Math 100C — SOLUTIONS TO WORKSHEET 5
THE CHAIN RULE ETC

1. THE CHAIN RULE
(1) We know % siny = cosy.

(a) Expand sin(y + h) to linear order in h. Write down the linear approximation to siny about
Y = a.
Solution: sin(y + h) ~ siny + hcosy and siny ~ sina + (y — a) cos a.

(b) Now let F(z) = sin(3z). Expand F(x + h) to linear order in h. What is the derivative of sin 32?7
Solution: F(z + h) = sin(3(x + h) = sin(3z + 3h) so we use y = 3z in the previous example
to get

F(z+h) = sin(3(z + h))
in (3z + 3h)
(3m) (3h) cos(3x)
sin(3x) + (3 cos(3z))h

Q

sin

so the derivative is | 3 cos(3z) |.

(2) Write each function as a composition and differentiate

(a) 6397

Solution: This is f(g(x)) where g(z) = 3z and f(y) = e¥. The derivative is thus

d(3x)
3z — 9,3
e I e .

(b) v2z +1

Solution: This is f(g(x)) where g(z) = 2z 4+ 1 and f(y) = \/y. Thus

df(g(=)) _ . / 1 1
— = . 2 - .

(c) (Final, 2015) sin(z?)
Solution: This is f(g(x)) where g(z) = 2% and f(y) = y*. The derivative is then

cos(2?) - 22 = 2x cos(z?) .

(d) (7x + cosx)".
Solution: Thisis f(g(x)) where g(z) = 7z + cosx and f(y) = y”. The derivative is thus

n(7z +cosz)" " - (T —sinz) .

(3) (Final, 2012) Let f(z) = g(2sinz) where ¢'(v/2) = V2. Find f (%).
Solution: By the chain rule, f'(z) = ¢’(2sinz) - %(2 sinz) = 2¢’(2sinx) cos z. In particular,

f (%) =2¢ (2 sin 2) cos% =2¢ (2?) \2[

:2@-?:2.

(4) Differentiate
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(a) Tx + cos(x™)
Solution: We apply linearity and then the chain rule:

d(7xz)  dcos(z™)

4 (Tx + cos(z™)) =

dx dx dx
7y dcos(z") d(z")
d(zm) dz
=7 —sin(z") -na""t.
(b) e\/ cos T
Solution: We repeatedly apply the chain rule:
d
d Jcoﬁ ‘/cosa: \/m
x
ez 1
= eVeos? — COoST

24/cos dx
o 7@\/@ Sll’l.’E )
24/cosx
(¢c) (Final 2012) e(sin®)®
Solution: By the chain rule:

% (e(sinx)2) — e(sinx)zé ((sinx)Q)

na)2 e d .
= GNP oginr— sing
dx

sin z)2

= ¢l 2sinx cosx

= (sine)’ sin(2z).

(5) Suppose f, g are differentiable functions with f(g(z)) = 2°. Suppose that f’(g(4)) = 5. Find ¢'(4).
Solution: Applying the chain rule we have f'(g(z))-¢'(z) = 322. Plugging in z = 4 we get

5¢'(4) = 3-42 and hence ¢/'(4) = 2.

2. LOGARITHMIC DIFFERENTIATION

(6) log (e'?) = log(2100) =
Solution: loge!® = 10 while log(2!%°) = 100 log 2.
(7) Differentiate

(a) Llog(m)) Llog (124 3t) =
Solutlon By the chain rule, the derlvatlves are: ai a= - and t2+3t (2t+3) = t%ti,ft. We can
also use the logarithm laws first: log(ar) = log a+logx so 1 (log ar) = - 4 (loga)+ % (logz) =1
since log a is constant if a is. Similarly, log(t?+3t) = log t+log(t+3) so its derivative is %—i— tJ%S

(b) %I2 log(l + IQ) = % 10g(2-il-sin r) =
d

Solution: Applying the product rule and then the chain rule we get: - ( 2log(1 + xz)) =

22log(1+ ) + 2% 5 - 22 = 2z log(1+2) + 1+$2 Using the quotient rule and the chain rule

we get

d 1 1 1 cosT

— . =— . —— - COST = — .
dr log(2 + sinr) log?(2 +sinr) 2+sinr (2 4 sinr) log?(2 + sinr)

(8) (Logarithmic differentiation) differentiate
Y= (x2 + 1) -sinx - Té% -8 T,




Solution: We have

logy = log (xQ + 1) + log(sin z) + log ( ) + log (€°°57)

1
vas +3
1
=log (z* + 1) + log (sinz) — 5 log (z° + 3) + cos .
Differentiating with respect to x gives:

y 2 cosz 1 322

vy 22+1 sinxiiaﬁ?’—i—Sismx

and solving for 3’ finally gives

! 2z + cos® 3z sin & (a:2 + 1) sin x L
— — — . . 1 .
4 241  sinz  2(z3 + 3) Va3 +3

(9) Differentiate using | f' = f x (log f)’
(a) ="

Solution: If y = 2™ then logy = nlogx. Differentiating with respect to x gives %y

/o amn n—1
Yy =y, =nx .

Solution: By the rule, L (z7) = 2" (log(2")) = 2™ (%) = na" 1.
(b) a”

Solution: If y = z” then logy = xlogz. Differentiating with respect to x gives

logz +a-+ =logz+1soy =y(logz+1)=a"(logz + 1).
Solution: By the rule, 2L (27) = 27 L (log(2*)) = 2* (log z + 1).

e

Ccos T

/

1

n
T

vy

Solution: We have z* = (elogr)m = e®1°8%  Applying the chain rule we now get (z%)

erloe (logz + 1) = 2% (logx + 1).
(c) (logw)®s®
Solution: By the logarithmic differentiation rule we have

cos T

L (log )" = (log 2)

cos T

. % (cos zlog(log x))

= —sinzloglog x (log z)“*" + (log x)“**" cos x

cos T COSTr— 1
= —sinzloglogz (logz)™" + cos z (log x) -

(d) (Final, 2014) Let y = 2'°8%. Find % in terms of x only.
Solution: By the logarithmic differentiation rule we have

%_ dlogy_xlogzi
dx_y de dx

; 1 g
= glos® (2logm'> =2logx-z'°8" 1,
x

(log x - log )

3. IMPLICIT DIFFERENTIATION

10) Find the line tangent to the curve y? = 423 4 2x at the point (2, 6).
g Y

Solution: Differentiating with respect to x we find Qy% = 1222 + 2, so that % =

particular at the point (2,6) the slope is 2—65 and the line is

25
y=—(@—-2)+6.
6
(11) (Final, 2015) Let xy? + 2%y = 2. Find % at the point (1,1).
3

1

logxg

- .

6w2+1
Yy

/

!

. In



Solution: Differentiating with respect to = we find 3% + 2xy + 2zy + £U2 dy = 0 along the
curve. Setting z = y = 1 we find that, at the indicated point,

d
3432 =0
dzla,1)
SO
dy
dzxl(, 1)
12) (Final 2012) Find the slope of the line tangent to the curve y + x cosy = cosx at the point (0,1).
g Y )
Solution: Differentiating with respect to x we find y' + cosy — wsiny -y’ = —sinw, so that
y = —s‘ln_I;‘?Osy = S‘“ﬁ”cisly. Setting z = 0, y = 1 we get that at that point ¢’ = % = —cos1.
iny T siny

(13) Find y” (in terms of z,y) along the curve x° + y° = 10 (ignore points where y = 0).
Solution: Differentiating with respect to z we find 52* + 5y*y’ = 0, so that ¢’ = f% Differ-
entiating again we find
y 4% Axty 43 4a8

y* Yo vty
4. INVERSE TRIG FUNCTIONS

(14) Evaluation

(a) (Final 2014) Evaluate arcsin (—3); Find arcsin (sin ().

Solution: sin (6) = % SO arcsin (—%) . Also sm( T ) = sm (31” 27r) = sin (%’T) =
sin (7r — ?—71“) = sin (?7{) and 2 T € [—g, g] S0 arcsin (sm( s ))

(b) (Final 2015) Simplify sin(arctan4)
Solution:  Consider the right-angled triangle with sides 4, 1 and hypotenuse V1 + 42 =

v 17. Let 6 be the angle opposite the side of length 4. Then tanf = 4 and sinf = \/% SO
4

sin (arctan4) = sin = Wik
(¢) Find tan (arccos (0.4))
Solution: Consider the right-angled triangle with sides 0.4, v/1 — 0.42 and hypotenuse 1. Let

0 be the angle between the side of length 0.4 and the hypotenuse. Then cosf = 0—14 = 0.4 and

tan = YISOE _ VOSL_ [ost_ /5og

0.4 04 — \/ 016 —
(15) Differentiation
(a) Find L (arctanz)

Solution: Let # = arctanx. Then z = tanf so by the chain rule 1 = % = % =
dianf . 49 — (1 4 tan? )L so
d(arctanx)  df 1 1
dz T dr  1+tan2f 1+a22°

(b) Find & (arcsin (230))
Solutlon Since L arcsin(z) = \/11_?, the chain rule gives

2
V1—4z2

Alternatively, let § = arcsin 2z, so that sin # = 2z. Differentiating both sides we get

de
cos 0 - Fr =2

— (arcsin (2z)) =

so that
dé 2 2 2

dz ~ cosf \/l—sin29: V1I—4z2’

(¢) Find the line tangent to y = 1/1 + (arctan(z))® at the point where z = 1.
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Solution: Since 4L arctan(z) = -1, the chain rule gives

o7
d 1 1
o 1+ (arctan(z))® = -2 arctan(z) - T
v 24/1 + (arctan(z))? T
arctanx

- (14 22)4/1 + (arctan(z))? .

Now arctanl = % so the line is

T w2

y=— T (-1 + =
8y/1+ 75 16

Find 3 if y = arcsin (651). What is the domain of the functions y,y’?
Solution: From the chain rule we get

d (B 1 5z 5e*
— arcsin (e ) = —————=5he"" = ——.
dx /1 — elOz 1 — elOz
The function y itself is defined when —1 < €?® < 1, that is when 5z < 0, that is when = < 0.
The derivative is defined when —1 < e¢'%% < 1, that is when z < 0. The point is that since sin §
has horizontal tangents at +7, arcsinx has vertical tangents at &1.
Solution: We can write the identity as siny = €>® and differentiate both sides to get ¢’ cosy =
5e5* 5o that _ _ .
, 5ed1 56013 5ed(E

Yy = = = .
cosy  /1—sin?y V1—el0®




