Math 101 — SOLUTIONS TO WORKSHEET 26
THE COMPARISON TEST

1. COMPARISON BY MASSAGING

(1) Determine, with explanation, whether the following series converge or diverge.
(a) (Final 2014) >, ng+1
Solution: For n > 1 we have n2+1 < n? + n2 = 2n2 so that > 1

\/T = Vanz 75
harmonic series >~ | = dlverges (p-test with p = 1 < 1) so by the comparison test the given

series diverges as well.

(b) (Final 2013, variant) 14714+5%4%
Solution: The series is 12 + % + 5
is 2n — 1 so the series is

Forn > 1, 2n—122n—n:n80ﬁ7 o3
(p =2 > 1) so by the comparison test our series converges too.
(c) (Final 2013) Y °°  ndsinn

n=1 1+n?2

- and has positive terms. The nth odd number

The series Y~ 2 converges by the p-test

Solution: Forn22wehaven—|—sinn2n—1Zn—% and 1+ n? < 2n2 so that for n > 2

n+sinn n/2 1

we have mignn > 222 — L The harmonic series Y - ; L diverges (p-test with p = 1) so by

n24+1 = 2n2 7 4n
the comparison test the given series diverges as well.

A1+ +p+pmtetetat -

1
Solution: Let a, be the nth term of the series (which is positive) so that a,, = {"12

n3
For n > 1 we have % < n—lz S0 a, < 12 in any case. Now > >° 2 converges by the p-test

(p =2 > 1) so by the comparison test the series >~ | a, converges as well.

2. LIMIT COMPARISON TEST

(2) Determine, with explanation whether the following series converge or diverge.
(a) (Fmal 2014) >, \/7

. . 2 .
Solution:  We have lim, %/\/néﬁ = lim, oo nn+1 = limy_ 0o \/@ =

harmonic series > >~ % diverges (p-test with p = 1) so by the limit comparison test our series

dinverges as well.
@Hmmmmmmmr++5+ﬁ+ﬁ+ﬁ+m

Solution: The series is 12 + % + 5% + 5+

is 2n — 1 so the series is

Now lim, o0 %/ﬁ = lim, 0o (%)2 = lim, 00 (2 — H) = 4. The series Y o

- and has positive terms. The nth odd number

converges by the p-test (p =2 > 1) so by the limit comparison test our series converges t00.
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(c) (Final 2013) $1°° , ntsinn

n=1 14n?
Solution: We have
. n+sinn,1 o1+ Si:;z" 14 1limy oo Siélzn
lim —— /- = lim — = - T
n—oe nf+1 "n nooo 14 5 1+ 1limy, o0 72
Now lim,, # = 0. Since —1 < sinn < 1, we have _7712 < =t < # and lim,, (—#) =

—lim, # = 0 also so by the squeeze theorem, lim,, sinn — . Tt follows that

n2
. n+sinn ,1 1+0
lim - = =1.
n—oo n24+1'"m 140

The harmonic series > | L diverges (p-test with p = 1) so by the limit comparison test the
given series diverges as well.




