Math 101 — SOLUTIONS TO WORKSHEET 19
IMPROPER INTEGRALS

1. IMPROPER AT INFINITY
(1) For which values of p does floo L da converge? Diverge?
T
. T _ _
Solution: For p # —1 we have fl z%dx = [ﬁml pL = ﬁ (T1 p— 1). If 1 —p >0 then
TP — o0 so the integral diverges. If 1 — p < 0 then 7'77 — 0 and the integral converges. If
1—p =0 then flT xip dz = [log m]f =logT — oo and the integral diverges.
(2) (Final, 2010) Evaluate f:olo e?* dz. Simplify your answer as much as possible.

PN -1 2y _[1,2z1%="1_ 1/ —2 T : 2T _ 1; z _
Solution: [~ e**dz = [fe ]x:T =3 (e7? —el). Now limp, o €27 = lim,, o € = 0 so

! 2 1 2 oT 1,
/ edr = lim f(e_ —e ): Ee‘ .

T——o0

—00

. —1 rz=—1 _ _ . _ . _
Solution: f_T e dr = [%62’”] = % (e 2_¢ T). Now limp_,e0 e 2T = limy oo™ =0

SO

- 2 1 2 2T 1
/ edx = limf(e* —e” ): —e "~
T—oo 2 2

— 00

(3) Find a constant C such that [7°° €dz — 1

—oco 1+4x2
. T = .
Solution: [ {13 = Clarctana];Z; = CarctanT so [~ 1% = Climy oo arctanT = 5C.
Since the function is symmetric we also have ffoo 10_1_(;"2 = 7 Cso
teo Cdx
[t o
oo 142z
1
and we need to take |C = — |
T

(4) We study fj;o xda.
T
(a) Evaluate [~ xdx.
(b) Evaluate limp_, oo fTT z du.
(c) Does the integral converge?
Solution: f; T2 da = 0 since the integrand is odd, so limp_, ffT xdz = 0. Nevertheless the
integral diverges: [« dx diverges, as does f_ooo xdx.

5) (Final, 2009) For what values of p does [~ —92 _ converge?
e x(logx)r

z=T  dz _ rlogT gu
fx:e z(log z)P _fl up

Now as T' — oo, log T — oo as well, so this converges exactly when || 100 i—? converges, that is exactly

for .

Solution: We note that dng = d (log x), so letting u = log x we have
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(6)

(7)

. IMPROPER AT FINITE POINTS

For which values of p does fo < converge?

11 _
Solution: For p # 1 we have [ % = [Ili:L = ﬁ — 6117;. Now as € — 0,
0 1—-p>0
lim el 7P = p
€0 o 1-p<0
0 fol 42 exists when p < 1 and diverges when p > 1. For p = 1 we have f: 42 = _loge —5 ™
e—

and the integral diverges as well.
(Math 103 Final, 2013) Evaluate the integral if it exists, otherwise show that it doesn’t: I = [ 7 2 d””
Solution: The function ;= is discountinuous at = 1, so we need to consider the convergence

of fo 9% and fl = separately Considering the first integral, for 0 < # < 1 we have 5 =

$2
m > ﬁ . ﬁ Now letting 1 — x = u we have fI 1 ode 1 u_:l %“ diverges by the

0 2(1—x) 2 Ju=0

p-test (p = 1) so our integral dlverges
Solution: ~We have 1x2 =
2 d:c

1
21 z+21+x

. Changing variables to u = 1 — x we have

/1—2 dz /u—l —du /u—l du
z=0 l-2z u=1 u u=—1 U '

Now both f 0 % and fo du diverge by the p-test so the integral diverges.

u

The second function is continuous on [0, 2] so it’s

enough to study 3 [ 1

3. COMPARISON OF INTEGRALS

Decide which of the following integrals converge

(a) (103 Final, 2012) [ 1= gy
Solution: Let g(z) = 22 Since sinz > —1 for all z we have g(z) > % = 0. Since
sinz < 1 for all  we have g(z) < 11%1 = 9722 Now floo i—g converges by the p-test (p =2 > 1) so

100 quf converges as well. By the comparison test it follows that [ 100 g(x) dx converges.

(b) J; s .
Solution: Let f(z) = 32 cosz > —1 we for all  we have f(z) > 3+(_1) > 1. Now
f d“ diverges by the p-test (p = 2 > 1) so by the comparison test foo 3"":0” dz dlverges as
Well

0o 2
(c) (Bell curve) f_+oo e dw

Solution: By symmetric (the function is even) it’s enough to consider fooo e==" dz. Since

1 2 . . . 2 2 .
fo e~ " dx exists, it’s enough to consider floo e ® dx. Butforz > 1,22 > xsoe™® <e % Now

fooo e~ ® dx converges (exponential function fact) and e~ >0 for all x, so by the comparison

test floo -2 dg converges. It follows that fj;o e~ dx converges as well.

(d) fO \erblna:
Solution: The function is continuous on (0,1] and since 1 < 7 we have 0 < sinx on that
interval. It follows that \/z + sinx > /x > Oand thus 0 < m < % on our interval.
Now fo d—"; converges by the p-test (p = 5 < 1) so by the comparison test the given integral
converges as Well.

(e) hard fO w
Solutlon Multiplying the inequality 0 < o <1 by 2?2 we see that 3 < z2. It follows that
22 4+ 2% < 222 so that 2+$3 > %z Now fl dz %fol g—‘;" diverges by the p—test (p =2 > 1)
so by the comparison test the given integral dlverges as well.

o0 51000

(f) (hard) [,~ *d=




Solution: Any exponential function grows faster than any polynomial function, so that z!°%0 <

1000

e/? for x large enough (1000 applications of I'Hopital’s rule will show lim,_, o m =0). It
follows that mleioo = % . er% < e’:% for = large enough. But fooo er% dz exists (expoential

decay), so the given integral exists as well.



