DETERMINANTS OF LAPLACIANS, QUASIFUCHSIAN SPACES, AND
HOLOMORPHIC EXTENSIONS OF LAPLACIANS
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ABSTRACT. The Teichmiiller space Teich(S) of a surface S in genus g > 1 is reallized as a
totally real submanifold of the quasifuchsian space QF(S). We show that the determinant
of the Laplacian det’(A) on Teich(S) has a unique holomorphic extension to QF(S). To
realize this holomorphic extension as the determinant of differential operators on S, we
introduce a holomorphic family {A,, ,} of elliptic second order differential operators on S
whose parameter space is the space of pairs of Beltrami differentials on S and which naturally
extends the Laplace operators of hyperbolic metrics on S. We study the determinant of this
family {A,,} and show how this family realizes the holomorphic extension of det’(A) as
its determinant.

In this note, we present the results from [Ki| to which we refer for details.

Let X be a compact Riemann surface of genus g > 1, and let A be the Laplacian on scalar
functions on X, which extends to L?(X) with respect to the hyperbolic metric, i.e. on the
universal cover H of X, the pull-back of A by the covering map is the hyperbolic Laplacian
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The Laplacian A has eigenvalues \g = 0 < A} < Ag < --- < A\ < -+ — 00, and the deter-
minant of the operator A may be defined formally as the product of the nonzero eigenvalues
of A. A regularization det’(A) of this product was defined by Ray and Singer [RS1] [RS2],
using the zeta function of A:
Cals)= D> A

AeSpec(A)\{0}
This infinite sum is absolutely convergent for Re s > 1, and has a meromorphic extension to

AH = (Z —5)2

the whole complex plane which is regular at s = 0, and the determinant det’(A) is defined
(see [RS1]) as
d¢a(0)
—logdet/(A) = :
ogdet'(A) = =

This determinant det’(A) has appeared to be very important in mathematics. For example,
in [OPS1], (see also [Sa2]), Osgood, Phillips and Sarnak studied — logdet’(A) as a “height”
function on the space of metrics on a compact orientable smooth surface S of genus ¢g. For

g > 1, they showed that when restricted to a given conformal class of metrics on S, it
attains its minimum at the unique hyperbolic metric in this conformal class, and has no
other critical points. Thus, to find Riemannian metrics on S which are extremal, in the
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sense that they minimize —logdet’(A), it suffices to consider its restriction to the moduli
space M, of hyperbolic metrics on a Riemann surface S of genus g. It was shown by Wolpert
that this restriction is a proper function (see [W2]), which was used also by Osgood, Phillips
and Sarnak to show that the isospectral sets (with respect to the Laplacian) of isometry
classes of metrics on S are all compact in the C* topology (see [OPS2]). The determinant
of the Laplacian also appears in string theory, especially when we renormalize Feynmann
integrals over spaces of surfaces (see, for example, [Po] [BK]).

The universal cover of the orbifold M, with covering group the mapping class group I'y,
is the Teichmiiller space Teich(S) which is biholomorphic to a bounded open domain in the
complex space C*9~3. The function — log det'(A) lifts to a function on the Teichmiiller space
Teich(S) invariant under I'y. Our first result concerns the function theoretic properties of

log det’(A) on Teich(S).

0.1. Holomorphic extensions of determinants of Laplacians. Let’s consider the spe-
cial case of genus 1.

Example ([RS2] or [Sal], p. 33, (A.1.7)). For z € H, let T, be the flat torus obtained by the
lattice of C generated by 1 and z. Then the determinant of Laplacian of this flat torus is

log det'(A)(2) = log(2m (Im 2)"/2|n(2)|*)

where 7(z) = ¢"/# T[22, (1 — ¢") for ¢ = €*™* is the Dedekind eta function.
The manifold H has a complexification H x H, and the function logdet’'(A)(z) on the
diagonal {w = Z} has a unique holomorphic extension to H x H, namely,

log (2m(=—)""* n(=) n(w)).

We show that even in higher genus g > 1, the function logdet’(A) has a unique holo-
morphic extension. In higher genus, the objects corresponding to H and H x H are the
Teichmiiller space Teich(S) and the quasifuchsian space

QF(S) = Teich(S) x Teich(S) = Teich(S) x Teich(S),
respectively where the real analytic manifold Teich(S) imbeds as the diagonal in QF(S).
McMullen recently used the quasifuchsian space to study the geometry of the Teichmiiller
space via the above complexification [Mc].

Theorem 0.1. The function logdet’ (A) on Teich(S) has a unique holomorphic extension
to the quasifuchsian space QF(S).

Remark. Historically, the first result in the spirit of Theorem 0.1 is due to Fay [Fa] who
obtained a holomorphic extension of the analytic torsion from the Picard variety of a compact
Riemann surface to the space of C*-representations of its fundamental group.

Remark. We note that the holomorphic extension of logdet’'(A,) of the Laplacian acting
on the (n,0)-forms for n > 2 is given by Mclntyre and Teo [TM] using the holomorphic
extension of Selberg’s zeta function. Their method does not work in our case of log det’(A)
=log det'(Ag)= log det’(A,).
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Proof of Theorem 0.1: a sketch We use the Belavin-Knizhnik formula (see, for example, [BK]
[W1] [ZT]). We only need the following special case of this theorem ([ZT], Theorem 2) that

on Teich(S) det(A)
_ et’ l
log (S22 ) _ ¥
99 log (det(1m7)> 6 W

where Im 7 is the imaginary part of the period matrix 7. The differential operator 99 comes
from the complex structure on Teich(.S).

By a result of Platis ([P1], Theorems 6 and 8), the differential form iwyp on the Teichmiiller
space Teich(S) has an extension to a holomorphic non-degenerate closed (2,0)-form Q on
the quasifuchsian space QF(S).

We will construct a holomorphic function ¢ on QF(S) = Teich(S) x Teich(S) solving the
differential equation 0,05q = €2 which extends

00q = iwwp.

Choose a smooth polar coordinate system on Teich(S) and denote the center of this
coordinate system by zy. Denote the radial line in polar coordinates from z, to the point
z € Teich(S) by v(z). Define ¢(z,w) by the formula

q(z,w) :/ Q.
v(z)xv(w)

The holomorphic extension has the form
1 _
log det(A)(z,w) = —Eq(z,w) +logdet((7(2) — 7(w))/2t) + f(2) + f(w),

for some holomorphic function f on Teich(S). O

A complex projective (CP'-)structure on X is a subatlas of charts whose transition func-
tions are in PSL(2; C). The space Proj(S) of projective structures on a surface S is naturally
a 3g —3 dimensional complex affine fiber bundle over Teichmiiller space Teich(S), which con-
tains the quasifuchsian space QF(S) as an open subset. Each fiber Projy(S) of Proj(S) over
X € Teich(S) is realized as the banach space of holomorphic quadratic differentials on X
with bounded L*-norm with respect to the hyperbolic metric on X. The portion of QF(S)
in Projy(9) is the image of Teich(S) under the Bers embedding, which is a bounded open
domain in Projy(S). See [Mc].

Further along Theorem 0.1, the following natural question seems interesting, which we
would like to address in the future.

Question. Does the determinant det’(A) of the Laplacian holomorphically extend to Proj(S)?

0.2. Holomorphic extensions of Laplacians. Another natural question following The-
orem 0.1 is whether there is an actual family of elliptic differential operators on S whose
determinant realizes the holomorphic extension of det’(A). To address this question we intro-
duce a family {A,, } of elliptic second order differential operators on S which is holomorphic
with respect to its parameter (u,v), the pair of Beltrami differentials and which uniquely
extends the Laplacians of hyperbolic metrics. Because of holomorphy of this family, the
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differential operators A, , cannot be self-adjoint off the diagonal {y = v}. These operators
A, are new examples of non-self-adjoint elliptic second order differential operators with a
natural geometric origin!

We fix a Riemann surface X, modeled on the compact surface S. A Beltrami differential
pon Xy is a complex (—1,1)-form which in one (and hence all) local representations

dz
= M(Z)E

satisfies ||¢]|co < 1. The space M (X)) of smooth Beltrami differentials on Xj is a contractible
complex analytic manifold modeled on a Fréchet space. The diagonal

(1) | o€ M(X0)} € M(Xo) x M(Xo)

is a totally real submanifold. Let G be the Fuchsian group of Xy, i.e. Xy = H/G. Denote
by M€ the set of Beltrami differentials on H which transform as

u(z) = u(g(Z))g—z

for all g € G. Then M (X,) is identified with M©.

By /i we denote a Beltrami differential on the lower half plane H defined by i(z) = 7i(%).
Denote by d,, the operator d — ud, and by d; the operator 0 — Ji0.

Given a pair (u, ) of Beltrami differentials on H, denote by f,, : C — C the homeomor-
phism of C which is the unique continuous normalized solution (i.e. fixing 0, 1 and oo0) of
the Beltrami equation on C,

Oufu, =0, Imz >0,
Dofuy =0, Imz<0.

Denote f* = f,,. By Ahlfors and Bers [AB] we know that the function f,, depends
holomorphically on the parameter (u,v).

Definition 0.1. Given a pair of Beltrami differentials (11, ) € ME x MG, let
1
Oy = 77— =7 -
“’ (1 —uw)of,.

Define a second order differential operator A, ,, on functions on H by the formula

Aﬂﬂ/ = (fu,v - E)z(ag)u,v

where
(00) 0 = Ty (—110° + (1 + p1) 90 — 00 + (D, log ) D + (D log p) D).

The family {A,,} is the unique holomorphic extension of the Laplacian A in the sense
that A, , = (f*)*A. The principal symbol of A, , in complex coordinates (z,() on the

cotangent bundle T*H, where o(0) = i(, equals
02(8u0)(Q) = —(fuw — Fop)? Q@ (¢ — pC)(¢ — TC).
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By the identity f, ,.(2) = f..(%), it is easy to see that the differential operator A, , is elliptic
for any pair of Beltrami differentials (4, ). We can also show that A, is invariant under
the group G. So we have

Theorem 0.2. There exists unique family of elliptic second order differential operators A,

on S parametrized by (pu,v) € M(Xo) X M(Xy), with the following properties:

(1) A, depends holomorphically on (p,v);

(2) the lift of A, to H is the pull-back of the Laplacian Ay by the quasiconformal
mapping f* : H — H, ie., A,, is the Laplacian of the hyperbolic metric on S
iduced by the pullback hyperbolic metric on H by the map f*.

0.3. Determinant of A,, and its holomorphy. To define and study the determinant
of the non-self-adjoint elliptic operator A, ,,, we apply the method of using complex powers
of elliptic operators developed by Seeley [Sel], [Se2]. (See [Sh] and [KV].) We need some
condition on (u, v) to control the behavior of the spectrum of A, to have a contour integral
defining the complex power.

Given 0 < k <1 and F > 0, we introduce the space of Beltrami differentials

My p(Xo) = {pn € M(Xo) [ |[plle <k and |pllc2xy) < E}

where the C*-norm || - ||c2(x,) is defined by the hyperbolic metric on X,. We also define for
each € > 0, an open subset

Ne={(1,v) | p,v € Myp(Xo) and || — vllc2q) < €} C M(Xo) x M(Xo).

Theorem 0.3. Given 0 < k <1 and E > 0, there exists a constant € > 0 such that on N,
the determinant det'(A,,,) is defined, and depends holomorphically on (u,v).

Proof (an outline). We first establish several estimates for the normalized quasiconformal
homeomorphism w* of C, most importantly, the following pointwise lower bound of the first
derivative.

Lemma 0.4. Let Q; CC Q CC C. If ||p]|lp= < k < 1, then

inf [Ow’| > CeClomlLre
1

forp=p(k) > 2.
Fix 0 < 6y < m, then using the above lemma we can show

(1) there exists € > 0 such that if (i, v) € N, then

| arg(o2(A))| < Oo;

(2) there exists a constant C' > 0 such that for every u, v € My g(Xo) and for any
nonzero eigenvalue A of A, , on X,

Al = C=O(ln = viexo)-
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For the rest of proof denote A, by A and assume that (4, v) belongs to where € > 0 will
be determined in the following.

By (1), we know that for sufficiently small € the principal symbol o9(A)(x, () does not
take values in the closed conical sector

A={N\: 0y <argh <27 — 6y}

in the spectral plane C for any (z,¢) € 7*S \ S. This condition ensures that Spec(4) N A
is finite, so there is a closed sector Ay C A which has only zero spectrum inside. By (2), we
see that for sufficiently small € > 0, there is p > 0 such that

Spec(A) N{z||z| < p} C {0}.
Given exp(if) € Ao, let I'g) be the contour I'y g(p) U T'ge(p) UT'29(p), where
F1o(p) = {xexp(if) | z = p},
Loo(p) = {pexp(i¢) |0 > ¢ > 0 — w},
[io(p) = {zexp(i(0 — 7)) [ p < x}.
Denote by R, the resolvent (A — AI)~!. Then for Res < 0, define
(A = — | A Rad.

2T F(G)

By the symbol calculus of [Sh], A is trace class for Res < —1. In the following, we omit
from the notation for (A,)g) and I'(g).
For s € C, define the modified complex power A*° of A by

AS° — AkAs—k

where k is an integer chosen so that Res — k < 0. The definition does not depend on
the choice of such k. Following the arguments in [Sh] (pp. 94-106), we may show that the
kernel A=*°(z,y) dy of A=*° can be meromorphically extended to all of C, with simple poles

2—7J 1. .
{=FZ|izo}\{=ili=o}
It follows that the meromorphic function
Tr(A™*°) = / A7z, x) dx
M
is regular at s = 0, and we can define

det'(A) = exp(—0s|s=0 Tr(A™*?)).

contained in the set

As remarked by Kontsevich and Vishik in [KV], a change in the choice of contour I'y changes
Ds|s=0 Tr A=5° by an element of 2miZ. After taking the exponential, the determinant det'(A)
is well-defined.

For the holomorphy of det'(A,,) we use the following well-known variation formula for
the determinant, which can be proved by symbol calculus of the kernel of complex powers.

dlog det’(A) = O4)s—o Tr(sA™ "1 dA).
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In order to argue from this variation formula that det’(A,,) is holomorphic with respect
to p and v, we must clarify one subtle point: the contour I' must be chosen so that the
spectrum of the operator A, does not cross it as we perform the differentiation.ory In fact,
we may choose for each (u,rv) € N a contour I' in such a way that the only eigenvalue of
A, ., inside I' is zero, for any small variation (us,14) of (i, v) in N.. Since the determinant
is independent of the choice of the contour, the holomorphy follows. [

Denote by det’(A) the holomorphic extension of det’(A) to QF(S) obtained in Theo-
rem 0.1. We have the principal fiber bundle

Diffy(S) ——  M(Xo)
Teich(S),

where the projection 7 is known to be holomorphic (see [EE]). This gives rise to the principal
fiber bundle

Diffo(S) x Diffy(S) —— M(Xo) x M(Xo)

lm
- QF(S).

The lift (7 x 7)*det’(A) is holomorphic on M(X,) x M(X,). We know by Theorem 0.2 (2)
that

det'(Ap) = (m x 7)"det'(A) (1, p),
and by Theorem 0.3 that the determinant det’(A,, ,) is defined and holomorphic on some open

neighborhood N of the diagonal in M(X,) x M(Xj). Therefore, by analytic continuation,
we have the equality

det'(A,,) = (7 x 7)*det’(A)(u,v) for (u,v) € N,

and we may regard the holomorphic function (7 x 7)*det’(A) as the determinant of A,

even for those (u,v) to which Theorem 0.3 does not apply, that is, all of M (Xy) x M (Xj).
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