15.

1
2f(x)+1=3/ f(t)dt
X

2f'(x) = =3f(x) = f(x)=Ce 3?2
2f()+1=0

1 1
- E = f(l) = Ce_3/2 — C= —563/2

F(x) = — %6(3/2)(1—@.



4 .
15. The curvesy = 22 andy = 5 — x? intersect where

x4 —5x2 4+ 4 =0, i.e., whergx? — 4)(x2 — 1) = 0. Thus the intersections arexat= +1
andx = £2. We have

2 4
AreaofR:Z/ <5—x2——2> dx
1 X

= = Q. units.




0
28. Loop area= 2/ x2/2+ xdx Letu? =2+ x
-2 2udu = dx

V2 Nz
=g/ mz—a%amdu=4/ U8 — 4u* + 4u?) du
0 0

V2
1 4 4 256v/2
= 4<—u7 —_u® —u3> = sg. units
- L T
Ya
2 A R
X
y2=x4(2+x)

Fig. 7-28



4
25. /\/9t2+t4dt
0
4
=/ tv9+1t2dt Letu=9+t?
0

du = 2t dt
= udu=Zzu¥? ==
2 9 \/_ 3 9 3






2
28. /cos“xdx:/ww

= % / [1+ 2c0s(2x) + cos?(2x)] dx

SN -+ :—; / 1+ cos(4x) dx

X
4 4
X sn@2x) | x  sin(4x)
"4 4 8 32 +C
3Xx  Sn(2x sin(4x
+ (2%) + “@x) + C.

-8 4 32



d e *d
17. /exi =/1+e_)§( Letu=1+e
du = —e *dx

=—Inju+C=—-In1l+e*)+C.

1
du
u



2 xdx

47. AreaR:/ - Letu = x?
o X7 +16 du = 2xdx

1% du 1 U

_éﬁ uz+16 8 4

yA

‘o sg. units
o 3277
X
Y=X7116

Fig. 6-47



/ +/1+ cosx dx_/ /20052 dx

—ﬁ/ oS~ dx = 2v/2sn~ :2.
2 2o
/ V1 —sinxdx
/ \/1—cos —x)dx Letu=7% —x
du = —dx
=—/ v/1—cosudu
/2

/2

/2 u u
= 2sin? —du = +v2(—2cos—
/0 V 2 ‘/_< 2)

= —242V2=2(v2-1).

0



2x—x2 1
51. F = cos dt.
00 =Jo (1 + t2>

1
Note that O< < 1 forallt, and hence
1412

1
0 1< <1
<cogl) < cos(1+t2) <
The integrand is continuous for dllso F (x) is defined and differentiable for atl. Since

liMy— 100 (2X — X2) = —o00, therefore
lIMy_ 400 F(X) = —00. Now

oo 1
F/(X) = (2 — 2X) cos(1 o X2)2>

only atx = 1. ThereforeF must have a maximum valueat= 1, and no minimum value.



32 f(x) =4x—x2>0if 0 < x <4, and f(x) < Ootherwise. If a < b, then [ f (x) dx
will be maximum if [a, b] = [0, 4]; extending the interval to the left of O or to the right of
4 will introduce negative contributions to the integral. The maximum valueis

4 x3
/ (4x — x?)dx = (2x2 — —)
0 3

4 3
0 3.




51. If mand n areintegers, and m # n, then

If m=n # 0then

T [ cosmx cosnx
. : dx
_7 | snmxsinnx

_1 /n (cos(m — n)x = cos(m + n)x) dx

2) 5
1 sin(m—n)xisin(m+n)x T
-2 m-n m+n .
=0£0=0.

T
/ sinmx cosnx dx
-7

T

= %/ (sin(m + n)x + sin(m — n)x) dx

-
. 1 /cos(m+ n)x n cos(m — n)Xx
m+n m-—n

b/

2
= 0 (by periodicity).

—7T

T
/ sinmx cosmx dx

—7T

l T
:—/ sin2mx dx
2)
T

1
= ———c0s2 =0(b iodicity).
i CoS2mx (by periodicity)

—7T



52. If1 <m <Kk, we have

/ f(x)cosmxdx:%/ cosmx dx

—TT

k T
+ Z an / cosnx cosmx dx
n=1 -

k b
+ Z b, / sinnx cosmx dx.
n=1 -

By the previous exercise, all the integrals on the right siceezero except the one in the
first sum havingh = m. Thus the whole right side reduces to

am | cof(mx)dx = an 1+ cosemx)

. . 2

= ?(271 + 0) = ram.
Thus

1 s
am = —/ f (x) cosmx dx.
T

—TT

A similar argument shows that

1 b
bm = —/ f (X) sinmx dx.
v

—7T

Form = 0 we have

/n f(x)cosmxdx:/n f(x) dx

-7 -7
s
:@/ dx
P -
k

+ ) (an cognx) + by sin(nx)) dx
n=1

= %(ZJT)-I-O-FO:EI()JT,

so the formula fol|, holds form = 0 also.



5. We want to prove that for each positiveinteger k,

i}k—nml+ﬂb+a ()
FH Tkl 2 TN

where Px_1 isapolynomial of degree at most k — 1.
First check the casek = 1:

n

. nn+1 nitt
= = =+ Po(n),
ZJ 5 1+1+2+ o(N)

j=1

where Po(n) = O certainly has degree < 0. Now assume that the formula above holds for
k=123, ...,m Wewill show that it also holdsfor k = m+ 1. To thisend, sum thethe
formula

(m+am+nrn.

(obtained by the Binomia Theorem) for j = 1, 2, ..., n. Theleft side telescopes, and we
get
n
(n + 1)m+2 _ 1m+2 — (m + 2) Z jm+l

=1

(M+2)(M+1) .y
1.
+ 5 E? + +§;

Expanding the binomial power on the left and using the induction hypothesis on the other
terms we get

n
nm+2+(m+2)nm+1+...:(m_|_2)ij+1
j=1
(Mm+2)(m+ 1) nm+1
2 m+ 1

’

where the - - - represent terms of degree m or lower in the variable n. Solving for the
remaining sum, we get

Xn:jm—}—l

i=1

1
:_<nm+2+(m+2)nm+l+._.__
m+4 2

nm+2 nm+1

“mi2T 2 T

so that the formulais also correct for kK = m+ 1. Henceit istrue for all positive integers k
by induction.



