Math 440/508 Quiz 5 Solution

Name: SID #:

1. Express the integral

/L in the form ]{ 1) dz,
0 |

a+sin?6 =1 % — 20

and then use the Cauchy integral formula to evaluate it. Here a > 1 is a fixed constant.
(10 points)

Solution. We write

T do 4 1 1 1 [ 1 -1
/0 a+ sin @ /0 [CH—Q( cos(20)]  df 2/0 [CH—Q( cosap] dyp
2T
= / [(2a 4+ 1) — cos ] " dop,
0
ldz

where the second step uses the change of variable ¢ = 20. Set z = €. Then, dp = 1

and , i
e +e ¥ z41/z
cos p = = .
7 2 2

Substituting these into the integral above, we obtain
/” o 1 7{ 2dz 2 7{ —dz
o a-+sin?f i |Z‘:12(2a+1)z—z2—1_ i Jiyer 2 — 20

20=2a+1—2va®>+a, and
z21=2a+1+2vVa®+a

are the two roots of the polynomial 22—2(2a+1)z+1. Note that z; lies outside the unit disk
and zg lies in its interior. Therefore by the Cauchy integral formula with f(z) = 1/(z—2),

we obtain
T do 2 .1 s
5, = ——,27TZ = .
0 a+sin”6 T Z—2 Val+a

where




