MATH 100 — SOLUTIONS TO WORKSHEET 14
TAYLOR POLYNOMIALS

1. TAYLOR EXPANSION OF e*

(1) Let f(z) =€

(a) Find £(0), f/(0), f®(0),- -
(b) Find a simple polynomial Ty
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0) = f(0) and T3 (0) = £*(0).
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d) Find a simple polynomial T5 = f(0), Tu(
(e) Find a simple polynomial Ts(x) such that 74" (0 f<k>(0) for 0< k<3
Solution:
(a) f'(z) = e, f"(x) = e, and in fact f*)(x) = e for all x. Since ¢ = 1 we see that f*(0) =1
for all k.

(¢) Suppose T1(z) = a + bx. Then T1(0) = a so need a = f(0) = 1. Also, T{(x) = b so need b =1
and get
Ti(x)=14=x.

(d) Suppose Tz(z) =1+ z + ca?. Then T5(0) = 1, T5(x) = 1 + 2cz so T4(0) = 1. Also, T4/ (x) = 2¢
so to get 75/ (0) = f”(0) = 1 need ¢ = 1 and we get

1
Tg($)=1+l‘+§$2.

(e) Suppose T3(z) =1+ z + 322 + da®. Then T?EB)( ) =3-2d so to get T( (0) = £3)(0) = 1 need
d= é and we get

1 1
T3(-73):1+$+§$2+6$3

2. Do the same with f(z) = Inz about = 1.Solution:
(1) f'@) =3, fP@) = —35, fP(2) = 5. Thus f(1) =0, fV(1) =1, fA(1) = -1, f&(1) =2
o (-1
(3) Suppose T1(z) = 0+ bz. Then we need b = f'(1) = 1. so we get
Ti(z)==x.

(4) Suppose Ty(x) =  + cx?. Then T(Q)( ) = 2¢ so to get T(z)( 1) = f®(1) = —1 need ¢ = —1 and we
get

1
To(z) =2 — 5372.

(5) Suppose T3(z) = x— 22° +da®. Then Tég)(z) = 3-2d so to get T2(3)(1) = fB)(1) =2 need d = 2=3
and we get

1 1
Ts3(x) =a — §$2 + gx?’.
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2. GENERAL FORMULA

The nth order Taylor expansion of f(z) about x = a is the polynomial

To(x)=co+ecri(z—a)+ - +cplx—a)?

*)
where ¢, = £ k‘(a).

(1) Find the 4th order Maclaurin expansion of 12—.

Solution: For f(z) = 2 we have f(1)(2) = (1—11)27 f@(z) = ﬁ, fO(z) = 235, fD(z) =

1z (1—x)4>
(12'73‘,35. We therefore have f(0) =1 = 0!, f1(0) =1 = 1!, f@(0) = 2!, G (0) = 3!, FH(0) = 4!
and hence
o 1 20, 3, 4y,
= ’1+$+Z‘2+l‘3+5€4 ‘

(2) Find the nth order expansion of cosz.
Solution: For g(x) = cosz the derivatives are ¢(*) (z) = cosz, ¢ (z) = —sinz, ¢ (z) = — cos z,
g®)(z) = sinz, g (x) = cosx and then the derivatives repeat. It follows that the derivatives at
zero are 1,0, —1,1, and then repeat periodically. We conclude that the odd terms all vanish, and the
even terms are the same as those of e* but switch sign:
4 1 1 (_1)71 2n

costl—le—i——a: — a4 a2t
T 4! 6! 8! (2n)!

3. NEW FROM OLD

(1) Find the 3rd order Taylor expansion of \/z about = 4 and use it to approximate v/4.1.
Solution: Let f(z) = \/z, a = 4. Then f'(z) = 22712, f@(2) = —1273/2, fO)(z) = 2275/2.

Therefore f(4) =2, f'(4) = 1, fP(4) = -5, f®(4) = 53;. We have
I R L
= 2—|—Z(x—4)—|—% (—312) (x—4)2+é (226) (x —4)3
= 2+%(x—4)—6i4(x—4)2+5—12(x—4)3
Forus x =4.1s0 x —a =4.1 —4 = 55 and we get
ﬁzTg(4.1):2+%fﬁ+512’1000 :

(2) Find the 3rd order Taylor expansion of /x + 3z about z = 4.
Solution: We already know the expansion of y/z. For 3x the value at 4 is 12 and the slope is 3
so 3x =12+ 3(x — 4). Thus

VI +3r =~ <2+i(x4)+;(312> (x4)2+é<2356> (x4)3)+(12+3(x4))
1 1 1
= 14+3Z(x74)—6—4(x—4)2+ﬁ(x74)3 .

(3) Find the 8th order expansion of f(x) = e’ + cos(2z). What is f(©)(0)?
i . ~ 1 1 1 . .
Solution: We already know that e¥ ~ 1+ y + §y2 + gy?’ + ﬂy‘* to fourth order. Plugging in x?
we find
1 1 1
e 1t a’ ot 4 a4
2




(and see that terms y* with k& > 4 would give terms 22* with 2k > 8 so not relevant). Similarly,
using cosy ~ 1 — 3y + 57y — 45° + 34® and plugging in y = 2z we get

1 1 1 1

cos(2z) ~ 1-— 5(235)2 + ﬂ(Qa:)4 — —(22)% + §(2x)8
2 4 2
= 92 fA_t6 f 8

T3 B T

We conclude that the 8th order expansion is:

o2 2 L 24 1_4 6 ! 2 8
~ (1+1 1- 51t 3 T 24 ' 315
e + cos(2x) (1+1)+(1-2) +(2+3)x + (6 15)" + 24+315 v

7 7 121
_ 2 4 6 8
=272 t6% Too” T om0

90

We now use the Taylor expansion rule in reverse: the coefficient of 25 is %, but it is also ——— so
fO0) _ 7
6 90

and
0 1-2-3-4-5-6-7

(©) _
79(0) 55 56.




