Math 101 — SOLUTIONS TO WORKSHEET 32
MANIPULATING POWER SERIES

1. MANIPULATING POWER SERIES: CALCULUS
(1) Let f(z) = Y002, g(z) = 300, #x" We know that f converges everywhere, while g
converges in (—1,1].

(a) Find the power series representation of f'(x). What is f(x)?

Solution: f'(z) = Y07, % = e (i%l)r =3 05 = f(z) so f'(x) = f(x) and
f(z) = Ce®. Since f(0) =1, we have C =1 and f(z) = e”.
(b) Find the power series representation of ¢’(z). What is ¢’(x)? What is g(z)?

oo n—1 n— 00 m
Solutlon' g(x) = oz, Gt = 52 ()t = T (—a)™ = e = s so

g (x) = m and g(z) = log(1 + a:) + C. Since g(0) = 0, we have C = 0 and g(z) = logz.

(c) Conclude that Y >° _12:71 = log 2.
Solution: Since x =1 is in the domain of convergence of g, we have

Z (717):7 - Z (712:% 1" =g(1) =log(1 +1) = log 2.

(2) Consider the error function erf(z) = [ exp(—t?) dt.
(a) Find the power series expanswn of erf(z) about zero.

2\n n
Solution: We have exp(—t?) =Y > (72!) =3, %ﬁ”. Integrating term-by-term we
have

0 $2n+1 t=w e —1)"
/f _%)d :Z = (D" ang1
—onl [2n+1],, = n!(2n +1)

(b) How many terms in the expansion are necessary to estimate erf(3) to within 0.001?

Solution: We need to estimate y - 11,((2”721)21 which is an alternating series. The term with

n = 4 already has the magnitude
1 < 1 _ 1 < 1
24-9-16  20-15-8 2400 ~ 1000
so taking the first four terms (0 < n < 3) suffices.

2. MANIPULATING POWER SERIES: SUMMING SERIES

(3) Find >

n=1 n2" :
Solution: We know that log(1 +z) = >, (_17):71 2™, with radius of convergence 1. We then
have:

oo 1 B [} (71),” —1\" B 00 (71)7,4,1 1\ "™

Yo - X5 (5) - (4

n=1 n=1 n=1

1
= = —log <1 — 2) = —log - =log?2

(4) Avatars of geometric series.
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(a) Evaluate Y 07 | 2

n=1 2n "
Solution: Let h(z) = > 7, na™. We see that

h — n—1 o n
(z) x Z nx T Z x
n=1 n=1
d <, d 1
= r— " =r—
dz Z del—x
n=0
B x
(=22
Now the radius of convergence of Y 7 " is 1, so % is in the domain of convergence and we
conclude -
n % 4 9

TR
n=1 2
(b) Express Yo, n?z™ as a rational function (ratio of polynomials).
Solution: Let f(z) =Y " 2" = 1. We see that

) = Yo

so that

oo = St (o (25) ) = (1 25)

. 1 2z :x((l—x)+2x)_ z(1+4 )
((1—@”(1—@3) (1— ) =2 |

nw

(5) Find a simple formula for Y > ¢

n=0 n! -

Solution: We know that e = 3°°° | %7 50 setting u = e” we get Yoo o L™ =32 | L (e*)" =

w
ec .



