Theorem (Substitution). [ f'(g(x))¢'(z)dz = f(g(z)) + C. Equivalently, [ f(g(z))g' (z)dx

Math 101 — SOLUTIONS TO WORKSHEET 6
SUBSTITUTION

[ f(u)du

where u = g(z).

(1) Evaluate the integrals

(a)

[sinzcoszdz =
(hint: use u = sinx)
Solution:  Letting v = sinz, du = sinzdz so [sinzcoszdr = [udu = Ju? + C =

1
.

Problem. It’s easy to check that (—3 008(290))/ = 1sin(2z) = %-2sinzcosz = sinzcos.
How is that possible?

(Final, 2014) [ cos® zsin® zdz =
Solution: Letting u = sinx, du = sinx dx so

/ cos® zsin*zdr = / cos? xsin® z cos z dz

/(1 —u?)ut du

u? o’

= 5 71C¢

1 1
= 5sin5;z:—?sin7x—|—0.

(Final, 2013) [ (22 — 1)e*" % dz =
Solution: Letting u = 22 — z, du = (22 — 1) dz we get zfg 20 — De® = dg = [““Cevdu =
g ) g o=

_ 1 u=0
[e“]z;g =eb — 1.

Solution:  (Alternative) Using u = 2% — z, du = (2z — 1)dz we get [(2z — e~ dz =
[etdu=e"+C=e""""+Cso

r=3 =3
[ es-netran= ] T [ o]

=1 r=1

2

Solution: (Alternative) Using u = ¢ — z, du = (22 — 1) do we get

=3 R =3 _
/ (22 —1)e” "Fdz = / et du = [e"]*=3
x x

=1
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(d) (Final, 2012) [;'(z +1)v9 — 22 dz =
Solution: Write this as f03 V9 — 22z dx + fo?’ v9 — z2dz. The second term is the area of a
quarter-circle of radius 3, so is %71’. For the first term we use v = 9 — 2%, du = —2zdz to see

that
u=9

r=3 u=0
V9—22zdr = Vu ! du = 1 w2 du
2 2
z=0 u=9 u

=0

12 3/2}1;9 L s/
-z — 932 _9g,
23 [“ w=0 3

In conclusion, fog(a: +1)V9 —22dr =9+ %w i




