Math 101 — SOLUTIONS TO WORKSHEET 14
TRIGONOMETRIC SUBSTITUTION

1. MORE TRIG INTEGRALS

(1) (even power of secant) Evaluate [ tan®zsec?z dz using the substitution u = tan x.
Solution: We have du = sec? dz so

/tan5 xsectzdr = /tan5 xsec? x (sec2 T d:r)
= /u5 (1—|—u2)du:/(u5—|—u7)du

1 1 1 1
= 6u6+§u8+0: 6&m§x+§mm§x+61

(2) (odd power of tangent) Write [ tan®zsec® zdz in the form [ sin” z cos™ z dz and evaluate it.

Solution: tanz = zg;:;, secx = ﬁ so we have [ z;r;zz dxz. Now the power of sine is odd, so
we can set u = cosx dz, du = —sinxz dx and get
.5 .4
sin® x sin® z
dr = - —sinzdx
/ cos® x / cos® ( )
1-u2)? 422 41
:—/( 8)du:—/u Z—'_du
u U
1 2 1
—4 —6 -8 -3 -5 -7
= —u "+ 2u —u )du=-u""—-u "+ -u "+ C
/0 i = gt = a7
Lo 3 2 5 L o7
= |-sec’x— —sec’x+ —sec' z+C.
3 5 7

2. TRIG SUBSTITUTION

(1) (Final, 2014) Evaluate [ v4 —22dz
Solution: Let z = 2sin# so that dez = 2cos6df. Then

/\/4—x2dx = /\/4—4sin29(20059d9)
= 2/\/41\/1—sin290056‘d9:4/00829d9

1 20
:4/;E§—%kﬂ/w+/mwmam
= 20 +sin(20) = 20 + 2sinf cosh + C

T 2
— |2 «(f) Ji-Ztcl.
arcsin 5 +x 1 +

In the last row we used sin = 5 to get § = arcsin (%)7 cosf = /1 —sin? 0.

(2) (Final, 2013) Evaluate f_ll (ﬂdﬁ
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Solution: Recalling 1 + tan?6 = sec?d let = tan6 so that dz = sec2d. We also know hat
tan (ig) = 41 so the integral becomes:

=1 0= /4 2 0=m/4
d 0
/ 7333:/ L3d9:/ cos* 6.d6.
a=—1 (22 +1) 9=—n/4 , (sec? 0) 0——n/4
We now use trig integral techniques, here the half-angle formula cos?§ = H‘%S(ze) to get

0=m/4 0=m/4 2
/ COS4 0dé = / (HCOS(20>> dé
0=—m/4 0=—m/4 2

0=m/4 1 1
/9__7T/4 (4 + 3 cos(20) + 1 0052(20)> dé

The half-angle formula again gives cos?(260) =

0=m/4 }
/ (1 + %COS(QH) + 1 cos{d6) C05(49)> dé
0

14cos(40
7“0;( ) 50

=—7/4 4 8
0=m/4
3 1 1
= |=0+ -sin(20 — sin(46
[8 +4sm( )+ 3 sin( )} s
_ 3 +}s‘ (ﬁ)+is-()fi +1
TSR SR ANED S U ST A

(3) (105 Final, 2014 + 101 Final, 2009) Convert [ (3 — 2z — 22)~** dz to a trigonometric integral.
Solution: We complete the square: 3 — 22 — 22 =3+1— (1 +22 +2%) =4 — (z + 1)%. So if
we set x + 1 = 2sinf we'd have 4 — (z 4+ 1)> = 4 — 4sin? 0 = 4 cos? §. Since z = 1 + 2sin 6 we have
dx = 2cosf and we get

/(3—2x—x2)_3/2dx = /(4—4sin20)_3/22c030d9

2 _
- M/(cos2 9) 32 0s0df

1
= Z/seCQHdQ

(4) (Final, 2008) Find the area inside the ellipse z—z + g—z =1

Solution: We need to compute the area between the curves y = by/1 — i—z and y = —by/1 — i—;
for —a < x < a. We therefore substitute x = asinf, where —g <f< g to get

r=a 2 0=m/2
Area = / 2b\/17x—2dx:2b V1 — sin? 0a cos 6 d6
r=—a a

O0=—m7/2
0=m/2
2ab/ cos? 6do
0

=—7/2
0=m/2
= ab/ (14 cos(20))dé
0=—m/2
oo+ Loinan)] = ab[(Z = (=F)) = Leinczm) - Loin(2
= a { —|—451n( )L_W—a [(2 ( 2))+4sm( ) 45111( )
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