
Math 121 Assignment 4
Due Monday February 8

� Practice problems:

• Try out as many problems from Sections 6.5-6.8 as you can, with
special attention to the ones marked as challenging problems.
As a test of your understanding of the material, work out the
problems given in the chapter review. You may skip the ones
that require computer aid.

� Problems to turn in:

1. For each of the two integrals below, either evaluate the integral or
show that it diverges.

(a)

∫ 1

0

dx√
x(1− x)

(b)

∫ π
2

0

sec x dx

2. State whether the given integral converges or diverges, and justify
your claim.

(a)

∫ π2

0

dx

1− cos(
√

x)
(b)

∫ ∞

0

| sin x|
x2

dx (c)

∫ ∞

2

dx√
x ln x

.

3. Rewrite the integrals below in a form to which numerical methods
can be readily applied. Do not evaluate or find numerical approxi-
mations for the integrals.

(a)

∫ ∞

1

dx

x2 +
√

x + 1
(b)

∫ π
2

0

dx√
sin x

(c)

∫ 1

−1

ex dx√
1− x2

.

4. Transform the integral I =
∫∞

1
e−x2

dx using the substitution x =
1/t and calculate the Simpson’s rule approximations S2, S4 and S8

for the resulting integral.
5. The goal of this problem is to prove an error estimate for the mid-

point rule. We will use the error formula for the tangent line ap-
proximation. Namely, given a function f with a continuous second
derivative on [a, b] and satisfying the bound |f ′′(x)| ≤ K there, as-
sume the inequality

|f(x)− f(m1)− f ′(m1)(x−m1)| ≤
K

2
(x−m1)

2 for x ∈ [x0, x1].

where x0, x1 are any two points in [a, b] and m1 is the midpoint of
[x0, x1].
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(a) Use this inequality to show that∣∣∣∣∫ x1

x0

f(x) dx− f(m1)h

∣∣∣∣ ≤ K

24
h3,

and use the estimate above to prove the following error bound
for the midpoint rule:∣∣∣∣∫ b

a

f(x) dx−Mn

∣∣∣∣ ≤ K(b− a)3

24n2
.

(b) Compute M1 for the function f(x) = x2 with a = 0 and b = 1
to show that the error bound obtained in part (a) cannot be
improved in general.

6. The gamma function Γ(x) is defined by the improper integral

Γ(x) =

∫ ∞

0

tx−1e−t dt.

(a) Show that the integral converges for x > 0.
(b) Use integration by parts to show that Γ(x + 1) = xΓ(x) for all

x > 0.
(c) Show that Γ(n + 1) = n! for n = 0, 1, 2, · · · .
(d) If you are given that

∫∞
0

e−x2
dx = 1

2

√
π, show that Γ(1

2
) =

√
π

and Γ(3
2
) = 1

2

√
π.


