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Abstract 

The rupture of thin liquid films driven by the van der Waals force is of significance in many engineering processes, and 

most previous studies have relied on the lubrication approximation. In this paper, we develop a smoothed particle 

hydrodynamics (SPH) representation for the van der Waals force and simulate the rupture of thin liquid films without resort 

to lubrication theory. The van der Waals force in SPH is only imposed on one layer, i.e., the outermost layer of fluid particles, 

where a weighting function is deployed to evaluate the contributions of particles on or near the interface. However, to obtain 

an accurate hydrostatic pressure in reaction to the van der Waals force, a smaller smoothing length is used for the calculation 

of the weighting function than that used for SPH discretizations of the bulk fluid. The same surface particles are also used to 

model the surface tension. To deal with the rupture of a thin liquid film with a very small aspect ratio ε (ε = thickness/length), 

a coordinate transformation is introduced to shrink the length of the liquid film to achieve accurate numerical resolution with 

a manageable number of particles. As verifications of our physical model and numerical algorithm, we simulate the 

hydrostatic pressure in a stationary film and the relaxation of an initially square droplet and compare the SPH results with the 

analytical solutions. The method is then applied to simulate the rupture of thin liquid films with moderate and small aspect 

ratios (ε = 0.5 and 0.005). The convergence of the method is verified by refining particle spacing to four different levels. The 

effect of the capillary number on the rupture process is analyzed.  
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1. Introduction  

The van der Waals force [1] can cause a thin liquid film to rupture and form a dry spot on a solid 

substrate despite the stabilizing effect of surface tension. Such phenomena are common in daily life and 

engineering applications such as coating flow [2], hard disk driver [3], foam stability [4], and rupture of the 

tear film in the eye [5, 6]. Understanding the rupturing mechanism of thin liquid films is of great 

significance. Up to now, the rupture of thin liquid films has been mostly studied using lubrication theory, 

where the long-wave equations of motion for the free surface rupture are derived from the Navier–Stokes 

equations. For example, Ruckenstein and Jain [7] studied the spontaneous rupture of a thin liquid film on a 
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solid substrate by hydrodynamic stability theory. The motion of the liquid film was generated by a small 

perturbation of the free interface, and the van der Waals force was calculated from the potential energy per 

unit volume in the liquid caused by the London–van der Waals interactions with the surrounding molecules 

of the liquid and with those of the solid. Williams and Davis [8] examined nonlinear effects on film rupture 

by investigating the stability of thin films to finite amplitude disturbances. They derived a nonlinear partial 

differential equation for the film thickness and solved it by numerical methods as an initial-value problem 

with periodic boundary conditions in the longitudinal direction. Zhang and Lister [9] showed that the 

rupture of a thin viscous film on a solid substrate possessed a countably infinite number of similarity 

solutions. Conroy et al. [10] explored the influence of electrokinetics on the dynamics of an annular 

electrolyte film that surrounds a perfectly conducting fluid core in a horizontal cylinder. Garg et al. [11] 

analyzed thinning and rupture of a thin film of a power-law fluid on a solid substrate under a destabilizing 

van der Waals pressure and a stabilizing capillary pressure.  

The case analyzed by the lubrication theory is simplified as it is limited to small surface deformation 

and in principle fails toward the final stage of rupture. Besides, there are films with complex structures such 

as solute redistribution or phase separation [5, 6], which require a resolution of the thickness direction. 

Beyond the lubrication approximation, there are mainly two kinds of numerical methods for solving the full 

Navier–Stokes equations. One is grid-based, examples being the finite difference, finite volume, and finite 

element methods. These methods are mature, but the underlying grids may encounter difficulties in 

representing the moving interfaces in complex problems. To track the interfaces, some techniques (e.g. 

volume of fluid [12], marker and cell [13] and level set [14]) are usually implemented together with the 

Navier-Stokes solver. Moreover, interfacial rupture requires ad hoc treatment in grid-based methods [15]. 

The other is the meshfree particle methods [15], which have been developed and applied to a range of flow 

simulations in recent decades. A remarkable feature of this class of methods is that the governing equations 

are solved on a set of discretized particles with no underlying meshes. Indeed, meshless particle methods 

have some advantages over grid-based methods: it handles the convection dominated flows without 

numerical diffusion; it is well-suited for the simulations of large-deformation flows and programming can 

be easier than in grid-based methods. As a typical meshfree particle method, smoothed particle 

hydrodynamics (SPH) [16, 17] is originally proposed to model the astrophysical problems. Recently, it has 

been applied in a wide range of research areas such as the mechanics of red blood cell [18], coastal 

hydrodynamics [19], explosion [20, 21], fluid-solid interactions [22], multiphase flows [23], and 

viscoelastic flows [24−27], among others.  

When simulating the rupture of thin liquid films, the surface tension plays an important role. In 

general, there are two ways to model the surface tension in SPH. One is based on the cohesive pressure of 

the van der Waals equation of state. Nugent and Posch [28] applied it to drop condensation of a 

two-dimensional van der Waals fluid. Tartakovsky and Meakin [29] used a cosine model by applying the 

interaction of fluid–fluid and fluid–solid particles for simulating surface tension and contact angle. The 

other is the continuum surface force (CSF) method proposed by Brackbill et al. [30]. Morris [31] developed 

the CSF model in SPH to simulate two-phase flows and tested the numerical method on simple benchmark 
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problems with equal density and viscosity. Hu and Adams [32] applied it to incompressible multiphase flow. 

The method produced excellent results in the simulation of droplet oscillation, contact angle, droplet 

deformation in shear flow, and Rayleigh–Taylor instability. Grenier et al. [33] derived another multiphase 

SPH model for simulations of free surface problems from a Lagrangian variational approach. More recent 

developments have extended SPH treatments of surface tension to high density and viscosity ratios [34–36], 

indicating that SPH can simulate interfacial dynamics accurately. However, to the authors’ best knowledge, 

no meshfree particle methods have been developed for modelling the van der Waals force or simulating the 

rupture of a thin liquid film.  

This paper presents an SPH model for the rupture of a thin liquid film on a solid substrate driven by 

the van der Waals force. Unlike some previous lubrication-based solutions, the rupture of thin liquid films 

is computed directly from the Navier–Stokes equations, which can be recognized as an important step of 

SPH towards a new class of physical problems. The van der Waals force is only imposed on the outmost 

layer of fluid particles, where a weighting function is deployed to evaluate the contributions of particles on 

or near the interface. However, one notable point is that the weighting function is computed with a smaller 

smoothing length than that used in the bulk, which is found to be important for accurately reproducing the 

hydrostatic pressure. The same surface particles are also used to model the surface tension, which stabilizes 

the rupture of the liquid film. To deal with the rupture of a thin liquid film with a very small aspect ratio, 

we introduce a coordinate transformation along the longitudinal x-axis, x = tan(ξ). This technique is used to 

avoid deploying a large number of fluid particles far from the region of the rupture, and thus the 

computational cost is dramatically reduced.  

The rest of this paper is structured as follows: Section 2 describes the mathematical formulations as 

well as the numerical method implemented. In Section 3, selected numerical examples are simulated and 

compared against available results in the literature. We conclude the paper with a final remark in Section 4.  

2. Mathematical formulations 

2.1 Governing equations 

In a Lagrangian frame, the governing equations for weakly compressible viscous flow are: 

 d
dt
U U � � �u , (1) 

 s v
d
dt

U  � � � �
u σ F F , (2) 

 d
dt

 
r u , (3) 

where ρ is the density, t the time, u the velocity, σ the total stress tensor, and r the position. Fs and Fv are 

surface tension and van der Waals force per unit volume, respectively, whose formulation will be explained 

in Sections 2.3 and 2.4. The symbol d/dt is the material derivative operator, / /d dt t w w � ��u .  
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The total stress tensor σ is usually decomposed into an isotropic pressure and a viscous stress:  

 = 2p K� �σ I D , (4) 

where I is the unit tensor, η the dynamic viscosity, and D the rate-of-deformation tensor 

 � �� �T1
2

 � � �D u u . (5) 

The governing equations are not closed at this stage. It is common to use a suitable equation of state to 

describe the variation of pressure with density. We use the following equation of state [37]: 

 � �
2

0 0

0

1
c

p
J

U UU
J U

§ ·§ ·
¨ ¸ �¨ ¸¨ ¸© ¹© ¹

, (6) 

where c0 is the speed of sound, γ = 7 is a constant, and ρ0 is the initial density of the fluid. To ensure the 

flow behavior of the pseudo-compressible fluid is sufficiently close to that of a truly incompressible fluid, 

the sound speed c0 is usually chosen to be at least 10 times higher than the maximal fluid velocity [38].  

2.2 SPH formulations 

The SPH method approximates an arbitrary function A(r) by the following integral: 

 � � � � � �,A A W h d
:

c c c �³r r r r r , (7) 

where W is an interpolation kernel function, and h is the smoothing length defining the supporting domain 

of the kernel. In this paper, the quintic Wendland kernel [39] is chosen as its continuous second derivative 

affords better accuracy and stability:  

 � � � � � �42 1 2       0 2,
0                        2D

q q qW r h
q

D
 � � d �° u®

t°̄
, (8) 

where the normalization factor αD takes the value of 27 / 64 hS  in 2D space, q = r/h, and r c �r r  is the 

distance between two particles.  

In SPH, the fluid is discretized by a set of particles which follow the fluid motion. Each particle has its 

own mass, density, pressure, and velocity. The motion of a particle of interest is affected by its neighboring 

particles within the supporting domain. The particle approximation for the function A(r) at particle a can be 

obtained as follows: 

 � � � �a b b ab
b

A V A W ¦r r , (9) 

where � �,ab a bW W h �r r , /b bV m U  is the volume of particle b, and m is the particle mass. The particle 

approximation for the spatial derivative � �A�� r  is similarly obtained as: 

 � � � �a b b a ab
b

A V A W��  ��¦r r , (10) 

where a�  is the gradient operator with respect to the particle a.  

Note that we can use several different ways to further derive the spatial derivative, e.g.,  
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 � � � �� � � �� �1A A AU U
U

��  �� � ��r r r , (11) 

 � � � � � �
2

A A
A U U

U U
§ ·§ ·

� �  � � � ��¨ ¸¨ ¸¨ ¸© ¹© ¹

r r
r . (12) 

By applying Eq. (10) to Eqs. (11) and (12), we obtain the following particle approximations for the spatial 

derivative: 

 � � � � � �� �1
a b a a ab

ba

A m A A W
U

� �  � ��¦r r r , (13) 

 � � � � � �
2 2
b a

a a a ab
b b a

A A
A m WU

U U

§ ·§ ·
� �  � ��¨ ¸¨ ¸¨ ¸© ¹© ¹

¦
r r

r , (14) 

respectively. In these two particle approximations, A(r) appears pairwise and exhibits anti-symmetry and 

symmetry, respectively, between particles a and b. These features help to improve the numerical accuracy 

and stability in SPH simulations [38]. 

In this paper, the continuity and momentum equations are respectively discretized based on Eqs. (13) 

and (14), so we have [45]:  

 d
( )

d
a

a b a ab
b

m W
t
U

 � ��¦ u u , (15) 

 2 2

1 1+a b
a ab s v

ba a aa b

d m W
dt U UU U

§ ·§ ·  � �� �¨ ¸¨ ¸
© ¹ © ¹

¦ σ σu F F . (16) 

When computing the discretized Eqs. (15) and (16), the smoothing length h should be taken to be slightly 

larger than the initial particle spacing ∆x [15]. In this paper, h = 1.5∆x is used unless otherwise specified.  

Furthermore, in order to improve the computational accuracy and suppress spurious oscillations in the 

pressure field, we implement a corrected kernel gradient [40–43] and also introduced a Rusanov flux into 

the continuity equation [44]. Now the discretized Eqs. (15) and (16) are rewritten as [45]:  

 � � � �d ˆ
d

a ab
a b ab b a a ab

b b

c
m W

t
U

U U
U

§ ·§ ·
 � � � ��¨ ¸¨ ¸¨ ¸© ¹© ¹
¦ u u r , (17) 

 2 2

1 1+a b
a ab s v

ba a aa b

d m W
dt U UU U

§ ·§ ·  � �� �¨ ¸¨ ¸
© ¹ © ¹

¦ σ σu F F , (18) 

where a abW�  denotes the corrected kernel gradient defined by: 

 1
a ab a a abW W��  �M , (19) 

and Ma is the correction matrix 

 ( )a b a ab b a
b

V W � � �¦M r r . (20) 
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Moreover, in the second right-hand-side term of Eq. (17), ˆabr  is the unitary vector of the distance between 

particles a and b defined by: 

 ˆ b a
ab

abr
�

 
r rr , (21) 

abc  is the maximum numerical speed of sound between particle a and b, i.e., 

 � �max ,ab a bc c c , (22) 

with 

 

1
2

0
0

a a
a

a

P
c c

J

U
U U

�

§ ·w
  ¨ ¸w © ¹

. (23) 

For more details on the discretization of the governing equations, we refer the reader to the previous works 

of Xu and Deng [45].  

To solve the system of governing equations along the particle paths, a two-step predictor-corrector 

scheme [15] is adopted. Let aq  denotes the unknown variables � �, ,a a aU u r , and � �aF q  the force vector 

on the right-hand side. The predictor step at each time interval is an explicit Eulerian evaluation of aq , i.e., 

� �1/2 / 2n n n
a a a t�  � 'q q F q . In the corrector step, the final corrected value of aq  is calculated by 

� �1 1/2n n n
a a a t� � � 'q q F q . Moreover, in order to maintain numerical stability, several time step constraints 

must be satisfied, including a Courant–Friedrichs–Lewy condition [15]:  

 
0

0.5 ht
c

' d , (24) 

a viscous diffusion condition [38]: 

 
2

0

0.125 ht
X

' d , (25) 

and a surface tension condition [30, 32]:  

 
1/23

0.25
2

ht U
SE

§ ·
' d ¨ ¸

© ¹
, (26) 

where 0 0/X K U  is the kinematic viscosity and β the surface tension coefficient.  
 

2.3 Van der Waals force modelling in SPH 

The van der Waals force stems from the attraction between molecules and atoms in close proximity, 

and it is important for the rupture of thin liquid films [1]. Several research groups have studied the rupture 

of thin liquid films driven by the van der Waals force, almost always using the lubrication approximation 

[5–11]. In this work, we will not resort to the lubrication approximation but will model the van der Waals 

force directly within the Navier-Stokes equations in 2D. To the authors’ knowledge, this is the first time 

that the van der Waals force is modelled within the framework of SPH. 

For a liquid film of thickness H between parallel surfaces, the intermolecular attractive van der Waals 

force between the two surfaces can be represented by a normal stress on the surface or a disjoining pressure 
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inside the film [1, 6]:  

 3=
6

A
HS

� , (27) 

where A is the unretarded Hamaker constant. In the lubrication formalism, such a term is incorporated into 

the momentum equation as a potential akin to gravity. However, in SPH, a more natural representation 

would be to impose a surface force fv onto the outmost layer of fluid particles, pointing vertically toward 

the substrate with a magnitude of Π, see Fig. 1. The surface force fv per unit area is thus given by 

 30,
6

T

v
A
HS

§ · �¨ ¸
© ¹

f , (28) 

where H can be taken as the difference of the y-coordinate of the outmost layer fluid particles to the solid 

substrate. We impose such a surface force even when the free surface of the liquid film deviates from the 

horizontal. A complication arises in implementation, however. A dynamically deforming surface can 

become rough so it becomes ambiguous which particles constitute the “outermost layer”. To resolve this 

problem, we introduce a weighting function λ to spread the surface force fv into a volume force Fv 

concentrated on the interface:  

 v v O �F f . (29) 

The weighting function λ is defined on each particle and is nonzero only for those at the interface. In 

principle, λ should be designed such that it reproduces the correct total amount of surface force on rough 

surfaces by properly weighing the contributions of particles at the nominal surface, as illustrated in Fig. 2. 

Therefore, no matter a smooth surface or a rough surface, λ should recover fv only on the surface layer of 

particles, without spreading onto any interior particles. Indeed, the weighting function λ peaks at the 

interface and is an approximation to the Dirac delta-function concentrated at the fluid interface.  

 

 
Fig. 1 Sketch of the van der Waals force fv: the force direction is perpendicular to the substrate. 

 

The design of λ follows two steps. In the first step, we use the decreased particle density on or near the 

surface as a coarse criterion to identify potential “surface particles”: 

 *
00.97aU U� � , (30) 

where the particle density is calculated by the summation method： 

 * =a ab
b

m WU �¦ . (31) 

This detection is inexact in that some inner particles may be counted as surface particles [46]. In the second 
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step, we apply a finer criterion based on the magnitude of the gradient of the particle concentration. For a 

target particle a that has been marked at the first step, the gradient of the particle concentration is computed 

by:  

 a b a ab
b

V W�*  �¦ . (32) 

It should be noted that the gradient of the particle concentration will have a larger magnitude for particles 

on or near the interface, and will nearly vanish for interior points. Once a�*  is computed, the actual free 

surface particles used to model van der Waals force can be filtered by 

 1
a x

�* ! / �
'

, (33) 

where Λ is a constant used to control the inclusion of particles near the free surface for computing the van 

der Waals force. Effectively it defines which particles constitute the outmost layer. Our numerical 

experiments show that the range of 0.15 < Λ < 0.25 would be a good choice. In this work, we have used Λ= 

0.2, and particles satisfying this condition are regarded as the outmost layer of particles forming the free 

surface.  
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Fig. 2 The weighting function λ for (a) a smooth surface and (b) a dynamically deforming surface. 

 

Finally, for the surface particles thus determined, we define the weighting function λ simply as: 

 a aO  �* . (34) 

However, special attention should be paid to the choice of the smoothing length used for the calculation of 

the weighting function. Specifically, when computing Eqs. (29)–(34), a smaller smoothing length of h2 = 

1.0∆x should be used in order to reproduce accurately the hydrostatic pressure in the interior. This is in 

contrast with h = 1.5∆x used for SPH discretizations of the bulk fluid. Indeed, to reproduce the correct 

amount of van der Waals force, the weighting function λ calculated should be strictly equal to 1/∆x since 

only one layer of fluid particles is used. As illustrated in Section 3.1, our numerical experimentations have 

shown that the/ and h2 values adopted here reproduce the correct amount of van der Waals force in our 

SPH model that corresponds to the classic formula for the disjoining pressure in Eq. (27).  
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2.4 Surface tension 

Our surface tension model is similar to that of Morris [31] in that it attempts to estimate the curvature 

of the interface between fluids of different phases. However, unlike Morris [31], we do not utilize several 

layers of fluid particles, but take advantage of the same particles already used for the van der Waals force to 

model the surface tension. Therefore, Fs applies only to the outmost layer of fluid particles and is computed 

by s s O �F f  with a surface force fs and the same weight function λ. Following [31], we model the surface 

force fs as:  

 s EN f n , (35) 

where β is the surface tension coefficient, κ the interface curvature, and n  the unit normal vector to the 

interface. We further assume that there is no surface gradient of interfacial tension, and neglect Marangoni 

stresses.  

To calculate the unit normal vector to the interface, we define a color function c that is unity in the 

interior of the fluid but declines near the interface for the deficiency of neighbors in the gaseous phase: 

 a b ab
b

c V W ¦ . (36) 

The surface normal can be estimated as a gradient of the color function 

 c �n , (37) 

and 

  
nn
n

. (38) 

The interface curvature is defined as 

 N  �� �n . (39) 

In SPH, the discrete approximations of Eqs. (37) and (39) can be written as [31] 

 ( )a b b a a ab
b

V c c W � �¦n , (40) 

and 

 � �b b a a ab
b

V WN  � � ��¦ n n . (41) 

It is well-known that the deficiency of particles on or near the free surface would significantly affect the 

SPH computation, e.g., the evaluation of the interface curvature. Morris [31] resolved this problem with an 

additional normalization of the curvature (see Eq. (23) in [31]), while Adami et al. [47] used a new 

reproducing divergence approximation to solve the curvature. Since we have employed the kernel gradient 

correction that reduces the effects of the deficiency of particles on or near the free surface, the techniques 

presented in [31, 47] are not needed here. Moreover, as mentioned before, only the outmost layer of fluid 

particles are employed to model the surface tension. Therefore, unlike Morris [31], there is also no need to 

use the special criteria (see Eq. (20) in [31]) to filter the normal vectors that lead to spurious directions and 

magnitudes of the surface tension.  



10 
 

2.5 The coordinate transformation 

Thin liquid films typically have very small height-to-length aspect ratios, and the rupture proceeds 

through highly localized deformation of the interface. To adequately resolve the rupture in SPH, one would 

need to deploy the same fine spatial resolution for the entire length, incurring prohibitive computational 

costs. To address this difficulty, we transform the x-coordinate along the length of the film: x = tan(ξ), so as 

to shrink the length for regions far from the origin, where the rupture happens. Fig. 3 shows a schematic for 

a thin film of aspect ratio ε = 0.005. With this transformation, a uniform initial spacing of SPH particles in 

the (ξ, y) domain corresponds to the same resolution near the region of rupture (x = 0) in the (x, y) domain, 

and increasingly coarse resolution toward the left and right ends. Therefore, we avoid deploying dense 

particles in regions of little dynamics and can achieve accurate numerical resolution with a manageable 

number of particles.  
 

 
(x, y) coordinate system 

 

[  
(ξ, y) coordinate system 

Fig. 3 Schematic diagram for the coordinate transformation along the longitudinal x-axis, x = tan(ξ).  

 

With x = tan(ξ), the governing equations for the rupture of thin liquid film are transformed accordingly. 

In terms of the new coordinates (ξ, y), the governing equations are written as  

 2cosd u v
dt y
U U [

[
§ ·w w

 � � �¨ ¸w w© ¹
, (42) 

 2 σ σcos
y

s v
du F F
dt y

[[ [
[ [U [

[
w w

 � � � �
w w

, (43) 

 2 σ σcos
y yy

y y
s v

dv F F
dt y

[

U [
[

w w
 � � � �

w w
, (44) 

 2cosd u
dt
[ [ � , (45) 

 dy v
dt

 , (46) 

where 
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 2σ cos 2 up[[ [ K
[
w

 � � �
w

, (47) 

 2σ σ cosy y u v
y

[ [ K [
[

§ ·w w
  � �¨ ¸w w© ¹

, (48) 

 σ 2yy vp
y

K w
 � �

w
. (49) 

Now the new system of governing equations can be solved by the SPH method presented in Section 

2.2. We also don’t need to modify the computational of the kernel, since the largest surface deformation of 

the film occurs around x = 0. Indeed, at this region, the particle distribution in the (ξ, y) domain corresponds 

to almost the same particle distribution in the (x, y) domain. There are negligible errors around x = 0 

between the (ξ, y) and (x, y) solutions. Therefore, the rupture of the liquid film can be perfectly captured. 

For the left and right ends of liquid film, there are no large surface deformations because of the very great 

length of the film in the physical (x, y) domain. Therefore, we can still capture the flow physics of both 

ends of liquid film, although the error of the kernel at both ends of liquid film is comparatively large. 

Moreover, we highlight that such transformation has been used successfully in grid-based numerical 

methods [6, 48, 49], but we have not found any SPH implementations in the literature. The numerical 

accuracy of SPH using the coordinate transformation will be tested in Section 3.3.  

2.6 Boundary condition 

In this paper, two types of boundary conditions, i.e., periodic boundary and wall boundary conditions 

are involved. For the former, it can be simply implemented as particles going out of the liquid domain from 

one end will enter into the other end. While for the wall boundary condition, we follow our previous work 

[51, 52] and adopt two types of virtual particles, i.e., wall particles and dummy particles. Specifically, only 

one layer of wall particles are regularly placed on the solid wall with an initial particle spacing ∆x. Wall 

particles do not exert a repulsive force to prevent fluid particles from penetrating the solid substrate. Instead, 

they contribute to SPH calculations for the velocity, density, and pressure. The density and positions of wall 

particles are always unchanged during the simulations. The pressure of a wall particle a is calculated by 

 
b b ab

b
a

b ab
b

V p W
p

V W
 
¦
¦

, (50) 

where a denotes a wall particle and b represents its neighboring fluid particles only.   

Dummy particles are placed outside the solid wall by duplicating wall particles out of the fluid domain 

in the normal direction, at a distance ∆x from the solid wall. In principle, the dummy particles should fill a 

domain with at least a range of depth comparable with the supporting domain of the kernel. Accordingly, 

three-layer dummy particles are included in this paper. Similar to wall particles, dummy particles also have 

fixed density and positions. Besides, each dummy particle is associated with a wall particle in the normal 

direction of the solid wall. As such, a mirrored point along the associated wall particle for dummy particle 

can be easily placed inside the fluid domain. Thereupon, the velocity of the mirrored point could be 
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similarly calculated according to Eq. (50). To implement the no-slip boundary condition along the solid 

wall, the velocity of each wall particle is set to be zero and the velocity of each dummy particle is reversed 

with its corresponding mirrored point. While for the pressure field along the solid wall, the homogeneous 

Neumann condition is applied, i.e., the pressure of a dummy particle is set to that of a wall particle 

associated with it.  

3. Results 

In this section, we first use a hydrostatic calculation to validate the proposed SPH method in 

modelling the van der Waals force. Then, we simulate the shape relaxation of a drop from a square initial 

shape, which establishes the accuracy of the proposed SPH model for surface tension. Lastly, the proposed 

SPH method is applied to study the rupture of thin liquid films on a solid substrate. In all numerical 

examples, we have employed dimensionless parameters to facilitate the flow analysis.  

3.1 Hydrostatic test 

The hydrostatic test is a benchmark problem and has been numerically studied using SPH by Adami et 

al. [50]. In this paper, we consider a variant of the hydrostatic test [50], in which the hydrostatic pressure is 

not due to a body force like gravity but due to a van der Waals force. Since the van der Waals force is only 

imposed on the outmost layer of fluid particles, a uniform and constant pressure field should develop in the 

bulk of the liquid as a result.  

The computational domain is chosen as: -1 < x < 1, 0< y < 1, so we have the width and height of liquid 

as L = 2 and H = 1, respectively. The fluid density is 0 1U  , and its dynamic viscosity is 1K  . The space 

above the liquid is empty and we do not deploy SPH particles there to represent, for example, air. The total 

number of fluid particles used is 5000, with an initial particle spacing of ∆x = 0.02. Similar to [50], we 

ignore surface tension in this benchmark problem. The force imposed on the surface of the liquid is 

downward toward the substrate: fv = (0, 1)T. This force is our analog of the van der Waals force, since it 

tests the same scheme for handling the van der Waals force in our SPH model. As stated in Section 2.3, we 

spread fv into an equivalent volumetric force Fv using the weight function λ. The sound speed is chosen as 

c0 = 200, while a time step of ∆t = 1×10-5 is used to maintain numerical stability. The solid substrate is 

modelled using wall and dummy particles [51, 52], and no-slip boundary condition is imposed. Periodic 

boundary conditions are imposed on the left and right ends of the liquid domain [1, 6].  

Initially, the particles are placed on a Cartesian lattice with the density equal to the reference density ρ0, 

thus having zero pressure in the fluid phase. Then, driven by the van der Waals force, the surface particles 

move down slightly to compact the fluid, whose density increases. In response, the fluid pressure rises to 

balance the van der Waals force on the surface of liquid film. Therefore, after an initial transient phase, the 

particles settle down with a steady and constant pressure p = 1, see Fig. 4.  
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Fig. 4 The equilibrium solution of the hydrostatic test, achieved at t = 1. The interior develops a uniform pressure p = 1 in 

response to the van der Waals forces applied onto the surface particles. 

 

Fig. 5a shows the development of the pressure at the origin (0, 0) for three levels of spatial resolution 

∆x = 0.04, 0.02, and 0.01. Following Adami et al. [50], we have used the damping technique during the 

initial transient of simulations to reduce the spurious high-frequency oscillations due to pseudo-sound 

traveling through the domain. We define a damping time tdamp = 0.5 during which the van der Waals force is 

multiplied by the following factor: 

 � �� �damp damp( ) 0.5 sin 0.5 / 1 ,t t t t t] Sª º � � � d¬ ¼ . (51) 

This corresponds to a gradual buildup in the particle acceleration due to the van der Waals force. As seen, 

the pressure gradually reaches the expected level p = 1 in all simulations. The results are converged with 

respect to the spatial resolution. The steady state pressure is in excellent agreement with the expected value. 

The results of the benchmark have validated the proposed SPH model of the van der Waals force.  

Moreover, as mentioned before, a smoothing length of h = 1.5∆x is used for the SPH discretization of 

governing equations, while a smaller value of h2 = 1.0∆x is adopted when calculating the weight function λ. 

To illustrate the necessity of using such a small h2, we have run three additional tests with h2 = 1.1∆x, 1.3∆x, 

and 1.5∆x, with all other parameters fixed. Fig. 5b clearly shows that the larger h2 incurs larger errors when 

compared to the expected pressure p = 1. When h2 approaches the initial particle spacing ∆x, the accurate 

hydrostatic pressure is recovered. Actually, to recover the true hydrostatic pressure, the weight function λ 

calculated should be strictly equal to 1/∆x, because only one layer of fluid particles is used. With the wider 

h2 = 1.5∆x, 1.3∆x and 1.1∆x, the weighting function λ would be, respectively, 84.4%, 92.8%, and 99.5% of 

the expected amount 1/∆x. These are consistent with the pressure level displayed in Fig. 5b. Therefore, we 

conclude that the choice of h2 = 1.0∆x for modelling the van der Waals force is reasonable, as it produces 

an accurate hydrostatic pressure in reaction to the van der Waals force. Of course, if the modified Gaussian 

kernel [53], where the kernel function is non-zero when 0≤q< 3, is adopted, a more smaller h2=0.666∆x 

should be used in order to satisfy that the weight function λ calculated is strictly equal to 1/∆x.  
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Fig. 5 The time history of pressure recorded at point (x=0, y=0): the influence of (a) initial particle spacing ∆x and (b) 

smoothing length h2 on the SPH solutions. The dash line indicates the expected value of p=1. 

3.2 Relaxation of an initially square droplet 

To validate the surface tension model, we simulate the relaxation of an initially square droplet. The 

main difference between our approach and previous studies [34, 47] is that we use only the outmost layer of 

fluid particles to model the surface tension. Moreover, unlike [34, 47], we do not consider the two-phase 

flow (i.e., fluid and gas phase) with different density and viscosity ratios. Instead, only the fluid phase is 

represented and thus it corresponds to a situation of infinite density and viscosity ratio. However, we would 

like to highlight that even if no gas particles are included, satisfactory results can still be obtained by using 

our single-layer modelling of the surface tension. 

As shown in Fig. 6a, the square droplet has a side length of lx = ly = 1 located at the center of a square 

computational domain. The fluid density is 0 1U  , and the dynamics viscosity η = 1. The surface tension 

coefficient is set to be β = 1. We have tested two different levels of spatial resolution, with initial particle 

spacing ∆x = 0.025 and 0.0125 and a total of 1600 and 6400 particles, respectively. The sound speed is 

chosen as c0 = 100, while the time step of ∆t = 5×10-5 is used to maintain numerical stability. Since no gas 

particles are used in the simulations, no wall boundary condition is needed on the outer walls of the 

domain.  

Under the action of surface tension, the square droplet will gradually transform into a circular droplet 

to minimize its surface energy. Indeed, at t = 1, the steady-state drop shape is reached. It is nearly a perfect 

circle, as clearly seen in Fig. 6b. The steady-state Laplace pressure inside the droplet is expected to be: 

 
x

P
R l
E E S

'   , (52) 

where R is the final radius of the droplet. Fig. 7 plots the time evolution of the average pressure of the 

droplet. It is observed that the pressure of the droplet gradually approaches a steady-state value as time 

goes on, which agrees with the analytical Laplace pressure to within 1.7% for the low resolution and within 

0.3% for the fine one. The simulation results confirm the accuracy and convergence of our single-layer 

modelling of the surface tension. Moreover, when the steady state is reached, the velocity field in the entire 
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domain should be ideally zero. However, because of numerical errors, the velocity field never becomes 

precisely zero. Therefore, particles keep oscillating around their settled positions. This explains the slight 

pressure oscillation in Fig. 7.  
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Fig. 6 Relaxation of an initially square droplet: (a) particle positions at t = 0, (b) particle positions at t = 1.  
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Fig. 7 The time evolution of the average pressure of the droplet. 

3.3 The rupture of thin liquid films 

In this section, we apply the proposed SPH model to simulate the rupture of thin liquid films on a solid 

substrate with an initial thickness H, length L, and aspect ratio ε = H/L. We choose the characteristic length 

as the initial thickness of the liquid film H, and define the characteristic velocity V and pressure P using the 

van der Waals force [1, 6, 54]: 

 2 3,
6 6

A AV P
H HSK S

  , (53) 

as it is the driving force of the rupture. Accordingly, all other parameters and variables in the problem can 

be scaled as: 

 
* * * *

, , , ,x y u vx y u v
H H V V

     (54) 
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, , .t V pt p
H P

UU
U

    (55) 

where the superscript * denotes the dimensional variables. The non-dimensional governing equations are 

obtained by defining the Reynolds number as Re = ρ0VH/η and the Capillary number as Ca = ηV/β: 

 d
dt
U U � � �u , (56) 

 s v
dRe
dt

U  � � � �
u σ F F , (57) 

 � � � �2
0 1p RecU U � , (58) 

where 

 3

10,
T

v H
O§ · �¨ ¸

© ¹
F , (59) 

 1
s Ca

N O F n . (60) 

First, we consider the rupture of a liquid film with a moderate aspect ratio ε = 0.5. The computational 

domain is chosen as -1 < x < 1, 0< y < 1, so we have the width and height of liquid film L = 2 and H = 1, 

respectively. The initial particle spacing used is ∆x = 0.01, with L/∆x = 200 layers of fluid particles along 

the x-direction and H/∆x = 100 along the y-direction. The Reynolds and capillary numbers are chosen to be 

Re =100 and Ca =100. To initiate the interfacial instability, a small downward velocity disturbance is 

imposed for all fluid particles at the start:  

 / 20.1 1 cos 2 x Lv
L

Sª � º§ · � � ¨ ¸« »© ¹¬ ¼
. (61) 

The sound speed is chosen as c0 = 200. To maintain numerical stability, a time step of ∆t = 1×10-5 is used. 

The particle shifting technique presented in [46] is adopted to maintain a homogeneous particle distribution. 

The solid substrate is modelled using wall and dummy particles [51], with the no-slip boundary condition 

on it. On the left and right sides of the liquid film, we impose periodic boundary conditions as in [1, 6, 54].  

Fig. 8 shows the rupture process of the thin liquid film obtained by the present SPH model, where the 

magnitude of van der Waals force is indicated by the color bars. At the start, the small velocity disturbance 

reduces the film thickness at the midpoint of the domain (x = 0). As a result, the free surface particles there 

experience greater van der Waals forces, which in turn amplifies the downward velocity and the interface 

develops into a cusp. The lower the cusp is, the larger the magnitude of the van der Waals force becomes. 

This positive feedback leads to instability and the liquid film finally ruptures. Also, only one layer of fluid 

particles are used to model the van der Waals force, which shows that Λ = 0.2 in Eq. (33) is a good choice 

to identify the outmost layer free surface particles. There is no doubt that these particles delineate the 

interfacial profiles of liquid film. Of course, this value can slightly change with different kernel functions 

and different smoothing lengths. Moreover, the rupture point (x=0, y=0) is a singularity because the van der 

Waals force at this point goes to infinity according to Eq. (28). As a result, our simulation breaks down. 

This is, of course, a generic problem in simulating rupture and not a specific difficulty for SPH.  
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 (a) (b)  

(c) (d)  

(e) (f)  
Fig. 8 SPH simulation of the rupture of a thin liquid film with ε = 0.5: the magnitude of van der Waals force |fv| is displayed at 

dimensionless times t = 2, 5, 7, 10, 12, and 14 from (a) to (f).  

 

To better validate the present SPH method, it would be desirable to compare its predictions with those 

obtained by other numerical methods. Unfortunately, in the literature we have found no existing 

simulations of the liquid film breakup problem except those based on lubrication approximations [7–12]. 

Therefore, we will only demonstrate the convergence of the numerical solution by carrying out three 

additional runs with the initial particle spacing ∆x = 0.02, 0.0125, and 0.0067. In these additional runs, all 

the other numerical parameters remain unchanged from those of Fig. 8. As seen in Fig. 9, three additional 

solutions and the original solution (∆x = 0.01) agree well at the early stage (0 < t < 9). In later stages, 

however, there is a delayed rupture as the particle resolution is decreased. Moreover, we also observe small 

upward jumps or jerks in the SPH trajectories, whose magnitude declines with finer resolution (see  
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Fig. 9 The temporal evolution of the minimum film thickness hmin: the influence of particle spacing ∆x on the SPH solutions. 
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Fig. 10 The jumping phenomenon in the minimum film thickness hmin at two consecutive time steps (t = 13.7 and 13.7001). 

The outmost layer of fluid particles are denoted by red circles while the inner particles are black circles.  

 

magnified inset of Fig. 9). As our interface is represented by a layer of SPH particles, the cusp is identified 

with the particle with the smallest y-coordinate in this layer. This is how hmin is measured. However, as the 

cusp pushes downward, the interface is constantly extended. Thus, interior particles regularly come up to 

the interface in regions far from the cusp, while at the cusp, the surface particles are regularly drawn and 

absorbed into the bulk. This absorption is due to the tangential motion of particles along the interface 

towards the cusp. Each time the “cusp particle” joins the bulk, hmin is shifted onto the next lowest particle 

on the interface. This explains the recurrent upticks in the hmin curves.  

Such an uptick is further illustrated in Fig. 10 by comparing the particle positioning at the cusp 

between two consecutive time steps. In Fig. 10a (at t = 13.7), the minimum film thickness hmin is recorded 

by the y-coordinate value of particle a. At the next time step (at t = 13.7001) in Fig. 10b, particles c and d 

have moved within each other’s supporting domain. Their strong SPH interaction leads to them being 

identified as neighboring particles on the interface, while particles a and b are now considered interior 

particles. Consequently, particle c becomes the lowest surface particle that determines the minimum film 

thickness hmin. As the y-coordinate of particle c at the latter time step is larger than that of particle a at the  
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Fig. 11 The influence of capillary number on the rupture of thin liquid film: (a) the interfacial profiles at t = 14 and (b) the 

temporal evolution of the minimum film thickness hmin.  

 

previous time step, a small uptick appears in the hmin curve. Therefore, the jumping phenomenon in Fig. 9 is 

a natural outcome of the particle representation of the interface, and the magnitude of the jumps decreases 

with refining particle spacing. If the SPH particles are sufficiently refined, the jumping phenomenon would 

become undetectable. However, in such a situation, the computational cost would be prohibitive. Even so, 

there are still only a few surface particles to model the van der Waals force and surface tension around the 

cusp. Therefore, the inadequate particle resolution at the sharp tip, which is ultimately inevitable as the tip 

becomes more pointed, is the root cause for the delayed rupture in SPH solutions. As a potential remedy, 

the adaptive particle refinement [58] may to a certain extent improve the accuracy of the spatial resolution 

of the sharp tip, but we will not explore this further in the present work.  

To study the influence of the capillary number on the rupture process, four additional runs with Ca = 

10, 20 50, and 200 are performed, while all other parameters remain unchanged from Fig. 8. The smaller 

the capillary number is, the shallower the cusp at any given moment (Fig. 11a), and the slower the rupture 

process (Fig. 11b). A smaller capillary number corresponds to a larger surface tension coefficient. Since the 

surface tension resists interfacial deformation, its effect of stabilizing the film against rupture is easily 

understood.  

We have also utilized the rupture of the liquid film with an aspect ratio ε = 0.5 (Fig. 8) to validate the 

coordinate transformation. Using x = tan(ξ), we transform the (x, y) domain to the new computational 

domain in (ξ, y): -0.78 < ξ < 0.78, 0 < y < 1. Then we solve the film rupture problem in the (ξ, y) domain 

with the same initial particle spacing ∆ξ = 0.01 and the same parameters as in Fig. 8, using 15600 particles 

in the (ξ, y) domain as compared with 20000 particles in the (x, y) domain. The solution, transformed back 

to the (x, y) domain, is compared with that of Fig. 8 in Fig. 12. The two solutions agree very well in the 

interfacial profile. The minimum film thickness hmin agrees until t = 13.5. However, after that, the solution 

obtained in (ξ, y) slightly lags behind than that of (x, y). This is again a result of how SPH accounts for 

particle-particle interactions. Because of the shrinkage in the horizontal coordinate, the tip in (ξ, y) is 

always sharper than that in (x, y). In the later stage of rupture, the narrowing and deepening cusp in (ξ, y) 

induces stronger interaction across the tip and in turn the upward jump phenomenon noted in Fig. 9. This 
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explains the slight delay toward the end of rupture in the transformed domain.  
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Fig. 12 A comparison between SPH simulations in the (x, y) and (ξ, y) coordinates: (a) the interfacial profile at t = 14 and (b) 

the temporal evolution of the minimum film thickness hmin.  

3.3.1 The case of a very small aspect ratio 

Finally, we apply the proposed SPH method to simulate the rupture of a thin liquid film with a very 

small aspect ratio ε = 0.005. For this geometry, the computational domain is a long rectangle: -100 < x < 

100, 0 < y < 1. Resolving this long domain adequately using SPH particles would incur prohibitive 

computational costs. To avoid this problem, we apply the coordinate transformation along the x-axis, x = 

tan(ξ), as explained in Section 2.5.  

The new computational domain is -1.56 < ξ < 1.56, 0 < y < 1. The initial particle spacing in the (ξ, y) 

plane is still chosen as ∆ξ = 0.01, which corresponds respectively to 312 and 100 layers of particles along 

the ξ- and y-direction, a saving of more than 64 times in the number of particles. All other numerical 

parameters are the same as those of Fig. 8. Fig. 13 depicts the evolution of the interfacial profile for the thin 

liquid film. The flow pattern of thin liquid film in the central region is similar to that of Fig. 8, where the 

liquid film finally ruptures. However, there are two visible differences from Fig. 8. First, there is a hump on 

each side of the cusp, with the liquid rising up. Besides, the liquid level at the two ends of the domain (ξ = 

1.56 and -1.56) hardly changes. In Fig. 8, there is no hump and the liquid level rises appreciably on the 

ends of the domain. Both differences are consequences of the very great length of the film in the physical (x, 

y) domain. The lowering of the interface near the cusp has to be accompanied by a rise of the liquid level to 

maintain mass conservation. However, given the very large x-dimension in Fig. 13, the rise has yet to 

propagate to the ends. This is, in essence, the same phenomenon as the rising liquid level of Fig. 8, where 

the ends of the domain (x = 1 and -1) is at comparable distances from the cusp as the humps are in Fig. 13. 

We note that the humped profile has been reported in solutions under lubrication approximations [55], 

whose qualitative feature is similar to our SPH solution with coordinate transformation.  

As a more quantitative verification, we compare with the solution of Burrelbach et al. [56] who used 

the lubrication approximation to study the breakup of a liquid film similar to the one considered in the 
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current study. Note that Burrelbach et. al. [56] used a domain of length λm (=2π/km), where km =1/ 2  is the 

wavenumber corresponding to the dominant mode of linear instability calculated by William and Davis [8]. 

 

(a) (b)  

(c) (d)  

(e) (f)  
Fig. 13 SPH simulations of the rupture of a thin liquid film with ε = 0.005: the magnitude of van der Waals force fv is 

displayed at t = 2, 5, 7, 11, 13, and 15.4 from (a) to (f).  

 

Fig. 14 compares the interfacial profiles of both studies just before rupture, with our computational domain 

truncated to the central portion of the same length. The surface profiles agree reasonably well close to the 

breakup. Burrelbach et. al. [56] also reported a breakup time of tB ≈ 4.93 (after conversion to our 

dimensionless time) while our calculation predicts a much longer time of 15.4. This difference can be 

attributed to the different numerical setups of two studies. In [56], the simulation started from an interfacial 

height disturbance: h(x,t)=1+0.1sin(kmx). On the other hand, our SPH calculations start from an initial 

velocity disturbance given by Eq. (61). Otherwise, SPH would require an excessively large number of 

uniformly distributed particles at the start of the simulation to resolve the slight interfacial deformation. 

With our initial interfacial velocity, it takes a finite time (0 < t < 8.7) for the flat interface to deform into the 

sinusoidal shape of the same amplitude as the initial condition of [56]. Considering this difference, our 

adjusted breakup time is tB ≈ 6.7, which is comparable to Burrelbach et. al.’s result. We also highlight that 

our longer breakup time is again the consequence of the recurrent upticks as explained in the case of ε = 0.5. 

Since the classical lubrication theory does not easily admit an initial velocity perturbation, we have not 
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striven for a more direct quantitative comparison on the breakup time in the current study.  
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Fig. 14 A comparison of the interfacial profiles just before rupture, at t = 4.96 in Burrelbach et. al. [56] and t =15.4 in the 

current SPH simulation. 

4. Conclusions 

In this paper, we have developed an SPH representation for the van der Waals force and simulated the 

rupture of thin liquid films without resort to lubrication theory. The van der Waals force is modelled by a 

surface force imposed on the surface layer of particles only, and the surface tension is modelled in a similar 

way. In either case, we have defined a surface weighting function to properly identify the surface layer of 

particles, which effectively eliminates the ambiguity that may arise when resolving highly deformed 

surfaces using particles. To allow the extreme aspect ratio of very thin and long liquid films, we have also 

introduced a coordinate transformation to shrink the longitudinal coordinate far from the central area of 

rupture. The algorithms are tested by simulating a series of problems and comparing, to the extent possible, 

with known solutions in the literature. The following conclusions can be drawn from the results.  

(1) Our SPH scheme of modelling the van der Waals force is reasonable and reliable, and it produces 

the correct hydrostatic pressure field in the interior of the film.  

(2) By simulating the relaxation of an initially square droplet as verification, we have established the 

accuracy and stability of the surface tension model.  

(3) The coordinate transformation can efficiently deal with the rupture of a thin liquid film with a very 

small aspect ratio, producing accurate results at reduced cost.  

(4) The rupture of thin liquid films is accompanied by two humps on either side of the cusp, which 

propagates outward from the point of rupture. 

Compared with mesh-based methods, SPH has a unique advantage in its ability of representing the 

process of rupture and coalescence directly. The innovations of this work, including the models for van der 

Waals force and interfacial tension as well as the coordinate transformation, have opened up the problem of 

thin film dynamics to SPH simulations. In the near future, we anticipate applications of the SPH algorithm 
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to an array of interesting problems, ranging from tear-film breakup [6] to dryout in heat exchangers [57].In 

terms of algorithms, the current model can be extended by an adaptive particle refinement algorithm [58], 

which may further improve the accuracy of the spatial resolution of the interfacial cusp toward the end of 

the rupture of the thin liquid film.  
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