Math 101 — SOLUTIONS TO WORKSHEET 5
INDEFINITE INTEGRALS

Theorem (Net change). Suppose f' is continuous. Then f: fl()dt = f(b) — f(a).
(1) (Net change theorem)

(a)

A particle moves with velocity v(t) = mwsin(nt). What is its displacement between the times
t=0andt=27
Solution: Say the particle is at position z(¢). Then (“net change theorem”)

2(2) —2(0) = /tt o, /tt_2v(t)dt:/tt_27rsin(7rt)dt

o dt =0 =0
= [~ cos(mt)]; i = —cos(2m) + cos(0) = @
The particle is where it started.
What is the total distance covered by the particle?

Solution: For ¢ € [0, 1] the particle is moving to the right, while for ¢ € [1,2] it is moving to
the left. The total distance covered is therefore

t=1 qp t=2 dz t=1 t=2
[ [ ( dt)dt = [ cos(mt))!h — [~ cos(mD]i=2

(=== (=1)) = [-1-()]
= 4.
In the alternative we would start with f 0 |v( )| dt (distance travelled is the integral of the
speed), but we’d immediately need to split into domains where v(t) > 0 and v(t) < 0, returning
to the solution above.
According to Newton’s law of universal gravitation, the gravitational acceleration at distance r
from a star of mass M is a(r) = GM. The gravitational potential ¢(r) is defined by ¢'(r) =
—a(r). What is the change in the grav1tat10nal potential between the surface of the Earth
(R =~ 6,400km) and geostatlonal orbit (Ry &~ 42,000km)? You may use Mearin ~ 6-10%*kg
and G ~ 6.7-10""m3/(kg - s?).

Solution d(Rs) — ¢(Ry) = R2 P (r)dr = — r)dr = fR2 G dr = GM [— ]gj =
CI"%J\I/I — R2 Plugging in the numerlcal values glves

O(Rs) — ¢(R1) ~ 5.3-107 w?

sec?

(2) Find the indefinite integrals

(a)

(b)

For n# —1,[ 2" dx =

1
— a4

Solution: We know Lan*! = (n+1)2" so [2"dz = e

f (%x‘o’/z —e /3 4 7) dx =
Solution: We break the sum and then consider each piece separately. We note that (x5/ 2)/ =

%x3/27 (e*I/S)I = f%e’w/g and get:
1
§/x3/2da:—/efx/3dx—|—/7dx

/ (;x‘o’m —e /3 4 7) dz
1 2

_ - 5/2 z/3
5" 5 +3e ¥+ Tx 4+ C|
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(C) f49 (IS/Q + 62:1:) dr =
Solution: [ (%2 +¢2?) = 227/2 4+ L + C 50

? 2 1,1
/($5/2+62”:)d33 = |Z2T/2 4 e
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(d) [z (e’”2 + 1) dz =

Solution: [z (612 + 1) dz = fxer dz+ [ @ dz. For the first part we note that (612) = 2ze®
to get

/x(em2+1>dx: ¢ o ;xQ—&—C.




