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41. Theformula} ! ;i® = n?(n + 1)2/4 holdsfor n = 1, since it says 1 = 1 in this case.
Now assume that it holds for n = some number k > 1; that is,
YK 1% = k2(k + 1)2/4. Thenfor n = k + 1, we have

k+1 k
dit=Y "%+ k+1°
i=1 i=1
k2(k + 1)2 k 4+ 1)2
= k2= B¢ ak+ 1)
2
= (kzl) K + 2)2.

Thus the formula also holds for n = k + 1. By induction, it holds for al positive integers
n.



7. Therequired area is (see the figure)

3 3\? 3
A= lim —K—H—) +2<—1+—)+3
n—oo N n n
6\ 2 6
+(—1+—> +2(—1+—>+3
n n
3n 2 3n
+...+(_1+F) +z(_1+7)+3]

2
i (180 S an E )
n—oo N n n n
12 62 12
+(1——+—2—2+—+3>
n n n
6n  9n? 6n
+---+(1——+—2—2+—+3>]
n n n
27 12 1
_ iim (6+_3'n(n+ )(2n + ))
n—o0 n 6

= 6+ 9 = 15sQ. units

yA

y=x2+4+2x+3

Fig. 2-7



10.

+ 2 )2
A
y = x% — 2
Fig. 2-10

The height of the region at positionis
0 — (x2 — 2x) = 2x — x2. The “base” is an interval of length 2, so we approximate gisin
n rectangles of width 2n. The shaded area is

_ _8 nn+1) 8 nin+DL@2n+1)
- <ﬁ 2 nd 6 )

=4 8—45 units
—fT3 T3



18. P={Xo<X1 <---< Xn},
P={Xo<X1<--<Xj_1<X <X <--- <Xn}
Letm; andM; be, respectively, the minimum and maximum valueg ¢f) on the interval
[Xi—1, %], forl <i <n. Then

n

L(f, Py =) mi(x —Xi-1),
Iil

UCF, P) =) M —%-1).
i=1

If mjf and Mj’ are the minimum and maximum values bfx) on [xj_1, X'], and if mf’ and
Mj” are the corresponding values fo [x;], then

mjzmj, m/-/>mj, Mj/fMj, Mj//fMj.
Therefore we have

mj (X — Xj—1) < Mj(x" —Xj—1) +mj(x; — X)),
Mj (%} = Xj—1) = M (X" = Xj—1) + M{"(x} — X).

HenceL(f, P) < L(f, P)andU(f, P) > U(f, P).

If P” is any refinement oP we can add the new points I’ to those inP one at a time,
and thus obtain
L(f,P) < L(f,P"), U(f, P") <U(f, P).



18.

Xvy

1
Fig. 2-18
Toan+3 0 1 3
S = o = Z - (2+ F) represents a sum of areasrofectangles each of
i=1 i=1
width 1/n and having heights equal to the height to the grgpk 2 + 3x at the points
X =1/n. Thuslim_ « $ isthe area of the trapezoid in the figure above, and has the val

12+5)/2=7/2.




3 3 3
14. / (2+t)\/9—t2dt=2/ \/9—t2dt+/ tv9 —t2dt
-3 -3 3

1
= 2(57132) +0=9r



33. f_zlsgnxdx=2—1: 1
yA

16




39.

y=|x+1|—|x—1|+|x+2|/

\AV

Fig. 4-39

4
/ (X +1] —|x = 1] + |x + 2]) dx
-3

= areaA; — areaA,

15 5+8 142 142
= — — — 1_—
23(5)-i- > ) > (D) >

1 lll_
()—55()—

41
2



40.

Azé

Fig. 4-40

342 _x
dx
o IX—1j
= areaA; — areaA;

143

2 111—7
@S0 =




b 2
43, /(f(x)—k) dx

2 b 2 b b

=/ (f() dx—2k/ f(x)dX+k2/ dx
a a a

b

:/ (f(x))zdx—Zk(b—a)f_—i— k(b — a)

a

b
=(b—-a)k-— f_)z—i—/ (f(x))?'dx—(b—a)f_2
a

Thisisminimumif k = f.



