Math 100C — SOLUTIONS TO WORKSHEET 8
DIFFERENTIAL EQUATIONS

1. MANIPULATING TAYLOR EXPANSIONS

) (q . . .
Let ¢, = 1) The nth order Taylor expansion of f(x) about z = a is the polynomial

k!
To(x)=co+cri(z—a)+ - +cplx—a)?

In addition we have the following expansions about x = 0:
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(1) (Final, 2016) Use a 3rd order Taylor approximation to estimate sin0.01. Then find the 3rd order
Taylor expansion of (z + 1) sinx about z = 0.
Solution: Let f(z) = sinz. Then f'(z) = cosz, fP(z) = —sinz and f®)(2) = —cosz.
Thus f(0) = 0, f/(0) = 1, f/(0) = 0, f®(0) = —1 and the third-order expansion of sinz is
0+ fiz + g’ + %nﬁ =z — ¢, In particular sin0.01 ~ 0.01 —
to third order, that

ﬁ. We then also have, correct

1 1 1 1
(x4 1)sinz = (z+ 1) <x6x3) :x+x276x376z4mx+x276x3.

(2) Find the 3rd order Taylor expansion of /z — 1z about = 4.
Solution: Let f(z) = /x. Then f'(z) = ﬁ, f@(z) = — =477 and O (z) = $275/2. Thus
f4)=2, f/(4) =1 f@4) = -4, f®(4) = ;2 and the third-order expansions are
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so that

1 1 9 1 3
Nz fovl 64(95 4) +512(a: 4)7.

22
(3) Expand {- to second order about z = 1.

7:2
Solution: Let x =1+ h so that we are thinking of h as a small variable. We then have f_m =
h 2 h 2
761;1};}1 = % . 821}_:; where 2h + h? and g are small. Now to second order we have e ~ 1+ u + %
and 1 ~ 14 v+ v2. Plugging in u = 2h + h? and v = — & we get
1
62h+h2 ~1 + (2h+ h2) + 5 (2h+ h2)2
1 .

=1+2h+h*+ 5(4h2 + 4h® + h*)

~ 1+ 2h + 3h*
and

1 h n\? 1. 1
~l4+ (- ——) =z21—-h+-h?
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correct to second order. We thus have
2
o2h+h

h
142

3 9
~1+4 —h+ —h?
Tty

and (recalling that h =z — 1)

e’ e 2ht+h?
142 2 1+ %
~ s (1 +ht h2)
2
Zg-i-gz(m—l)—&- 986(95—1)
Find the 8th order expansion of f(x) = e’ — 1+x3 What is f(6 0 )

Solution: To fourth order we have e* ~ 1 +u—|— —|— + —I— ﬁo so e” ~ 1422 —|— 2 —|— 2’ + 27‘1
to 8th order. We also know that ﬁ ~1l+u+u? + u3 so 1 — 2% + 2% correct to 8th order
We conclude that

1
a8 ~
z? >, ot o i 3 6

1 5 1
~ a2 23 T4 6 8

~T x +2x 6 Y
190

In particular, +—= = so f(6)( ) =—T720-2 = —600.

Show that log 1= H“" ~ (J: + + " 4. -+). Use this to get a good approximation to log 3 via a careful
choice of z.

Solution:  Let f(z) = log(1 4+ z). Then f'(z) = 1=, f@(z) = —ﬁ, O (z) = ﬁ,
f®(z) = (1_”)4 and so on, so f®)(z) = (=1)F1. ((f+£))' We thus have that f(0) = 0 and for
k> 1 that f0)(0) = (—1)*~1(k — 1)l Then L)@ = CD"" 5

22 23 2t
log(1 T A
og(l+z)==zx 2+3 4+
Plugging —x we get:
22 23 2t
log(l — ) = —qp — = — 2 _ i
og(l—w)=—r—F -5 -7
0
1 3 5
1og1+7xzlog(l—i-m)—log(l—x):296—1-2%—1-2%4—-“
—x

In particular

1+ 2 1 1 1 1 1
log3 =1 2 =924 = 1+ — 4+ —+---~1.096
og ogl_% (2+ 4+160+ > =+ +80+

2. DIFFERENTIAL EQUATIONS
For each equation: Is y = 3 a solution? Is y = 2 a solution? What are all the solutions?
Yy =4 ; y> =3y
Solution: Plugging in 2 we have 22 = 4 in the first equation but 22 # 3.2. Plugging in 3 we

have 32 # 4 but 3% = 3-3. The solutions to the first equations are {2}, to the second {0, 3}.
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7) For each equation: Is y(x) = 2= a solution? Is y(x) = e* a solution?
( q Y y

dy dy\”
=Y ? (d:c) =1
Solution: Plugging in y = 22 into the equations we have 2z # 22 but (2:16)2 = 2.22 is true.
Plugging in ¢® into the equations we see e = e* but (eg”)2 = 2% £ 4e”.
(8) Which of the following (if any) is a solution of ‘;—f +t2 — 1 = z (challenge: find more solutions):
A z2(t) = t% B.z2(t) =t* + 2t + 1

Solution: 2t+t2 —1# t2 but (2t +2) +t2—1 =12 +2t+ 1 so only B is a solution. If w is
another solution them we have

dw 4

— 4+t —1=

dt+ w
dz

— 4+t —-1=

dt+ z

and subtracting the two equations we get % =w—zsow—z=Ce' and w(t) = Ce! +12+2t+1
for any constant ¢.

(9) The balance of a bank account satisfies the differential equation % = 1.04y (this represents interest
of 4% compounded continuously). Sketch the solutions to the differential equation. What is the
solution for which y(0) = $1007?

Solution: The solutions are Ce!%% for arbitrary C. The particular solution is 100e'-%4* dollars.

(10) Suppose % = ay, g—i = bz. Can you find a differential equation satisfied by w = £? Hint: calculate
d
ﬁ. / ’ ’
Solution: w’ = (%) = L3¢ = ayzz}ybz = (a—b)¥ = (a—b)w so the equation is 42 = (a—b)w.

3. SOLUTIONS BY MASSAGING AND ANSATZE

(11) For which value of the constant w is y(t) = sin(wt) a solution of the oscillation equation % +4y =07
" 2

Solution: (sin(wt))’ = wcoswt so (sin(wt))” = —w?sin(wt) so

(sin(wt))” = —4 (sin(wt))
iff w? = 4, that is iff w = 2.
(12) (The quantum harmonic oscillator) For which value of the constants A, B (with B > 0) does the
function f(x) = Are=B% satisfy — f" + 22f = 3f? What if we also insist that fy =17
Solution: f’ = Ae~B*” —24Bx2e=B%" 50 " = —6ABre B + 4AB%23¢~B%" and
—f" 2% f = 6ABze B 1 (AJ;%‘B”:Z - 4ABQx3e_B“2)
— 6ABwe B + A (1 —4B%) 2’ B
S0 .
—f"+2%f = (6B + (1 — 4B%)z?) Aze "
and we get a solution to our equation only if 1 — 482 = 0 that is if B = % (and then 6B = 3 as
desired). Finally the solution has f/(1) = 1if Ae=/2 =130 A = e'/? and f(z) = ze~ 2" 1),
(13) Consider the equation % =a(y —b).

(a) Define a new function u(t) = y(t) — b. What is the differential equation satisfied by uv?

Solution: ' =y =a(y —b) = au.
(b) What is the general solution for u(t)?

Solution: wu(t) = Ce® where C' = u(0).
(c) What is the general solution for y(¢)?

Solution: y(t) =u(t) + b= Ce™ +b.
(d) Suppose a < 0. What is the asymptotic behaviour of the solution as t — co?

Solution: y(t) —— b and the convergence is exponential: y(t) — b decays exponentially.

Tr—r00
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(e) Suppose we are given the initial value y(0). What is C? What is the formula for y(¢) using
this?
Solution: We have Ce® % +b = 5(0) so C = y(0) — b and y(t) = (y(0) — b) e +b.



