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This paper gives a general treatment and proof of the direct conservation law method
presented in Part I (see Anco & Bluman [3]). In particular, the treatment here applies to
finding the local conservation laws of any system of one or more partial differential equations
expressed in a standard Cauchy-Kovalevskaya form. A summary of the general method and
its effective computational implementation is also given.

1 Introduction

In this paper we present a general treatment of the direct conservation law method
introduced in Part I (see Anco & Bluman Ref. [3]). In particular, in section 2 we show
how to find the local conservation laws for any system of one or more PDEs expressed
in a standard Cauchy-Kovalevskaya form. We specifically treat nth order scalar PDEs
in section 3. In section 4 we summarize the general method and discuss its effective
implementation in computational terms.

To make the treatment uniform, it is convenient to work with Cauchy-Kovalevskaya
systems of PDEs as follows.

Definition 1.1 A PDE system with any number of independent and dependent variables
has Cauchy-Kovalevskaya form in terms of a given independent variable if the system is
in solved form for a pure derivative of the dependent variables with respect to the given
independent variable, and if all other derivatives of dependent variables in the system are
of lower order with respect to that independent variable.

Typically, scalar PDEs admit a Cauchy-Kovalevskaya form by singling out a derivative
with respect to one independent variable, or by making a point transformation (more
generally a contact transformation) on the independent variables. For example, the wave
equation

utx=0
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admits the Cauchy-Kovalevskaya form u;, = uy, after the point transformation t — t — x,
X — x + t; the harmonic equation

Uy + Uy, =0

admits the Cauchy-Kovalevskaya form u,, = —u,, with respect to y. A less trivial example
is the Kadomtsev-Petviashvili equation [10]

Upe + (uux)x + Uy £ Uyy = 0.

This equation admits two obvious Cauchy-Kovalevskaya forms: u,, = F(u; + (uuy)x +
Uxxcy) Which is a second-order PDE with respect to y; and tyw = Fuyy — e — (Uiy)x
which is a fourth-order PDE with respect to x.

As examples which are more involved, consider the modified Benjamin-Bona-Mahoney
equation [4]

u + (1 + uz)ux — Uxxt = O,
and the symmetric regularized long wave equation [12]
Upt F Uxx + Ullex + Ul + U = 0.

As it stands, the modified Benjamin-Bona-Mahoney equation is not of the Cauchy-
Kovalevskaya form with respect to either ¢t or x, since the t derivatives of u appear in
both pure and mixed derivative terms, while the highest order x derivative of u appears
in a mixed derivative involving ¢ and hence is not in solved form. Nevertheless, if one
makes the point transformation t — t, x — x — t, then the modified Benjamin-Bona-
Mahoney equation becomes iy — Uy + U2ty + 1, = 0 which now is of third-order
Cauchy-Kovalevskaya form with respect to x. The situation for the symmetric regularized
long wave equation is similar. It is not of Cauchy-Kovalevskaya form as it stands, but
after one makes the point transformation t - t — x, x — x + t it is of fourth-order
Cauchy-Kovalevskaya form with respect to t or x: uyy + Uxexx — 2Uixe + (2 — Wy +
(2 + wy +u> —u® = 0.

Many PDE systems can be handled similarly to scalar PDEs. For example, the vector
nonlinear Schroedinger equation

ity + o £ f([A)E =0, = (u',...,u")

admits the first-order Cauchy-Kovalevskaya form #, = iii,, + if (|ii| )i with respect to t, as
well as the second-order Cauchy-Kovalevskaya form u,, = —iii, + f(|it|)u with respect to
x. A less obvious example is Navier’s equations of isotropic elasticity,

KUxy + Uy + (k— /'L)ny =0,
(K - ﬂ)uxy + Hoxx + KUyy = 09

K = const, u = const. This PDE system admits a second-order Cauchy-Kovalevskaya form
with respect to x or y: uy = —Ruyy + (£ — Doy and v = —Jvyy + (1 — .

In general, any Cauchy-Kovalevskaya form of a system of one or more PDEs can be
used with no loss of completeness in finding the conservation laws admitted by the system.
Given a Cauchy-Kovalevskaya PDE system, we let t denote the independent variable in
the derivative which appears in solved form in the PDEs, with the remaining independent
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variables denoted by x = (x!,...,x"). To obtain the most effective formulation of the
direct conservation law method, it is convenient to express the system in its equivalent
first-order (evolution) form with respect to t.

Hence, we consider a first-order Cauchy-Kovalevskaya system of PDEs with N depen-

dent variables u = (u',...,u") and n + 1 independent variables (t, x),
uO'
G’ = B +g°(t,x,u,0u,...,00u) =0, c =1,...,.N (1.1)

with x derivatives of # up to some order m. We use 0,u, Giu, etc. to denote all derivatives
of u° of a given order with respect to x'. We denote partial derivatives 0/0t and 0/0x’ by
subscripts t and i respectively. Corresponding total derivatives are denoted by D, and D,.
We let (Z,);, denote the linearization operator of g” defined by

0g° 0g° 0g°
(L)VP=_—V+ =DV +--+_—F—D, .V, (1.2)
&'p ou’ oul T
and we let (&7); denote the adjoint operator defined by
yw, = p (B w ) b1 % W 13
o Wo= o e o e =D"D;., ouy ., )’ (13)

acting on arbitrary functions V’, W, respectively.
Throughout we use the summation convention for repeated lower-case indices; we use
an explicit summation sign where needed for summing over non-indices.

2 General treatment

We start by considering the determining equations for symmetries and adjoint symmetries.
Suppose X is the infinitesimal generator of a symmetry leaving invariant PDE system
(1.1). We denote Xu’ = 5°, which satisfies

0=Dn" + (L)’ 6 =1,....,N 2.1

for all solutions u(t,x) of Eq. (1.1). This linearization of Eq. (1.1) is the determining
equation for symmetries (point-type as well as first-order and higher-order type [11])
n°(t,x,u,0u,...,0%u) of the PDE system (1.1), where d/u denotes all jth order derivatives
of u with respect to all independent variables ¢, x. The adjoint of Eq. (2.1) is given by

0=—Dw, +(Lw, 6 =1,..,N (2.2)

which is the determining equation for adjoint symmetries w,(t, x, u, Ou, ..., 0% u) of the PDE
system (1.1). In general, solutions of the adjoint symmetry equation (2.2) are not solutions
of the symmetry equation (2.1), and there is no interpretation of adjoint symmetries in
terms of an infinitesimal generator leaving anything invariant.

To solve the determining equations for #° and w,, one works on the space of solutions
of the PDE system. This means we use the PDEs to eliminate u; in terms of u®, u{, etc.
In particular, without loss of generality, we are free to let #° and w, have no dependence
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on u] and its differential consequences. Let
P, =0, — ("0 +(Dg")0y + ) (2.3)

which is the total derivative with respect to t on the solution space of PDE system
(1.1). (In particular, D, = &, when acting on all solutions u(t, x).) Then the determining
equations explicitly become

0= 2" +(Ly)on"

6110' a’/IU p arIO' 6170'
- — — — Do+ — __D. ---D.o"
o <6u"g T DT g O ’vg>
0g° 0g’ g’
+WHP+WDLHP++6L/7 Dil"'Dimnp,Uzl,...,N (24)

i i

for n°(t,x,u,0,u,...,0%u), and
0= —Z,0,+ (L))o,

0w, ow, , Ow, =, Jo, 0
= 6t+<aupg+6u’-’Dig+ t o DDy

i iy

g’ dg” . g’
+6uow”_Di aufw” 4+ (=1) D, ---D; Wwp ,o=1,....N

(2.5)

for w,(t,x,u,0.u,...,0%u). The solutions of Egs. (2.4) and (2.5) yield all symmetries and
adjoint symmetries up to any given order p.
We now consider conservation laws.

Definition 2.1 A local conservation law of PDE system (1.1) is a divergence expression
D, ®'(t,x,u,0u,...,0"u) + D,d'(t, x,u,0u,...,0"u) = 0 (2.6)
for all solutions u(t, x) of Eq. (1.1); ® and &' are called the conserved densities.
The conservation equation (2.6) holds as an identity if, for all solutions u(t,x) of
Eq. (1.1),
@' =D,0,® = —D,0'+ Dy (2.7

for some expressions 0'(, x, u,du, ..., 0" u), wi(t, x,u,du,. .., 0 'u) with ¥ = —ypJi. Such
conservation laws are trivial. Only the nontrivial conservation laws of the PDE system
(1.1) are of interest.

Definition 2.2 A local conservation law (2.6) is nontrivial iff the conserved densities do
not satisfy Eq. (2.7).

Any nontrivial conserved densities that agree to within trivial conserved densities are
regarded as defining the same nontrivial conservation law. There is further freedom in the
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form of conserved densities since we are clearly free to replace u’ = —g” in @' and @' on
the solution space of PDE system (1.1). Thus, without loss of generality we can consider
@' and @' to depend only on t,x,u, and x derivatives of u. We refer to this as the normal
form of the conservation law,

D, ®'(t,x,u,0u,...,0%u) + D,®'(t, x,u,0u,...,0ku) = 0 (2.8)

for all solutions u(t, x) of PDE system (1.1). In normal form, the freedom corresponding
to trivial conserved densities is given by

¢ — &' + D0, > & —2,0'+ Dy (2.9)

where 07,/ = —p/i do not depend on u; and differential consequences.

All nontrivial local conservation laws (in normal form) can be shown to arise from
multipliers on the PDEs (1.1) as follows. We move off the solution space of Eq. (1.1) and
let u(t, x) be an arbitrary function of ¢, x.

Definition 2.3 Multipliers for PDE system (1.1) are a set of expressions
{A,(t,x,u,0u,...,0%),..., Ay(t,x,u,0u,...,0%)}
satisfying
(u] +¢7)4, = D, 9" + D, &' (2.10)

for some expressions ®'(t, x,u,0u, ..., aku) and /(t, x,u,0u, ..., Gku) for all functions u(t, x).

Given a conservation law (2.8), consider D,®' + Didif . Clearly this expression must be
proportional to u + g° and its differential consequences in order to satisfy Eq. (2.8). The
u7 terms arise only from

. 09 dd' 09 o9 . B
D, = o + a7 U + 37 +F a7 i = 0P + (L ) U (2.11)

i i1k

where (£ ), = (00'/0u”) + (00" /0uf)D; + - -+ + (09" /0uf,.., )D; --- D, denotes the lin-

ll...ik
earization operator of @'. To organize these terms we use the identities

($¢r)a‘uf = (glﬁ')o(uf + gO') - (gd)')ogo—
=W +¢")E (D) — (L), + DI (2.12)

where I'' is given by an expression proportional to uf +¢g° (and differential consequences),
and where

Ey =0, =Dy +D;Ddys + -+ (2.13)
is a restricted Euler operator. Thus, we have

D@ =0, —(Ly),8" + DI+ (uf + g°)Eyr (D). (2.14)

For the conservation equation (2.8) to hold, the terms 0,®" — (L 4),g° which do not
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involve u? + g” must cancel D;&', and therefore we have
D,d' = -0, + (L), (2.15)
Then combining expressions (2.14) and (2.15) we obtain
D,® + DD —T")=ul +¢g°)4, (2.16)
with
A, =Egq(@), 6=1,...,N. (2.17)

When u(t, x) is restricted to the solution space of PDE system (1.1), then I'’ vanishes and
the divergence expression (2.16) reduces to the conservation equation (2.8).

Hence, the expressions {E,(®")} define multipliers {4,} yielding a conservation law
(2.8). Furthermore, since @' does not depend on u, and its differential consequences, we
see that each multiplier expression 4, is a function only of ¢, x,u, and x derivatives of
u. Most important, these expressions A, are invariant under a change in @' by a trivial
conserved density (2.9) since E, annihilates divergences D,0" where 0" depends on t,x,u
and x derivatives of u. (In particular, if ®' in normal form is trivial, then A is identically
zero, and conversely.) Thus we have the following result.

Theorem 2.4 For the Cauchy-Kovalevskaya PDE system (1.1), every nontrivial conservation
law in normal form (2.8) is uniquely characterized by a set of multipliers {A,} with no
dependence on u, and differential consequences, satisfying the relations (2.16) and (2.17)
holding for all functions u(t, x).

From this result, it is natural to define the order of a conservation law (2.8) as the order
of the highest x derivative of u in its multipliers (2.17).

Theorem 2.4 is the starting point for an effective approach to find conservation laws
of PDE system (1.1) by use of multipliers. The standard determining condition [11] for
multiplier expressions A4,(t,x,u,0xu,...,08u) arises from the definition (2.10) by the well-
known result that divergence expressions are characterized by annihilation under the full
Euler operator

Ey =0, — Diaug — Dzauf + DiDjau,{fj + DtDjau:/, + - (2.18)
This yields (by a straightforward calculation)
0=Es(ud,+g"4,)=—=D A, +(L)od, + (L"), + "), o =1,....,N (2.19)

where (J;)Gp is the adjoint operator of the linearization operator (% ,),, defined by

o4 04 o4
% Vﬂ — a VP o DAVp . a
(L 4oy ou’ + oul ! Tt

. D, --~Dipr (2.20)
iy
and

* o aAO' [ aA(T [ aAO' g
(gA)pGW = aup W _Di (aup W ) ++(_1)lel "'Dip (aup W ) (221)
i it i
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acting on arbitrary functions ¥, W°. Here the determining condition (2.19) is required
to hold for all functions u(t, x), i.e. this is necessary and sufficient for uf/lp + gp/lp to be
a divergence expression. We give a simple direct proof in §2.3.

We now show how to convert the determining condition for 4, into a system of
determining equations that allow one to work entirely on the space of solutions of
PDE system (1.1) to find A,. Furthermore, we show that the resulting determining
system consists of the adjoint symmetry determining equation (2.5) augmented by extra
determining equations giving necessary and sufficient conditions for an adjoint symmetry
to be a set of multipliers yielding a conservation law.

2.1 Conservation law determining system

In the determining condition (2.19) for A_(t,x,u,0.u,...,0%u) of order p consider the
terms involving u7. These terms arise just from D,4_, and (32)”14’, and so it follows
that Eq. (2.19) is a linear polynomial in u and differential consequences of uf with
respect to x. Since u’ is an arbitrary function of ¢t and x, Eq. (2.19) splits into separate
equations given by the coefficients of u{, uf;, etc. It is convenient to organize this splitting
in terms of u] + g° = G” and differential consequences uj; + D;g° = D,G’, etc., which
we refer to as the leading terms (all other terms in the splitting are then referred to
as non-leading). Then the leading and non-leading terms in the splitting must vanish
separately.
To carry out the splitting of D,A,, we use the identity

D, =, + u +g")0, + (uf; + D;g"0 + -

which yields D, 4, = 2,4, + (£ 4),,G".
Consequently, the non-leading terms in Eq. (2.19) are given by

0= 2,4, + (L4,

oA oA o4 oA
= — ‘7+< ng+ nggP++ ‘7. Dil."Ding))

ot ou’ out ou
og” og” og”
A —D, A+ 41D D |54
Tow P (au;’ p) T DDy \ S A )
o=1,...N. (2.22)

This is the adjoint symmetry equation (2.5) with w, = 4

P

The leading terms in Eq. (2.19) are given by
0= —(fA)apGp + (ff;)ngp, g=1,...,N. (2.23)

which we call the adjoint invariance condition on A,. Now since u° is required to be an
arbitrary function of ¢t and x, we observe that Eq. (2.23) splits into separate equations
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given by the coefficients of G°, D,G°,....D; -~ D; G”:

o4 o4
0= (—1 p+1 o 4
1) ouj ., ouf.;’
P P
oA 04 oA
0= (=1 qg+1 _~“7g o Cq+1D< 14
( ) aupl 6”?1, 4 lg+1 auzl
Il q q+1
- 04,
+(_1) Cquﬁl”'Dipma qzlaap_l
1oy
04 o4 o4 oA
0= — g ? _D. P —1*D. ---D. P
o’ ou’ L ou? +o (DD, v oup
c=1,....,N;p=1,...,N;q=1,...,p—1 (2.24)

where C| = q’(llilq)' This establishes the following important splitting result.

Lemma 2.5 For A, with no dependence on u, and differential consequences, the Euler op-
erator equation (2.19) is equivalent to the split system of equations (2.22) and (2.24), which
are required to hold for all functions u(t, x).

Consequently, by combining Lemma 2.5 and Theorem 2.4, we see that Egs. (2.22)
and (2.24) constitute a necessary and sufficient determining system for finding multipliers

{A4,}. The number of equations in this system is & i(!'(’;_p&l)! + NN (’;Tlf!)!.

Theorem 2.6 For the Cauchy-Kovalevskaya PDE system (1.1), the multipliers for all non-
trivial conservation laws in normal form (2.8) up to any given order p are the solutions
A (t,x,u,0.u,...,00u) of the determining system consisting of the adjoint symmetry deter-
mining equation (2.22) augmented by the extra determining equations (2.24). In particular,
Eq. (2.24) gives necessary and sufficient conditions for an adjoint symmetry to be a set of
multipliers.

In deriving the determining system for A4, we have eliminated #, and its differential
consequences. As a result, one is able to work equivalently on the space of solutions of
the PDE system (1.1) to solve the determining system to find A4,. In particular, the same
algorithmic procedures which one uses to solve determining equations for symmetries can
be used to solve the determining system for multipliers. Moreover, there is freedom in
mixing the order of solving the determining equations in this system. A direct (naive)
approach is to solve the adjoint symmetry determining equation first, then check which
of these adjoint symmetries satisfy the extra determining equations. As illustrated in the
examples in Part I, a more effective approach is to use the extra determining equations
first.

Remarks on the extra determining equations

There is a simple interpretation of the extra determining equations (2.24). From relation
(2.17) between multipliers and conserved densities, we observe that A, is a variational
expression (i.e. it arises as an Euler-Lagrange expression from &'). The well-known
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necessary and sufficient (Helmholtz) conditions [11] for an expression to be variational
are that its linearization operator is self-adjoint, and thus A is a variational expression
if and only if it satisfies [7, 8]

(£ 4)sp = (£,

s 0P =1, N. (2.25)

The operator equation (2.25) is a linear polynomial in D, of degree p. We easily find that
if it is decomposed into separate equations given by the coefficients of the polynomial,
then the resulting equations are the same as the determining equations (2.24).

Corollary 2.7 Multipliers for any first-order Cauchy-Kovalevskaya PDE system are com-
pletely characterized as adjoint symmetries with a variational form.

Moreover, it is interesting to note that the determining equations (2.24) take the same
form regardless of g° for all first-order Cauchy-Kovalevskaya PDE systems (1.1).

2.2 Conservation law construction formula

We now give an integral formula that constructs the conserved densities &' and @' for
any nontrivial conservation law in normal form (2.8) in terms of its multipliers {4, }. The
formula makes use of the identities [1]

W (L)gVE =V L )oW, =DS'[V, W igl, (2.26)
WAL ),V = V(L)W =DS'[V,W;A], (2.27)
where
' m—1 m—/—1 ago
S'v.w ;8] = Z Z (_1)k(Di1 o Di/ Vp)Dﬁ o Djk (W“ aup> ’
yar i i
(2.28)
. p—1 p—/—1 oA
SV, W;A] = (=)D, D, VD, -+ D, (W" W) ,
= i

(2.29)

which are trilinear expressions derived by manipulation of the linearization operators and
adjoint operators. (Note, the terms in Egs. (2.28) and (2.29) with / = 0 or k = 0 are
understood to involve no derivatives of V' and W, respectively.)

To set up the formula, we first let

ulyy = 2’ + (1 — ) (2.30)

where {ii’} are any functions of ¢, x. This defines a one-parameter 4 family of functions
with u(;) = u” and ufy), = @i°. Then we let

Ap[uw] = A4,(t,x, ug), axu(;_), e, aﬁuu)), (2.31)
g lu;)) = g"(t, x,u;),0.m;, ..., 0% ;) (2.32)
K (%) = ((fy + & ) A, g, ) (233)

=0
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Theorem 2.8 For the Cauchy-Kovalevskaya PDE system (1.1), the conserved densities of
any nontrivial conservation law in normal form are given in terms of the multipliers by

1 o1
o — / AU — 8V A, [ )] + ¢ / AIK (t, ), (2.34)
0 0

1 o1
P = / d22"K (Ot Jx) + / dz(s"[u—a,A[u(A)];g[um]]
0 0

5[ — it, gu,,)] — Aglu] + (1 — A)iii; A [um]]). (2.35)

In applying the construction formula (2.34) and (2.35), we must fix a choice for the
functions {@”}. If the expressions A, and g° are nonsingular for u” = 0, then we can
choose #1° = 0 and this simplifies the integrals. Moreover, if #i” = u® = 0 satisfies the PDE
system (1.1), then the K integrals vanish.

In the case when the expressions 4, and g7 are singular at u” = 0 (for some p = 1,...,N),
we must choose @i’ & 0 such that the expressions A, [@] and g°[@] are nonsingular. It is
sufficient to fix a simple choice of &i” such that the integrals converge. Any change in the
choice of @&’ changes the conserved densities only by a trivial conserved density (2.9).

A simple proof of Theorem 2.8 is given in section 2.3.

2.3 Proofs of main equations

Recall that, for first-order Cauchy-Kovalevskaya PDE systems (1.1), the proof of the
determining system (2.22) and (2.24) for conservation law multipliers in Theorem 2.6
reduces, by Lemma 2.5, to the determining condition (2.19) involving the Euler operator.
To conclude this section, we present a simple, direct proof of this determining condition
(2.19) together with the construction formula (2.34) and (2.35) for corresponding conserved
densities in Theorem 2.8. The proof of Eq. (2.19) is based on an identity for linearization
of the multiplier equation (2.10). We let

uly =L —1p" +u’ (2.36)
be a one-parameter family of functions with u(j) = u” being an arbitrary function, and

with du(;) /0. = v” for any functions v(t, x).

Proposition 2.9 For any given expressions A [u] = A (t,x,u,0.u,...,0%u), ®'[u] =
d'(t, x, u, axu,...,al;u) and ®'[u] = d'(t,x,u, 6xu,...,61;u), the following identities hold by
direct calculation:
H 6 a ag
() =7 (W + 87l D4, [n,))
= (0f + (& ggy 0" e luy] + Wy + 8"l DL 4, )"
= o= DA ) + (L, o )]+ (L ol +8°Tu)))

+D, (”oAa [”u)]) +D; (Si[”’ Alugyls glul]

+5' (0.1, + glugy 1 Al (2.37)
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where S' denotes the trilinear expressions given by Egs. (2.28) and (2.29);

0
(ii) 37

where (£ ), and (£3). denote the linearization operators of @' and &', respectively.

(De@ly) + D)) = Di(Lagy, )ot) +Di(Lag o) (238)

Proof of the multiplier determining condition and conserved density construction formula
Suppose @', @' are conserved densities of a conservation law in normal form (2.8). From
Theorem 2.4 the multipliers for the conservation law are given by 4, = Eua((ﬁ) satisfying
the multiplier equation (2.10) with ¢' = @', &' = &' — '’

Since the multiplier equation (2.10) holds for all functions u’(t,x), it must hold for
the one-parameter family uf;). We now take the derivative of the resulting left-side and
right-side expressions of Eq. (2.10) with respect to A. By Proposition 2.9, on the left-
side we obtain Eq. (2.37), while on the right-side we directly obtain Eq. (2.38). These
expressions (2.37) and (2.38) are equal for all functions v?(t, x) and therefore hold iff the
terms multiplying v° vanish and the total derivative terms involving v’ are separately
equal (by considering the terms v7,v7). From the terms multiplying v we have

0 = _DrAa'[u(/l)] + (‘g;[um] )(p,-Ap [u())] + ('g;[um])ap(uf).)l + gP [u(A)]) (239)

This reduces when /. = 1 to Eq. (2.19) and hence {4,} is a solution of the determining
condition (2.19).

Conversely, suppose {4} is a solution of the determining condition (2.19). Then, by
combining the two identities in Proposition 2.9, we see A, satisfies the linearized multiplier
equation

0 - - 0 - 0 =
=7 (W + 87l D4, [, ) = D, 5 @'l + D, = 'l (2:40)
with 0 [u;,]/0/ and 0P [u;,]/0/ defined by
(L, )e?” =74, w1 + DO, (2.41)
(%[Mlz)])’;v" = (S'[v, Alu;)); glug;)]] + S'[o, u, + glug); Alug)]) — D,60" + DY,
(2.42)
for some expressions 0, '/ = —y/’. We now undo the linearization to obtain the multiplier
equation (2.10) by integrating with respect to / as follows. We set v° = u® — ii’, and so
uly = Au” —u%) + 1. (2.43)

Then we use the fundamental theorem of calculus to obtain
(] + g°[u))A,[u] = D,®'[u) + D, d'[u] + (& + ¢°[@])4,[#) — D,®'[a] — D, [a] (2.44)

where

1
@' [u] = P'[a] + /0 A — %) A, [u;)], (2.45)

1
'[u) = '] —i—/o d(S'[u — i, Alu,]; glug)ll

+Si[u — i, Uiy + g[”(;,)] ;4 [”(),)]])» (2.46)
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to within trivial conserved densities. Since Eq. (2.44) holds for arbitrary u(t, x), while @(t, x)
is fixed, we must have

D,®'[ii] + D, ®'[i)] = (il + g [])A,[i] = K(t, x). (2.47)

It is then simple to check that Eq. (2.47) is satisfied identically by
1 1
'i] = t/ dIK (A, 2x), D[] = xi/ dAK (At, 2.x). (2.48)
0 0

Thus, we find from Eq. (2.44) that {4} satisfies the multiplier equation (2.10), with
conserved densities given by Eqs. (2.45) to (2.48). Hence, by Theorem 2.4, A, are multipliers
for a conservation law in normal form (2.8).

To obtain the construction formula (2.34) and (2.35) for the conserved densities, we

move onto the solution space of Eq. (1.1) and substitute uf;, = —Ag”[u] + (1 — A)ii{ into
Egs. (2.45) and (2.46). The expressions ®'[u] and ®'[u] directly reduce to the formula for
@' and @', O

3 Treatment of Nth order scalar PDEs

Here we exhibit the conservation law determining system and construction formula for
scalar PDEs of any order with one dependent variable u and n+ 1 independent variables
t,x = (x!,...,x"). We work directly with the scalar PDE expressed in an Nth order
Cauchy-Kovalevskaya form

oNu
TN
where in this section 09u now denotes all derivatives of u of order ¢, excluding t derivatives
of u of order ¢ = N and their differential consequences (i.e. the PDE is written so that
the t derivatives of u of highest order appear in solved form).

Clearly, without loss of generality, for conservation laws we are free to eliminate Nth
order t derivatives of u (and differential consequences) in considering conserved densities.

G + g(t,x,u,0u,...,0"u) =0 (3.1)

Definition 3.1 A local conservation law in normal form for a Cauchy-Kovalevskaya scalar
PDE (3.1) is a divergence expression

D,®'(t, x,u,du,...,0"u) + D, &' (t, x,u,0u,...,0"u) = 0 (3.2)

holding for all solutions u(t, x) of Eq. (3.1).

A conservation law (3.2) is trivial if it holds as an identity (2.7) for some expressions
0(t, x,u,du, ..., 0 u), wi(t, x,u,du,. .., 0 u) with " = —y/, for all solutions u(t, x) of
PDE (3.1). Only nontrivial conservation laws (3.2) are of interest.

All nontrivial conservation laws (3.2) of PDE (3.1) can be shown to arise from multipliers
on the PDE, similarly to Theorem 2.4. We move off the solution space of Eq. (3.1) and
let u(t, x) be an arbitrary function of ¢,x. We use the notation 8/u = 9%u/dt4 for pure ¢
derivatives of u, and u; = du/dx', u;; = 0%u/dx'dx/, etc. for pure x derivatives of u, and
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olu; = 04 u/0t10x!, dlu;; = 09Mu/0t99x'0x/, etc. for mixed t,x derivatives of u, with
0du = u and dVu; = u;.

Theorem 3.2 For the Cauchy-Kovalevskaya scalar PDE (3.1), every nontrivial conservation
law (3.2) is uniquely characterized by a multiplier A with no dependence on 0Nu and
differential consequences. The multiplier satisfies the relations

(ONu+g)A4 =D, @ +D(P —T') (3.3)
and
A =E(@) (3.4)
holding for all functions u(t, x), where

. 0 0 0
E=——-D————+DD, ———+"- 3.5

3(0y 'u) 00, " uy) G GART! (32)
is a restricted Euler operator, and I'' is given by an expression proportional to dNu +g and
its differential consequences.

From Eq. (3.4) one can show that A is invariant under a change in @' by a trivial
conserved density (2.7). (In particular, if @' is trivial, then A is identically zero, and
conversely.) Consequently, it is natural to define the order of a conservation law (3.2) as
the order of the highest derivatives of u in its multiplier (3.4).

It is straightforward to derive both the determining system for multipliers 4 and the
construction formula for conserved densities in terms of A by applying the results in
sections 2.1 and 2.2 to the scalar PDE (3.1) written as a first-order Cauchy-Kovalevskaya
system (which we carry out later).

To display the determining equations explicitly, we introduce the N + 1 expressions

Q =4,
! dg dg
Q= (112144 (-1 H@“(A—D <A>+--~
0 = D k;( e (0 u) BN AR
H=1y"D. D ( Og /1)) —1,..,N (3.6)
il im a(aivikuil---im) > 4 =1,..., .

where &, is the total derivative operator with respect to ¢ on the solution space of the
PDE (3.1) as defined by eliminating afV u = —g and all differential consequences. (In
particular, ,u = 0u, @fu = a,zu, etc., and @f’u = —g.) Note that, if the order of Qy with
respect to x derivatives of u is p, the order of €, is at most p + mgq.

Theorem 3.3 For the Cauchy-Kovalevskaya scalar PDE (3.1), the multipliers for all of the
nontrivial ~conservation laws (3.2), up to any given order p, are the solutions
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A(t, x,u,0u,...,0%u) of the determining system

Qv =0 (3.7)
and
0% _ 0% Z( 1¥D, D, —o
0@/u)  0(0*u Di 0, i)
% (—=1)4 ?i
(a ull lq) a(a uil"'i(l)

v ! Q
Z k q+lLDi+|'”Dikéik’q:L“"p/_l
2 =)t P @)

& — (=1 kai =0,
a(a{uil...,‘p,) a(ﬁzu,‘l,.‘ip,)
(3.8)

where p' =p+mk, j=0,1,....N—1;k=0,1,...,N— 1.

In this system, Eq. (3.7) is the determining equation for the adjoint symmetries 4 =
w(t,x,u,0u,...,0%u) of order p of the PDE (3.1), explicitly

0=(-2)" 0+ ZL;o. (3.9)

The extra determining equations (3.8) are the necessary and sufficient conditions for an
adjoint symmetry to be a conservation law multiplier. Since Egs. (3.7) and (3.8) do not
involve 6{‘] u or any of its differential consequences, one is able to work equivalently on
the solution space of the PDE (3.1) in order to find the solutions 4.

In order now to display explicitly the construction formula for the conserved densities
@', @' in terms of the multiplier 4, we first define the trilinear expression

N—1
, , F F
Si[V,W;F] = §j<D{V of W —D, LIS
0 0(0fu;) (07 uii,)

; oF oF
+D/D;V — W=D | W |+ +> (3.10)
0(0yujj,) 0(0; uii j,)

depending on arbitrary functions V, W, F. Next we let

where i is any function of ¢, x. This defines a one-parameter A family of functions with
uy = u and u, = &t. Then we define

Qqlu;)] = Q. x, u(z),éum,...,apu(z)), qg=0,1,...,N—1 (3.12)
glugl = glt,x, u(i),auw,...,ﬁpuw), (3.13)
K(t,x) = (0,0 + g [a])Qoa]. (3.14)

using Eq. (3.6) for @, in terms of 4.
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Theorem 3.4 For the Cauchy-Kovalevskaya scalar PDE (3.1), the conserved densities of any
nontrivial conservation law (3.2) are given in terms of the multiplier A by

1 N1 ) 1
P =/0 diZ(@{u—@{ﬁ)Qj[u(i)] —I—t/o dIK (At, Ax), (3.15)
j=0

1 1
o = xi/ d2A"K (At Jx) + / di (Si[u — 11, [“(;,)] g [“(i)]]
0 0

+8'[u — i1, g lug,)] — Aglul + (1 — )0 15 Qo [um]]) (3.16)

In applying the construction formula (3.15) and (3.16), we fix the function & so that the
expressions A [ii] and g[it] are nonsingular. In particular, if 4[0] and g[0] are nonsingular
then we can choose #i = 0, which significantly simplifies the integrals. Moreover, if
it = u = 0 satisfies the PDE (3.1), then immediately the K integrals vanish. A change in
the choice of @ alters the conserved densities only by a trivial conserved density (2.7).

Conversion to a first order Cauchy-Kovalevskaya system

We now outline the proof of Theorems 3.3 and 3.4 using Theorems 2.6 and 2.8. To begin
we write the scalar PDE (3.1) in first-order (evolution) form (1.1) with respect to t as
follows:

u' =u i =0du,... ,u = afHu, (3.17)

gl :_uz’”"ngl :_uNagN =8, (318)
G'=0u' —u*=0,....,6" ' =0 T =N =0,GN =0,uN +g=0. (3.19)

Through Egs. (3.17) to (3.19) there is a one-to-one correspondence between nontrivial
conservation laws (3.2) of the scalar PDE (3.1) and nontrivial conservation laws in
normal form (2.8) of the equivalent first-order PDE system (3.19). The relation between a
multiplier 4 of a scalar PDE conservation law and a set of multipliers {A4,,..., 4y} of the
corresponding PDE system conservation law can be obtained by considering the adjoint
symmetry equations of the scalar PDE (3.1) and the PDE system (3.19). Straightforwardly,
from Egs. (3.18) and (2.22), we have

0= -2, Ay + L5, A,. (3.20)
0=—-F Ay y— Ay g+ LseApq=1.....N—1 (3.21)

where #_ , is the adjoint operator of the linearization operator %, , defined by

0g 0g 0g
D - D ---D..
LT R B

¥ _ 322
" = 3% T 3@ty (3.22)

By solving Eq. (3.21) for 4,,..., 4 in terms of 4, and comparing Eq. (3.20) with Eq. (3.7),
we directly see

Ay =A=QpAdy=Qy,..., Ay = Qn_y. (3.23)

This establishes an explicit correspondence between 4 and {4,,..., 4y} leading immedi-
ately to Theorems 3.3 and 3.4 from Theorems 2.6 and 2.8.
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Remarks on the determining system and construction formula
Theorems 3.3 and 3.4 can also be established directly from Theorem 3.2 without use of the
results in sections 2.1 and 2.2. The main step in the proof of Theorem 3.3 is a polynomial
splitting result analogous to Lemma 2.5 as follows.

The determining condition for a multiplier 4 of order p for the scalar PDE (3.1) arises
from the relation (3.3) by the result that an expression is a divergence if and only if it is
annihilated by the full Euler operator

) 0 0 0 0 0
E,=——-D.— —D,——+DD,— +D,.D, D? . (324
u Didw @) T i auy i aGuy) T ot (3.24)
This can be shown (by a straightforward calculation [11]) to yield
0=E, (0 u)A+gA)=(—D)NA+ L34+ L0 u+g), (3.25)

which is required to hold for all functions u(t,x) (not just solutions of Eq. (3.1)). The
determining condition (3.25) is a polynomial in Gflu,aﬁv“u,...,af]\’*lu and differential
consequences with respect to x. Furthermore, the terms in this polynomial have weights
0 up to N, where we assign weight 1 to 6fvu (and x derivatives of af\]u), 2 to af‘l“u
(and x derivatives of afV 1), etc., and we add the weights of products (and powers) of
aiV u,@fj +1y, etc. Now, since u is required to be an arbitrary function of ¢ and x, the
polynomial splits into separate determining equations given by the coefficients of the
various weight terms involving 0N u, 0¥y, ..., 0" ~!u (and differential consequences with
respect to x). It is convenient to organize the splitting by working in terms of afvu-l-g =G,
0Nt 2,6 = 2,G,0Nu;+D,g = D,G, 0N u;4+D,Z,g = D,2,G, etc. The terms of weight
0 yield the adjoint symmetry determining equation (3.7) and the terms of weight 1 up to
N yield the extra determining equations (3.8) on A. This derivation is illustrated in the
second example of Part I.

The construction formula for conserved densities @' and &' of a conservation law
for PDE (3.1) is obtained by inverting the Euler operator equation (3.25) as follows.
Since Eq. (3.25) holds for arbitrary functions u(t, x), it must hold with u replaced by the
one-parameter family u ;) = Au + (1 — A)&i. This yields

0= (=D)"Alu;)] + <. A )] + (0 ugy + glu)). (3.26)

Alug;)]

We multiply Eq. (3.26) by u—ii and then rearrange the terms which involve total derivative
operators coming from %, and #”,. This leads to the formula

2

gl

(@ — /)2y u;,)1) + D, (ST — &, ol )5 g )

J

Il
=

+S'[u—1, ai\[”(i) +g [“(i)] 3 € [“(@)]])

0
- = ((aﬁV gy + g lug)) A4 [u(l)]). (3.27)
Next we integrate from 4 =0 to 4 = 1 and apply the fundamental theorem of calculus.
Using the identity D, (t S daK (i, /lx)) +D, (xi i dainK (i, Ax)) — K, and finally moving

onto the solution space of the PDE (3.1), we obtain the conservation law (3.2) with &'
and @' given by Egs. (3.15) and (3.16).
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Remarks on variational principles

Definition 3.5 A Cauchy-Kovalevskaya scalar PDE (3.1) is called variational if it arises
from an action

S = / (L(t, X, u,au,...,aku))dtdx (3.28)
by variation with respect to u,

G=E,(L)=3"u+g. (3.29)

The well-known necessary and sufficient condition [11] for existence of an action (3.28)
is that

DY + 2, = (-D)" + Z;, (3.30)

i.e. N must be even and g must have a self-adjoint linearization. This condition is
equivalent to requiring that the determining equation for symmetries of the PDE (3.1) is
self-adjoint.

In the case when PDE (3.1) is variational, Theorem 3.3 combined with Noether’s
theorem [5, 11] shows that the extra determining equations (3.8) constitute necessary and
sufficient conditions for a symmetry of the PDE (3.1) to leave invariant the action (3.28) to
within a boundary term. In particular, if Xu = 5(t, x,u,0u,...,0%u) is a symmetry of order
p, then XS = [(D,0" 4+ D,0")dtdx holds for some expressions 0" and 6" iff 4 = n satisfies
Eq. (3.8) and hence 5 is a multiplier yielding a conservation law (3.2) of PDE (3.1).

4 Summary and concluding remarks

For any Cauchy-Kovalevskaya system G of one or more PDEs, Theorems 2.6, 2.8 and
Theorems 3.3, 3.4 yield an effective computational method to obtain all local conservation
laws (up to any specified order). The method is summarized as follows:

(1) Linearize G to form its linearized system ¢/, which is the determining system for the
symmetries of G.

(2) Form the adjoint system /* of 7, which is the determining system for the adjoint
symmetries of G.

(3) Form the extra system h comprising the necessary and sufficient determining equa-
tions for an adjoint symmetry to be a multiplier for a conservation law of G.

(4) Solve the augmented system /*Uh. This is the determining system for the multipliers
that yield all nontrivial local conservation laws of G.

(5) Use the explicit construction formula to obtain the conserved densities arising for
each solution of the system /* U h.

The linearized system of G is self-adjoint (/ = /) if and only if G is variational, in
which case solutions of /* are solutions of /. Then the extra system h is equivalent to
the condition for symmetries to leave invariant the action for G. In general, G is not
variational then solutions of /* are not solutions of /.
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The systems 7,/*, h, and /* U h are all linear overdetermined systems which are solved
working entirely on the space of solutions of G (i.e. a leading derivative of the dependent
variables in G is eliminated). There exist algorithmic procedures [9] to seek solutions of
/. These procedures can be readily adapted for seeking solutions of /*, h, and /* U h. In
general, /* U h is more overdetermined than / and hence is typically easier to solve. More
significantly, one can choose appropriate mixings of the determining equations in /* and
h to solve /* U h effectively.

One can also use specific ansatze to seek particular solutions of /*Uh, such as restricting
the form of highest derivatives of the dependent variables of G allowed in the solution.
For example, familiar conservation laws such as energy invariably arise from the simple
ansatz of seeking multipliers restricted to be linear in first derivatives.

In general it is important to note that solutions of /* are not necessarily solutions of
h and hence /* does not determine a conservation law multiplier. This typically occurs
for scaling symmetries of systems G in the case /* = / (i.e. self-adjoint), and for point-
type adjoint symmetries (first-order and linear in derivatives of dependent variables) of

systems G in the case /* = —/ (i.e. skew-adjoint). Examples are u;, — uy + u> = 0 which
has u + tu; + xu, as a solution of / = /* but not a solution of h; u; + ., = 0 which
has u, as a solution of /* = —/ but not a solution of h. Anco & Bluman Ref. [2] exhibit

several ODE examples in which nontrivial adjoint symmetries are not multipliers. The
need for the extra conditions h to determine multipliers has not been clearly recognized
in the literature (e.g. Chien et al. [6]).

The chief aspect of our method compared to other existing treatments of PDE con-
servation laws (e.g. [7, 13, 11, 5, 14]) is the explicit delineation of the linear determining
system /* U h which incorporates (and identifies) the necessary and sufficient conditions
for adjoint symmetries to be multipliers, without moving off the space of solutions of
the given PDE(s) G. Consequently, one can calculate multipliers of conservation laws by
effective algorithmic procedures. Moreover there is the added computational advantage
of allowing the determining equations in the adjoint system /* and the extra system h
to be mingled to optimally solve the determining system ¢/ U h, as illustrated by the
conservation law classification results for the PDE examples in Part 1.
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