Math 101 — SOLUTIONS TO WORKSHEET 13
TRIGONOMETRIC INTEGRALS

Formulas to memorize: (sinz) = cosz, (cosz)’ = sinz, (tanz) = sec? z,

1 2
sin(2z) = 2sinx cos cos(2z) = 2cos’z — 1 cos®x = 1 cos(2z)

sin? o — 1 —sin(2z)
2 T

(1) Evaluate the integrals
(a) [sin'zcos® zda
Solution:  The power of cosine is odd, while the power of sine is even, so let u = sinz,

du = coszdz. Then sin® z = u?, cos?z = 1 — u? and

u o’
/sin4xcos3:cdx = /u4(17u2)du:/(u4—u6)du:€+7+C

1 . - 1
gsin"x+?sin7x+0.

(b) [sin® zcos* x dx
Solution: This time let u = cosx, du = —sinz. Then

/sinsxcos4xdx = /(Sin2 x)20054xsinxdx
—/(1—u2)2u4du=/(1—2u2—|—u4)u4du

) 2 1 1
/(2u6—u47u8)du:7u777u577u3+0

7 5 9

1 1
?cos7x—5cos5x—fcos9x+0

(c) [sin*zcos* xdax
Solution: We have sinz cosz =  sin(2x) so

1
/Sin4xcos4xdx = E/sin‘*(?x) dz

1 1— cos(4z) >
1 1 1,

= 1 (1 ~3 cos(4x) + 7908 (4x)) dz
1 1. 1 1 + cos(8z)

= _— — — 8 4 —_— —_—m
16 (m g sind “3)) * 64/ 5
1 1 1 1

= - —sin(4z) + —a + ——si .
6%~ 128 sin(4x) + 198°% + 618 sin(8z) + C
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1— 2 1+ 2
2 cos(2z) 2 con( z) to get

Solution: Use sin“z = 5 , COS“ T =
1
/Sin4 rcostzdr = 6 (1 — cos(2z))” (1 4 cos(2z))*
1
= 15 | (1= cos(2m)(1 +cos(2)))” du
1 2
= — [ (1—cos?*2
T (1 —cos®(22))" dz
1
= (1 —2cos?(22) + cos(4x)) da 2c0s® 0 — 1 = cos(26)
1
= 16 (cos(4z) — cos(8z)) dx
= is’ (4 )fis' 8z)+C
= g sin(4z) — oo sin(8z .
(2) Powers of tangent and secant
(a) Evaluate fow/4 tan z dx
Solution: foﬂ/‘l tanx = Oﬂ/4 SInZ gy, We note that sinz dx is roughly d(cosz) = —sinz dx

so letting u = cos x we have

m/4 r=m/4 _4d B
/ tanx = / —du_ log ‘uuz;(l:os(-rr/@
0 =0 u

1 1 1
= 1 ) —logl ) =—log— =|=1log2|.
<0g(ﬁ) 0g> o8 5 =| 38

(b) Evaluate f_—:r//f tan z dx
Solution: Since tan(—x) = tan(z) and the domain is symmetric about « = 0, the integral

vanishes. In detail, let © = —x. Then du = — dz abd

r=+m/4 u=—m/4
/ tanxdx = / tan(—u)(— du)

=—7/4 =n/4
u=—m/4
= / tan(u) du tan(—u) = — tan(u)
u=m/4
u=m/4 a b
= —/ tan(u) du —/ :/
u=—m/4 b a
r=+m/4
= —/ tan(z) da substitute u = x.
r=—m/4



