Math 101 — SOLUTIONS TO WORKSHEET 22
SEQUENCES

1. SKILL 1: EXPRESSION FOR SEQUENCES

(1) For each of the following sequences, write a formula for the general term

(a‘) {172v37475767"'}

Solution: a, =n.

101 1

(b) {laiagaﬁ7f53%7"’}

Solution: a, =
(c) {3,7,11,15,19, - -

Solution: a, =4n — 1.

(d) {I, L T T T T }

9727 81 2437 7297 3187
Solution: a, = 3%

(e)lléliiiii5 } {lgéiiﬁiii 10...}
2728747327327 1287 327 5127 512 21478>16° 327 64’ 128 256 512 1024’
Solutlon an = 55-

‘—r—’%‘»—t

(f) {17_ ) 7 1a1a 171a_1717_1a15_17"'}
Solution: a, = (—1)""%.
7 6 9 8 11
(g) {Oagaﬁaaaﬁaﬁ!(ﬁ:ym,ﬁ?10003"'}

Solution: a, = —

2. SKILL 2: LIMITS OF SEQUENCES

(2) Determine if the sequences is convergent of divergent. If convergent, evaluate the limit.
(oo}
a) {3}

Solution: lim, e £ = lim, 00 = = [0]

o) {a}

. . . T 1 _ 1 o
Solution: limy, o 47 = iMoo 71 = 1795 = .

(c) {sin(n)},—;

Solution: The function oscillates and the sequence is divergent.

d) {sin(3)},2,

Solution: Since the sine function is continouous we have lim,,_, o sin (%) = sin (limn_)OC %) =

sin(0 = @

(3) Further problems
(a) Does lim,, 0 \/ﬁ exist?

. n _ Vavm . m
Solution: No. We have =000 = Voiooe = Y Es i 00.
3 . n _ 1 _ 1 . .
Solution: No. IO ~ JmymE iy We can see that the denominator tends to

0 so the sequence diverges to co.
(b) limy o0 55 =
Solution: We have lim, o 5 = liMg 300 55 = limg 00 m = 0 by I’Hopital.
(¢) (Math 103 final, 2014) Consider the sequence {a,, },-; = {1,0,4,0,0,%,0,0,0,%,0,0,0,0,%,--- }.
Decide whether lim,, ., a,, = 0.
Solution: Yes, the limit is zero.
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3. TooL: SQUEEZE THEOREM

(4) Determine if the sequences is convergent of divergent. If convergent, evaluate the limit.
(a) (Final 2013) {(—1)"sin (£)}7° .

Solution: For n > 1, sin ( 1) >0 so

n

(D) £ Comn (D) em (1)

We have seen in 1(d) that lim,, . sin (%) = 0 and it follows that lim, _ . (f sin (}L)) =
—lim,,_, o sin ( 1) = 0 as well. By the squeeze theorem we conclude that

1
lim (—1)"sin [ = ) =0.
im (—1)"sin (n) 0

n—oo

(b) (Final 2011) {IS;EEB }n=2 (why do we have n > 2 here?)

Solution: Since lim, o log(n) = lim,_, log(z) = oo, we have lim,, @ = 0. Also, for
every n we have —1 < sinn < 1 so that

1 sinn < 1
logn ~ logn ~ logn '
Since lim,, f@ = —lim, @ = 0 also, we have by the squeeze theorem that
lim sinn =0.
n—oo logn
(c) (Math 105 Final 2012) a,, = 1+ "=,
Solution: ~ We have (n + 1)! = nl(n +1) so a, = 1+ Sigfls), and for every n we have
—1 < sin(n3) < 1 so that
(3
1o ooyt oy .
n+1 n+1 n+1

Now lim,, s (1 + n#ﬂ) =1=xlim, % =1 and it follows from the squeeze theorem that

I'si 3
lim 14 n!sin(n?)

=1.
n—00 (n+1)!



