp(y,r). (5.4)

Given Proposition the proof of the next Lemma is the same as in [BM1, Lemma 3.5].

Lemma 5.10. Let (X,d,m,E,F) be a MMD space that satisfies Assumption . There is a
constant Cq > 0 depending only on the constants in Assumption |5.60 such that for any open set
D whose complement D€ is non-E-polar and for any B(xoy, Kgr) C D where Kg = 2K + 1,

gp(x0,7) < Capp(B(xo,r)) " < Cagp(xo,T). (5.5)
Remark 5.11. Forany z € X, 0 < R < diam(X, d)/2, the complement of ball B(z, R)° is non-&-
polar. This is because by the triangle inequality, there exist z € X and 0 < r < diam(&X',d)/2—R

so that B(z,r) C B(x, R)¢. Since m has full support, m (B(z, R)) > m(B(z,r)) > 0 and thus
B(z, R)¢ has positive capacity.
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Lemma 5.12. (See [GH, Lemmas 7.1 and 7.4/ and [GNY, Lemma 2.5]) Let (X,d,m,E,F) be
a MMD space that satisfies Assumption[5.60, There exists C' such that for any sufficiently large
A > 1, and for any ball B(x,7),n € N with A™r < diam(X,d)/A, denoting By, = B(x, AFr), we
have

n—1 n—1
ZCapBZ_H(Bi)_]L < Caan(Bg)_]L < CZCapBHI(Bi)_l.
i=0 i=0

Proof. The upper bound is contained in [GH, Lemmas 7.1 and 7.4]. The upper bound in |[GH]
is stated under the additional volume doubling property assumption but the proof only uses the
properties of the regular Green functions and (HG). Also, the constant C' can be chosen to be
Cq for any A > K¢, where Cg, K¢ are as given in Definition [5.5

The lower bound is a general fact that does not require the EHI — see [GNY| Lemma 2.5]. [

Lemma 5.13. Let (X,d,m,E,F) be a MMD space that satisfies Assumption . Let B =
B(zo,R) C X, and By = B(z1,R/(8K3)) with 1 € B(xo, R/(4K3)), where K3 = K + 2 and
K is as given in Assumption [5.0. There exists pg > 0 depending only on the constants in
Assumption[5.0 such that

PY(op, <TB) >po >0 for&-qe. ye B(xo, R/(2K3)). (5.6)

Proof. We consider two cases.

(i) Suppose B(zg, R)¢ is non-E-polar. By the maximum principle it is enough to prove this
for y € 0B(x0,R/(2K3)). The argument, which uses Corollary is the same as in [BMI]
Lemma 3.7].

(ii) Now suppose B(zg, R)¢ is E-polar. By Remark R > diam(X,d)/2 and diam(X, d) <
oco. If R > 8K3diam(X,d), then B; = X and is obviously true. Therefore, it suffices to
consider the case when R < 8K3diam(X,d) < oco.

Let 79 € X,z1 € B(zo,R/(4K3)),y € B(zo,R/(2K3)). Let ¢ = 1/(130K3) and let
Bz, %),0 <1 < N := Ny(e) be a chain of balls with zg =y, 2y = 21, B(2;, %) C B(zo, R/4)
for all each ¢ and d(z;—1,2;) < eR/(4K) for 1 < ¢ < N as in Definition i) with R/(4K) in
place of R there. Since 8K3eR < 64K2cdiam(X,d) < diam(X,d)/2, by Case 1 and Remark
[6.11] we have

PY(0B(2.cR) < TB(2-1,8K3eR)) = Do for E-q.e. w € B(zi-1,4¢R).
Since B(z;,8K3eR) C B(zo, R/2) for all i, using the strong Markov property, we conclude that
P¥(op, <7p) >pd >0 for E-qe. w € B(y,4€R).
Since B(xg, R/(2K3)) is covered by a countable family of balls B(y,4eR),y € B(xg, R/(2K3)),

by replacing pg by pév , we obtain (5.6]) in the second case as well. O

Remark 5.14. (i) In [BM1, Lemma 3.7|, the corresponding result held for y € B(xzg, TR/8);
we cannot expect that here, since such a point y might not be connected to B; by a path
inside B.
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(ii) Let B; = B(z;,eR), 0 < i < n be a chain of balls as in Definition [5.1](i). Using this Lemma
we have for each i

PY(0B(2,eR) < TB(2_1,8K3eR)) = Do for E-q.e. y € B(zi—1,4eR).
Thus if
D = U B(z,8K3¢R),
then
PY(op, < Tp) > py for E-q.e.y € B(zp,4€R). (5.7)

Corollary 5.15. (See [BMI1|, Corollary 3.8]). Let (X,d,m,&,F) be an MMD space that satisfies
Assumption . Let B(xz, R) C D, where D is an open set in X and D¢ is non-E-polar. There

exist positive constants ¢ and 0 that depend only on the constants in Assumption [5.6 such that
if0<s<r<R/(K+1) then

gp(z, ) s\

=L >cl-]). 5.8

gp(z,s) — C(r) (58)
Proof. This follows easily from Corollary [5.8] O

The following Lemma is used to regularize chains of balls obtained by using the RBC(K)
property.

Lemma 5.16. Suppose that (X,d) is a metric space satisfying the RBC(K) property. Let
d(z,y) < R, € € (0,1) and eR < r < R. There exists a chain of balls B(z;,eR), 0 <i < n with
the following properties:

(i) z0 =z, zn =y and d(zj—1,2;) < eR for 1 <i<mn;

(ii) B(z,eR) C B(z, KR) for 0 <i<n;

(iii) If j = max{i: z; € B(z,r)} then B(z;,eR) C B(x,Kr) for 0 <i<j;

(iv) n < Nx(e) + Nx(eR/r).

Proof. By the RBC(K) property there exists a chain of balls B(w;,eR), 0 < ¢ < m; connecting
z and y and satisfying the conditions of Definition [5.1|i) with zg = z. Let k = max{i : w; €
B(z,r)}. By the RBC(K) property for « and wy, and with € replaced by ¢’ = e R/r, there exists
a chain B(wj,eR), 0 < i < mg with B(wj,eR) C B(x, Kr). Joining the paths wy, ..., w;,, and
Wki1, - - - W, gives a path (z;) which satisfies the conditions (i)—(iv). O

Lemma 5.17. Let (X,d,m,E, F) be a MMD space that satisfies Assumption . There exists
an integer N > 1 that depends only on the constants in Assumption such that if xg € X,
R > 0 and B(z;,R/8), 1 < i < m, are disjoint balls with z; € B(xo, R) \ B(zo,R/2), then
m < N.

Proof. This lemma corresponds to [BMI), Lemma 3.10]. In [BMI] the metric d on X is assumed
to be a geodesic distance, and the proof in [BMI] uses this property quite strongly. The proof
here is much longer since we only have the weaker property that (X,d) is relatively K ball
connected.

Let (zx,1 < k < m) satisfy the hypotheses of the Lemma, and write By = B(z, R/S8).
Choose ¢ = 1/(720K?), and let n = Ny () + Nx(24K¢). For each k we use Lemma with
r = R/(24K) to find a chain of balls B(wg;, eR) with 0 < i < n connecting z; to zo. Note that
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by taking wy; = x¢ for large ¢ if necessary, we can assume that all the chains have length n. We
set I, = max{i : wy; € B(z, R/(24K))}, and write 2}, = wyy, .

We now find a subset I of the balls B; such that the chain (w;;,0 < k < n) associated with
one ball does not hit any other ball with index in I.

For 1 < i,j7 < mset aj; = 1if {wiy,1 < k < n}NB; # 0, and let a;; = 0 otherwise.
Let b; = >, a;5. Since each w;, is in at most one ball Bj, we have Zj a;; < n, and hence
2505 =222 ai; <mn. Thus if J = {j : b; < 2n} then |J| > m/2.

We now consider the collection of balls (B;,i € J), and relabel them Bi,..., By, where
my = |J| > m/2. We now start with the ball By, and remove from the collection of balls
Bs,...,B,,, any ball B; such that either a;; = 1 or aj1 = 1. Since 1 € J and aj; = 1, less
than 3n balls are removed. Set j; = 1. Let jo be the smallest label of a ball which has not been
removed; we now repeat the procedure above with this ball, and remove any ball B; such that
i > jo and aj,i+aij, > 1. We continue until there are no balls left, and write I = {j;, 1 < k < m’}
for the set of balls which are retained. Since at each step we remove at most 3n — 1 balls, we
have 3nm/ > %m

By the construction above we have that

wig & UjenpyB;  fori€l, k=0,...,n.
For i € I set B, = B(z;,eR), A; = B(z},eR), and let
D = B(wo, 2K R) \ UeB..
We now claim that for ¢ €
PY(op, <7p,) 2p5 for E-qe. y € 44; = B(z},4eR), (5.9)
PY(oa, <7p) >pi for E-qe. y € B(xp,4cR). (5.10)

Both these inequalities follow by chaining the bound in Lemma as in Remark [5.14(ii),
along a sequence of balls. For we use the sequence B(w;j,eR),0 < j <; (starting at j =;
and ending at j = 0), and for we use B(w;j,eR),l; <j <n. (We start at j = n and end
at j =1;.)

The remainder of the proof is as in [BMI Lemma 3.10]. Let F; = {04, < 7p}, and

Y=Y 1pg

iel
be the number of distinct balls A; hit by (X;,0 < ¢ < 7p). The bound (5.9) implies that if X

hits A; then with probability at least pj it leaves D before it hits any other ball A; with j # 1.
Thus Y is stochastically dominated by a geometric r.v. with mean p;", and so

EYY <p,™ for £-q.e. y € B(xg,4€eR).
However, by (5.10)) we also have

EYY = ZPy(Fi) > |Ilpy = m'py  for E-q.e. y € B(xg,4eR).
el

Since m’ > g+ as given above, it follows that m < 6np n U

Now we can finish the proof of Theorem by giving the
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Proof of (a) = (b) in Theorem [5.4 (i) Suppose that a metric space (X, d) has the property
that there is an integer N’ > 1, so that any ball B(z, R) contains at most N’ points that are
at distance of at least R/2. Given any ball B(z, R) C X, take z;1 € B(x,R), 20 € B(z,R) \
B(z1,R/2), and for k > 3, z, € B(z,R) \ U;:%B(zj,R/Q) if the set is non-empty. By the
assumption, we can only proceed this procedure up to some number kg no larger than N’.
Clearly U?OZIB(zj, R/2) D B(z,R). Thus (X,d) is metric doubling. Conversely, suppose (X, d)
is metric doubling with positive integer N > 2 in Definition For any ball B(z,R), by
applying the definition of (MD) to B(x, R) and to balls with radius R/2, and then with radius
R/4 (to guarantee x1,...,7rys € B(x, R)) there are N3 points x1,...,zys in B(z, R) so that
Uj-\le(xj,R/él) D B(x,R). Suppose {z1,...,2,} are n points in B(x, R) that are at distance
of at least R/2, then |{z1,...,2,} N B(xy, R/4) < 1 for any 1 < k < N3, Thus n < N3. This
proves that a metric space (X,d) is (MD) if and only if there is some constant N’ so that any
ball B(x, R) contains at most N’ points that are at distance of at least R/2 from each other.
(ii) Now let N > 1 be the integer in Lemmal[5.17 Let 2o € X, R > 0, and let z; € B(xo, R),
1 < i < n, with the property that the balls B(z;, R/8) are disjoint. By Lemma [5.17| applied first
to B(xo, R) and then to B(zo, R/2), there are at most 2N of the z; in B(xg, R) \ B(zo, R/4).
Using the relative K-ball connectivity of X', we can find z; such that R/2 < d(x¢,z1) < 3R/4
(here we assume without loss of generality that B(xg, R/2) # X’; otherwise we can cover B(zg, R)
with B(zg, R/2)). Thus B(z, R/4) C B(z1,R) \ B(x1,R/4). So by Lemma applied to
B(z1, R), there are at most 2N points z; in B(zg, R/4). Consequently, n < 4N. This proves
that (X, d) is (MD) in view of its equivalent characterization given in (i). O

We need to compare the Green functions in two concentric balls.

Lemma 5.18. (See [BMI, Lemma 3.12].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption |5.0. There exists a constant Ci that depends only on the constants in Assumption
such that if B = B(wg, R), 2B = B(z¢,2R) and B(zo, (2 + 1/(128K?))R)¢ is non-empty,
then

ng(ﬂf,y) SClgB(SC,y) fOT’CC,yEB(SUQ,R/(SK)),.’E#y.

Proof. Let a1 = 1/(8K), az = 1/(4K), a3 = 1/(2K), ¢ = 1/(128K?) and B; = B(z¢,a;R). Let
p1 > 0. Suppose that there exist an open set D with B, C D C B and a Borel set A C X such
that
P*(X,, € A) > p1, for E-q.e. z € By, (5.11)
PY(mop < op,) > p1 for E-q.e. w € A. (5.12)

Let y € By. Let 21 = x1(y) € 0B2 be chosen to maximize gop(2’,y) for 2/ € dBy. Write
h(w) = P¥(12p < 0B,). Then by the strong Markov property at 7p,op, and the occupation

density formula (4.2)), for £-q.e. z € D\ {y}

928(2,9) = gp(2,y) + B gan(Xrp,y) < g8(2,y) + B |EX P[0, o7 y928(Xop, y)]]
< 98(2,y) + E*(1 = h(X7,))g28(71, y)-

Using (5.11) and (5.12), for &-q.e. z € By \ {y} we have

98(2,y) + g28(x1,y) — 928(2,y) > gap(z1,y)E°M(X+,) > gap(a1,y)pi.
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Letting 2 — x1 yields
98(x1,9) > g28(x1,y)p3.
Then if z € By \ {y},

928(2,y) = 9B, (%, y) + E*925(Xryp,v) < gB(2,y) + g28(21,9)
< gp(z,y) +py g8(21,y).

The first equality above only holds for £-q.e. = € B1\{y} but g25(z,y) < gp(x,y)+p; 295(71,)
follows for any x € By \ {y} by continuity.

Let 2} be the point in 9By which minimizes gp(z’,y). By the maximum principle ,
ge(x,y) > gp(x},y). We now apply Corollary to the ball B(y,a1R 4 asR) to deduce
that gp(z1,y) < cgp(2),y). Combining this with the inequalities above we obtain the bound
g28(z,y) < Cgp(x,y). (Note that the constant C' only depends on p; and the constants in
Corollary it does not depend on y.)

It remains to find p; > 0 such that there exist sets D and A satisfying and .
Let yo € 0B(x0, (2 + ¢)R). By Lemma there exists a sequence xg = 2g,...,2, = Yo with
d(zi—1,%) < €R for 1 < i < n such that if j = max{i : z; € Bs} then B(z;,eR) C B(zo, KasR)
for 0 <1i < j. Write B] = B(z;,eR). Now let D = B \ B, and A = Fg

We will use Remark [5.14{(ii) repeatedly to obtain . If i > j then B(z;,8K3eR)N By = ().
So we can chain along the sequence of balls Bj, ... B, to obtain with p1 = pj.

If 0 < i < j then d(zg,z;) < KasR and so B(z;,8¢K3R) C B(xg, KasR + 8K3R) C B.
Hence, chaining along this sequence we obtain

P*(X,, € A) > p% for £-q.e. x € BY.

To complete the proof of we need to extend this estimate to x € Bs.

Let z3 € By. Then there exists a chain of balls B(wj,eR), 0 < j < k with wg = z2, wy, = o,
d(wj—1,w;) < eR for 1 < j < k, and with B(wj,eR) C B(xo, KaaR). Since B(wj,8cK3R) C B,
we deduce that

P*(op, <7B) > pE, for E-qe. = € B(xy,eR).

By letting x5 run over a countable dense subset of Bs, it follows that
P7(X,, € A) > pkt™ for &-q.e. 2 € By,
Since k and n only depend on the constants Ny (), this completes the proof of (5.11)). O

The following corollary is a direct consequence of Lemmas and and Remark [5.11}

Corollary 5.19. (See [BM1l, Corollary 3.13].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [5.6. There exists Cy that depends only on the constants in Assumption such
that for all A > 8K and for all 0 < r < diam(X,d)/(64), z € X,

CapB(m,QAr) (B(.I', T)) < CapB(m,AT) (B($, ’I")) <Ci CapB(;r,2Ar) (B($, T‘)) (513)

In the following, notations f < g, f < g and f 2 g mean that there are positive constants
c1,co so that c1g < f < cog, f < cog and f > g, respectively, on the common domain of
definition of f and g.
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Lemma 5.20. (See [BMI, Lemma 3.14].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [5.6

(a) Let D be an open set in X such that D¢ is non-E-polar. Let x € X and r > 0 be such that
B(x,Cyr) C D, where Cy = 2K + 3. There exists a constant C; > 0 such that

Or' Capp(B(y,r)) < Capp(B(z,r)) < C1 Capp(B(y,r))  fory € B(z,r).
(b) Let A > 8K. There exists a constant Cy > 0 such that

CapB(x,Ar) (B(:L‘v T)) < Cy CapB(y,Ar) (B(ya T))
forx e X,y € B(x,Air), 0 < r < diam(X,d)/(6A).

(c) Let A > 8K and Ay > 0. There exists a constant C3 > 0 such that

CapB(x,Ar) (B(:L‘a T)) < Cs CapB(y,Ar) (B(ya T))

forx e X,y € B(x,Ar), 0 < r < diam(X,d)/(6A). Here the constants Cq,Cs,C3 depend
only on Ay and the constants in Assumption [5.6

Proof. (a) As in the proof of Lemmal5.9} choose z € B(z,r) such that min(d(z, z),d(z,y)) > r/4.

>r
By Corollaryand Lemmal5.10, Capp(B(z,7)) < gp(x,2)~ ! and Capp(B(y,7)) < gp(y, 2) L.
The conclusion now follows from Lemma [5.9)

(b) By Corollary and part(a), we have

CapB(z,A'r) (B(l‘, T)) 5 CapB(a:,2A7‘) (B($, ’I”)) = CapB(:D,ZAT) (B(yv 7"))

Since B(y, Ar) C B(z,2Ar), we have Capp(, 24, (B(y,7)) < Cappy ar)(B(y,7)).

(c) The case A; < 1 follows from (b). For A; > 1, by the RBC(K) condition there exists N such
that z,y € X with d(z,y) < Ajr, can be connected by a sequence of points z¢g = z,z1,..., 2y =
y with d(z;—1,x;) <rfor1 <i < N, where N depends only on A; and the constants in RBC(K)
condition. By applying (b) repeatedly, we obtain (c) with C3 = C&, where C5 is the constant
in (b). O

Proposition 5.21. (See [BMI, Proposition 3.15]) Let (X,d,m,E,F) be a MMD space that
satisfies Assumption [5.0. Let D C X be an open set such that D is non-E-polar and let
B(xz9,2KR) C D. Let b > 24. Let F C B(xg, R), and suppose there exist disjoint Borel subsets
{Qi,1 <i<n} of X withn > 2 such that

F= U?:1Qi

and for each i, there exists z; € X so that B(z,R/b) C Q;. Then there exists 6 =
5(0m,b,Cpr, K) > 0 such that

Capp(F) < (1-14) ) Capp(Qi).

i=1
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Proof. The proof is similar to that of [BMI], Proposition 3.15]. The only difference is that we use
RBC(K) condition and a chaining argument using the EHI along with Lemma to obtain
the lower bound on the equilibrium potentials h; for Capp(Q;).

The proof in [BMI], Proposition 3.15] uses the fact that the 0O-order equilibrium measure
vE of any B C D with Capp(B) < oo for the part Dirichlet form (£, FP) on D satisfies
vE(D) = Capp(B). Since this is mentioned in [CF, [FOT] under the additional assumption that
B is compact, we provide further details on how to verify this equality for an arbitrary set B.
Let e® denote the 0-order equilibrium potential of B for (£, FP), so that £(eB,u) = Ip udvh
for any u € FP by [FOT Theorem 2.2.5]. Then by [FOT) the O-order version of Theorem
2.1.5], Capp(B) = E(eB,eB) = [peBdvE, [, p(1 — eB)dvE = E(eB,¢(1 — eB)) = 0 for any

v € FNC(X) with @‘X\D =0, hence Jp(1— eB)dvE = 0, namely e£ = 1 v5-a.e., and thus
Capp(B) = [peB dvE =vE (D). O

The following lemma is an extension of Corollary

Lemma 5.22. Let (X,d,m,E, F) be a MMD space that satisfies Assumption . Let1 < A1 <
Ay < 0. There exists a positive constant Cy that depends only on A1, As and the constants in
Assumption [5.6 such that for all z € X,0 < r < diam(X,d)/(6(Az2 V (9K))),

Capp(a, a,r)(B(,7)) < Cappy a,r)(B(x,7)) < C2 Capp(g a,p) (B(z, 7).

Proof. The estimate Capp(y a,r)(B(2,7)) < Cappg, a,r)(B(z,7)) follows from domain mono-
tonicity. For the other estimate, by domain monotonicity we may assume As > 8K.

Choose Ag > 8K so that Ay/Asz < A1 —1. Then B(y, Aar/Asz) C B(z, Air) for ally € B(z,r).
By the metric doubling property, there exists N € N (depending only on A3 and the constant
associated with metric doubling) such that y1,...,yy € B(z,7) and UY, B(y;,r/A3) D B(z, 7).
By considering the function e = max;<;<y e; where e; is the equilibrium potential corresponding

to Cappy, Ayr/a5) (B(Yi;7/As3)), we obtain

N
Capp(e,a,m (B(x,7)) <Y Capp, ayr/ay) (BYi,r/As3)).
i=1
As y; € B(z,r) = B(x, A3(r/As)), by Lemma ¢), we obtain
Capp(y,, Asr/a5) (B(Wis7/A3)) < Cappa, asr/as) (B(2,7/A3)),
for all x € X, r < diam(X,d)/(6A42/A3), and i = 1,...,N. By Corollary and domain

monotonicity, we have

CapB(w,AzT/Ag) (B($7 74/*’43)) = CapB(x,Agr)(B(xﬂ 7,/*’43)) < CapB(a} Aor) (B(IE 7’)),
for all x € X, r < diam(X,d)/(6A2). We obtain the desired bound

CapB(z,Alr) (3(1:7 T)) S CapB(x,Agr) (B(‘/L‘a T))

by combining the above three estimates. O

The following lemma is used to compare capacities at different scales.
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Lemma 5.23. Let (X,d,m,E, F) be a MMD space that satisfies Assumption . Let A > 1.
There exist constants Cy > 1 and v > 0 that depend only on A N (8K) and the constants in
Assumption[5.6 such that for allz € X and 0 < s < r < diam(X,d)/(6(AV (9K))), we have

1T\ 7Y
CQ ! (g) CapB(x,As) (B(.I', 8)) < CapB(ac,Ar) (B(H?,T)) < C (;) CapB(m,As) (B(.%', 3))

Proof. By Lemma [5.22] we may assume without loss of generality that A > 8K. By Remark
Corollary Lemma and domain monotonicity, we have

_ rN\ 0 _ rN\ 0
Capp(san) (B(2:7)) = 950,40 (@:7) " S () gpan (@97 S (2) Cappa,a(Bl, 9))

forallz € X, 0<s<r< %&;’V’d), where 6 > 0 is as given in Corollary
For the reverse inequality, we use Corollary repeatedly and domain monotonicity to
obtain

7\ 01 r 01
Cappir a9 (B(,9)) S (5) ' Cappipan (Bl.s)) < (£) Cappgp,an(Bla, 1),
forallz e X0 <s<r< %&f’d), where 67 = logy C7 > 0, where Cj is as given in Corollary
Setting v = max(0, 01), we obtain the desired conclusion. O

6 Good doubling measures

As in [BMI] Section 4] we now use the argument of Volberg and Konyagin [VK] to construct a
new measure y such that (X, d, u) satisfies volume doubling; that is, there is a constant ¢ > 1
so that u(B(z,2r)) < cu(B(z,r)) for all x € X and r > 0. We need further that u relates
well with capacities — see Definition below. One key difference from [BMI] is that we do
not assume bounded geometry condition on the original MMD space (X, d,m,E, F). Another
difference from [BMI] is that we do not have any cutoff at small length scales. This means that
1 need not be absolutely continuous with respect to m, and it is not a priori clear that p is a
smooth measure having full quasi support on X. This property is established in Proposition [6.16
of this section. The key inputs from the previous section are inequalities controlling capacities
Corollary Lemma [5.20, Proposition [5.21} and Lemma [5.23

6.1 Construction of a doubling measure

In this section, we often make the following assumption.

Assumption 6.1. We assume that (X, d) is a metric space such that B(z,r) is compact for all
x € X and r > 0, and such that (X, d) satisfies one (and hence all) of the equivalent conditions
in Theorem 5.4, Furthermore, we assume that the MMD space (X,d, m, &, F) satisfies (scale
invariant) EHI with constants Cy, dp.

The following definition is a simplification of [BM1], Definition 4.1]: we do not require absolute
continuity with respect to the reference measure m. We do not require the volume doubling
property for the measure v either — this will follow from Lemma [6.3]
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Definition 6.2. Let (X,d,m,E,F) be a MMD space that satisfies Assumption Let D
be a Borel subset of X. Let Cy € (1,00), 0 < 1 < P2 and let A € [21/3,00). Let I =
(0, A=*diam(D)). We say a Borel measure v on D is (Cy, A, B1, f2)-capacity good if for all
x € D and s1,s2 € I with s1 < s9, 0 < v(B(x,s1)) < v(B(z,s2)) < co and

(
-1( S & v(B(z,s2)) CaPB z,As ( (x,51)) 55\ P2
1( 52 ) ,
o (31> = v(B(z,s1)) Capp(q,asy) (B(,52)) ~ OO( 1) : (6.1)

Since v is locally finite, any capacity good measure v is a Radon measure on D, if D is open in
X.

Under Assumption we observe by Corollary that the second inequality in (6.1) of
Definition implies the volume doubling property for v.

Lemma 6.3. Let (X,d,m,E,F) be a MMD space that satisfies Assumption . Let v be a
(Co, A, B1, B2)-capacity good measure on X. Then it satisfies the volume doubling property.

Proof. 1If diam(X,d) = oo, then the volume doubling property follows from Lemma and
domain monotonicity of capacity, since Capp(, 45)(B(,s)) and Capp(, 245)(B(7,2s)) are com-
parable.

In the case diam (&X', d) < oo, we view X as the closure of the ball B(zg, 2 diam (X, d)) and use
Lemma [5.23] to obtain the volume doubling property for balls B(z, s) with s < diam(X, d). The
volume doubling property for larger balls follows from a covering argument, the metric doubling
property and the fact that infyex v(B(z,s)) 2 v(B(xzg,s)) for s = 3 A~*diam(X,d) and any
xg € X by RBC(K). O

The following is the main result of this section.

Theorem 6.4 (Construction of a doubling measure). Let (X,d,m,E,F) be a MMD space that
satisfies Assumption [0.1 Then there exist constants Co > 1, A > 1, 0 < 51 < B2 and a Borel
measure (1 on X which is (Co, A, B1, B2)-capacity good.

The proof of Theorem requires a preparation of a few results. We begin by adapting the
argument in [VK] to construct a measure with the desired properties on a family of compact
sets. We then follow [LuS|] and obtain p as a weak™ limit of measures defined on an increasing
family of compact sets.

The proof uses a family of generalized dyadic cubes, which provide a family of nested parti-
tions of a space. Such a decomposition of space was introduced by Christ [Chrl, Theorem 11].
The following is a slight modification of the construction in [KRSL Theorem 2.1]. Since the
requirements (g) and (h) are new, we provide some details.

Lemma 6.5. Let (X,d) be a complete metric space satisfying metric doubling and RBC(K)
property. Let xg € X and A > 8. Then there exists a collection {Qy;: k € Z,i € I, CZ+} of
Borel sets satisfying the following properties:

(a) X =Uier, Qi for allk € Z, and Qi N Qr; =0 for allk € Z and i,j € I}, with i # j.
(b) If m <mn andi € I, j € Iy, then either Qn ;i N Qm; =0 or Qni C Q. ;.

(c) For every k € Z and i € Iy, there exists x; € Qi such that

B(zpi,caA™") € Qri C B(ayi, CaAF),

1 __A
— a1 and Ca = 575

N[

where cq =
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(d) The sets N, = {x;: i € I}, where x; are as defined in (c), are increasing in k and
xg € Ny, for all k € Z; that is Ny, C Ngy1 for all k € Z and xo € Niez Nk

(e) Properties (a), (b) and (c) define a partial order < on T = {(k,i): k € Z,i € I} by inclu-
sion, where (k,i) < (m,j) if and only if k > m and Qi; C Qm,j-

(f) There exists Cpr = Cpr(A) > 0 such that, for allk € Z and for all xy,; € Ny, the ‘successors’

Sk(rr) = {rpg1y: (K+1,7) < (k,4)}

satisfy
ISk (24) < Cyr - for allk € Z,i € I,. (6.2)

Furthermore, we have d(zy;,y) < A™F for all y € Sg(zy;).

(8) Let
ko = inf {k‘ S/ |Ik‘ > 1}, (6.3)

where |I| denotes the cardinality of I,. Then ko € Z U {—o0} satisfies
caA™R0 < diam(X,d) < 20, Ao, (6.4)
For all k > ko, k € Z and i € Ij, we have |Sk(xy ;) > 2.

(h) Forallk € Z, 0 € I, Qi is compact and xj o = xo.

Proof. The sets Q. ;,k € Z,j € I} are referred to as ‘generalized dyadic cubes’. We follow the
construction in [KRS] with a minor modification so as to ensure the property (h).

We choose Ny C X such that xg € Ng and No = {z¢, : i € Iy} is a maximal subset of X" such
that d(xo,x0,;) > 1 for all i # j with i,j € Iy. For k > 0, we define Ny, = {z; : i € I};} as a
maximal subset of X such that Ny_; C Ny and d(xg, Tk ;) > A~k for all distinct Tk, Thj € Np.
For k < 0, we define N, = {x; : i € I;} as a maximal set such that zo € Ny C Ny41, and
d(Tr,i, Th j) > A~F for all distinct Tk, Tk € Np.

We label the indices I, such that 0 € I, and x ¢ = x¢ for all k € Z. For each (k,i) € Z x Z4
with i € Iy, we pick an element (k —1,7) € Z x Z4 with j € I_; such that

d(xg,i, Tr—1,;) = min d(Tgi, Tr—1,)-
lEIk_l
We define < as the smallest partial order that contains the relations (k,7) < (k — 1,7) for all
(k,i) € Z x Zy with i € I, where (k —1,7) € Z x Z with j € I,_; is chosen as above.
We relabel the indices Iy of Ny such that 0 € Iy remains unchanged and

l1 <ly forall k <0,y €{iely:(0,i) < (k,0)} and Iy € Iy \ {i € Iy : (0,7) < (k,0)}. (6.5)

This relabeling exists since {i € Ip: (0,7) < (k,0)}) is finite for all & < 0 (by the doubling
property) and (k,0) < (k—1,0) for all £ <0.
Define the sets Qo; as

Qoi=f{zip: LR < 0,01\ |J Qoy-

j<i,j€lp
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For k < 0, we define the sets () ; inductively as
Qri= U Qrsrs
(k+1,7)< (k)

whereas for k£ > 0, we define

Qry = Qr—ro N{zy: (1L,7) = (ki) }\ | Qry, where (ki) < (k—1,4).

J<t,j€l)

Properties (a)-(e) are contained in [KRS| Theorem 2.1]; (f) is immediate from the above con-
struction and metric doubling.

(g) The estimate [Sy (k)| > 2 relies on the following consequence of RBC(K) (see Lemma
5.2(a)): r < diam(B(x,r)) < 2r for all B(x,r) # X. Since 2C4/ca = 4A/(A —3) < A for all
A > 8, we have

diam(Qy;) > caA7F > 20,4701 > diam(Qp41,;) for all k > ko, k € Z.

Hence Q. ; # Qr+1,j for all k > ko, i € Iy, j € Ij41, and therefore |Si(xy ;) > 2 for all k& > kq.
Clearly by (c), diam(X,d) = oo if and only if kg = —co. If kg € Z, the estimate follows

from B(zg, cAA™) C Qo0 & X = Qro—1,0 C Blwo, CaARoH),

(h) By (6.5)), Qg0 is closed for all k € Z, since Qg0 = {z1; : (I,j) < (k,0)}. By (c) and |(MD)

Qk,0 is compact for all k € Z. (]

We fix a family
{Qk,l kGZ,zEIk CZ+}7

of generalized dyadic cubes as given by Lemma and define the nets Ny and successors Si(x)
as in the lemma.

Definition 6.6. We define the predecessor Py(x) of x € N to be the unique element of Nj_4
such that = € Sp_1(Py(z)). Note that for 2 € Ny, Sip(r) C Ngy1 whereas Py(x) € Ny_1. For
x € X, we denote by Qp(x) the unique Qj; such that z € Qy ;.

Let kg € Z U {—o0} be as defined in (6.3). For k € Z with k > ko + 2, denote by cx(x) the
relative capacity

cr(r) = Capp(y a-—r+1)(Qr(2)). (6.6)
The following lemma provides useful estimates on c¢g. Note that if & > kg + 2, then

2(A —1)

~k+1 o pg—ko—1 ~ .~1 p—1 g; _
A <A <cy; A7 diam(X, d) A-9)4

diam(X, d).

Lemma 6.7 (Relative capacity estimates for generalized dyadic cubes). Let (X,d,m,E,F) be
a MMD space that satisfies Assumption|6.1]. There exists Ag > 8 such that the following hold.

(a) For all A > Ay, there exists C1 > 0 such that for allk > ko+2,x,y € X withd(z,y) < 4A7F,
we have
Crlen(y) < (@) < Crer(y). (6.7)

(b) For all A > Ay, there exists C1 = C1(A) > 0 such that for all k > ko + 2,2 € Nj and
y € Si(z), we have
Crler(x) < erpaly) < Creg(). (6.8)
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(c) For all A > Ay, there exists C, = C1(A) > 0 such that for allz € X and s < diam(X,d)/A*,
Oy len() < Capp(y aq)(B(2,5)) < Crcx() (6.9)
where k € 7 is the unique integer such that A% < s < A=F+1,

Proof. We use domain monotonicity of capacity along with Corollary Lemma (C) and
Lemma to show first withs=A ¥ forallk > kg+2andz € X (with C; independent
of A) and then use Lemma5.20)c) and Lemma to obtain the above estimates. For (c), note
that A=% < s < diam(X,d)/A* < 204 A7 k0=3 < A=k0=2 implies k > ko + 3. O

We record one more estimate regarding the subadditivity of ¢i, which will play an essential
role in ensuring ((6.1)) and follows from Proposition and domain monotonicity of capacity.

Lemma 6.8. ([BM1l, Lemma 4.6]) Let (X,d, m,E, F) be a MMD space that satisfies Assumption
6.1l There exists Ag > 8 such that the following holds: for all A > Ag there exists 6 = 6(A) €
(0,1) such that for all k € Z, k > ko + 2 and for all x € N, we have

(@) < (1=3) > crly)

yESk(x)

Henceforth, we fix an A > 8 large enough such that the conclusions of Lemmas [6.7) and
hold.

We need the following modification of [VKl Lemma, p. 631], which was stated in [BMI]
Lemma 4.7] without a proof. For the reader’s convenience, we provide its full proof below.

Lemma 6.9. Let (X,d,m,E,F) be a MMD space that satisfies Assumption . Let c(+),
k> ko+2, k €7Z denote the capacities of the corresponding generalized dyadic cubes as defined
in . There exists C > 1 satisfying the following. Let k > ko + 2, k € Z, and let ug be a
probability measure on Ny such that

/ 1
Hi(€) < C’Q'uk(e ) for all €', € N;, with d(e',e") < 4A7F, (6.10)
c(e’) ci (e

Then there exists a probability measure pgy1 on Niiq1 such that the following hold.

(1) For all ¢',¢" € Ny with d(g',g") < 4A7*1 we have

Hk+1 (g’) <2 Hk+1 (9”)

. 6.11
cen(@) = an(@) (o140
(2) Let & € (0,1) be the constant in Lemma[6.8 For all points e € Nj, and g € Si(e),

ck(e) = crtaly ck(e)
(3) The construction of the measure pgiq from the measure pyp can be regarded as the transfer

of masses from the points of Ny to those of Niy1, with no mass transferred over a distance
greater than (1 +4/A)A=F.

46



Proof. By the metric doubling property

sup sup |[Sk(z) =5 < oo, (6.13)
k€Z zEN,

where Sj () is as defined in Lemma [6.5{f). We choose
C =4S,

where C; is chosen such that , and hold. Let k > ko + 2, k € Z, and let u; be
any probability measure on Ny such that @ holds.

The transfer of mass is accomplished in two steps. In the first step we distribute the mass
1k (e) to all its successors Sk (e) such that the mass of g € Si(e) is proportional to ci11(g); that
is

. crr1(9) e
fO(g) - Zg/esk(e) ck+1(g/)uk( )7

for all e € Ni, and g € Sk(e).
By (6.13]), Lemma [6.7| and Lemma we have

c-1tle) o folg) oy gy pl©) (6.14)

ck(e) = cry1(g) cre)’

for all points e € Ny and g € Si(e). If the measure fp on Ny satisfies condition (1) of the
Lemma, we set ux41 = fo. This is the desired measure. Condition (2) is satisfied by , and
(3) is obviously satisfied by Lemma [6.5{f). The second step is not necessary in this case.

But if fy does not satisfy condition (1) of the Lemma, then we proceed as follows at the second
step. Let p1, ..., pr be the indexed pairs of points {¢’, ¢”} with ¢’, ¢"” € Nxy1 and 0 < d(¢’, ¢") <
4A—k—1_ Take the pair P = {gll’gi/}_ If fo(g1) < CZ fo(gllg/g,) and folg?) < CQ folg1) then

ce+1(9y) — crt1( C,k+1(9'1') - ,C,k+1(91)’
we set fi = fo. Assume one of the inequalities is violated, say C:i(lg(;),) > (2 C:i(lg(;,),). Then we
1 1

construct a measure f; from fy such that

f1(gh) = folgh) — eu,
fi(g)) = folg?) + ou,
filg) = folg), 9 # 91,91

where o7 > 0 is chosen such that

C? 1 _ folgy) _ 2 folg)
a1 T / - / %
cev1(9f)  crra(gy) crt1(91) crt1(97)
t f1(g1) — 2 f1(g?)

cer1(9)) — 7 1)
The next step is the construction of a measure fo from f; in exactly the same way that f; was

constructed from fy. Here we consider the pair py. A measure f3 is next constructed from fo
and so on. We claim that pg1 = fr is the desired measure in the lemma. If X" is non-compact,
prt1(g) == limj_o fi(9),9 € Niy1 (the existence of this limit is an easy consequence of the
metric doubling property).

We first verify that for all e € Ny, for all g € Si(e) and for all s =0,1,...,T, we have

It is clear tha

_1ik(e) _ fs(g) o H(e)
@ = anle UV

(6.15)
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By (6.14)), it is clear that (6.15)) holds for s = 0. We now show (6.15)) by induction. Suppose (/6.15))
holds for s = j, we will verify it for s = j + 1. Let pj11 = {¢',¢"}, ¢ = Pry1(9), ¢” = Pry1(g").
If f; = fj4+1, there is nothing to prove. But if f;;1 # f;, then assume, say, that

fi(g") S 2 fi(g")

. 6.16
ck+1(9') ck+1(9") ( )
By (6.16|) and the construction, we have
finr(g) < f5(),  firald") > £ilg"). (6.17)
Therefore by the induction hypothesis (6.15)) for s = 7 and (6.17]), we have
. ! / . " !
fg+1(9/) <-4 Mk(€/)7 fy+1(9”) > o Mk(e/)-
ct1(9) ce(€)” crra(g”) cr(€’)
Therefore it suffices to verify that
. / / (! "
ck+1(9') ck(€) crt1(9”) ck(€”)

Suppose the first inequality in (6.18]) fails to be true, then by construction, (6.17) and the
induction hypothesis (6.15)) for s = j, we have

C—lﬂk(e’) > fj+1(9/) _ C2fj+1( ") > (2 fj(g”) > C“k(eﬂ) (6.19)

g
cr(€) = cpa(9) cr+1(9") cur1(9”) = cr(e)’

which 1mphes (( l)) > C? ’é ’“((:,,)) However ‘; I’:((:,l)) < C? ’; I’:((:,l,l)), by the assumption on py, since

de ") <d(e,g") + d(g', g +de", g") <247F 4471 <447F
This proves the first inequality in . The proof of the second inequality in (6.18) is similar.

Indeed, assume to the contrary that f J “Egii; > (1-— 5)’é :((::,/)) ; then we have

_sm@) o S find) _ e i) e sy e(€])
(1 5) Ck(el) 2 Ck+1(g,) > Ck—l—l(g,) C Ck+1(g”) >C (1 5) Ck(e”), (620)

which again implies ’é k((:,)) > C?L ‘“(( ,,)) . Therefore (6.15]) follows by induction. In particular,
ur+1 = fr satisfies condition (2) of the lemma.
We now verify condition (1) for ugy; = fp. For this, it suffices to prove the following

assertion: if ) .
2 fi(g") < filg ), <2 fig /), (6.21)
ckv1(9") ~ cra(g’) ck+1(9")

holds for a pair of points ¢’,¢"” € Njpyq such that 0 < d(¢’,¢") < 4A7*~1, then the same
inequalities hold when f; is replaced by f;i1.

We now prove this. If pji1 = {¢',¢"}, then fj;1 = f; and there is nothing to prove.
If {¢/,¢"} N pjs1 = 0, then again there is nothing to prove. Let pji1 = {g1,92}. Without
loss of generality, we assume pji1 N {¢',¢"} = {g1} where g1 = ¢" and f;j(¢")/ck+1(¢") >
C?fj(92)/ck+1(g2). Then

fi+1(g") 2 fi+1(g2)

crrilg”) ¢ cir1(g2)’ fi+1(g") < fi(g"),  fi+1(g') = fi(g")- (6.22)
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Therefore, only the second inequality in (6.21) can fail for fji. Suppose that this happens,

that is . Y
fi+1(d) - Ozfj+1(9 )

. 6.23
ck+1(9') ck+1(9") ( )
Let ¢/ = Pyy1(¢") and e2 = Py1(g2). Then by ((6.23), (6.22]) and (6.15])
/ . / . 7 .
(1— 5)/~Lk(€/) > fg+1(9/) S szg+1(9”) _ oafivile2) > Cgﬂk(@)? (6.24)
ce(€') ~ crra(g) ck+1(9") ck+1(92) ck(e2)

which implies that “:(&) > C21:(e2) Fowever since d(e’, ez) < d(e',g') + d(g', g") + d(g1, g2) +

cr(€) cr(e2)

d(go,e2) < 2(A7% 4+ 4A7F1) < 4A7F, we have a contradiction and hence is false. This
shows for the case fj(g”)/crr1(g") > C?fi(g2)/ck1(g2). The case fi(g")/crs1(9") <
C~2f;(g92)/ck+1(g2) is analyzed similarly and therefore the assertion given by is proved.
It remains to observe that this assertion proves condition (1) of the lemma for the measure
tk+1 = fr. Along the path from fy to fr, we “correct” the measure at all pairs of points where
condition (1) is violated, and the assertion given by shows that once a pair is corrected,
it remains corrected when further changes are made.

It remains to verify condition (3). Note that by Lemma |6.5(f), there was a mass transfer
over a distance of at most A~ while passing from p to fy. Therefore it suffices to verify that
while passing from fo to fr = p41 there is a transfer over a distance of at most 4A~*~1,

We will now verify this. It suffices to verify that there are no pairs p; = {g1, g2}, pn = {92, 93},
I,n € ZN[1,T],l # n, such that some mass is transferred from g; to g2 (in the transition from
fi—1 to f1) and some mass is transferred from gs to g3 (in the transition from f,_1 to fy).
Assume the opposite. First note that the assertion given by can be modified as follows.
If the second inequality in is true for f; it remains true for fj;;1. The same argument
as before goes through. Using this modified version of the assertion, and the assumption that
there are mass transfers from g; to gs and from go to g3, we have

fo(g1) S o2 fo(g2) fo(g2) S 2 fo(g3)

cry1(g1) cr1(92) crr1(g2) cr+1(93)

(6.25)

If €1 = Pk+1(.gl)7 €3 — Pk+1(g3>, then
d(e1, e3) < d(e1, 1) + d(g1,92) + d(ga, 93) + d(gs, e3) < 2(AF +4A7F 1) <447F,

Consequently by assumption, uy(e1)/ck(e1) < C%ur(es)/c(e3). However the inequalities (6.25)

and ([6.15) imply the opposite inequality ju(e1)/ck(e1) > C?ur(e3)/cr(es). We have arrived at
the desired contradiction and the proof of the lemma is complete. O

Remark 6.10. Lemma and its proof above remain valid, if Ny is replaced by any My C N
and Ngi1 by Mit1 = Uyen, Sk(y)-

We now adapt the method in [VK] to construct the doubling measure.

Proposition 6.11 (Measure in a cube). Let (X,d,m,E,F) be a MMD space that satisfies
Assumption[6.1. There exist constants Co > 1, A > 8 and 0 < 31 < B2 such that for any integer
I > ko — 1, there exists a (Cy, A, 1, B2)-capacity good measure v =1v; on Q.
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Proof. Choose A > 8 large enough such that the conclusions of Lemmas [6.7] and [6.8 hold. Set
My, = NN Qo for k> 1+ 3, so that My = UyeMk Sk(y) (cf. Remark . Let py43 be the
probability measure on M; 3 such that p;3 is proportional to ¢;y3; that is

cr3()

, forall x € Mjys.
yEMy 43 Cl+3(y)

K43 (x) = Z

We use Lemma and Remark to inductively construct probability measures p, on Mj
for all k£ > 1+ 3. We define the measure v = v; as a weak (sub-sequential) limit of the measures
i as k — oo (the existence of such a limit follows from the compactness of ;9). We claim that

v is (Cy, A, B1, f2)-capacity good for some Cy, 51, B2 > 0. (6.26)

For each z € Q0 and k > [+ 3, let e, , € M}, be the unique point in M}, such that e, € Qp(x),
so that by Lemma [6.5](c),
d(z, ez ) < CaA7E.

If s < A~ diam(Q;0) < A™4204A71 < A7173 then s < A7'73. In order to show (6.26]), we
prove the following two-sided estimate on measure of balls: there exists Co > 1 such that

Oy M in(exn) < v(B(x,5) N Qro) < Capin(ery), forallz e Qro,s< A3, (6.27)

where n is the unique integer such that A™""1 < s < A™".
Note that, by Lemma (3) the mass from e € M}, travels a distance of at most

o0

(144471 A =C347F, where C3:= (1 +447)(1 - A7) 1 < £, (6.28)
=k

Therefore, none of the mass outside M,, N B(z, (1 + C3)A™") falls in B(z,s), and therefore
v(B(z,s)) < pin (Mn N B(z, (1+C5)A™™))  for all z € Q0,5 € (0, A773). (6.29)
By the triangle inequality, if e € M,, N B(x, (1 4+ C3)A™"), then

dle,egn) <d(e,x)+d(x,epn) < (1+C3)A™" + CaA™" < 4A7".

Therefore by (6.29)), (6.10), , and the metric doubling property, we obtain the upper bound
V(B(2,5)) S finlean) 0 (627,

For the lower bound in ((6.27)), using (6.28]), we have that for all z € Q; and for all s < A—l=3
with A™""1 < s < A~ n € Z, the mass from ez n+2 travels a distance of at most C3A™™ 2 <
%A*”*Q from ey pio. Since d(z, ez ni2) < CAA™2 < %A*”*Q, we have that the mass from
€z,n+2 stays within

Bz, 34-""2) C B(x, %s) C Bl s/2).

Therefore
V(B(x7 S)) > Nn+2(€$,n+2)' (6'30>

By (6.12) and , we obtain that pni2(eznt2) and pin(Pri1(Pry2(eznt2))) are comparable,
where P41, P42 denote the predecessor as given in Definition By the triangle inequality,

we obtain that d(ey n, Ppt1(Pot2(€xnt2))) < 4A™", and therefore by (6.7) and (6.10]), we obtain
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that fin(Pot1(Prt2(eznt2))) and g, (ez,) are comparable. Combining the above with (6.30)),

we obtain the lower bound v(B(z,s)) 2 pn(€zn) in (6.27). This completes the proof of (6.27]).
Next, we obtain (6.26) from (6.27). Let 0 < 51 < so < A~*diam(Qy0). Let ny,ne € Z be
such that A1 < s; < A7 for i = 1,2. For z € Q10, let x,, € My, be the unique point in

M, such that z,, € Qn, (). By (6.27) and Lemma [6.7(a),(b),(c), we have

I/(B(l’, 52)) CapB(az,Asl) (B(J"’ ‘91)) _ Hng (:L'ng)cnl (l') — Hno (mng)cnl ($n1)
I/(B(l‘, 51)) CapB(x,ASQ) (3(1:7 82)) A Hny ($n1 )CnQ (l‘) A Hony (:CTH)CHQ (an) '

Next, by using Lemma (2), we obtain

v(B(z, 52)) Capp(p a6,)(B(2,51))  fin, (2py)cn, (20,)
v(B(z, 1)) CapB(m,ASQ) (B(z,52)) fny (T ) Cny (Tny

where Cy > 1 is the constant C' in Lemma and § € (0,1) is as in Lemma The desired
estimate (6.26]) follows by setting 81 = —log(1 — d)/log A and B2 = log Cy4/ log A. O

(1=oy g sep,

We are now in the position to give the

Proof of Theorem [6.4. The compact case follows by choosing [ = ko — 1 in Proposition [6.11
It suffices to consider the non-compact case. For | < —1,1 € Z let 1; be the measure given by
Proposition on @10, and choose a, > 0 so that

av(B(zp,1)) =1, foralll € Z,l<0.

A compactness argument similar to that in [LuS|] yields the existence of a measure v which is a
sub-sequential weak* limit of the sequence of measures q;v; as [ — —oo, bounded on compacts,
such that it is (Cy, A, 81, f2)-capacity good. O

6.2 A criterion for smoothness of measure

In this section, we will provide a useful sufficient condition for a doubling measure to be smooth.
The definition of a smooth measure is given in Definition [2.4]

The following lemma follows immediately from [CE, Theorem 3.3.8] or [FOT!, Theorem 4.4.3]
and the countable subadditivity for capacities.

Lemma 6.12. Let (X,d,u,E,F) be a MMD space. Let {B;:i € I} be a countable family of
open balls such that UjerB; = X. Let U C X. Then U has zero capacity for (€, F) if and only
if U; :== U N B; has zero capacity for the part Dirichlet form (£Pi, FB) for alli € 1.

Proposition 6.13. Let (X,d,m,E, F) be a MMD space that satisfies Assumption . Let v be
a (Cy, A, p1, B2)-capacity good measure on X for some Cy, A >1 and 0 < 1 < fBo. Then p is a
smooth Radon measure on X.

Proof. By Theorems and (€, F) has regular Green functions. Let A denote the constant
in Lemma Using Lemma we may assume that (6.1) holds with this A. Let B =
B(xg,r) denote any ball such that r < diam (X, d)/A*. For z € X,s < diam(X,d)/A*, we set

_ u(B(s)
V(2,5) = Cappyany B
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We will show that 2 — [ gp(x, y) u(dy) is bounded uniformly in B. Note that [ gp(x, y)u(dy)
is well defined for every x € B in view of the definition (see Definition of regular Green
function on B. By Lemma the measure u satisfies the reverse volume doubling property
(RVD) [Hel, Exercise 13.1]: that is there exist ¢g € (0,1),« € (0,00) such that

w(B(z, R)) > co <R> w(B(z,r)), foralzeX,0<r<R<diam(X,d). (6.31)
T

In particular by letting » — 0 in the above equation, we obtain p({z}) =0 for all z € X.
Fix z € B and set B; = B(JZ‘,AliiT%Ai = B; \ B”H—l for i € NZO'

/ 95(2,y) p(dy) < / 9B(z,Ar) (%, y) p(dy) (by domain monotonicity)
B B

= Z/ .gB(z,Ar) (x,y) u(dy) (since u({z}) = 0 by (RVD))
< Z/ CaPBo (Bit1) ' p(dy)  (by (HG), (£3), Lemma [5.10)

2 /B . S Capg (Bysn) (dy) by Lemma ET2)
N

ZJO

o
ZCapB Bji1) Z/BmA dp < ZCapB Bji1) 1,u(Bj)

0 7=0

<.
Il

N

<
I
<)

U(z, A7) S U(z,7)  (by (6-1), Lemmas[6.3 and [5.20(b)). (6.32)

We claim that u|p is a smooth measure on B. Suppose not. Then there is a compact subset
K C B which is £B-polar (which is equivalent to being £-polar) so that u(K) > 0. Let
hz) = [} g8(z,y)u(dy). By (6.32), h(x) is bounded on B. By Lemma and the maximum
principle (4.3)), g(x,y) > 0 for x € B and y € K with 0 < d(x,y) < r; for some r; > 0. Thus
{x € B: h(x ) > 0} has positive £-capacity. On the other hand, by the analog of mentioned
after and Fubini’s theorem, h(z) = [ K9 9B (z,y)u(dy) is regular harmonic in U with
respect to X B for any open subset U of B Wlth KNU = () and thus a bounded harmonic function
in B\ K. Since K is E-polar, h is bounded harmonic in B. Let {D,;n > 1} be an increasing
sequence of relatively compact open subsets of B that increases to B and satisfies K C D;. By
Remark and Proposition h(z) = E*[h(X,, )] for E-q.e. x € D,. Hence for E-q.e. v € B,

h(z) = lim E*[h(X;, )] = lim [ E*gp(X;, ,y)u(dy). (6.33)

n—00 n—oo [
For every yo € B, x + gp(z, yo) is X B B\W,-excessive, where Np is a Borel properly exceptional
set for X? appearing in Definition iv) for gg. Thus t — gp(X[P,y0) is a non-negative P*-
supermartingale for z € B \ N, and consequently, lim,_,~ g5 (XTD” ,Yo) exists P¥-a.s. By the
maximum principle (4.3]), EHI and Holder estimate (4.4), P*-a.s. lim, o0 gB(Xrp, ,¥) exists in

R for any y € B(yo,r2) and is uniformly Holder continuous in y € B(yo, r2) for some ro > 0. For
any bounded compactly supported Borel function ¢ > 0 on B, by the strong Markov property
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and the bounded convergence theorem.

B
lim E“"’/ 98(X7p ,y)e(y) m(dy) = lim E” U o(Xs)dsobr,
B 0

n—oo n—o0

B
= lim Ex/ o(Xs)ds = 0.

n—oo ™
Thus by Fatou’s lemma and the Holder regularity mentioned above, we conclude that

lim gp(X;, ,y0) =0 for every yo € B P*-as.
n—00 i

Observe that {gp(Xrp,, ,¥);n > 1,y € K} are uniformly bounded random variables by the
maximum principle (4.3)). Thus we conclude from (/6.33)) by the bounded convergence theorem
that

h(l’) _ / E® [hm gB(XTDn’y)} M(dy) =0 for S—q.e. r€eB \NB
K

n—oo

This contradicts the fact that {x € B : h(z) > 0} has positive £-capacity. We have thus proved
that p is a smooth Radon measure. O

A smooth measure g on X uniquely determines a positive continuous additive functional
AF = {A};t > 0} of X. Tt can be used to define a time-changed process Y; := X,,, where

7 = inf{r > 0: Al > t}.

Let S(u) denote the quasi support of u (see Definition and F' be the topological support of
w. Clearly S(u) C F E-q.e. and p(F'\ S(p)) = 0. Suppose p is a smooth Radon measure. Then
the time-changed process Y, after possibly modification on a Borel properly exceptional set for
X, is a p-symmetric Hunt process on F and its associated Dirichlet form (E#, F#) on L2(F; )
is regular. Moreover,

FH = {d)ELZ(F,,u) c¢p=u pae for someuefe},
EMo,0) = E(Hs(u)u, HS('“)U), for ¢ € F*, and an arbitrary v € F, with ¢ =u p-a.e.,
(6.34)

where Fe is the extended Dirichlet space of (X,d,m,&,F) and Hg(,yu(z) = E*u(Xsy ) for
x € X. See [CF, Theorem 5.2.13] or [FOT, Theorem 5.1.5 and Theorem 6.2.1]. The Dirichlet
form (£, F*) is called the trace Dirichlet form of (€, F) on L?(F;u). If p has full quasi support,
then FY' = F. by [CF, Corollary 5.2.12] and can be simplified to

F,LL — Fe N LQ(X’ /"')’ Eu(u’ u) = g(u,u) for all w S Fe- (635)

Remark 6.14. The above mentioned properties for time-changed processes and Dirichlet forms
in fact hold for any smooth measure p rather than just smooth Radon measures except that
the time-changed process is a right process instead of being a Hunt process on F' and the trace
Dirichlet form (£, F*) is quasi-regular on L?(S(u); ) instead of being regular on L?(F; ). See
[CE, Theorem 5.2.7].

Recall the definition of quasi support of a smooth measure from Definition In this work,
we are interested in smooth measures with full quasi support as defined below.
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Definition 6.15 (Admissible smooth measures). Let (X, d,m,&, F) be a MMD space. We say
that a smooth Radon measure u on X is admissible if p has full quasi support. In particular,
the time-changed Dirichlet form is given by ([6.35)).

Proposition 6.16. Let (X,d,m,E, F) be a MMD space that satisfies Assumption . Let p be a
(Co, A, B1, B2)-capacity good (hence smooth) measure on X for some Cy, A > 1 and 0 < 51 < fo.
Then b is admissible.

Proof. Let N be a Borel properly exceptional set for the Hunt process X associated with the
regular Dirichlet form (£, F) on L?(X;m) so that the conclusion of Theorem |4.6/ holds. Denote
by S(u) a quasi support of p. As discussed in [BKl Proposition 2.6], it suffices to show that

P*(og(y =0) =1 for quasi every x € X. (6.36)

For the reader’s convenience, we recall why implies that p has full quasi support. By [FOT,
Theorem 4.6.1(i)] we may assume that S(u)¢ is nearly Borel and finely open, by adjusting S(u)
on a set of capacity zero. Then since S(u)¢ is nearly Borel and finely open, for any 2 € S(u)*\ N
we have P*(og(,) > 0) = 1, which by implies that S(u)¢ has capacity zero.

Note that (X, d,m,&,F) is irreducible by Theorem Applying Lemma to the part
process X B@0.Ro) of X killed upon leaving a ball B (zo, Rg) whose complement has positive
capacity, we have P*(7, = 0) = 1 for £-q.e. x € B(xo, Ry). By applying Lemmato countably
many such balls B(zg, Ry), we conclude that

P*(1, =0)=1 &-qe.xzeX. (6.37)
Fix any 2 € X \ NV that satisfies (6.37). Let ¢ > 0 and € > 0 be arbitrary. By ((6.37)), we have
PHT <t)>1—¢, foré&-qe z€X, where T = 1p4,,), (6.38)

for some r = r(z,t,e) > 0. By decreasing r = r(x,t,e) if necessary, we may assume that
0 <r < diam(X,d) /A4, where A is the constant in capacity good condition. Since we will use
Lemma [5.10] by increasing A if necessary we assume that A > 2K + 1, where K is the constant
in Assumption This increase in A is possible due to Lemma Fixing r = r(z,t,¢) as
above, we define

Ky = B(z, A7'r) N S(p).

We show that there exists a constant ¢y € (0,1) that depends only on the constants associated
with Assumption [6.1] and capacity good condition such that

P* (o, <T) > co. (6.39)

Let e denote the equilibrium measure for K; such that e(K;) = Capg(K}), where B = B(z,r).
To prove ((6.39), we observe that

P*(ok, < TB) = / g(z,y)e(dy) for E-q.e. z € B. (6.40)

K

To obtain ((6.40)), we use [FOT, Theorem 4.3.3 and the 0-order version of Exercise 4.2.2] to con-
clude that both sides of ((6.40)) are quasi-continuous versions of the 0-order equilibrium potential
for Ky with respect to the part Dirichlet form on B. We would like to use (6.40)) for z = x, but
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x could belong to the £-polar set associated with . To this end, we note that both sides
of are XB| p\-excessive from [CE, Lemma A.2.4(ii)] and Theorem respectively. By
the absolute continuity property of X[\ from Theorem and |CFEl Theorem A.2.17(iii)], we
conclude that

P*(ok, < TB) = / gB(z,y)e(dy) for every z € B\ N. (6.41)

K
It is crucial that the properly exceptional set A does not depend on B. By (6.41]) and (4.3)),

Pog, <T)= / gp(x,y)e(dy) > gp(z, A~1r) Capg(K1). (6.42)

K

By (6.32)), (6.1) and Lemma there exists C; > 0 such that,
/ 9By, 2) u(dz) < Crgp(x,r/A)u(B(x,r/A)) for all y € B(z,r). (6.43)
B(z,r/A)
Since u(S(p)€) = 0, we obtain

w(Ky) = p (B(z, A7'r)) . (6.44)

We recall the following inequality for capacity: for any Radon measure v on B with [ gp(-, z) v(dz) <
1 &-q.e. on B and v(B\ K;) =0,

v(Ki) < Capp(K7).

See [FOT] p.441, Solution to Exercise 2.2.2] and note also [FOT), Exercise 4.2.2]. By considering
the measure v(-) = u(K1 N -)/(Cigp(x,r/A)u(B(x,r/A))), (6.43) and the above inequality, we
obtain
Capp(K1)™" < v(K1)™! = Cigp(a,r/A)u(B(z,r/A))/1(K1)
< g(e,r/4)  (by (). (6.45)

Combining (6.42) and (6.45)) establishes the claim (6.39)). Choosing ¢ = ¢¢/2, we obtain

P (og( <t) > P ok, <T)—P*(T >1t) (since {og, <T} C {og) <t} U{T>1})
>co—e =3¢ (by (6:38) and (6:39)).
Since ¢ > 0 is arbitrary, the Blumenthal 0-1 law [CE, Lemma A.2.5] gives P*(og(,y = 0) = 1. O

7 Quasisymmetry and stability

Although the assumption that all MMD spaces are strongly local is in force in this section, we
remark that Lemma and Lemma (a) in fact hold for general Dirichlet forms as well.

The following is a straightforward consequence of the definition of quasisymmetry.

Lemma 7.1. ([BM1, Lemma 5.3]) Let (X,d1, p, E, F*) be a MMD space and let day be a metric
on X quasisymmetric to dy. If (X, da, u, E, F*) satisfies the EHI, then so does (X, dy, u,E, F*).

The next definition is a slight modification of [BMIl Definition 5.4], the change being made
so that it applies to both compact and non-compact spaces.
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Definition 7.2. We say that a function ¥ : X x [0,00) — [0,00) on a metric space (X,d) is a
reqular scale function if U(z,0) = 0 for all z € X and there exist constants C1, 51, 82 > 0 such
that, for all z,y € X and finite 0 < s < r < diam(X, d), we have with R := d(z,y), ¥(y,s) > 0

d
U ) s sl D @

Given a regular scale function ¥ on (X, d), we now define a metric dy. This is proved as in
[BM1] — the proof there still works when diam(X, d) < oo.

Proposition 7.3. ([BMIl, Proposition 5.7]) Let ¥ be a regqular scale function on a metric space
(X,d). There exists a metric dg : X x X — [0,00) satisfying the following properties:

(a) There exist C, 3 > 0 such that for all x,y € X,

CY(z,d(z,y)) < dy(z,y)? < CU(x,d(z,y)). (7.2)

(b) d and dy are quasisymmetric.

(¢) Assume in addition that (X,d) (or equivalently (X,dy)) is uniformly perfect. Fix A > 1.
Let By and B denote metric balls in (X,dy) and (X,d) respectively. If v € X and r,s >0
satisfy, either By(x,s) C B(z,r) C By(z,As) C X or B(z,r) C By(x,s) C B(z,Ar) C &,
then there is a constant C1 > 1 (which does not depend on x € X,r > 0,8 > 0) such that

Crls? < W(x,r) < CysP, (7.3)

where B> 0 is as given in (7.2).

We now introduce Poincaré, cutoff energy inequalities, and capacity bounds with respect to
a regular scale function ¥ on (X, d). This is again a slight modification of [BM1], Definitions 5.8
and 5.13], so as to include both bounded and unbounded spaces. Recall that a cutoff function ¢
for B; C Bs is any function ¢ € F* such that 0 < ¢ < 1in X, ¢ =1 in an open neighbourhood
of By, and supp ¢ C Bs. Recall also that psy is the energy measure of f € F*; see Section

Definition 7.4. Let ¥ be a regular scale function on (X, d), and (X, d, u, E, F*) a MMD space.

(i) We say that (X, d, u, €, F*) satisfies the Poincaré inequality PI(W), if there exist constants
C, A1, Ay > 1such that forallz € X, R € (0,diam(X,d)/As) and f € F*, u(B(z, R)) < o0
and

/ (f = P)2dp < CU(z, B) gy (Blz, AL R)), PI(W)
B(z,R)

where f = 7;;(3(11,1?,)) fB(x,R) fdpu.

(ii))We say that (X,d,u,E, F*) satisfies the cutoff energy inequality CS(V), if there exist
C1,Cy > 0,A;1, Ay > 1 such that the following holds. For all R € (0,diam(X,d)/As),
x € X with By = B(z,R) and By = B(z,A1R), there exists a cutoff function ¢ for
By C Bs such that for any v € F#* N L,

C
wdpy < Chpn (B2 \ B +2/ u? dp. CS(¥
/X () 114wy (B2 \ B) Vo ) Jpn, 0 (V)
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(iii) We say that (X,d, u,E, F*) satisfies the capacity estimate cap(W) if there exist positive
constants C1, A1, Ay > 1 such that for all R € (0,diam(X,d)/A2) and z € X

Cflm < Cappg(z a,r) (B(z, R)) < CIW.

If ¥(r) = rP, we denote PI(¥), CS(¥), cap(¥) by PI(3), CS(B), cap(B) respectively.

cap(¥)

The following lemma shows that the Poincaré and cutoff energy inequalities take a much
simpler form with respect to the metric dy.

Lemma 7.5. ([BM1, Lemma 5.9]) Let (X,d,p,E, F*") be a uniformly perfect MMD space and
let U be a regular scale function. Let dy be the metric constructed in Proposition[7.3 with 8 > 0

as given in . Then

(a) (X,d,p,E,FH) satisﬁes if and only if (X,dy,p,E, F*) satisfies .

(b) (X,d,pn,E,F") satisﬁes if and only if (X,dy,p,E, F*) satisfies .
The following comparison of annuli follows readily from the definition.

Lemma 7.6. ([MT, Lemma 1.2.18]) Let the identity map Id : (X,d1) — (X,d2) be an n-
quasisymmetry for some distortion function n. Then for all A > 1,x € X,r > 0, there exists
s > 0 such that, with B; denoting balls in (X, d;)

By(z,s) C Bi(x,r) C Bi(z, Ar) C Ba(z,n(A)s). (7.4)
In , s can be defined as
s =sup {0 < s9 < 2diam(X,d;) : Ba(z,s2) C Bi(z,r)}
Moreover, for all A>1, x € X and r > 0, there exists t > 0 such that
Bi(z,r) C Ba(z,t) C Ba(z, At) C By(z, Arr), (7.5)
where Ay = 1/n7 (A1), In (7.5), t can be defined as
t= A" sup {0 < ry < 2Adiam(X, dy) : Bo(x, Ary) C By(x, A7)} .
The following is an analogue of Lemma for the capacity estimate

Lemma 7.7. Let (X,d,u,E, F") be a MMD space that satisfies the EHI and let U be a regular
scale function. Suppose that (X, d) is complete and that p satisfies the volume doubling property
on (X,d). Let dy be the metric constructed in Proposition with 8 > 0 as given in (7.2).

Then (X,d,u,E, F*) satisfies if and only if (X,dy, u,E, F*) satisfies [cap(5)f

Proof. Let B and By denote balls in the metrics d and dy respectively. By Lemma [7.1]
(X, dy, p, E, F*) also satisfies the EHI. Let the identity map Id : (X,dgy) — (X,d) be an n-
quasisymmetry. Note that u satisfies the volume doubling property with respect to the metrics
d and dy.

Let (X,d, u, E, F*) satisty Set A; = 1(2) and choose € € (0, 3] so that n(4e) < ﬁ.
By Lemma we may assume that

Capp(y,a,n)(B(z,7)) < W, for all z € X,0 < r < diam(X, d). (7.6)
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By Lemma and Proposition [7.3(c), for all z € X, 0 < s < ediam(X,dy), there exists
r > 0 such that B(z,7) C By(z,s) C By(z,2s) C B(z,n(2)r) and s° < ¥(z,r). Note that
B(z,n(2)r) # X, since r < diam(By(z, s),d) < n(4¢) diam(X, d) by [Hei, Proposition 10.8]. By
the volume doubling property p(B(z,r)) < u(By(z,s)). By domain monotonicity and (7.6), we

have
w(B(z,r)) _ w(By(z,s))
U(x,r) sP ’

Caqu,(x,Qs) (Bu(z,s)) = CapB(x,Aﬂ") (B(z,r)) =< (7.7)
forall z € X,0 < s < diam(X, dy).

Set Ay = 1/n7'(A;!). By Lemma and Proposition (c), for all x € X,s €
(0, (242) "t diam(X, dy)), there exists r > 0 such that By(z,s) C B(x,r) C B(x, Ajr) C
By(z, Ays) # X and U(z,7) =< s°. By the volume doubling property, u(B(z,7)) =< u(By(z, s)).
By Lemma [Hei, Proposition 10.8], domain monotonicity and , we have

Ca‘pB\p(x,Qs) (B‘l/ (33, 8)) = CapB\p(:c,Ags) (B‘I’ (‘Tv 3))
u(B(z,r)) _ p(Bu(z,s))

< Ca'pB(:c,Alr) (B(l', T)) = \I}(Z, 7") - sB (78>
for all x € X,0 < s < diam (X, dy). By (7.7) and (7.8)), (X, dw, u, £, F*) satisfies |cap(0)|
The converse follows from a similar argument. O

We will now apply these results in the context of a change of measure on a MMD space.
Let (X,d,m,&,F) be a MMD space which satisfies the EHI and one (and hence all) of the
three equivalent conditions in Theorem Let (€, Fe) be its corresponding extended Dirichlet
space, and £ be the measure constructed in Theorem [6.4, By Propositions [6.13] and wis a
positive Radon measure charging no set of capacity zero and possessing full quasi-support. Let
(EX, FH) denote the time-changed Dirichlet space with respect to p as defined in (6.34). We
have FF = F, N L2(X, 1), EX(f, f) = E(f, f) for all f € F* and Ft' = F. (cf. [CE, Theorem
5.2.2, (5.2.17) and Corollary 5.2.12]). Moreover, the Dirichlet form (£#, F#) on L?(X; 1) shares
the same quasi notions as the original Dirichlet form (£, F) on L?(X;m); see [CE, Theorem
5.2.11].

Theorem 7.8. Let (X,d) be complete and metric doubling. Suppose that (X,d,m,E,F) is
a MMD space which satisfies the EHI. Let p be a (Cop, A, 1, B2)-capacity good measure with
A > 2Y% Denote D = diam(X,d). Then the function ¥ : X x [0,00) — [0,00) defined by
U(z,0) =0 and

p(Br) 0 5
Capprr . an (B W0 <r<D,
\I](JZ,T') = B 7;{(145?8:5,D))

CapB(xyD/A4)(B(a:,D/A5))

(7.9)

ifr>D and D < o0,

is a regular scale function on (X,d). Furthermore, the MMD space (X,d, u,E, F*) satisfies the
Poincaré inequality [PL(V)|, the cutoff energy inequality |(CS(W)| and the capacity estimate|cap(W)|.

Proof. By volume doubling (Lemma and Lemma |5.20|c), there exists Cy > 0 such that for
all finite 0 < r < D and for all z,y € X with d(z,y) < r, we have

Oy (2, r) < U(y,r) < Co¥(x,r). (7.10)
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Let x,y € X and set R := d(x,y). If R < r the inequalities in ([7.1)) are immediate from (6.1))
and (7.10). If s <r < R, then writing

U(z,r) _ U(z,r) ¥(y,R) ¥(x,R)
U(y,s) U(z,R) Y(y,s) ¥(y,R)’

and bounding each of the three terms on the right using (6.1]) and (7.10|) give (7.1)). Thus ¥ is
a regular scale function.

By Lemma the MMD space (X, d, u, €, F*) satisfies [cap(\V)
Let dy and 8 > 0 be as given by Proposition [7.3] By Lemma [7.7, the MMD space

(X, dy, p, E, F") satisfies By Lemma and Proposition [7.3|b), (X,dw, u, &, F") sat-
isfies the EHI.
By Lemma the space (X, dy) is uniformly perfect, and hence the measure p on (X, dy)
satisfies the reverse volume doubling property (RVD) as defined in (6.31)) [Hei, Exercise 13.1].
Therefore by [GHL, Theorem 1.2], since (X,dy, u,E, F*) satisfies the EHI and it
satisfies [PI(5)] and [CS(B)] We now conclude using Lemma g

The following gives equivalent characterization of the EHI for a MMD space (X,d, m, &, F).

Theorem 7.9. Let (X,d) be a complete, metric doubling, connected metric space with a strongly
local regular Dirichlet form (£, F) on L*(X;m). The following are equivalent:

(a) (X,d,m,E,F) satisfies the EHI.

(b) There exist an admissible smooth doubling Radon measure p on (X,d) and a regular scale
function ¥ such that the time-changed MMD space (X,d,u,E,F*) satisfies the Poincaré

inequality |P1(W)| and the cutoff energy inequality |CS(W )|

(c) There ezist an admissible smooth doubling Radon measure (1 on (X, d), a metric dg on X that
is quasisymmetric to d, and > 0, such that the time-changed MMD space (X, dy, p, E, F*)

satisfies Poincaré inequality [P1(B)| and the cutoff energy inequality |(CS(5)|.

Proof. (a) =(b) This is immediate from Lemma Propositions Theorems [6.4] and
8

(b)=(c) By Lemma [5.2[b), (X,d) is uniformly perfect. Let dy and 8 > 0 be as given by
Proposition Quasisymmetry of dy follows from Proposition [7.3(b). Then [PI(3) and [CS(5)|
for (X,dg,u, €, F*) follow from Lemma

(¢)=(a) By Lemma [5.2b), (X, dy) is uniformly perfect. Thus y satisfies the reverse volume
doubling property [Hei, Exercise 13.1]. Since (X,d) is metric doubling, so is (X, dy)
[Hei, Theorem 10.18]. So by [BM1], Proposition 5.11 and Remark 5.12], we obtain the condition
(Geap<)g in [GHL]. Then by the implication (Geap<)s plus[PI(5)|to the EHI in [GHL], Theorem
1.1], we obtain the EHI for (X, dy, u, &, F*). Since dy and d are quasisymmetric, the desired
EHI follows from Lemma [7.1] O

Remark 7.10. (i) Note that conditions (b) and (c¢) in the Theorem above do not include
the requirement that (X, d,m,&,F) satisfies the conditions (HC) or (Ha) introduced in
Section |3 (It would be undesirable to include (Ha) or (HC), since we do not know if they
are stable.) Thus (b) or (c) does not immediately give the existence of Green’s functions;
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however the existence of regular Green functions does follow from the implications (b), (c)

= (a) and Theorems and

The proof in [GHL] that (Gcap<)g plus implies the EHI does not require the existence
of Green’s functions.

(ii) The result that (a) implies (c) in Theorem [7.9|can be sharpened as follows. If (X, d, m, &, F)
satisfies the EHI then for any 5 > 2 there exists a metric dy on X that is quasisymmetric to
d, and an admissible smooth doubling Radon measure p such that the time-changed MMD
space (X, dy, u, €, F*) satisfies Poincaré inequality and the cutoff energy inequality
The condition B > 2 is sharp in the sense that any [ in property (c) necessarily
satisfies § > 2 and there are examples for which 8 = 2 is not possible. These results are
contained in [KM].

Proof of Theorem . The condition that E(f, f) =< E'(f, f) for all f € F implies that the
associated energy measures satisfy sy < ,u’< f); see . Hence the condition (b) in Theorem
holds for £ by Theorems and and therefore the implication (b) = (a) in Theorem
implies that the EHI holds for &’. O

The following is an extension of Theorem [I.3] where the symmetrizing measures for the
Dirichlet forms may be different.

Theorem 7.11. Let (X,d) be a complete, doubling metric space, and let m be a Radon measure
on X with full support. Let (£, F) be a strongly local regular Dirichlet form on L*(X;m). Suppose
that (X,d,m,E,F) satisfies the EHI. Let u be a smooth Radon measure of (X,d,m,E,F) with
full quasi support on X, and (€', F') be another strongly local reqular Dirichlet form on L*(X; )
such that F N Ce(X) = F' NC(X) and

CTEf )< EL ) SCES ) forall f € FNC(X) (7.11)

for some C > 1. Then (X,d,u, &', F') satisfies the EHI.

Proof. Let X be the Hunt process associated with the regular Dirichlet form (€, F) on L?(X;m).
Since p is a smooth Radon measure with full quasi-support, its associated positive continuous
additive functional A; is strictly increasing up to the lifetime of X. Thus its time-changed
process Y; := X,,, with 7 := inf{r > 0: A, > t}, has the same family of harmonic functions as
that of X. To see this, first note by Proposition [2.10]it suffices to show that Y; and X; have the
same family of bounded harmonic functions which in turn follows from Proposition [2.9

By (6.35)), the Dirichlet form (£#, F#) of the time-changed process Y is regular on L?(X; u)
and has the property that F* = F, N L?(X;pu), F5 = F. and E* = £ on F,.. Moreover, (EX, FH)
is strongly local and satisfies the EHI. Since F = F, N L?(X;m) and both m and u are Radon,
we have by that

FNCe(X) = (Fen LA(X;m)) N Co(X) = (FE' N LA(X; 1)) N Cel(X) = FH N Cel(X).

Since F' N Ce(X) = FF N Cy(X) is dense in F' and F* with respect to the Hilbert norms /&
and /&Y', respectively, where

& (u,u) == E'(u,u) +/

u(x)’pu(dr) and  EV(u,u) = EH(u,u) —i—/ u(z)?p(dz),
x

X
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we have by (7.11) that 7/ = F* and
CTIEM(f, ) < E'(f,f) < CEX(f, f) forall f e F*.

The desired conclusion of the theorem now follows from Theorem applied to the MMD space
(X, d, pu, EH, FH). O

Remark 7.12. The stability results of this paper, Theorem and Theorem hold for
the EHIj,. as well. We now indicate the needed modifications. All of the results of Section
extend easily under the assumption EHI},. except that the conclusions only hold for balls of
small enough radii. The main difference is in the construction of the measures v; in Proposition
Instead of the initial condition on M3 for the inductive construction using Lemma
we set the initial condition on M; to the uniform probability measure on M;j, where M is as
given in the generalized dyadic decomposition of Q;o. Then the weak* subsequential limit as
in the proof of Theorem will be a capacity good measure (only at small enough scales using
the same argument). However, this property is enough so that our construction gives a smooth
measure with full quasi support. All the results used in Section 7 (for example, [GHL, Theorem
1.2]) will also admit local versions. As noted in [GT12, Remark 4.6], [GT12, Proof of Theorem
4.2] cannot be localized, but [GKl Theorems 6.2 and 7.3] give a localization of it. Although
there is no clear reference in the literature for these results, a careful reading of the proofs in
the literature shows that these local versions do hold, with essentially the same proof.

8 Examples

Example 8.1. The following example uses the instability of the Liouville property given in
Lyons |[Lyo| to show that without some regularity of the metric the EHI is not stable.

We begin by describing briefly Lyons’ example. Let I' = (Vp, Er) be the free group with
two generators a and b, and let V = Vp x {0,1}. Lyons constructed two sets of symmetric
conductances {agfg,x,y € V}, i = 1,2, on V such that if E; = {(z,vy) : aé@ > 0} then Fy =
E;. Denote Eg = E; = E», and let G = (V, Eg) be the associated graph. The two sets of
conductances have the following additional properties:

(0) G = (V,Eg) is connected.

(1) Foreach 2z € V, 4 < [{y : aé@ > 0}| < 8, so the graph G has uniformly bounded vertex
degrees.

(2) There exists po € (0,1) so that agﬁ € {0}U[po, 1] for all z,y, i = 1,2. Thus the conductances

a;(,f; are uniformly bounded above and below on the graph G.

Define the quadratic forms, for f:V — R,

EVLH=3D all(fly) - f@)? i=1.2 (8.1)

zeVyeV
In view of (2) above we have

P V(S 1) < ED(f, 1) <pg "N, f) for any function f on V. ®.2)

61



Let d be the graph distance on V and m be the measure on V which assigns mass 1 to each
vertex z. In view of [Bar17, Proposition 1.21(c)], (€@, F) is a symmetric regular Dirichlet form
on L?(V,m) for i = 1,2, where F := L?(V,m).

Recall that we say that the strong Liouville property (SLP) holds (for a MMD space) if
every non-negative harmonic function is constant, and the Liouville property (LP) holds if every

bounded harmonic function is constant. Lyons constructed {ag(fy)} for ¢ = 1,2 so that the SLP
holds for the MMD space (V,d,m,EM), F) while the LP fails for the MMD (V,d, m,E®, F).
Thus Lyons’ example shows that neither SLP nor LP are stable.

Let (X, cZ) be the cable system for the graph G: each edge e € Eg is replaced by a copy of
[0, 1] — see for example [V] for details of the construction. Let p be the measure which assigns a
copy of Lebesgue measure to each cable. The metric d is the unique length metric on X which
equals Euclidean distance on each cable. Write (£, F) for the (regular and strongly local)
Dirichlet forms on & associated with the cable system. (For further details of this construction
see [V, BMI].)

Now let d'(x,y) = 1 Ad(z,y) for z,y € X, and write B'(z,r) for balls with respect to the
metric d’. Then (X,d') is locally compact and complete, and (X, d’,u, ED, F), i = 1,2, are
MMD spaces. Note that (MD) fails for this space. The instability of the SLP and LP for the
graph G extends to the cable systems, so that the MMD space (X,d’,u,g’(l),}") satisfies the
SLP while (X, d’, u, €@, F) fails to satisfy the LP.

We now consider the EHI for balls B'(z,r/2) C B'(x,r). Note first that if » < 2 then
since each vertex of V has between 4 and 8 neighbours, the EHI follows from the local Harnack
inequality for both (X, d’, u, M, F) and (X, d', u, E@, F). If r > 2 then B'(z,r) = B'(z,1/2) =
X, and so if h is positive and £ (1)—harmo~nic on B'(x,r) then h is constant, and thus the EHI
holds for the MMD space (X,d’, , €V, F). On the other hand, as the LP fails for £ there
exists a non-constant bounded £®-harmonic function k on X, which we can normalize so that
infx h =0, supy h = 1. It is thus clear that the EHI for the MMD space (X, d’, u, €@, F) fails
for every ball B'(z,dr) C B'(x,r) with § € (0,1) and r > 1/6.

Remark 8.2. It would be interesting to have an example of a strongly local MMD space that
does not have (MD) property for which EHI fails to be stable but for which all balls are relatively
compact. It does not seem easy to modify the example above to give this.

Example 8.3. We give an example of a strongly local irreducible MMD space where harmonic
functions may be discontinuous and (Ha) fails. However the condition (HC) does hold. The
space consists of three parts: the closure of a domain in R?, the standard Sierpinski gasket, and
a line segment. Let X} be the compact Sierpinski gasket, with vertices z; = (0,0), z2 = (1,0)

and z3 = (3, @), X =[0,1] x (—1,0], a unit square with the bottom [0, 1] x {—1} removed, and
let X3 be a smooth curve outside X} U X5 that connects the vertex zs of the Sierpinski gasket
with the point z4 = (1,—1/2) at the middle of the right side of the square X5. We identify X3
with a closed line segment of length [ > 1.

Let X = X1 UAXy U A3 For z,y € X let d(x,y) be the (Euclidean) length of the shortest
curve in X’ connecting z and y. Clearly, (X, d) is a locally compact separable metric space. Let
m1 be the measure on A} which assigns mass 37" to each triangle of side 27", and for j = 2, 3,
let m; be Lebesgue measure on X;. Let m be the measure on X such that m|x, = m; for each
i. Clearly, m is a finite measure on X.

Let (§M, FM) be the strongly local Dirichlet form on L?(X;,m;) associated with the stan-
dard diffusion on the Sierpinski gasket — see [Kig, Chapter 3]. Let (€3, F?) be the Dirichlet

form associated with the reflected Brownian motion on X killed upon hitting the horizontal line
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segment [0,1] x {—1}. Let (£, F3)) be the Dirichlet form associated with Brownian motion on
A3, with reflection at the two endpoints. Since (€0, F1) and (£®), FG)) are resistance forms
on X; and A3, every £®-quasi-continuous mj-version of elements in F® is Holder continuous
on X; for i« = 1,3. Following [Kum| we can construct a strongly local regular Dirichlet form
(€, F) on L?(X,m) such that {f|x, : f € F} = F@ for i =1,2,3.

Let X = {X;,t > 0;P*, 2 € X'} be the diffusion process associated with the regular Dirichlet
form (€, F) on L?(X;m). The diffusion X is transient due to the killing on the line {zo = —1}.
This process behaves as follows:

(i) when X, is inside A7, it behaves like Brownian motion on the Sierpinski gasket X; until it
reaches the vertex z3 or the bottom A1 N AXy;

(ii) when X} is inside Xs, it behaves like two-dimensional Brownian motion in X5, with reflection
on the two lines X N {z1 = 0} and A5 N {z; = 1}, and killing on X5 N {ze = —1}.

(iv) when X; is at the vertex z3, it immediately enters both X \ X3 and A5\ X;. When X, is
at a point y € X} N Xy, it immediately enters both X \ Xo and Xo \ X;. When X is at zy4,
it is reflected into AXj.

The unique point z4 € X5 N X3 is polar for reflected Brownian motion in X5, so the process
X starting from X5 \ {z4} can only enter X3 through the Sierpinski gasket X; via vertex zs3.

For any r € (0,1/2), let u € F be a bounded function so that u =1 on B(z4,7/2)° N Xy and
u = 0 on B(z4,7/2)° N X3. Define h(z) = E*[u(Xr, ], which is a bounded function in Fe
and is regular harmonic in B(z4,7). Observe that h(z) = P*(X., . € X3) for x € B(z24,7)
with h(z) = 1 for z € B(z4,7) N A \ {24} and h(xz) = 0 on B(z4,r) N X3. Thus h does not
satisfy the non-scale-invariant Harnack inequality. In other words, (Ha) fails for this strongly
local Dirichlet form (&, F). Let

Dk:{x=($1,$2)€X210<|£C—Z4|<87k or x2<87k—1}

and set Fy, = X'\ Dy. It is straightforward to verify that (F}) is an £-nest consisting of compact
sets with UP2 | Fj, = &,

Denote by ( the lifetime of X. It is not hard to see that E*( is bounded on X. So there
is a small constant ¢y > 0 so that for gy = cg, Ggo(z) = coE*¢ < 1 on X, Ggy € Fe with
E(Ggo,Ggo0) = [y 9o(x)Gygo(z)m(dx) < 1. We now verify (HC). We begin by specifying the
function 7,,. If xp is in exactly one of the sets &j, ¢ = 1,2,3, then choose r,, small enough
so that B(xo,2r,,) is contained in that Aj. The remaining possibilities are that xp € X3 N Xy,
xo = 23 Or Xg = 24, and in these cases we take ry, = % Now let r < ry,, and let f € BL(X)
have compact support in B(xg, 2r)¢, and satisfy 0 < f < cgo for some ¢ > 0. We have

Gf(z) = EI[Gf(XTB(mO,zr))] for x € B(xo,r).

Now let zg € X. If for some ¢ we have B(xg, 2ry,) C A;, then the continuity of G f on B(xq, )
follows exactly as for the space X;. Next suppose that zg € X} N Xs. Since Gf € F and is &-
quasi-continuous on X', Gf|x, € F 1) and is £M-quasi-continuous. So G f is Holder continuous
on X1 N B(xp,r) and, in particular, is continuous on the the line segment L = X1 NXoN B(xg, 27).
So Gf is harmonic in B(xg, 2r)\ X7 and is continuous on L. For z € B(zg,r)NXs, by the strong
Markov property of X,

Gf(z) =E* [Gf(XTB<z0,2r)nx2)] =E” [Gf(YTB(zO,zr)mQ )1,
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where Y is the normally reflected Brownian motion in the rectangle [0, 1] x [—1,1]. Note that
Y is a Feller process having strong Feller property and has two-sided short time Gaussian type
heat kernel estimates on [0, 1] x [—1, 1], and the open set (0, 1] x [—1, 0) satisfies the exterior cone
condition for every boundary point on (0, 1] x {0}. Thus every point on (0, 1] x {0} is regular for
[0,1] x [0,1] with respect to the reflected Brownian motion Y. It follows that G f is continuous
in B(zo,7) N Xy, and therefore in B(zg, )

If 9 = 23 then Gf is continuous on A} U X3, and so is continuous on B(xg,r). Finally let
2o = z4. Then B(z4,2r) N F} consists of two disjoint components, a part annulus A; contained
in X3 and the set A2 = {y € X3 : 0 < d(z4,y) < 2r}. As above, we have that Gf is continuous
on each component A; and so is continuous on B(z4,7) N Fj. Thus X satisfies (HC).

Let

h(z) =P*(T,, < o0}.

Then since X can only leave X3 via the point z3, we have h|y, = 1. On the other hand the
symmetry of X, implies that P*(Tly, < co) = % for points x € X5 \ {24} close to z4, and thus h
is not continuous at z4.

Note further that the point z4 is of positive capacity and (€,F) is irreducible. On the
other hand, the part Dirichlet form (£, FB(+7)) on L?(B(z4,7),m|p(z,,m) is not irreducible
for any r € (0,1/2]; the space B(z4,7), which is connected, has two disjoint invariant sets
B(z4,7) N (X \ {z1}) and B(z4,7) N X3 for the part process X547 of X killed upon leaving
B(z4,7). Thus this example also shows that a strongly local regular Dirichlet form does not
need to be irreducible even though the underlying metric space is connected.

Example 8.4. We now show that the spaces studied in [BSC] provide an example of a MMD
space which fails the condition (HC). Let i € (0,1) be chosen so that (ry) is strictly decreasing

and
o0

Ze*t/r'% = +oo forallt>0.
1

Let Sk, be a circle of radius ry, and my, be Lebesgue measure on Sy normalized so that my(Sg) = 1.
Set X = [[;2, Sk, and m = ®7°my. Since each Sy is compact, the space X is compact and
therefore locally compact. Let di be the usual metric on Si, and define a metric d on X by
taking d(z,y) = supi{di(zk,yr)}: this metric induces the product topology on X. For k € N
let W®*) be independent Brownian motions on Sy and set W = (WM W@ ...) € X. Then
W is a conservative symmetric Hunt process with invariant measure m. Its associated Dirichlet
form (&, F) is strongly local and regular on L?(X,m). For more details of this construction see
[BSC]. There exist heat kernel measures h;(z,-) such that for any f € C(X),

E f(W;) = / o, dy) ().

By Theorem 1.2 of [BSC| the measure h(x,-) is singular with respect to m for all z € X and
t > 0; thus W does not have a regular transition density withy respect to m. The process W
is recurrent, but we can define a transient process by choosing a point z; € S; and killing W
when W) hits z;. Write W for this killed process, and (£, F) for the associated Dirichlet form.
If hy(x,-) = PT(W € ) then hy < hy and thus is also singular with respect to m. The condition
(HC) must fail for (€, F), since otherwise by Theorem W would have a transition density
with respect to m. We note that this space has infinite Assoud dimension and therefore fails to
satisfy metric doubling.
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Example 8.5. To give a concrete example of an irreducible strongly local MMD space that fits
the setting of Theorem but fails to satisfy the local regularity of [BMIl, Assumption 2.5(i)]
in the compact setting, consider X to be the join of the Vicsek tree (compact) with the unit
interval [0, 1], where the symmetrizing measure m is given by the Hausdorff measure on each of
the pieces. The space X satisfies the relatively ball connected condition. We take (£, F) to be
the strongly local regular Dirichlet form on L?(X;m) obtained by combining the Dirichlet form
associated with Brownian motion on (0, 1] with the Dirichlet form associated with the diffusion
on the Vicsek tree, in a similar fashion to the previous example. The argument in [De2] can be
adapted to show that this example satisfies the EHI. This example is essentially due to Delmotte
[De2].
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