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Certain two-component reaction-diffusion systems on a finite interval are known to possess mesa (box-like) steady-
state patterns in the singularly perturbed limit of small diffusivity for one of the two solution components. As the
diffusivity D of the second component is decreased below some critical value D., with D. = O(1), the existence of
a steady-state mesa pattern is lost, triggering the onset of a mesa self-replication event that ultimately leads to the
creation of additional mesas. The initiation of this phenomena is studied in detail for a particular scaling limit of the
Brusselator model. Near the existence threshold D. of a single steady-state mesa, it is shown that an internal layer
forms in the center of the mesa. The structure of the solution within this internal layer is shown to be governed by
a certain core problem, comprised of a single non-autonomous second-order ODE. By analyzing this core problem
using rigorous and formal asymptotic methods, and by using the Singular Limit Eigenvalue Problem (SLEP) method
to asymptotically calculate small eigenvalues, an analytical verification of the conditions of Nishiura and Ueyema
[Physica D, 130, No. 1, (1999), pp. 73-104], believed to be responsible for self-replication, is given. These conditions
include: (1) The existence of a saddle-node threshold at which the steady-state mesa pattern disappears; (2) the
dimple-shaped eigenfunction at the threshold, believed to be responsible for the initiation of the replication process;
and (3) the stability of the mesa pattern above the existence threshold. Finally, we show that the core problem is
universal in the sense that it pertains to a class of reaction-diffusion systems, including the Gierer-Meinhardt model
with saturation, where mesa self-replication also occurs.

1 Introduction

In [29] Pearson used numerical simulations to show that the two-component Gray-Scott reaction-diffusion model
in the singularly perturbed limit can exhibit many intricate types of spatially localized patterns. Many of these
numerically computed patterns for this model have been observed qualitatively in certain chemical experiments
(cf. [12], [18]). An important new phenomenon that was discovered in [29], [12], and [13], is the occurrence
of self-replication behavior of pulse and spot patterns. In recent years, many theoretical and numerical studies
have been made in both one and two spatial dimensions to analyze self-replication behavior for the Gray-Scott
model in different parameter regimes (cf. [34], [33], [27], [28], [35], [20], [2], [1], [16]). In addition to the Gray-
Scott model, many other reaction-diffusion systems have been found to exhibit self-replication behavior. These
include the ferrocyanide-iodide-sulfite system (cf. [13]), the Belousov-Zhabotinsky reaction (cf. [19]), the Gierer-
Meinhardt model (cf. [18], [4], [17]), and the Bonhoffer van-der-Pol-type system (cf. [8], [9]).

Despite a large number of studies on the subject, the detailed mechanisms responsible for self-replication are
still not clear. In an effort to classify reaction-diffusion systems that can exhibit pulse self-replication, Nishiura
and Ueyema [27] (see also [5]) proposed a set of necessary conditions for this phenomenon to occur. Roughly
stated, these conditions are the following:
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FIGURE 1. (a) Numerical simulation showing mesa-splitting in the Brusselator model (1.2). The fixed parameters are
Bo =15, =0.01, 7 = 0.7, x € [0,2], while D is slowly decreased in time according to D = (145 x 10~%¢) 2. Parameters
8 and « are determined through (1.3), i.e. a = €®/D, 8 = afo. The vertical axis is K = {/Z¢, where D, = 0.88. Splitting

events occur for K ~ 1 and K = 2. (b) Snapshots of u(z) during a splitting event. The distinctive two-mesa pattern is
shown at ¢t = 35100. Further snapshots are plotted every 1000 time units.

(1) The disappearance of the K-pulse steady-state solution due to a saddle-node (or fold point) bifurcation
that occurs when a control parameter is decreased below a certain threshold value.

(2) The existence of a dimple eigenfunction at the existence threshold, which is believed to be responsible for
the initiation of the pulse-splitting process. By definition, a dimple eigenfunction is an even eigenfunction
®(y) associated with a zero eigenvalue, that decays as |y| — oo and that has precisely one positive zero.

(3) Stability of the steady-state solution above the threshold value for existence.

(4) The alignment of the existence thresholds, so that the disappearance of K pulses, with K = 1,2,3,...,
occurs at asymptotically the same value of the control parameter.

For the Gray-Scott model in the weak interaction parameter regime where the ratio of the diffusivities is O(1),
Nishiura and Ueyema in [27] verified these conditions numerically for a given fixed diffusivity ratio. Alternatively,
for the Gray-Scott model in the semi-strong regime, where the ratio of the diffusivities is asymptotically large, it
was shown in [20] and in equation (2.9) of [2] that the following core problem determines the spatial profile of a
pulse in the self-replicating parameter regime:

V-V +UV? =0, U —Uv?=0; U0=v'(0)=0, V-0, U —Aasy—oco. (L1)

By using a combination of asymptotic and numerical methods, and by coupling (1.1) to an appropriate outer
solution away from a localized pulse, conditions (1)—(4) of Nishiura and Ueyema were verified in [16]. In [3] a
detailed study of the intricate bifurcation structure of (1.1) was given.

In this paper we study self-replication of mesa patterns. A single mesa solution is a spatial pattern that consists
of two back-to-back transition layers. An example of such a steady-state pattern is shown in Fig. 2 below. Our
goal is to analytically verify whether the conditions (1)—(4) of Nishiura and Ueyama [27], originally formulated
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for analyzing pulse self-replication behavior, also hold for mesa self-replication. In addition, we seek to derive and
study a certain core problem, analogous to (1.1), that pertains to self-replicating mesa patterns.

For concreteness, we concentrate on the Brusselator model. This model was introduced in [31], and is based on
the following hypothetical chemical reaction:

A— X, C+X—=Y+F, 2X +Y — 3X, X — FE.

The autocatalytic step 2X + Y — 3X introduces a cubic non-linearity in the rate equations. Since the 1970’s,
various weakly-nonlinear Turing patterns in the Brusselator have been studied both numerically and analytically
in one, two, and three dimensions. These include spots, stripes, labyrinths and hexagonal patterns (cf. [6], [21],
[30], [36], [37]), and oscillatory instabilities and spatio-temporal chaos (cf. [14], [38]).

After a suitable rescaling, we write the one-dimensional Brusselator model on a domain of length 2L as

U = 2Upy — U+ o+ u?v, T = €203 + (1 — B) u — v?v; Ug(£L,t) = vy, (£L,t) =0. (1.2)
In this paper we make the following assumptions on the parameters:

2
ekl axkl; pB<K1; D:%:O(l); ﬂozgzO(l), with Gp >1; 7=0. (1.3)

The full numerical results in Fig. 1 illustrate the mesa self-replication behavior for (1.2). To trigger mesa self-
replication events we started with a single mesa as initial condition and slowly decreased D in time (see the figure
caption for the parameter values). At the critical value D7 ~ 0.8, a mesa splits into two mesas, which then repel
and move away from each other. The splitting process is repeated when D is decreased below Dy ~ 0.2.

In §2 we calculate a threshold value D, of D for the existence of a single-mesa steady-state solution for the
Brusselator (1.2) in the limit ¢ — 0, and under the assumptions (1.3) on the parameter values. The result,
summarized in Proposition 1 of §2, shows the existence of a value D, such that a K-mesa steady-state solution
exists if and only if D > D./K?. Analytical upper and lower bounds for D, are also derived. Similar thresholds for
the existence of steady-state mesa patterns were derived for other reaction-diffusion systems in [11] using more
heuristic means. Our analysis is based on a systematic use of the method of matched asymptotic expansions.

For a single-mesa steady-state solution, we show in §3 that an internal layer of width O(¢2/3) forms in the
center of the mesa when D is asymptotically close to the threshold value D.. This internal layer is illustrated
below in Fig. 4. By analyzing this internal layer region using matched asymptotic analysis, we show that the
solution u is determined locally in terms of the solution U(y) to a single non-homogeneous ODE of the form

U'=U? - A—y?; U'(0)=0, U'(y)—1 as y— co. (1.4)

Here A is related to the parameter values in (1.2). We refer to (1.4) as the core problem for the onset of self-
replication. Unlike (1.1) for self-replicating pulses in the Gray-Scott model, the problem (1.4) is not coupled and,
consequently, is easier to study analytically than (1.1). The proof of conditions (1) and (2) of Nishiura and Ueyama
is then reduced to a careful study of (1.4). More specifically, by using rigorous techniques we prove analytically the
existence of a saddle-node bifurcation for (1.4) and we analyze the solution behavior on the bifurcation diagram.
The result is summarized below in Theorem 2. In §3.1 we use some rigorous properties of the core problem, together
with a formal matched asymptotic analysis, to asymptotically construct a dimple eigenfunction corresponding
to the zero eigenvalue at the saddle-node bifurcation value. This construction, summarized in Proposition 3,
establishes condition (2) of Nishiura and Ueyama.

In §3.2 we show that the core problem (1.4) is universal in the sense that it can be readily derived for other
reaction-diffusion systems where mesa self-replication occurs. The universal nature of (1.4) is illustrated for
the Gierer-Meinhardt model with saturation (cf. [18]). For this specific model, mesa-splitting was computed
numerically in Figure 28 of [17]. Although the phenomena of mesa self-replication is qualitatively described in
Chapter 11 of [11], the core problem (1.4) governing the onset of mesa self-replication and its analysis has not,
to our knowledge, appeared in the literature.

Since the saddle-node existence value for a K-mesa steady-state solution is D = D./K?, the condition (4) of
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FIGURE 2. (a) A single mesa steady-state on [—L, L]. The parameter values are L = 1, 8o = 1.5, D = 1.29, £ = 0.005.
(b) A two-mesa steady state (K =2,L =1/4, = € [0,1]). The parameter values are D = 0.068, ¢ = 0.00125, 8o = 1.5.

Nishiura and Ueyama, regarding an asymptotically close alignment of saddle-node bifurcation values, does not
hold in a strict sense. However, this condition is satisfied in the same approximate sense as in the study of self-
replicating pulses for the Gray-Scott model in the semi-strong interaction regime (see Table 3 of [1] and equation
(1.2) of [16]).

In §4 we study the stability of K-mesa steady-state solutions when D > D./K?2. We show that such a pattern
is stable when 7 = 0, and moreover all asymptotically small eigenvalues are purely real. This proves condition (3)
of Nishiura and Ueyema. Our analysis is similar to the SLEP method, originally developed by Nishiura et. al. in
[22] and [23], and that has been used successfully to prove the stability of mesa-type patterns in reaction-diffusion
systems and in related contexts (cf. [24], [26]). In our analysis a formal matched asymptotic analysis is used to
derive a reduced problem that capture the asymptotically small eigenvalues of the linearization. This reduced
system is then studied rigorously using several tools, including the maximum principle and matrix theory. In this
way we prove that the small eigenvalues are purely real and negative when 7 = 0.

Finally, in §5 we relate our results regarding mesa self-replication for the Brusselator model with previous
results concerning the coarsening phenomenon of mesa patterns that occurs when D is sufficiently large (cf. [15]).
In addition, we propose some open problems.

2 The Steady State Mesa and the Universal Core Problem

In this section we study the steady-state problem for (1.2), and we prove analytically the first two conditions of
Nishiura and Ueyema. We will analyze an even symmetric solution of the type shown on Fig. 2(a), consisting of
a single mesa on a domain [—L, L] with interfaces at = +l. The K-mesa solution on a domain of length 2K L
can then be constructed by reflecting and gluing together K such solutions.

We first reformulate (1.2) to emphasize the slow-fast structure. We define w by

w=v+u,
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so that (1.2) becomes
up = e2u” —u+a+u(w —u), 7 (wy — ug) +up = 2w’ + o — 3. (2.1)

Here the primes indicate derivatives with respect to x. We then introduce 8y = O(1) and D = O(1) defined by

B e
ﬁo = —, D=—.
@ @
Then, (2.1) becomes
1—
up = *u” —u+a+u(w —u), th—k( T)ut:Dw”—i—l—ﬁo. (2.2)
@ @
The corresponding steady-state problem, with a = O(g?), is
e —u+vi(w—u)+a=0, Duw" 41— Bou=0. (2.3)

Since 2 < D from (1.3), w is the slow variable and u is the fast variable. Upon integrating (2.3) for w and using
w'(L) = 0 and the symmetry condition w’(0) = 0, we obtain the integral constraint

L
L:ﬂo/ udz. (2.4)
0
Near the interface at x = [ we introduce the inner expansion
u=Uy(y)+elUi(y)+..., w=Woly)+ecWi(y)+..., y=c *z—1). (2.5)

Upon substituting this expansion into (2.3), we obtain the leading-order problem

Uy — f(Us,Wo) =0,  W{ =0, (2.6)
where f(u,w) is defined by
flu,w) =u—u?(w—u). (2.7)
At next order, we obtain
LU = U = fu(Uo, Wo)Ur = fu(Up, Wo)Wh, Wi =0. (2.8)

From (2.6) we get that W) is a constant to be determined. To ensure that there exists a heteroclinic connection
for Uy we require that f satisfy the Mazwell line condition, which states that the area between the first two
roots of f is the negative of the area between its last two roots of f. Since f is a cubic, this is equivalent to
simultaneously solving f = 0 and f” = 0 for Wy. In this way, we obtain

Wo = % Uy = % [1 + tanh (%)} . (2.9)

For the mesa solution as shown in Fig. 2(a), we must take the minus sign in (2.9) above.
To determine the interface location I, we now study the outer problem away from the interface at « = [. Since
a = O(g?), we obtain to leading order from (2.3) that u + u?(w — u) = 0. This yields either u =0 or
1

wwh(u)za—l—u. (2.10)

Moreover, we have Uy — 0 as y — oo and Uy — /2 as y — —oo. Therefore, by matching to Uy and Wy, and by
using the symmetry condition at z = 0, we obtain the following outer problem in the mesa region 0 < z < [:
w = h(u); Duw" =g (u)=Fou—1, 0<z<l. (2.11a)
3
u(l) =2, w(l):—z, ' (0)=w"(0)=0. (2.110)

In contrast, the leading-order outer problem on [/ < z < L is u = 0 and Dw” = —1.
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The solution to the second-order inner problem (2.8) for W7y is Wi = Wiy + Wia, where Wi and Wiy are
constants to be determined. Since LU}, = 0, and f,,(Uy, Wo) = —Ug, the solvability condition for (2.8) yields

0 :/ U fu(Uo, Wo) Wy dy = —/ ULUE (Why + Wia) dy .

— 00 —o00
This yields one relation between W71 and Wi5. The second relation is obtained by matching W to the the outer
solution w. This yields Wi; = w’(I*). In this way, we obtain

Wi /
Wil =Wy =w'(l), Wi = ———= U3) dy. 2.12
1 11 (1) 12 2\/5 Y ( o) Y ( )
We now solve the outer problem (2.11) in terms of ug = u(0). We first define F' (u;ug) by
F (u;up) = / g (s)h'(s)ds. (2.13)
ug
By multiplying (2.11 a) for w by w’ we get
Du" 2F (u;u
5 = F (u;uo) , w' = %.

In the outer reglon on ] <z < L, we have u = 0. Therefore, by integrating w” from x = 0 to = L, we obtain
fo u)dr + fl dz = 0. This yields,

/Zg(u)dx:L—l. (2.14)
0

The left-hand side of (2.14) is evaluated by integrating w” from z = 0 to z = [ to get fo u)dr = Dw' (I) =
(2D)F(\/2;u0). In addition, by using w’ = h'(u)u’, we obtain

\/7 v “”O (2.15)

We then integrate (2.15) with «(0) = ug and u(l) = /2. In this way, we obtain

L1 L:/ A N,
\/B 7 \/E uo 'V 2F(u;u0)

Upon integrating the second expression in (2.16) by parts we get

W (u) \/2F 2u0
\/2F qu g /

By combining this relation with (2.16), and by calculating g(1/2), we obtain the following expression relating wu
to the overall length of the domain:

V2o
x (uo) = \/2F (vV/2; ug) <ﬁ(f;_\/_ ) _|_/u0 [j(i)])?\/ZF(u;uo) du = % (2.17)

We note that the function h (u) has a minimum at uy = 1, and that % = —g(ug)h' (ug) < 0 for ug > 1
from (2.13). Hence, x (uo) is a decreasing function of ug for ug > 1. Upon defining D, by D, = L2/ [x (1)]*, we
conclude that there exists a value of wg, and consequently an outer solution on 0 < z < [ exists, if and only if
D > D.. Therefore, we obtain a threshold value D, for the existence of a single mesa solution on [—L, L].

Next, we obtain explicit bounds on D.. The function w = h (u) satisfies & (1) = 2 and h (v/2) = 3//2. Therefore,
for z € [0,1] we have that u and w are both increasing functions for = € [0,1] with u (1) = V2, w (I) = 3/v/2, and

l<u<v2, 2<w<3/V2. (2.18)

2F (V25 up) = (2.16)

\/2F (u;uo) du .
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FIGURE 3. The graphs of D., D and D versus So when L = 1

Using (2.18) and (2.11 a) for w we estimate w” = D~! (Bou — 1) > D~1(8p — 1). This yields that

—1 3 —1
w(x) >w(0)+ %1’2 ) which implies 7 > 24 %ZQ . (2.19)
Then, we use (2.4) with u = 0 for I <z < L to get L = [y fol udr < ﬁol\/i. Combining this inequality with

(2.19), we get
L? 3 —1L?
2> = —22+ﬂ°2—.
2065 V2 465 D
By solving this second relation for D we conclude that a necessary condition for the existence of a solution to
(2.11) is that D > D, where

(Bo—1) 1 2
D = L”. 2.20
D i 3vE 2 (2:20)
This relation provides a lower bound for D.. To find an upper bound we calculate w” < (8yv/2 — 1) /D. This
inequality can be integrated, and with w(l) = v/3/2, we get

2
w (0) > % - 2l_D (Bov2—-1). (2.21)

Then, from (2.4), we obtain I < L/B. Therefore, using (2.21) we conclude that w (0) > 2 provided that % -

%% (ﬁox/i — 1) > 2. Hence, a sufficient condition for the existence of a solution to (2.11) is that D > D, where
0

\/§ﬁ0_1 1 L2
2068 3/vV2-2

It follows that D < D, < D. We summarize the results of this analysis of a single mesa solution as follows:

E:

Proposition 1 (Nishiura-Ueyema’s Condition 1: The Steady State and its Disappearance) Consider the steady



8 T. KOLOKOLNIKOV*, M.J. WARD T J. WEI*#

state solution to the Brusselator model (2.3) with By > 1 in the limit ¢ — 0. We define F'(u;uo) and x(uo) by

) — “ _ 1 _ ] Bov2 V2 Bor/2F (u;up)
F (u;up) _/u (Bos — 1) <1 82) ds, X (ug) = 2F(\/§,uo) <7ﬁ0\/§_ 1) —l—/uo —(ﬂou— 1)2 du.

0
In terms of x(1), we define the threshold D, by
D.=L?/x(1)*.
Suppose that D > D.. Then, there exists unique ug € (1, \/5) and l € (0,L), given implicitly by

L
X(UO) = ﬁa

such that there exists a symmetric mesa solution on the interval [—L, L] with interfaces at £l and with u (0) = uo.
In the region x € (0,1), w and u are given implicitly by

l=L—VD\/2F(V2;up),

1
w=—+u, Duw" =gu)=pou—1, 0<z<l; w(0) =up, u(l)=vV2. (2.22)
u
In the region x € (1, L), the leading-order outer solutions for uw and w are
1 , 1 2
u=0, w=-3=@-0’+55 (2/\/§—L) +2/V3.

Moreover, we have D < D. < D, where
(ﬂo_l) 1 L2 E:\/iﬂo_l 1 2
463 3/v2-2" 202 3/v2-2

In Fig. 3 we plot D, D, and D, versus 3y. A single-mesa steady-state does not exist if D < D.. By reflections
and translations, a single-mesa solution can be extended to a K-mesa solution on the domain [—KL, KL].

3 Core problem

In this section we verify Nishiura and Ueyema’s second condition by first deriving and then analyzing a limiting
differential equation that is valid in the vicinity of the critical threshold D = D.. When D is decreased slightly
below D, (at which point u(0) ~ 1,w(0) ~ 2) the single-mesa solution ceases to exist. To study the solution near
this critical value, we fix 4(0) = uo and consider D = D(up). From numerical computations of the steady state
solution as shown in Fig. 4, an internal layer forms near the origin when ug is decreased below u(0) = 1.

To study the initial formation of this internal layer near the origin, we expand (2.3) near D = D, as

u=14d0u;+---, w=2+0%w + -, D=D,+---.

The nonlinear term in (2.3) becomes f(u,w) = §%(u? — wy) + - - -. From (2.3) we then obtain

&2

FUI{ =ul—w, D.5?w! = py —1. (3.1)
We introduce the inner-layer variable z by z = x/§ with § < 1. Then, (3.1) for w; becomes

o — Bo—1
lzz Dc .
The solution is
-1
wy = A+ Bz?, B:ﬁgD >0, A=w(0). (3.2)

Then, (3.1) for u; is

2
e = — (A4 B2?) (3.3)
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FIGURE 4. Formation of a boundary layer near the center of a mesa. The steady state and D are solved simultaneously,
while u(0) is fixed at one of the values 1.4,1.3,1.2,1.0,0.9,0.4,0.1. The corresponding values for D are as follows: u(0) =
1.4,D =17.109; «(0) = 1.3,D = 2.257; »(0) =1.2,D =1.290; u(0) =1.1,D =0.96; u(0) = 1.0, D = 0.846; u(0)
9, D =0.863; u(0)=.8,D =0.938; u(0)=.7,D=1.068; u(0)=.6,D=1.27; w(0)=.5D=1624; u(0)=.4,D
2.244; u(0) =.3,D =3.525; u(0) =.2,D =6.982; u(0)=.1,D = 24.34.

This suggests the internal-layer scaling 6 = €2/3 so that 1., = u? — (A + 822). The boundary conditions for u;
are u1, (0) =0 and u; — 2v/B as z — oo. Finally, we introduce U and y as

uy = BY3U z =B,

This yields the following core problem for U(y) on 0 < y < oot

U'=U? - A—y?; U'(0)=0, U~1 as y— o0. (3.4)
Here A is related to A and B by
A=AB3
In terms of the original variables, we have that
u(z) — 1~ e2PBY3U(y), w(z) — 2~ e4/3B2/3 (A+y?) y=x/(¥3B71%), (3.5a)
u1(0) = BY3U(0) = 23 u(0) - 1],  wi(0)=B¥3A=c"*3[w(0)-2]. (3.5b)

Here B is defined in (3.2). The following main result pertains to the solution behavior of (3.4).

Theorem 2 Suppose that A > 1. Then, the core problem (3.4) admits exactly two solutions U*(y) with U’ > 0
for y > 0. They have the following uniform expansions:

Ut ~VA+y2,  UT(0)~VA, (3.6a)
U™ ~A+y2 (1 — 3 sech? <%>> . U (0)~—2VA. (3.6 D)

These two solutions are connected. For any such solution, let s = U(0) = Uy and consider the solution branch
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FIGURE 5. Plot of A versus s = U(0) showing the fold point for the core problem (3.4). The inserts show the solution
U versus y at the parameter values as indicated. The middle insert shows U at the fold point. The dotted lines are the
limiting approximations of A versus U*(0) in (3.6). See Theorem 2 for more details.

A= A(s). Then, A(s) has a unique (minimum) critical point at s = s., A= A.. Moreover, define ®(y) by
v
o 88 S=S, '

Then, ® > 0 for ally > 0 and ® — 0 as y — 0. Numerically, we calculate that A. ~ —1.46638 and s. ~ —0.61512.
The graph of A(s) is shown in Fig. 5.

o (3.7)

Proof. The proof consists of four steps. In Step 1 we use formal asymptotics to show that when A > 1, there
are exactly two possible solutions with U’ > 0 for y > 0, as given by (3.6). In Step 2 we rigorously show that
there are no solutions when — A is large enough. In Step 3 we show that the solution branch with U’ > 0, y > 0
cannot connect with any branch for which U’ < 0 at some y > 0. It then follows that the two branches Ut and
U™ must connect to each other. In Step 4 we show that ® is positive and that the fold point s. is unique.

Step 1:. We first consider the case A > 1. After rescaling U = v/Av, y = at for some a to be determined,
(3.4) becomes
2

1 2 )
——vy =0 — 1 — —y°.
VAT a’
If we choose a = /A then the leading-order equation for v becomes v — 1 —t2 ~ 0. This yields v ~ /1 + t2. The
only other possible choice is @ = A~'/4, which yields the leading-order equation
Vgt = v =1 ,

with v/ (0) = 0, v (t) ~ 1 for large t. This ODE admits exactly two monotone solutions satisfying v (t) — 1 as
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t — 00. These solutions are given by

t
v=1 and v:1—3sech2(—>,
V2
which correspond to the inner expansion of UV and U™, respectively. Matching the inner and outer expansion
into a uniform solution yields (3.6 a) and (3.6 b).
Step 2: Next we show the non-existence of a solution to the core problem when —A is positive and sufficiently
large. To show this, we rescale

u = +/—Av, y:(—A)_1/4t.
From (3.4), we obtain
v =0+ 1 —et?, e=(—A)%, (3.8)
We will show that no solution to (3.8) exists when € > 0 is small enough. First we choose any a € (0,1) and

define T' by

T L

€
Then, for 0 < ¢t < T we have

v >0 +a; v (0)=0, v(0)=vg.
In particular, v* > 0 for all ¢t € (0,7T). First, we suppose that v (0) = vy < 0. Then, under this assumption, we

derive
12

v >13+ 13+ >13+
—_— —v av — — av —v av .
2 =3 30 ) =3

The first step is to show that when ¢ is sufficiently large, v (t) crosses zero at some value ¢t = t;. There two
subcases to consider. For the first subcase, suppose that vg < —1. Then

v? 1 1
LN B 3
2 —3 30
so that
0
d _
t < Y <Cl|?<C
Vo lvg_l?’

3
Therefore, by choosing ¢ small enough so that T' > C, we have t; € [0,T]. For the subcase vg > —1, we have
v >a, v> %tQ + v so that ¢t; < \/% Therefore, t; € [0,T] by choosing e small enough so that T' > \/%

The second step is to show that v blows up for some T}, € (0,T), provided that T is large enough. This would
yield a contradiction. Indeed we have % > %v?’ + av for v > 0 so that

& d
Ty < Iy + 14, I2=/ Y%
0 V2

%03 + av

Therefore a contradiction is attained by choosing € so small that T' > Is + ¢;.

Finally, if vg > 0 let n = vy + Bt?. Then, for large enough B we have n” — n? — 1 + t?> < 0. Hence, by a
comparison principle, v > wvg + Bt? for all ¢ > 0. But this is impossible since we must have v — /et for large
values of ¢. This shows that no solution to the core problem (3.4) can exist if —A is sufficiently large.

Step 3: We now show that the solution branch with U’ > 0 for y > 0 can never connect to a non-monotone
solution branch. We argue by contradiction. Suppose not. Then consider the first parameter value A for which a
connection occurs. For such a value of A, there must be a point yo € [0,00) such that U’ (yo) = 0 with U’ > 0
for any other y. Suppose first that yo > 0. Then we have U"' = 2UU’ — 2y so that U"' (yo) = —2yo < 0. But this
contradicts the assumption that U’ (yo) = 0 is a minimum of U’. If on the other hand yy = 0, then we consider three
cases. First if U” (0) = 0, then from a Taylor expansion we obtain U (0) = v/A; U’ (0) = U” (0) = U (0) = 0,
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U@ (0) = —2. This expansion shows that U is decreasing to the right of the origin, which contradicts the
assumption that U’ > 0 for all y # yo. Similarly, if U”(0) < 0 then again U is decreasing to the right of the origin,
which yields a similar contradiction. Finally, U”(0) cannot be positive when yo = 0, since we assumed that A is

the connection point.
Step 4: Define ®(y) by

ou
. UO)=s
At the fold point s = s, where A’ (s) = 0, we obtain upon differentiating (3.4) that
" =2Ud, o(0)=1. (3.9)
To show that ® is positive at the fold point, we define x(y) by
P
X = U
We readily derive that
XU —2yx +2U0"x =0. (3.10)

Since ® (0) = 1, and U’ > 0 for y > 0, we obtain that x is positive near the origin. In addition, for large y, (3.10)
reduces to x” ~ 2y, which implies Yy — 0 as y — oo. It follows by the maximum principle that y > 0. This
shows the positivity of ®. Finally, we establish that the fold point A’ (s) = 0 is unique. Assuming that A’(s) = 0.,
we differentiate (3.4) twice with respect to s to obtain

O =2Ud, + 282 — A" (s).
By multiplying both sides of this expression by ®, and integrating the resulting expression by parts, we obtain
IS @3 dy
Jo @dy
However, since ® is positive then A” (s) > 0 whenever A’ (s) = 0. This implies that the fold point is unique. B

A" (s) =2

3.1 The Dimple Eigenfunction

Next, we study the qualitative properties of the eigenfunction pair associated with linearizing (2.2) around the
steady-state solution at the fold point where D = D.. We label the steady-state solution at the fold point D = D,
by u.(z) and we(x). From (3.5 b) and Theorem 2, we obtain at D = D, that

Ueo = ue(0) ~ 1+ 23BY3U0),  U0) =s. = —0.61512.
We linearize (2.2) around u. and w, by setting
u(z,t) = ue(2) + No(a),  w(z,t) =we () + e Mp(x).

This leads to the eigenvalue problem

)‘¢:52¢ww_fu (Ucawc)(b_fw (ucawc)d]a 2[¢+T(¢—¢)} =D1/fm—ﬁo¢7 (311)

with ¢, = ¢ =0 at x = +L and D = D.. Here f(u,w) is defined in (2.7).
Let up = u(0) and D = D(uop). Then, if we define ¢ and 1) by
0 0
_ 0 _ 9 12
b= geu@) . v=giw@) (3.12)

Uo="Uco Uo=Uco

it follows from (3.11) and D’ (ue) = 0 that (3.12) is an eigenfunction pair corresponding to A = 0.

We now construct an asymptotic approximation to this eigenpair ¢, 1 of (3.11) corresponding to A = 0. In
particular, we show that ¢ is an even function that has a dimple shape when D = D.. This is shown below to
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FIGURE 6. (a) The plot of u1(0) versus wi(0) computed from (3.5). The solid and dashed lines correspond to numerical
computations of the full steady-state system (2.3) and the core problem (3.4), respectively. (b) The dimple eigenfunction
¢ at the fold point. The parameter values are € = 0.005, B0 = 1.5, with D determined numerically as a function of u(0)

be a consequence of the positivity of the function ® in (3.9), together with the integral constraint fOL ¢dxr =0,
which is readily obtained from (3.11). We normalize this eigenfunction by imposing that ¢(0) = 1. For ¢ < 1 and
D = D, our analysis below shows that the asymptotic structure of ¢ has four distinct regions: an inner region
of width O(¢?/3) near x = 0 where ¢ = O(1); an outer region on z € (0,1) where ¢ = O(¢2/3); an inner region
of width O(¢) near & = [ where ¢ = O(¢~/3); and an outer region on x € (I, L] where ¢ = 0(¢). The first three
regions give asymptotically comparable contributions of order O(¢%/3) to the integral constraint fOL ¢odr = 0,
whereas the contribution from the fourth region can be neglected. For a particular set of parameter values the
resulting dimple-shape of the eigenfunction ¢ at D = D, is shown in Fig. 6(b).

We now give the details of the asymptotic construction of ¢. We begin with the internal layer region of width
O(£%/3) near x = 0. In this region, we use (2.7) for f(u,w) and (3.5 a) to calculate

fu=1+43u? = 2weu, ~22B3BY3U,;  f,=—-ul~—1. (3.13)

Here U, (y) is the solution to the core problem (3.4) at the fold point location A’(s.) = 0 where D ~ D.. Using
(3.13) in (3.11) with A = 0, we obtain the following leading-order system on 0 < y < oo:

2ppn — 262PBYV3UG +9 =0;  Debps — Bodp =0, (3.14)

with normalization condition ¢(0) = 1 and with ¢, = 9, = 0 at x = 0. We then introduce the inner variables
y=a/(e2/3B=Y6), ¢ = ®(y), and ¢ = ¥(y). Then, (3.14) becomes

" —2U. B+ 2B3B7 VU =0; DU = uet/*B730. (3.15)
This shows that ¥ = O(¢%/?), and hence ¢ 72/3¥ = O(¢%/?) < 1. Therefore, to leading-order, we obtain that ®
satisfies (3.9) of Theorem 2 at s = 5., and that

T~ %64/33—1/3%; U =d, W)0)=0. (3.16)

C

Therefore, as y — oo, we have ¥{ ~ ([~ ®(y) dy). Writing the far-field expansion of ¥ in terms of the outer
x-variable, we obtain the far-field matching condition

U~ %82/3871/6 (/0 d(y) dy) x. (3.17)

C

Next, we analyze the inner region of width O(e) near the transition layer at x = I. We introduce the inner
variables y; = (z — 1) /e, ¢ = ®;(y) and ¢ = ¥;(y). From (3.11) with A = 0, we obtain on —oo < y; < oo that

) — fu (Ug, Wo) @1 — fu (U, Wo) ¥, =0, ¥ =0. (3.18)

Here Uy and Wy, given in (2.9), satisfy the leading-order steady-state inner problem (2.6). Upon comparing (2.6)
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and (3.18), we conclude that ®; is proportional to Uj and that ¥; = 0. By using (2.9) to get U{, we obtain

¢ ~ &, = ¢ sech? <x2_—€z> . Y~ =0. (3.19)
Here ¢ is an unknown constant, possibly depending on €, that is found below by the global constraint fOL ¢dx = 0.
In the outer region x € (I, L], where u. = 0, we obtain the leading-order solution ¢ = ¢ = 0. A higher-order
construction, which we omit, shows that ¢y = ¢ = O(e) in this near-boundary region. In contrast, in the outer mesa
plateau region = € (0,1), we set A = 0 in (3.11) to obtain ¢ = — [fu, (te, we)/ fultic, we)] ¥ and Dy, — Bodp = 0.
Then, by using the solution u. and w, to (2.11) at D = D., we obtain f,/f, = —u?/(u? —1). The boundary
conditions for ¢ as x — 0 and at = [ are obtained by matching to (3.17) and (3.19), respectively. In this way,
we obtain the following formulation of the leading-order outer problem for % and ¢ on z € (0,1):

2
Detboza — fff”l Yo=0, z€(0,l);  Dethor — o as z— 0", (1) =0. (3.20a)
In terms of 1y, we have
o0 2 o0
b~ 2/3B1/0 (/ @dy) Yo, b~ 52/3%3—1/6 (/ @dy) Vo (3.20 b)
0 c 0

By the maximum principle the solution 1 to (3.20 a), which depends only on [y, satisfies 9 > 0 on z € (0,1).
Therefore, since ® > 0 from Theorem 2, we conclude that ¢ = O(£2/3) with ¢ > 0 on = € (0,1) and ¢(I) = 0.

Finally, we use the global condition fOL ¢dx = 0 to calculate the constant ¢ in (3.19). Upon using ¢ ~ ® for
x = O(c?/?), together with (3.19) and (3.20 b) for ¢ in the plateau and transition regions, we estimate

L o) (o) ! 2 (o)
/ pdx = 23B1/3 </ <I>dy> + 23716 </ <I>dy> </ u;‘C oo da:) +sc/ sech? (y/2) dy,
0 0 0 0 c —o0

0o l 2
0= 52/33—1/6/ o dy <1 +/ 2“0 o dx) + 4ec.
0 o uz—1

Therefore, the constant ¢ in (3.19) satisfies

2

[eS) l
¢~ coe 3, co = —36_1/6 (/0 (I’dy) 1+ 1(60)], 1(B) = /0 uzui 11/)0 dex . (3.21)

C

Here B > 0 is defined in (3.2). Since fooo ®dy > 0 by Theorem 2, and 19 > 0 on x € (0,1), we get that ¢o < 0.
Numerically, we compute from (3.9) that [;° ® dy ~ 1.1857. Alternatively, I(y) must be calculated numerically
from the solution to (3.20 a). We remark that the integrand in I(8y) is well-defined as © — 0, since although
u. — 1 as x — 07, we have ¢y ~ Box/D as x — 07 to cancel the apparent singularity in the integrand.

We summarize the asymptotic construction of the dimple eigenfunction as follows:

Proposition 3 (Nishiura-Ueyama’s Condition 2: Dimple eigenfunction) Consider a single-mesa steady-state so-
lution at the fold point D = D.. Let ¢ be the corresponding eigenfunction. For x = 0(62/3), we have
6~ (31/652/%) . D) =1.

Here B = (80—1)/(2D.) > 0 and ® (y), defined in (3.9) of Theorem 2 at s = s., is a strictly positive function
that decays at infinity. Alternatively, in an O(e) region near x =1, we have

¢~ coe /3 sech? (x2— l> ,

9

where ¢y is the negative constant, independent of €, given in (3.21). In the outer plateau region 0 < x < I, then
o= 0(52/3) is determined from (3.20), and this outer approximation for ¢ has a unique zero crossing at x = l.
This establishes the dimple-shape of ¢ when ¢ < 1.
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3.2 Universality of the Core Problem

In this section we show that the core problem can be derived for a class of reaction-diffusion systems that have
steady-state mesa solutions. On = € [—L.L], we begin by constructing a single mesa steady-state solution for

Uy = £2Ugy + alu,v), ovy = Dugy — v+ b(u, v); Ug(£L,t) = v, (£L,t) =0. (3.22)

We assume that there exists three roots to a(u,v) = 0 on the interval 0 < v < v, at u = 0, u = u_(v), and
u=wuq(v), with 0 < u_(v) < ug(v). Furthermore, we assume that

a,(0,v) <0, ay(u—_,v) >0, ay(ug,v) <0, for 0 <v < vpy,. (3.23 a)

We write the two roots u = u+(v) on 0 < v < v,, as v = h(u). When v = v,, the two roots are assumed to
coalesce so that u,, = u_(vy) = uy(vy) and v, = h(u,,). Furthermore, we assume that there exists a unique
value v, with 0 < v. < v,, such that the Maxwell line condition

/ / a(u,ve)du =0, Ue = Uy (Ve) (3.23b)
0

is satisfied. We also assume that h'(u) < 0 for u > wu,, and h'(u) > 0 for u < u,,. With these assumptions on
a(u,v), we conclude at the coalescence point that

al,, = tyu(tm, vm) <0, a® = ay (U, vm) < 0. (3.23¢)
For the function b(u,v) in (3.22) we will assume that
b(0,v) =0; g(u) = h(u) —=blu,h(w)] <0 for u> wupy,. (3.234d)
10.0 14
12} j
80 |
10} .
60 ]
s 08 .
40F . Yoet .
2ol i 04f
02} j
00 :
12 14 ‘ ‘ ! ‘
0.0 20 4.0 6.0 80 10.0
0 u
(a) ux(v) (b) v = h(u)

FIGURE 7. Left figure: Plot of u+(v) from (3.24) for the Gierer-Meinhardt model with saturation parameter k = 0.25.
Right figure: corresponding plot of the inverse function v = h(u) from (3.24).

A specific example of (3.22) is the Gierer-Meinhardt model with saturation where a(u, v) = —u+u?/[v(1 + ku?)]
with k > 0, and b(u,v) = u?. For this system we calculate

U 1 — ku?

ST M T ree (324

ug(v) = ﬁ [1 ++v1-— 4/{1)2] , v = h(u)

Hence, v, = 1/[2VE], um = 1/Vk, and W (u) < 0 for u > u,,. In Fig. 7(a) we plot u = u4(v), and in Fig. 7(b)
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we plot v = h(u). The Maxwell-line condition (3.23 b) is satisfied when (cf. [17])
0.4597 1515

Ve = ———, Ue = Us (Vo) = ——— . 3.25
In addition, we calculate from (3.23 d) that

g(u) = ﬁ [1—u(l+ku?)] . (3.26)

Since ¢'(u) < 0 for u > u,, = k~/2, and g(kfl/Q) < 0 when 0 < k < 4, we get g(u) < 0 for u > u,, when
0<k<4

We now return to the general case under the assumptions (3.23) and we construct a single-mesa steady-state
solution of the type shown in Fig. 4. We first derive an expression for the critical value D, of D for which no
single-mesa steady-state solution exists when D < D..

Near the interface at x = [ we introduce the inner expansion

u=Uo(y)+eli(y)+..., v=Vo@)+eVi(y)+..., y=¢ (z—1). (3.27)

From the steady-state problem for (3.22), we obtain
Uy +a(Uo, Vo) =0, Vi =0, (3.28 a)
Ul + au(Us, Vo)Us = —au(Uo, Vo)V, V' =0. (3.28)

The solution to the leading-order problem is Vy = wv., where v, satisfies (3.23b), and Up(y) is the unique
heteroclinic connection satisfying

Up(—00) = uy(ve) = e, Up(o0) =0, Up(0) = uc/2. (3.29)

At next order we obtain that Vi = Vijy + Via, for some constants V7 and Vis. The solvability condition for
(3.28 b) determines Vi9 in terms of V1 as

o0

vlz/ 4o (Uo, v2) U(I)dyz—Vn/ a0 (U, ve) y Ul dy

Then, by matching to the outer solution for v we obtain Vi; = v/(I%).
The outer problems for v determine v’(I*). In the mesa region 0 < z < I, where v = h(u), we readily derive
the outer problem
Dv" =g (u), 0<z<lI; v(l) =ve, v (0)=0. (3.30)
Here g(u) is defined in (3.23 d). The corresponding u is given by u(z) = ut[v(x)] with u(l) = u*(v.) = u.. We
require that 0 < v < v, at each x € (0,1) so that u > u,, on x € (0,1). In contrast, since b(0,v) = 0 by (3.23 d),
we obtain in the outer region [ < xz < L that u = 0 and that

Dv' =w, l<xz<L; v(l) =, v' (L) =0. (3.31)

Since V13 is a constant, the solutions to (3.30) and (3.31) are joined by the condition that v'(I7) = v'(I1).
The reduction of (3.30) and (3.31) to a quadrature relating u(0) = ug to the length of the domain L is very
similar to that done for the Brusselator. We first multiply (3.30) by v’ = A/(u)u’ and integrate to get

DY Pt F(u;uo>zlzg<s>h’<s>ds.

Since h/(u) < 0 and g(u) < 0 for u > uy, (see (3.23d)), we obtain that F(u;ug) > 0 for u > wug. By taking the
negative square root, we calculate

dv _ _ [2Fu) o \/> VE (us “0 . (3.32)

dr D
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By integrating (3.32) with u(0) = uo and u(l) = u. = u4(v.), we obtain a relation between [ and g

L W@ Vi) | [ g ) e
Yoo \/md = +/uo [g(u)]2\/2F( Tug) du < 0. (3.33)

In the outer region ! < x < L, we solve (3.31) to obtain

cosh {(L — a:)/\/ﬁ}

v(x) = v, , V(1) = — 2 tanh |(L — 1 VD] . 3.34
() o PRTYY (1%) =~ tanh (L~ 1)/ VD) (3.34)
By setting v/ (I7) = ¢’(I*), we obtain that
L)oo (T AP a0
D Ve ’ Ve ' '

Finally, upon combining (3.33) and (3.35), we obtain the following expression relating ug = «(0) to L:

L —1 [ V2F (ug (ve); wo) V2F (uy(ve); uo) ) gl (u)
— = x(up) = tanh - - / V2F (u;up)du.  (3.36)

vD Ve g [us(ve)] o [g (w)]?
Noting that dFU(lZ;O"O) < 0 for u > uyg, it follows that x(ug) is a decreasing function of ug when ug > w,y,. Therefore,

for the existence of a single mesa steady-state solution, we require that D > D.., where D, = L?/[x(u.,)]?.

Next, we show that the core problem (3.4) is universal in the sense that it determines the local internal layer
solution behavior near the origin when D = D, for the class of systems (3.22). In the this layer near y = 0 we
expand

U= Uy +O0U + -, V=V + 020 4, z=x/d, D=D.+---, (3.37)
where § < 1. The nonlinear terms in (3.22) are calculated as
al u?
a(u,v) ~a® + al (u — uy) + %(u — )2+ (v —vp) -~ 82 <71a2u + agvl) . (3.38)

Here the superscript 0 denotes the evaluation of partial derivatives of a at w = u,, and v = v,;,. In obtaining
(3.38) we used a® = a? = 0. By substituting (3.37) and (3.38) into the steady-state problem for (3.22), and by
choosing § = £2/3, we obtain

0

Ulzz + %u% +a%v; =0, Dviz, = g(um) - (3.39)

Here g(u), with g(um,) < 0, is defined in (3.23 d). The solution for vy is written as

vy = —A—B2?, B:—%>O7 A=—v1(0) . (3.40)

Then, (3.39) for u; becomes

0
Ulzz + %u% —a) (A+Bz%) =0. (3.41)

From (3.23 ¢) we recall that a, < 0 and @’ < 0. Finally, we rescale (3.41) by introducing C, p, and A, by

v

uy = CU, z = py, and A = Bu?A. Then, (3.41) is transformed precisely to the core problem (3.4) for U(y) and

A when
9 1/6 9 9 -1/3
= <—> B¢, 0= <—) BY? A=Bu’A. (3.42)

0 40 0 0o 4,0
Aoy Ay Ay \ Ay Ay

By combining these transformations, we obtain the following characterization of the internal layer near the origin:
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2/3 2e2/3 2 U 1/3
U — Uy, ~ €/°CU(y) ~ o |\ 200 B U(y), (3.43 a)
9 1/3
V— Um 84/31)1 ~ —54/382/3 <m> (A + y2) y (343 b)
—-1/6
T T 2 1/6

Here B is defined in (3.40).

Using the result from Theorem 2 for the core problem (3.4), we conclude that the bifurcation diagram near the
existence threshold of D for a single mesa steady-state solution of (3.22) has a saddle-node structure. Recall that
at the saddle-node point U(0) ~ —0.61512 < 0 and A = A, = —1.46638 < 0 (see Theorem 2). Therefore, from
(3.43), we have u(0) < u, and v(0) > v, at this point, as expected.

The constants in (3.43) must be calculated for each specific reaction-diffusion system. In particular, for the
Gierer-Meinhardt model with saturation where a(u,v) = —u 4+ u?/[v(1 + ku?)], b(u,v) = 2, um = 1/Vk, and
vm = 1/[2VE], we readily calculate that

1
Wk

The existence threshold D, can be computed numerically from (3.36) for a given domain half-length L and
saturation parameter k.

Finally, we remark on the local behavior of the time-dependent solution to (3.22) in the internal layer region.
If we substitute (3.37) with uy = u1(z,t) and v1 = v1(z2,t), we readily obtain that

2
a®=-2, d, =k, Up) = {1——} with 0 <k < 4. 3.44
9(um) NG (3.44)

0

e 2Buyy = up.. + %"u% + agvl , o3y, = Dovya, — g(um) . (3.45)

We then introduce C' and 7 defined by t = ¢ 2/3427 and u; = CU. In this way we obtain, oe?u 2vyy =
D.v1.; — g(uy). Thus, vy is quasi-steady, and D.vi1,. = g(um,). The corresponding equation for U(y, 1) is

Ur=Uy —U*+ A+ y>. (3.46)

If we take A < A, and even initial data U(y,0) with U(0,0) < s., which is below the existence threshold for
the steady-state core problem, then (3.46) should exhibit the finite-time blowup U — —o0 as 7 — T ~. The local
structure of the solution near the blowup point y = 0 and 7 = T is independent of the lower-order terms A + y?
in (3.46), and is given from [7] as
1 y?

4|log(T — 1)  8(T — 7)|log(T — 7)|
The analysis leading to (3.46) is, of course, not a valid description of the solution to (3.22) when 7 — T~ since full
nonlinear effects in (3.22) must be accounted for near the singularity time. However, this analysis does suggest
the formation of a large amplitude finger, such as shown in Fig. 1(b), when D is reduced significantly below D..

Uly, )~ —(T =7)7"2 |1+

(3.47)

4 The Stability of the Mesa Pattern

In this section we show that the steady-state K-mesa pattern is stable when D > D, and 7 = 0. We linearize
(2.2) around this steady-state solution by letting

w(z,t) =u(e)+eMo@),  wt)=w@)+eM(@),
to obtain (3.11). Upon setting 7 = 0 in (3.11), we obtain the eigenvalue problem

A6 = sy — fu(,0) 6~ fu (W w) ¥, 9= Die — o0, (@.1)
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where f(u,w) is defined in (2.7). The main result of this section is as follows:

Theorem 4 (Nishiura-Ueyama’s Condition 3) Consider a symmetric K-mesa steady-state solution as constructed
in Proposition 1 on a domain of length 2K L, with D > D.. When 7 = 0, the spectrum of (4.1) admits only real
eigenvalues with A < 0.

To show Theorem 4, we first reformulate (4.1) as a singular limit eigenvalue problem (SLEP) in the limit e — 0
with o = O (52), in order to derive a reduced set of equations, independent of ¢, for the eigenvalues. The following
Lemma characterizes this reduced system and its eigenvalues:

Lemma 5 (SLEP reduction) Let A be an eigenvalue associated with the K-mesa steady-state solution w,u on an
interval of length 2K L, with an interface at x =1, as described in Proposition 1. The leading 2K eigenvalues of
the eigenvalue problem (4.1) are of order O (o) with a = O(g2). These eigenvalues are characterized as follows:
Define A1 by

)\:OZ/\l,

where o = O(e?), and let u., u, be the solutions of the differential equation

/

DY’ — (Bo + M) —

wl

=0,

satisfying the boundary conditions

Then A\ satisfies

1 L—1
_Z + ) ="—, 4.2
5 (Bo + A1) 7 (4.2)
where o is one of the eigenvalues of the 2K x 2K matriz
- b a -
5 5
a _b_ 1 1
5 s 2d 2d
1 _b_ 1 a
2d 2d 5
a b
M = 4 -s- 4 (4.3)
. 1
: 2d
1 _b_ 1 a
2d 5§ 2d 3
a _b
L 5 5
The entries of the matriz M are
e l - Wo l e l o l
:u() u()7 b:U()—FU()’ 5=1%—a?, d=1—1. (4.4)
2 2
The eigenvalues of M are given explicitly by
1 b a\2 1\? a T . 1
Uji__ﬁ_gi\/<§) +<ﬁ) —l—%cos(E), ji=1,..., K —1; UOi__(bj:a)' (4.5)

For the special case of one mesa, where K = 1, there are two small eigenvalues corresponding to either an even
or an odd eigenfunction. These eigenvalues satisfy
L—1 L—1

(Bo + A1) ue (1) = N and  (Bo+ A1) uo (1) = B (4.6)
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The proof of this lemma is given in Appendix A. Our SLEP analysis in Appendix A, although somewhat
similar to that in [22], [23], and [25], for the generalized Fitzhugh-Nagumo model, shows that A = O(g?) for
the Brusselator model. In contrast, the analysis in [22], [23], and [25], showed that A = O(e) for the generalized
Fitzhugh-Nagumo model. This difference in the asymptotic order of the small eigenvalues results from the presence
of the cross-term 2¢ in the Brusselator linearization (4.1). We now use Lemma 5 to prove Theorem 4.

Proof of Theorem 4. Define i by

=X +po.
From (2.10) we obtain on the interval z € (0,1) that :f)—/, = u;‘—il > 0 since u € (1, V2] on this interval. With this
preliminary result, the proof of Theorem 4 consists of four steps.

Step 1: Let p = A\ + B and define f (i) = pu, (1) . In this step we will show that the function p — ug (1) is
decreasing whereas f (u) is increasing for all > 0.

The former claim is easy to show. Indeed, let u; be a solution of v” — h;u = 0 with u; (0) = 0, u(l) =1,
for i = 1,2, and with 0 < hy(z) < ha(z). Then, from the comparison principle, we find that u; > uz. Now take
0 < p1 < pa. Applying this comparison principle with hy = %:fj—/, and ho = %;‘J—l,, we immediately find that
to (I pn) > o (I; pi2)-

Next we show the more difficult result that f (u) is increasing. Define h (z) = - S0 that wug satisfies

ul) — ph(z)u, =0, h>0; U, (0)=0, u,(l)=1. (4.7)
Define v and v, by v = a% (nuo) and v, = %v. Then, we readily obtain

V" — phv = phu, ; v(0)=0, ()=

v, — phv, = 2hv; v, (0)=0, v, ()

I
o =

First note that by the maximum principle, u, > 0 for all z € (0,1) so that v" —phv > 0in (0,1) . Now suppose that
v(l) < 0. Then, by the maximum principle, v < 0 for all z € (0,1). But this implies that v, —phv, < 0 inside (0,1).
It then follows by the maximum principle that v, > 0 for all x € (0,1). Since f' () = v (I) and f" (1) = v, (1),
we conclude that f” (u) > 0 whenever f’ (u) < 0. It follows that f has no local maximum. Therefore, to complete
the proof of Step 1, it suffices to show that f’ (0) > 0.

For p < 1, the leading-order solution to (4.7) is w, (x) ~ x. It follows that f(u) ~ ul as p — 0 so that
f'(0) =1 > 0. This completes the proof of Step 1.

Step 2: We show that oy < 0 < 0 where

aminz—<%(l)+$), d=L-1. (4.8)

To show this result, we must establish that 0 < u, (1) < u, (1), where u, (1) = b—a, and u. (I) = b+ a from (4.4).
This result follows from a comparison principle, which yields that 0 < u, () < u. (z) for all z € (0,1]. A simple
calculation shows that the result omin < 0 < 0 readily follows from (4.5) upon using 0 < ue(l) < ue(l). This
completes the proof of Step 2.

Step 3: Since 0 > oy, we derive that

1 o (1)
—— A1) > =" 4.9
0(504- 1) > G(n) Ll—zuo )+ 1 (4.9)
We now calculate G(8y) corresponding to Ay = 0. When \; = 0, (4.7) becomes
u/
ug = —Boue =05 uo(0) =0, uy(l)=1. (4.10)

By differentiating (2.22), we note that w’ satisfies (4.10) on [0, {] with w’ (0) = 0. Therefore, u, (z) = w'(x)/w" (I).
We then calculate using (2.22) that

w” (1) = % (ﬁoﬁ— 1) and W' (I) = Lol :
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Therefore, for = B, we obtain u, (1) = (L —1)/(Bov/2 — 1) and consequently

Bouo(l)  L—I
g(ﬁ()) ﬁuo (l)-l—]. - \/i

when p= 0.

Next, by Step 1, we readily find that G(u), defined in (4.9), is an increasing function of u. Therefore,
—1(5 +A)>g(ﬁ)=ﬂ for all 1>
p 0 1 0) = \/5 M 0 -

This contradicts (4.2). We conclude that no solution to (4.2) exists if A; is real and positive.
Step 4: To complete the proof of Theorem 4, it suffices to show that all roots A; to (4.2) are purely real. To
do so, we decompose M into the two block-diagonal matrices

M = My + M,
where
- - ) )
5 3 0
a _b i 1
5 5 ~ 34 54
b a 1 _ 1
= 2d 2d
a _b
M, = 3 "% © My =
_ 1 1
2d 2d
b a 1 _ 1
-5 3 2d 2d
b
I i o] I 0
We first note that (4.2) is equivalent to
2
Mv=—p (%) v, (4.11)

where v is an eigenvector corresponding to o and p = A + [§g. Let vy be the jth component of v. Then, upon
using § = b% — a?, we calculate the inner product as

b a
o' Myv = -5 (|U1|2 + a2 4 -+ Jvar—1|* + |U2K|2) + 5 (0102 + VaUT + - -+ + Vo —102K + Vok V2K —1) »
(4.12 a)
=—- ! (|'U1—U2|2+"'+|U2K—1_U2K|2)_#(Wl +U2|2+"'+|U2K—1+U2K|2) )
2(b—a) 2(b+a)
(4.12b)
C. C
= _ 2 (4.12¢)

_uo () B ue (1)

Here and below C; denotes a non-negative constant that may change from line to line. Similarly, we obtain

1
@tMQU = _2_d (|U2 - ’U3|2 + -+ |U2K72 - U2K71|2) = —03. (413)
We premultiply (4.11) by #%, we use (4.12) and (4.13), and we then divide the resulting expression by j to obtain
Cy Cs Cs
+ + — =0C4.
pue (1) puo ()~ p

This equation can be rewritten as

Cupue (1) + Coprrg (1) + Csfi = Cy . (4.14)
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From the expressions for C; in (4.12) and (4.13) it follows that at least one of the C1, Ca, or Cs is strictly positive
for any v # 0. Next, we return to the equation for u,,

Du”—u%u(,:(); o (0) =0, ul (I)=1.
We multiply this equation by u, and then integrate the resulting expression by parts to get

l L
T ()= | [ d ﬂ/i of du.
W)= [ il dat g5 [l do

Multiplying this expression by 7r we obtain

Huo (l) = iuBs + Bg .
In a similar way, we derive

pte (1) = pB7r + Bs .
Here Bs, Bg, By and Bs are strictly positive constants. Substituting these expressions into (4.14) we conclude
that

o (0135 + CyBy7 + C3) =B,

Here B is a real constant, and we note that Cy Bs + CyB7 + Cs is strictly positive for any v # 0. Finally, by taking
the imaginary part of this expression, we get Im (1) = Im A; = 0. This concludes the proof of Theorem 4.

5 Discussion
In [15] the one-dimensional Brusselator model was analyzed with the following scaling,
Tty = exDytigs + e Ak + u?v — (Br +€x) u, vy = e, Dige + Bru — u?v,
on the interval z € [0,1] . The assumptions on the parameters were that e, D, < 1, Dy > 1, Ay = O(1),

and By = O(1). This model is equivalent to (1.2) after the change of variables u = a@, v = ad, t = &, with
a = /By, + €, and after dropping the hat notation. The parameters are mapped to

D VB 1
62\/761C Ly ﬂo=7k+€k; D = Dyfo; T=—.
By + e Ay Tk

One of the main results in [15] was that a K-mesa configuration with K > 2 is unstable only when
A} 2
12v34,,B5/2 ) ’ 2A1€ < By,

]- 2Ek 11]2 <72
Dy, > —5 Die where Dy, ~ 5k(\/2BrzAk)
K (V2B —Ax)
122 p3/2)"’
26’“1n2(€_kAk B} )

(5.1)
QA% > By .

For Dy, above this stability threshold a coarsening phenomenon was observed in [15]. This process resulted in
the annihilation of some mesas over an exponentially long time scale, until eventually the number of mesas was
decreased sufficiently so that (5.1) no longer holds.

The results in this paper together with [15] provide analytical bounds on D for the existence and stability of
a steady-state K-mesa pattern. When £y > v/2, (5.1) reduces to

S -
12v25 P \VEKBe )

This provides an exponentially large upper bound on D for the stability of K mesas. Roughly speaking, the
stability of K-mesas when 7 is sufficiently small is guaranteed on the range

1 , 1
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If D exceeds an exponentially large upper bound, then the number of mesas is diminished through a coarsening
process. Alternatively, if D is too small, then self-replication is observed until such time that DK? is large enough.

There are several open problems. The first problem is to study the stability and dynamics of equilibrium and
quasi-equilibrium mesa patterns when 7 > 0. In [15], it was shown that when D > 1, there is a Hopf bifurcation
that occurs for 7 ~ 1. However, the analysis there relied on explicit analytical calculations of the small eigenvalues,
which is not possible when D = O(1). Moreover, it was shown in [15], under some additional conditions, that
a Hopf bifurcation can lead to a breather-type instability whereby the center of the mesa remains stationary,
but its width slowly oscillates in time. For D above the self-replication threshold of a single-mesa steady-state
solution, we suggest that such a breather-type instability for 7 sufficiently large can trigger a dynamic mesa self-
replication event if the time-oscillating mesa plateau width exceeds its maximum allowable steady-state value.
Such a triggering mechanism for mesa self-replication is explored for a reaction-diffusion system with piecewise-
linear kinetics in [10]. In addition, when D = O(1), some numerical simulations (not shown) suggest that an
oscillatory traveling-wave instability is also possible, whereby the position of the center of the mesa oscillates in
time, while its width remains constant.

The second area of open problems is to extend the study of the existence and stabilty of mesa patterns to two
or three dimensions. Numerical simulations suggest a slew of possible patterns. One possibility is to study radially
symmetric patterns in a ball. One can then obtain a blob-like pattern. Self-replication of such a pattern can occur
as D is decreased sufficiently, and we expect the core problem in two dimensions to be (3.4) with y replaced by |y|.
The study of mesa blob-type patterns in an arbitrary two-dimensional domain is also open. Another possibility is
to trivially extend the one-dimensional mesa pattern into the second dimension. The resulting mesa-stripe pattern
can exhibit transverse instabilities. This stability problem was examined in [17] for the Gierer-Meinhardt model
with saturation in the near-shadow limit where mesa self-replication does not occur. It is an open problem to
perform a similar stability analysis in the mesa self-replication regime. Such an analysis would have implications
for establishing stable parameter regimes where mesa-stripe replication can occur on a growing domain. The
analysis of these and related problems in two dimensions is the subject of future work.
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Appendix A The SLEP Reduction
Proof of Lemma 5. We label the interface locations by
T < Ty <X < X2y < <Trg_ <TK4,
as illustrated in Fig. 2(b). We then define [ and d by
l=(xy —xi-)/2, d=(L—1)=(2@r1)— —Tiy)/2.

By symmetry | and d are independent of 3.
In the inner region near x;+, we introduce the inner variables

p=P(y) =Po+ei+---, p=V(y)=Vo+e¥i+--, A=aX+---, y=¢ Nz —mziz), (A1)
where a = £2a. Upon substituting (A.1) into (4.1), we obtain the leading-order system
5 — fu (Uo, Wo) @0 — fu (Uo, Wo) ¥ =0, Vg =0.

Here Uy and Wy, satisfying (2.6), are given in (2.9). We take the + sign for Uj in (2.9) for the inner region near
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x = z;—, and the — sign in (2.9) for the region near x = z;;. By differentiating (2.6) with respect to y, we get

(I)Q = CH:U(; (y) s \IJO = O, (AQ)
where ¢;4+, for i = 1,..., K, are constants to be determined.
Since ¥y = 0, we obtain the following problem for ®; and ¥, at next order:
Y — fu (Uo, Wo) @1 — fu (U, Wo) U1 = @ [ fuu (Uo, Wo) Ur + fuw (Uo, Wo) W] , vy =0.

In order to match to the outer solution constructed below we require that ¥, is a constant. We then multiply the
equation for ®; by U/, and integrate the resulting expression by parts, to get

o0

/oo U fu (Uo, Wo) U1 dy = —/ DU [ fuu (Uo, Wo) U + fuw (Uo, Wo) W] dy . (A.3)

— 00

To simplify the right-hand side of (A.3), we differentiate the equation for U; in (2.8) to obtain
U{H — fu (Uo, Wo) U{ = fuw (Uo, Wo) Wll + U(/J [fuu (Uo, Wo) U + fuw (Uo, Wo) Wl] =0.

Upon multiplying this equation by ®q, and integrating the resulting expression by parts, we derive the identity

/ DoUg [ fuu (Uos Wo) Ut + fuw (Uo, Wo) W] dy = —/ fuw(Uo, Wo)W{®q dy . (A.4)
In (A.3), we use (A.4), Py = ¢;+ U}, and the facts that Uy and W are constants (see (2.12)), to get
\Ifl / Uéfw (U(), W()) dy = CH:W{/ fw(U(), W())U6 dy (A5)

Since f, = —U¢ and [*_UZUidy # 0, (A5) yields Uy = ¢;2 WY. However, W| = w'(z;+) from (2.12), and
Uy = etp(x;4 ), where 1p(x) is the outer solution for (4.1). Therefore, we have the following key relationship:

P(rir) = ecipw’ (Tix) (A.6)
Next, we derive an outer equation for . In the outer region, defined on the union of the subintervals —KL <
r<r—, - <z <z fori=1,..., K, and 25+ < x < KL, we obtain from (4.1) the leading-order system
fuw u’
p=—"Tv=—1, M@ = Dipga — Bo¢p.
Ju w
These equations can be combined to give
u/
w

To determine the jump condition for ¢ across = z;1, we use use the inner result ¢ ~ ¢;1 U} to derive
[DY']|ix = DY (ay) — DY (273) = cix (M1 + ﬂo)/ U dy = FV2eciz (A1 + Bo) - (A7)

Therefore, the outer problem for v» on —KL <z < KL is

u’ K
Dy — (Bo + A1) i —V2e (Bo + \1) <Z [ci+0 (x — xiy) — ¢i-6 (x — Ii—)]) ; (A.8)
i=1
with ¢/(£K L) = 0. Note that in those outer regions where u = 0 to leading order, we have Z—l, =0.

Single Mesa: We first analyze (A.8), together with (A.6), for the special case of a single mesa where K = 1.
For this case 1 = —I, z14 = +I, and and « € [-L, L]. Then (A.8) is equivalent to

!’

DY = (Bo+ M)t =0, we(-LD); 4" =0, welL)U(-L~D);
Dy (1Y) =Dy (I7) = V2 (Bo+ M) ciy, DY (1) =Dy (=17) = V2 (Bo + M) c1—,
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FIGURE A 1. Symmetry of ¥, ¥, u, and ue.

with ¢’ (£L) = 0. By solving for ¢ on = € (I, L) U (=L, —1), this system reduces to

!/

Dy~ (fo+ M) =¥ =0, @& (-LD), (A9a)
DY (1) = V2 (Bo+ M) cry; DY (=1) = V2 (Bo+ M) er . (A.9D)

We represent ¥ in terms of the solutions v; and v, to
Dy — (ﬁoﬂl)%@b:m v e (-0, (A.10 )

with either
G- =0, w)=1 o G (-)=1, ¥ ()=0. (A.100)
We then define a and b by

a = (1), b=y (1) . (A.lla)

. / . .
Since %; is an even function, we also have

Yr (=) =-b, ¢ (I)=—a. (A.11b)

In terms of ¢; and v, the solution for ¢ is ¥ = Aj¢p; + A1), where ¢’ (=) = A, and ¢’ (+1) = A,. By satisfying
the boundary conditions for ¢ in (A.9), we get

Ar=— (Bo+A)cir, Ay T(ﬂO"’/\l)cl—-
In terms of this solution, we write the matrix system
v 1 [ @) v J[ A VE boall o
[ v (-1) } - [ Y (=) (D) } [ A, ] = Potd) [ a b } { e ] : (A-12)

To calculate an independent expression for 1)(+l) we use the identity (A.6), which states ¥(£l) = cirew’(£l).
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To calculate w’(£l), we recall that Dw” = —1 for x € (=L, 1) and for z € (I,L). With w'(£L) = 0, this gives

w' (1) = +(L — 1)/D. Therefore,
[ ¥ (1) }:(L—l)g{ C1+ ] (A.13)

—C1—

Combining (A.12) and (A.13), we get

[b ZH—CE}:(L\/_il)woim[—cg]'

The eigenvalues of the matrix on the left-hand side of this expression are b £ a. Therefore, A\; must satisfy

L—-1 1
———=b*a. A4
V2 (Bo+ A1) (A.14)
Finally, we rewrite (A.14) in terms of new functions u,(z) and u.(z) defined by
Up = Py + Y, Ue = Y — Yy (A.15)

Then, u, is odd and w, is even, and both satisfy (A.10 a) with the side conditions
uo (0) =0, wuo(l)=1;  u,(0)=0, wu(l)=1.
Moreover, by using (A.11) and (A.15), we calculate
uo(l)=b—a, u.(l)=b+a.
Therefore, from (A.14), the eigenvalues must satisfy
a0 0 S G 0

The corresponding eigenfunctions are either even or odd. This proves (4.6) of Lemma 5.
General case: We now consider the case of K mesas with K > 1. On each subinterval we solve for ¢ to obtain

Y = Aghi + Aitbrs T € i, iy,
Yv=Ci+Di(x—xi+), o€ [T,y ]U[-KL 21U [zks, KL,

where the coefficients A;;, A;, C;, and D; are to be found. The functions 1, ¥, solve Dy" — (8o + A1) Z)—,/L/) =0
with
i (im) =0, P (vig) = 13 Uri(wim) =1, Wy (2iq) = 0.
Similar to the case of a single mesa, we have
Y (vi-) = a, Vi (Tiy) =0, Vi (zi-) = =b, Vri (Tit) = —a.
By satisfying the jump condition for D)’ across = x;+ from (A.8) we obtain

D (¢ (¢f,) = ¥' (21)) = Di — Au = —V2e (Bo + \1) cir (A.16 a)

D (¢ (z) =4’ (x;2)) = Air — Dic1 = V2 (B + A1) ¢ (A.16 b)
Furthermore, since v is continuous across z;+ we get

aAiy —bAy = Ci1 +2D;1d, bAy — aAy = Ci,

where 2d = ;. — x(;_1)+. Then, by using ' (K L) = 0, we solve for C; and D; to obtain

1
-DO = DK = 0, Ci = bAil — aAir, -Dz = 2_d (aA(i+1)l — bA(’L+1)T — bAll + G,Air,«) . (A].?)

Moreover, we calculate
P (xim) = Aya — Ayb, Y (wiy) = Aub — Aira,
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so that
1 1
Au =5 (00 (i) —ap (zi-)), Aw = 5 (@ (2ig) = b0 (2i-)) (A.18)
where § = b? — a?. Therefore, substituting (A.18) and (A.17) into (A.16), we obtain
V2e a b 1 1 ,
-5 (Bo+ M) cie = e (Tit) — 5 (zim) — %4 (zi-) + 27 (z4—1)+) , 1<i<K,
V2¢e a b 1 1 ‘
N (Bo+ A1) ciy = g¢ (wi-) — g¢ (Tiy) — 2—d¢ (zit) + 2—d¢ (zir1y-), 1<i<K,
2 b 2 b
% (Bo+A1)e1- = %%ﬁ (T14+) — glb (x1-), —% (Bo+ A1) ey = %%/J (xr-) — glb (Tr+) -
This system can be written in matrix form as
c1- Y (r1-)
—c1y Y (214)
V2e (Bo+M)v= Mz, v= z = . (A.19)
CK— Y (rE-)
—Cr+ Y (k)

Here the matrix M is given in (4.3). Finally, we use (A.6) to calculate ¥ (2,1 ) = ;2 (L — 1)/ D. This yields that
z =¢(l — L)v/D. Therefore, (A.19) becomes

2
Mo = %(50 + ). (A.20)
The eigenvalue problem (A.20) is equivalent to that in (4.2) of Lemma 5. The eigenvalues of M were calculated
explicitly in [32], and are as given in (4.5). This completes the proof of Lemma 5.
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