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1. Introduction

For a two-component reaction-diffusion system, Turing [97] in 1952 used a
linear stability analysis to show that a spatially homogeneous steady-state
solution that is stable in the absence of diffusion can be destablilized when
the ratio of the diffusion coefficients is sufficiently large. This diffusion in-
duced instability of the homogeneous state leads to various types of stable
spatial patterns. Spike patterns are those where one or both of the chemical
species concentrate, or localize, at certain points in the domain. There has
been considerable progress over the past thirty years in developing weakly
nonlinear theories to analyze small amplitude patterns that emerge from
an initially spatially homogeneous solution. However, there are many open
problems that relate to the stability and dynamics of fully nonlinear, but
localized structures, in reaction-diffusion systems. In the survey chapter
on pattern formation by Knobloch (see [61]), he remarks that “The ques-
tion of stability of finite amplitude structures, be they periodic or localized,
and their bifurcation is a major topic that requires new insights”. In this
survey we make an effort in this direction by giving some results for the ex-
istence, stability, and dynamics, of spike patterns to a few reaction-diffusion
systems, including the Gierer-Meinhardt (GM) model [36], the Gray-Scott
(GS) model [37], and the Schnakenburg (SC) model [90]. Specific open
problems are also mentioned.
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The GM model has been used to model a range of localization processes
in nature, including morphogenesis and the formation of sea-shell patterns
(cf. [70], [71]). In dimensionless form, the GM model is given by

aP

at:EQAa—cH-hq, zeQ; Oha=0, z€0Q, (1.1a)
am
Tht:DAh—h+W, ze€eQ; 0,h=0, z€00. (1.1b)

Here Q is a bounded simply-connected domain in R, a and h are the acti-
vator and inhibitor concentrations, €2 <« 1 and D are the two diffusivities, 7
is a reaction-time constant, and 9,, denotes the outward normal derivative.
The exponents (p, ¢,m, s) in the GM model are assumed to satisfy
mq

p>1, q >0, m > 0, 5>0, CEE—(8+1)>O. (1.2)
For N > 3, we assume that p < p. = (N + 2)/(N — 2), where p, is the
critical Sobolev exponent.

The Gray-Scott system, introduced in [37] and popularized in the nu-
merical study of [86], models an irreversible reaction involving two reactants
in a gel reactor, where the reactor is maintained in contact with a reservoir
of one of the two chemicals in the reaction. In the nondimensional variables
of [74], this system can be written in one spatial dimension as

v = %0gp — v+ Auv? | |z| <15 w,(£1,t) =0, (1.3a)
Tug = Dugy + (1 —u) —wv?, |z| <1; wux(£l,t)=0. (1.3b)

Here D > 0, 7 > 1, e € 1, and A > 0. Two ranges of the feed-rate
parameter A are of interest: the high feed-rate regime where A = O(1)
and the low feed-rate regime where A = O(g'/2). In this latter regime, we
introduce the new variables

A=¢'24, v=e"%, (1.4)
In terms of (1.4), (1.5) is transformed to

Vi =€pp — v+ Aur?, x| <1; wvy(£1,t) =0, (1.5a)
Tus = Dugy + (1 —u) —e tur?, |z| <1; wy(£1,t)=0. (1.5b)

The Schnakenberg model [90] is another well-known two-component
reaction-diffusion system. In non-dimensional form, and in one spatial di-



June 21, 2004 6:44 Proceedings Trim Size: 9in x 6in sing

3
mension, this system is given by (cf. [107]),
U = E2Ugy — u + vU?, 2| <1; wgp(£l,t)=0, (1.6a)
1 b
Tv¢ = Dugg + 3~ Evu2, x| <1; wy(£l,¢)=0. (1.6b)

In this survey we will only consider the semi-strong interaction limit
where ¢ « 1 and D = O(1). In this limit, only one of the two chemical
species in (1.1), (1.5), and (1.6), becomes localized. For each of these
problems, we will find that the localizing chemical can be well-approximated
by dilations of the radially symmetric ground-state solution w(p), with
p = |y|, where w(p) is the unique solution to

v (N=1)

w+Twl—w+w”:0, p>0, (1.7a)

w(0) >0, w0)=0, w~ep N V27 a5 pooo. (1.7h)

where p > 1 and ¢ is a positive constant. There exists a unique solution
to (1.7) when N =1 and N = 2, while for N > 3 we require that p < p,
(cf. [65]. The one-dimensional problem with N = 1, plays an important
role in our survey. In this case, with p = y, we readily calculate that

I\ V@) T 2D
w(y) = (&) (cosh [MD L e=(2pt+ 2V

2
(1.8)
For the special case p =2 and N =1, we get w(y) = %sech2 (y/2).

The topics in this survey are organized into sections of increasing prob-
lem complexity. In Sec. 2 we consider scalar nonlinear problems. We first
focus on constructing k-spike equilibria to nonlinear boundary value prob-
lems of the type originally considered in [13]. Then, we describe some re-
sults for spikes in scalar quasilinear elliptic problems. In Sec. 3 we study the
stability and dynamics of spikes for certain scalar, but nonlocal, problems.
One such problem arises from the shadow limit associated with (1.1). In
Sec. 4 we survey some bifurcation and dynamical phenomena that occur for
one-spike solutions to the reaction-diffusion system (1.1). Finally, in Sec. 5
we give some equilibrium and stability results for multi-spike patterns of
the reaction-diffusion systems (1.1), (1.5), (1.3), and (1.6).

2. Spike Equilibria for Scalar Problems
In this section we begin by constructing asymptotic solutions for

52u"+Q(u):0, -l<z<1, (2.1)
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with various boundary conditions at x = +1. The assumptions on @) (u) are
that @(u) is smooth and that it has only two zeroes, s and s, with s < sp,
where Q' (s) < 0, and Q' (s3) > 0. In addition we assume that there exists a
Uy, > Sp such that fsu"' Q(n)dn = 0. In Fig. 1 we plot such a Q(u), and in
Fig. 2 we plot the corresponding phase-plane u, versus u, where z = z/e,
showing a saddle point at u = s and a separatrix structure.

Cis -1 -05 0 05 1 15 2 25
u

Figure 1. Plot of Q(u) versus u with Q(s) =0, Q' (s) < 0, Q(sy) =0, and Q(s) > 0.
There, exists a u;, > sp such that fsum Q(n)dn =0. Here s = —1 and s, = 1.

The separatrix corresponds to a homoclinic solution w(y) to (2.1) on
—00 < y < 00, with w(£oo) = s. Up to an arbitrary phase-shift, w(y)

satisfies
w”-I-Q(w):O, —0o<y< oo, (2.2a)
w(0)=0, w(0)>0; wy)~s+ce Y, ly| = 0. (2.2b)
Here, 0 > 0 and ¢ > 0 are defined by
, 1/2 s —0 1
o= [—Q (s)] , loge= log(um—s)+/um [—2V(n)]1/2 + p— dn,
(2.2¢)

where V(n) = f;]m Q(6) df. This homoclinic solution leads to the existence
of spike layer solutions for (2.1), where the spikes are localized near certain
points in the domain. Depending on the boundary conditions for (2.1),
there may be boundary layers near one or both endpoints that correspond
to pieces of the homoclinic orbit.

A phase-plane analysis of (2.1) for various boundary conditions was
made in [84] and [88]. The main observation is that by using the stretching



June 21, 2004 6:44 Proceedings Trim Size: 9in x 6in sing

25 -2 -15 -1 -05 0 05 1 15 2 25
u

Figure 2. Plot of the phase-plane u. versus u, with z = z/e, for a Q(u) that admits
spike-type solutions.

y = x/e in (2.1), it is clear that boundary and internal layer solutions
for (2.1) correspond to trajectories in the phase-plane that are close to
the separatrix in Fig. 2 and are away from the saddle point region near
u = s. Since the solution spends a long time near the saddle point and a
comparably shorter time to make a complete or partial circuit around the
separatrix, it is clear that u ~ s on —1 < z < 1 except for O(g) transitions,
or spike layers, located near the endpoints or at some interior points in the
domain. This geometrical picture is very useful for obtaining qualitative
information regarding the admissible spike configurations. In particular, it
shows that for the boundary data u = s at x = =£1, solutions with two
or more interior spikes are impossible for (2.1) since any trajectory must
necessarily lie outside the closed region bounded by the separatrix. Despite
the simplicity of the geometrical picture afforded by the phase-plane, it does
not readily yield detailed quantitative information regarding questions such
as determining the locations of the spikes for arbitrary boundary data, the
possibility of bifurcation behavior, and determining the number of solutions
that exist for a fixed but small . Furthermore, the phase-plane does not
generalize to the singularly perturbed quasilinear elliptic problems in two or
more spatial dimensions. Therefore, it is desirable to develop an asymptotic
method to construct spike layer solutions to (2.1) that can be extended to
the multi-dimensional case.

The first example illustrating the difficulty in applying the method of
matched asymptotic expansions to treat (2.1) was given by Carrier and
Pearson (see pages 202-205 of [13]) for the special nonlinearity Q(u) =
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u? — 1, and with u(£1) = 0. For this reason, we refer to (2.1) as Car-
rier’s problem. Near each endpoint there are two possible boundary layer
solutions. Superimposed on these boundary layer solutions, they tried to
construct a solution with one interior spike. However, as shown in [13], a
routine application of the method of matched asymptotic expansions fails
to determine the interior spike location xo. In the vicinity of z = xg, it is
easy to see that u has the form

u(zx) ~ 2w [\/55*1(3: —xo)| — 1, (2.3)

where w(y) is given in (1.8) with p = 2. This failure in determining x, is not
restricted to the choice Q(u) = u%—1 but is typical for the class of problems
(2.1). An extension of the method of matched asymptotic expansions was
used in [66] to determine the spike locations for Q(u) = u?—1. There it was
shown that the failure of a routine application of the method of matched
asymptotic expansions in determining the spike locations was a result of
ignoring exponentially small terms in the expansion of the solution. By
extending this method to retain and match the dominant exponentially
small terms, it was shown how to find the correct spike layer locations for
Q(u) = u?2—1. Another analytical approach to determine the spike locations
for Q(u) = u? — 1 was given in [51]. They employed a variational principle,
with trial functions from the matched asymptotic expansion solution, and
determined the spike locations by making the variation stationary with
respect to the spike layer locations. More recently, for the nonlinearity
Q(u) = u? — 1 a rigorous shooting method has been developed in [85] for
constructing spike layer solutions, and for determining the number of such
solutions for a fixed € with € « 1. Another rigorous approach based on
Green’s functions is given in [52]. One limitation of these approaches are
that they rely heavily on analytical formulae that are available only for
Q(u) = u? — 1, and they are inherently methods that will work only in one
space dimension.

In [100], an analytical method called the projection method, was used to
determine the spike layer locations for (2.1) for various boundary conditions.
As shown in [100], the indeterminacy in constructing interior spike solutions
for (2.1) is a result of the occurrence of exponentially small eigenvalues in
the spectrum of the linearized operator. In this sense, the linearized prob-
lem is exponentially ill-conditioned. The projection method, which com-
bines traditional matched asymptotic analysis with spectral theory, exploits
this exponential ill-conditioning by imposing limiting solvability conditions
on the solution to the linearized equation. In this sense the projection
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method has much in common with a Lyapunov-Schmidt approach to study
the linearized equation. Although this method is formal, it does not require
any detailed knowledge of the explicit form of the homoclinic orbit and so
can treat an arbitrary Q(u) of the form shown in Fig. 1. In addition, it can
be extended to treat related problems in several space dimensions.

In addition to Carrier’s problem, there are other classes of singularly
perturbed boundary-value problems where a straightforward application of
the method of matched asymptotic expansions fails to determine the solu-
tion uniquely as a result of neglecting important exponentially small terms.
Such problems include boundary layer resonance phenomena for turning
point problems [67], heteroclinic interfaces in reaction-diffusion systems,
certain viscous shock waves for convection-diffusion problems, the Cahn-
Hillard equation etc. These problem are all exponentially ill-conditioned
and the projection method can be used to eliminate the indeterminacy. A
survey of these other problems is given in [102].

2.1. Interior Spike Solutions: No Boundary Layers

We now outline the projection method for constructing a solution to

e2u +Qu) =0, -l<z<1, (2.4a)
eu (1) + K [u(1) —s]=0;  eu(=1)—rJu(-1)—s] =0, (2.4b)

with one interior spike and with no boundary layers near x = +1. Here
kr > 0 and k; > 0 and s is the saddle-point location for Q(u). In the
phase-plane u, versus u, where z = z /¢, these special boundary conditions
geometrically represent straight line segments originating from the saddle-
point v = s. Each of these lines is either locally inside or outside the loop
bounded by the separatrix. This geometrical fact will have an implication
regarding the location of a spike for (2.4).

The first step in the projection method is to look for an approximate
solution to (2.4) in the form

u(z) =w [e7' (z — z0)] + R(z), (2.5)

where zg, with |zg| < 1, is to be found, and the error R(z) is assumed to
be small. We substitute (2.5) into (2.4) and linearize. Assuming that zg is
not O(g) close to £1, we can use the far-field behavior of w(y) in (2.2b) to
estimate the residuals in satisfying the boundary conditions in (2.4b). In
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this way, we obtain that R satisfies

LR=e’R ' +Q (w)R=0, -l<z<1, (2.6a)
eR (1) + Kk, R(1) ~ ce™V (0 — K, ), (2.6b)
eR (=1) — ki R(=1) ~ ceV'(r; — 7). (2.6¢)

Here we have defined y, = e~ 1(1 — ) and y; = —e~ (1 + o).
Next, we consider the associated eigenvalue problem

Lp=e%¢"+Q'(w)op=Xp, —-1<z<1, (2.7a)

ed/(1) + Ky §(1) = 05 ¢! (~1) — m(~1) = 0. (2.7b)

For € > 0 fixed, there exists a countably infinite number of eigenvalues
Aj of (2.7) for j = —1,0,1,.... The corresponding eigenfunctions form a

complete set with respect to the space of square integrable functions. How-
ever, since ¢ < 1, there is an eigenvalue of (2.7), labeled by )¢, which
tends to zero as € — 0, and the corresponding (unnormalized) eigenfunc-
tion ¢q is nearly proportional to w' (y), where y = e~ !(x — z¢). Since w is a
spike, the derivative w' has exactly one zero-crossing. Hence, by standard
Sturm-Liouville oscillation theory, we expect that A\ is the second largest
eigenvalue in the spectrum. The principle, or equivalently, largest eigen-
value, labeled by A_1, tends to a positive value as € — 0. This is discussed
more fully in Sec. 3 when we analyze the stability of spike layer solutions.

Roughly speaking, the exponential ill-conditioning results from a slight
break of a translation invariance that occurs for Carrier’s problem posed in
the infinite line. On the infinite line, where there is translation invariance,
w' is an exact eigenfunction corresponding to a zero eigenvalue. For our
finite-domain problem where the spike is localized near z = z¢ the transla-
tion invariance is broken only through the interaction of the far-field behav-
ior of w(y) with the boundaries at x = £1. Near the boundaries, w — s is
exponentially small, and thus this interaction is exponentially weak. As we
now show, this weak interaction perturbs the zero eigenvalue of translation
by exponentially small terms.

We now calculate Ag. Applying Green’s identity to ¢ and w, we get

%0 (90,0) = —60(0) [ew” () — o’ (9] (1) [e” ) — e’ ()]
(2.8)

where the inner product (f,g) is defined by (f,g) = f_ll fgdx. Using the

far-field behavior for w(y) as |y| = oo from (2.2b), (2.8) reduces to

Xo (00, w') ~ —eo(1)co (7 = ky) ™7 + eo(~1)eo [o — m] e . (2.9)
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To determine ¢g(=£1), we use boundary layer theory to calculate ¢o as
$o(x) =w [e7(z —20)] + ¢TI A = D) + Bl @+ D], (2.10)

where ¢;(n) = 0 and ¢,(n) = 0 as n — +oo. Since Q' (u) ~ Q'(s) = —0?
near x = £1, we calculate from (2.1) that ¢;(n) = bje™?" and ¢.(n) =
bre~ 7" for some coefficients b; and b, to be determined. We then substitute
(2.10) into the boundary conditions (2.7b), and we use the far-field behavior
(2.2b) to calculate w™ at = £1. In this way we determine b; and b,, and
from this we calculate

2c0?

2
—oge " (1—xzo) —1) ~ 2co —ge Y (14x0) 2.11
P +0_€ ) ¢0( ) K1+ O'e . ( . )

$o(1) ~ —

Substituting (2.11) into (2.9), and using (2.10) to asymptotically evaluate

do, w') ~e [ w'2(y) dy, we obtain the following result:

Proposition 2.1. For ¢ < 1, the spectrum of the linearized problem (2.6)
around o one-spike solution has an exponentially small eigenvalue Ay with

2 3

N~ — o ? B9 ) e2owr 4 (L) 20w | 0 (2.12)
f_oow2dy Kr+ 0 K+ o

where y, = (1 —x0) and y; = —e (1 + x9). The corresponding eigen-

function ¢q is given by (2.10).

Next, we select the correct value of 2y by imposing a limiting solvability
condition on the solution to the linearized problem. We expand R in (2.6)
in terms of the normalized eigenfunctions ¢; of (2.7). Using Green’s second
identity, we readily derive that

R=> %%, Cj = —ce [e 7V (0 — kp) B (1) — ¥ (k1 — 0)B;(—1)] .

j=—1

’ (2.13)
Since A\g — 0 as € = 0, a necessary condition for (2.6) to have a solution in
this limit is that Cy — 0 ase — 0. This limiting solvability condition, which
ensures that the projection of the error R onto the eigenspace associated
with the exponentially small eigenvalue is zero, yields an equation for xg.
Setting Cy = 0, and using (2.11) for ¢o(£1), we obtain that

- (0 - fir) - gow (u) - (2.14)
o+ Ky o+ K

Solving (2.14) for xy, we obtain the following result:
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Proposition 2.2. Lete < 1 and suppose that (6 — K, )(c — ki) > 0. Then,
a solution to (2.4) with one interior spike satisfies u ~ w [e™!(z — z¢)],
where w(y) is the homoclinic solution satisfying (2.2), and o satisfies

€ Kr — O K+ o
~——1 r . 2.1
o 40 8 [(m—a) (ﬁr-l-(f)] (2.15)

We now make several remarks. From (2.15), we see that an interior
one-spike solution does not exist when (¢ — k..) (o0 — x;) < 0. This condition
is readily seen from the phase-plane shown in Fig. 2. When &, = x;, we
get zp = 0 as expected. Secondly, Eq. (2.15) also suggests a sensitivity
of the solution to small changes in the data. In particular, if k; = 0 and
Kk, = 0 — e /%, for some v > 0, the spike layer location z¢ is perturbed
by O(1) as ¢ = 0. In fact, as shown in Sec. 2.3 below, other types of
extreme sensitivity to exponentially small perturbations in Carrier’s prob-
lem are possible as a result of the exponential ill-conditioning. Finally,
the exponential ill-conditioning leads to significant numerical difficulties
when trying to compute spike layer solutions to (2.4) using finite difference
schemes. As a result of the large condition number of the linearized prob-
lem, small residuals in Newton’s method do not generally imply that the
iterations have converged to a close approximate solution. In particular,

suppose that Q(u) = —u + u?, k, = K = 0, and € = 0.05. Then, we
calculate that 0 =1, ¢ =6, and [ w'?dy = 6/5. Therefore, from (2.12),
we obtain

Ao ~ 120e72/¢ = 5.1 x 1071 (2.16)

This shows that the condition number of the system is on the order O(10%¢),
and hence even with 16 digit floating point computations, the solution
will be sensitive to roundoff error. With extended precision computations,
which retain 32 digits in the computation, the negative effects of this ill-
conditioning can be alleviated somewhat, but only for slightly smaller val-
ues of €. Exponential ill-conditioning, and the numerical consequences, is
discussed further in [67], [94], [93], and [102]. Numerical difficulties for
the related problem of Euler buckling for large applied loads, modeled by
u' + Asinu = 0 for A > 1, has been studied recently in [31].

Next, we follow Sec. 3 of [100] and show how to construct multi-spike
solutions to (2.4) having n interior spikes at some unknown z; for j =
0,...,m—1, where —1 < 29 < 21 < ... < Zp_1 < 1. In the remainder of
this section we label the inter-spike separations d; by d; = x; — z;_1 for
7 =0,...,n, where we have labeled z_; = —1, and z,, = 1. We assume that
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the spikes are well-separated in the sense that d; > O(e) for j = 0,...,n.
We look for an n-spike solution to (2.4) in the form

u~ uc(r) = iw ez —z;)] — (n—1)s. (2.17)
=0

We substitute u = u. + R into (2.4), where R < 1. In analogy with (2.6),
we obtain that R satisfies

n—1

R +Qu)R=E=)_ Quwy)] - Quc), (2.18a)
=0

eR (1) + K, R(1) ~ —c (55, — g)e ¢ dn (2.18b)

eR (-1) — ki R(-1) ~ —c (0 — ky)e™ 4o, (2.18¢)

Here we have defined y; by y; = e 1(z — z;), fori = 0,...,n — 1.

The eigenvalue problem associated with (2.18) is (2.7), where Q' (w) in
(2.7a) is replaced by Q' (u.). When the spikes are well-separated, there are
n eigenvalues, labeled by A; for j = —n,—n +1,...,—1 that tend to a
common positive value as ¢ — 0. These are the largest eigenvalues in the
spectrum of the linearization. The next largest group of eigenvalues are the
exponentially small eigenvalues A; for j = 0,...,n — 1 that result from the
broken translation invariance. The corresponding eigenfunction near the
core of the jth spike is ¢; ~ w (y;) for j = 0,...,n — 1. The solution to
(2.18) is expanded in terms of all of the normalized eigenfunctions ¢; as
R=%7 Cj)\j_lgbj. Using Green’s identity we derive

C; = (B,¢;)=¢ [(e B (1) + 5 R(1))65(1) = (£ B (=1) = s R(=1))5(1)] .
(2.19)
Here (f,g9) = fil fgdz. A necessary condition for there to be a solution
to (2.18) in the limit € — 0, is that the projection of R onto the subspace
spanned by ¢;, for j = 0,...,n — 1, vanishes. Setting C; = 0 for j =
0,...,n—1, we obtain n coupled algebraic equations for z; given by

(B,65) ~ Bj = gc|(0 = ke ™ ;1) + (0 — m)e 0 g5(-1)]
(2.20)
for j=0,...,n—1.
To determine explicit equations for ;, we must evaluate the inner prod-
uct term and the boundary term B; in (2.20). For well-separated spikes,
the residual E is exponentially small on —1 < 2 < 1. Since ¢; ~ w (yj)
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near £ = x;, it follows that the dominant contribution to the inner prod-
uct term (E, ¢;) arises from the region near ¢ = z;. To determine this
contribution we must retain the dominant exponentially small terms in F
near z = z;. These terms arise from the nearest neighbor spikes located
at * = xj41 and * = ;1 when j = 1,...,n — 2. The spikes at zo and
ZTn—1, which are closest to the boundary, have only one nearest neighbor.
A detailed calculation as given in §3 of [100] shows that

28620.2 e—o'E_lCll7 ] :07
(E, ¢;) ~ { 2ec’c? (e*”‘ldm - e*“‘ld:‘) ,i=1,...,n—2, (2.21)
—2 2020 dn-1 j=n—1.

Next, we asymptotically calculate the boundary term B; in (2.20). The
dominant terms in B; for j =0,...,n—1 arise when j =0or j =n—1. To
compute By and B,_; we calculate ¢o(—1) and ¢,,_1(1) in a similar way
as was done above for a one-spike solution. We readily obtain that

202¢ -1 202¢
e o€ do (1) ~ —
K+ 0o ’ Pn-1(1) Kr+o

$o(—1) ~ e A (2.22)

From (2.20), we get that

o+ K o+ Ky
(2.23)

For j =1,...,n — 2, B; is of an exponential order smaller than (E, ¢;).
Therefore, in (2.20) we can set B; =0for j =1,...,n—2.
Substituting (2.23) and (2.21) into (2.20), we get that (2.20) reduces to

e—as_l(d1—2do) ~ (J—_ K:l) , e_gs_l(d"_1_2d") ~ (O—_—Hr> . (2243)
o+ K 0+ Kp

A A VP S . (2.24b)

It is clear from (2.24a) that there are no n-spike solutions to (2.4) when
either (6 — k;) < 0 or (0 — k) < 0. This is also readily seen from the
phase-plane shown in Fig. 2. Only when (¢ — x;) > 0 and (¢ — k,.) > 0 are
both satisfied is the trajectory inside the region bounded by the separatrix,
which then allows for n-spike solutions with n > 2. By solving (2.24)
explicitly, we obtain the following result for the spike locations:

Proposition 2.3. Lete < 1 and suppose that (6—k,) > 0 and (6—k;) > 0.



June 21, 2004 6:44 Proceedings Trim Size: 9in x 6in sing

13
Then, for n > 2, there is an n-spike solution to (2.4) of the form
n—1
U~ uc(r) = Z wle Tz —=z;)] -(n-1)s, (2.25)
7=0
where x; is given by
2j+1 € 1 . .
(2.26)
Here n; and 1, are defined by
= o llog [ = =ollog [ Z=F) 2.2
m=o"log (o), =0 log | S (2.27)

For the Neumann problem where x; = k, = 0, (2.26) shows that z; =
—1+(2j—1)/n,for j =0,...,n—1,sothat d; =2/nforj=1,...,n—1and
dp = d, = 1/n. This symmetric spike spacing for the Neumann problem
also follows readily from the “time-map” associated with the phase-plane.

2.2. Interior Spike Solutions: Boundary Layers
We now construct n-spike solutions to (2.1) for the boundary data
u(=1) =ur, u(l)=ur, (2.28)

where s < ur,ur < un, (see Fig. 1). A composite expansion for an n-spike
solution has the form

U~ u(z) = iw ez —2;)] —(n—1)s+ [wr (e (z + 1)) — 3]
=0
+ [wg (7' (1 —2)) — 5] . (2.29)

The boundary layer terms wr,(§) and wg(€) for & > 0 at the left and right
endpoints, respectively, are portions of the homoclinic orbit, which satisfy

wl,-: +Qwr) =0, wr(0)=ur, wr(f)~s+cre ? asé— o0,
(2.30a)

wp+Qwr) =0, wr(0) =ur, wr(§)~s+cre " as £ o0,
(2.30b)
for some constants ¢y, > 0 and cg > 0. From the phase-plane, it is clear
that there are two solutions to each of (2.30a) and (2.30b). One solution

decreases monotonically to s, while the other first increases to u,, and then
decreases to s. Therefore, there are two values for ¢z, and for cg.
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We substitute v = u. + R into (2.1), where R <« 1. In analogy with
(2.18), we obtain that R satisfies

SR +Qu)R=F= Y Q)] - Qu) + Quur(—ya)] + @ wr(y—1)]

=0
(2.31a)
R(-1) ~ —ce ¢ do ; R(1) ~ —ce ¢ dn (2.31b)
Here y; = ¢ '(z — x;), for i = —1,...,n, where z_; = —1 and z, = 1.

By eliminating the projection of R onto the eigenspace associated with the
exponentially small eigenvalues, the spike layer locations satisfy

(B,¢5) ~ Bj=c2c (e 7 gy() —e P g(-1)), j=0,...,n-1,
(2.32)
where ¢; ~ w (yj) near the jth spike.

The analysis of (2.32) differs in two main respects from the analysis
in Sec. 2.1. Firstly, to evaluate (E,¢;), we note that the interior spikes
closest to the endpoints, corresponding to j = 0 and j = n — 1, now have
two nearest neighbors instead of only one. Specifically, for the spike at
T = xg, the nearest neighbors are the spike at z = z; and the boundary
layer solution wy. A similar situation occurs for the spike nearest the
right endpoint. Secondly, it can be shown that for each j = 0,...,n —1
the boundary term B; in (2.32) is asymptotically smaller than (E, ¢;). In
contrast, for the problem in Sec. 2.1, the contribution from By and B,_;
had to be retained. Therefore, we can set B; =0 for j =0,...,n —1in
(2.32), to obtain that the layer locations asymptotically satisty (E, ¢;) ~ 0.
By calculating (E, ¢;) asymptotically as in Sec. 7.1 of [100], we obtain, in
analogy with (2.24), that the inter-spike separations d; satisfy

- ~ ce 7% dn-t (2.33a)

—oe o’s_ldo
. j=1,...,n—2. (2.33b)

_ _ -1
ce 4w cre : cre 7 dn

e—UE_ldj+1 ~ e—O’E_ld]'

By solving (2.33) explicitly, we obtain the following result:

Proposition 2.4. Let ¢ € 1 and consider (2.1) with the Dirichlet condi-
tions u(—1) = ur, and u(l) = ug, where s < ur,ur < Um,. Then, there is
an n-spike solution of the form
n—1
u ~ u.(T) = Zw e z—2))] - (n—1)s+ [wy (e (@ +1)) — 5]
j=

+ [wr (711 —2) — 5] , (2.34)
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where wy, and wr are boundary layer functions satisfying (2.30). For this

problem, there are are four possible sets (xo, . .., x,) of spike-layer locations,
which for j =0,...,n—1 satisfy

2 € cl—nen c?
i~ =14+ ——(1+j 1 L i 1 .
¥ +n+1( +])+a(n+1) [og( CR )+J Og(cRcL)]
(2.35

There are two values for cr, and for cg defined in (2.30).

Therefore, for Dirichlet conditions we get d; = 2/(n+ 1) + O(e) for
j =0,...,n, whereas for the problem considered in Sec. 2.1, we found that
dj =2/n+0(e) for j =1,...,n—1, with dy = 1/n+0(¢), d, = 1/n+0(e).
Although (2.35) was was derived only for the case n > 1, the result (2.35)
turns out to be correct even for one spike where n = 1.

We now give an explicit example to illustrate this result. We consider
Carrier’s original problem with Q(u) = u? — 1, uy = 0, and ug = 0. For
this example, we can calculate w, wy and wg explicitly, to obtain that

c=v2, ¢=12, c, =12 V2 (g =12 V2, (2.36)

where k; and ky can be either £v/2cosh™(v/3) = +v2log(v/3 + v2).
Then, from (2.35), we obtain four different sets of spike layer locations for
j=0,...,n—1 given by

zj~ -1+ 2;‘771—11) +V2elog(V3 +v2), (2.37a)
vy~ =1+ 2D ctog(v3 4+ vE) 5 EUED VBlog(v3 + VD).

(2.37b)

This example was given at the end of Sec. 7.1 of [100]. A rigorous proof of
this result has only been obtained recently in Theorem 3 of [85]. For n = 2,
the two solutions corresponding to (2.37a) are shown in Fig. 3.

Finally, we consider a situation where there is a boundary layer at only
one of the endpoints. We consider (2.1) with u(—1) = uz, and u (1) = 0,
and we look for an m-spike solution where there is no boundary layer at
xz = 1. Using the projection method, we readily obtain that the inter-
spike separations d; satisfy ce=¢ 41 ~ cpe=7¢ 4o and e=oc ¢
e~20c""dn  together with (2.33b). By solving this system explicitly, we
obtain the following result:

n—1 ~

Proposition 2.5. Let ¢ € 1 and consider (2.1) with the boundary condi-
tions u(—1) = ur, and u' (1) = 0. Then, there is an n-spike solution to this
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Figure 3. Plot of uc, given in (2.34), versus z for a two-spike solution for Q(u) = u? —1
with € = 0.03. The two curves correspond to the two choices in (2.37a).

problem with no boundary layer near x = 1 of the form

u~u.(z) = iw ez —1)] —(n—1)s+ [wr (7' (z+1)) —s] .

(2.38)
Here wy, is the boundary layer function satisfying (2.30). For this problem,
there are are two possible sets (xo,...,Tn) of spike-layer locations, which

for j=0,...,n —1 satisfy
e\ " ¢
log (—) +j log (—) .
CL CL

(2.39)

A + 1) 2

o —1
K T oyl Tolnt)

There are two values of cr, defined in (2.30).

Therefore, for this Neumann/Dirichlet problem, the inter-layer sepa-
rations satisfy d; = 4/(2n+1) + O(¢) for j = 0,...,n — 1, and d,, =
2/(2n 4+ 1) + O(g). For the special case where n = 1, we get 2o = 1/3.

2.3. Exponential Sensitivity to the Data

We now consider two types of perturbations of Carrier’s problem, where
a seemingly minor modification of (2.1) leads to a dramatic effect on the
solution behavior. This extreme sensitivity is a result of the exponential
ill-conditioning of (2.1) for interior spike solutions.

We first construct spike solutions to (2.1) with n > 2 interior spikes,
when exponentially small terms are added to certain Dirichlet boundary
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conditions. Specifically, we consider (2.1) with
w(=1)=s+Ae o /" y(1)=s+Ae " /. (2.40)

Here A > 0 and is O(1) as ¢ — 0. This problem models the initial formation
of boundary layers near the endpoints. For the special case Q(u) = u? — 1,
and for two interior spikes, such a problem was analyzed using variational
methods in [51], where it was shown that a bifurcation can occur if A
exceeds a threshold. The general case for arbitrary n > 2, and for arbitrary
Q(u) of the form shown in Fig. 1, was treated using the projection method
in §6.1 of [100], where the following result was obtained:

Proposition 2.6. Let € <€ 1 and consider (2.1) with the boundary condi-
tions (2.40). Consider an n-spike solution of the form (2.25) with n > 2.
These equilibria exhibit a saddle-node bifurcation structure as A is varied.
In particular, there are four possible sets (xg,...,Tn) of spike-layer loca-
tions when A > 2c, two sets when Ag(n) < A < 2¢, and no such sets when
A < Ag(n). Here Ag(n) is defined by

(1—n)/2n
n n—1

n+1

Therefore, by perturbing the boundary conditions by exponentially
small terms, new solutions can be created by saddle-node bifurcations. To
illustrate this result, let Q(u) = u? — 1. Then, ¢ = 12, and A4(2) = 21.06
from (2.41). Therefore, for ¢ < 1, we predict that there are no two-spike
solutions to (2.1) with boundary conditions (2.40) when 0 < A < 21.06.

The next problem considers the effect of modifying a coefficient in the
differential operator in (2.1) by an exponentially small but spatially varying
term. In [46] a solution with one interior spike was constructed for

2 i
%(fcu) +Qu) =0, -l<z<l; o (£1)=0, (2.42a)

where, for some constants v and ¢ > 0, K = k(x;€) has the form
k(z;e) =1+ s”g(a;)efs_lq . (2.42b)

Here g(z) is a smooth function. In [46] the projection method was used to
determine the location of a spike for an interior one-spike solution with no
boundary layers. The result is summarized as follows:

Proposition 2.7. Let ¢ € 1 and consider a solution to (2.42) with one
interior spike. The solution is given asymptotically by u ~ w [5’1(:1: — xo)],
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where w(y) solves (2.2). The spike location o is a root of h(xzg) = 0, where
_ 2ec?
" B
Here By = [ w2 (y) dy.

For 0 < ¢ < g, it is possible that (2.43) has multiple roots, which
corresponds to multiple interior one-spike solutions. To illustrate this, let
g(z) = 2?/2, and Q(u) = —u + u?, for which ¢ = 1, ¢ = 6, and Sy = 6/5.
A simple calculation shows that zog = 0 is always a solution, and that we
have a pitchfork bifurcation when ¢ = ¢., where

h(zo) (6_2"5_1(1_“”0) - 6_2"5_1(1+”°)) — €"+2€_Q/Eg’ (wo) . (2.43)

de =2+ (v + 2)eloge — log(240) . (2.44)

For 0 < ¢ < ¢, there are three roots to (2.43) on —1 < z¢ < 1, whereas
for ¢ > q. there is only one such root. Therefore, by perturbing Carrier’s
problem by an exponentially small but spatially varying term new interior
one-spike solutions may be generated by a pitchfork bifurcation.

2.4. Related Problems: One Space Dimension

There have been several related studies of spike solutions in ODE’s, in-
cluding problems with spatially varying coefficients [1], [69], and problems
involving two components [53]. In addition, there are some further ques-
tions that remain to be explored.

Question 2.1. Can one give a rigorous analytical proof, along the lines
of [85], of the asymptotic results in Propositions 2.1-2.7 without using the
details of the phase-plane?

Question 2.2. For a given ¢ < 1 fixed, can one determine a bound on
the number N () of internal spikes for Carrier’s problem (2.1) with various
boundary conditions?

For the case Q(u) = u?—1, it was proved in [85] that N(¢) < 0.41e 1 +1
for € € 1. What is the result for other nonlinearities Q(u)?

Question 2.3. Can one numerically compute multi-spike solutions to (2.1)
for ¢ « 1, and with various boundary conditions, in a reliable manner
despite the exponential ill-conditioning?

This is a key open problem. Standard numerical methods for (2.1) are
subject to a loss of precision as a result of the ill-conditioning. However, for
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Carrier’s other problem where Q(u) is modified to allow for heteroclinic,
rather than homoclinic, solutions, an exact nonlinear WKB transformation
was introduced in [87] and used to numerically compute multi-layer solu-
tions for € € 1. The sensitivity of these solutions to exponentially small
perturbations in the boundary data was also studied numerically with this
approach. A distinct advantage of the WKB transformed problem is that
it is well-conditioned as € — 0. Our question is whether it is possible to use
a related change of variables to remove the ill-conditioning associated with
(2.1). In particular, can one compute solutions by re-casting (2.1) in terms
of the distance function? If successful, such a method could be extended to
numerically treat the quasilinear multi-dimensional problems of Sec. 2.5.

Question 2.4. What is the global bifurcation diagram for multi-spike so-
lutions as € is increased?

For £ > 1, multi-spike solutions are born from a bifurcation at infinity.
For a few choices of @(u), branches of n-spike solutions were computed
numerically in [88] as € is decreased from a large positive value. It was found
that each n-spike branch undergoes a saddle-node bifurcation at some O(1)
value of €. Does this generic feature holds for other Q(u)? Can such a path
following method in ¢ allow one to compute solutions for £ <« 17

Finally, we mention a modification of Carrier’s original problem. This
problem concerns constructing multi-bump solutions for

u +u?—14+20(1—2)u=0, —-1<z<1; u(*l)=0. (2.45)

It was proved in [1] that if ¢ € 1, b > 0, n > 2, and if v has minima at
xp, for k=1,...,n, where —1 < z; < ... < x, < 1, then |z}| < Me|loge|
for some M > 0 independent of e. Therefore, (2.45) admits multi-bump
solutions clustered near x = 0. A similar, but formal, result was obtained
in [69]. This result is natural in that (2.45) can be written as a nonlinear
Schrodinger equation 2y — 1+ u?2 — V(z)u = 0, where the potential
V(z) = 2b(x? — 1) has a global minimum at x = 0 when b > 0. The
possibility of multi-bump solutions near non-degenerate minima of V' (x)
is well-known (cf. [99], [22]). We conjecture that a one-spike solution to
Carrier’s original problem with b = 0 will undergo a pitchfork bifurcation
at o = 0 when b is raised to an exponentially small value. The bifurcation
should be similar to that for problem (2.42). This leads to the next question.

Question 2.5. What are the bifurcation properties of k-spike solutions
with k£ > 1 to (2.45) when b is exponentially small?
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2.5. Spikes for Quasilinear Elliptic PDE
In this subsection, we construct spike solutions for
EAu+Qu)=0, z€Q; d,u=0 z€dQ, (2.46)

where ) is a bounded, simply-connected, domain in RV, with N > 1. We
assume that Q(s) = 0, with Q'(s) < 0, and that there exists a unique
radially symmetric ground-state solution w(p), with p = |y|, that satisfies

1 N - ]. I
w+( )w +Qw)=0, p>0; w(0)>0, (2.47a)
w(0)=0, wr~s+cp VD27 a5 p oo, (2.47b)
p /2
wherec > 0and 0 = [—Q (s)] . An important example is Q(u) = —u+u?
for 1 < p < p¢, where p, = % is the Sobolev exponent for N > 3, and

pe = oo if N =2. For this case, w(p) satisfies (1.7). Equation (2.46) is the
multi-dimensional version of Carrier’s problem (2.1), where w(p) replaces
the homoclinic solution w(y).

The study of spike solutions to (2.46) was largely initiated in the pi-
oneering work of Ni and Takagi (cf. [68], [76], [77]). An earlier survey of
results for (2.46), and for some related problems, is given in [78].

We now follow [78] and give a rough summary of the results of [76] and
[77], characterizing the “least-energy solution” of (2.46) for Q(u) = —u+u?,
and with u > 0 in Q. For this problem, the energy functional for (2.46) is

Jo(u) = %/Q (2| Vul? +u?) do — Iﬁ [, (2.48)
where u; = max(u,0). As argued in [76] and [77], J; has a minimum
when restricted to the set of solutions of (2.46) with w > 0 in Q. This
minimizing solution is called the “least-energy solution”. Since an interior
spike solution has, asymptotically, twice the energy of a boundary spike
solution, the least-energy solution must be a one-spike solution centered at
some point on 9. To determine the actual point £ € 92 where the spike
concentrates, a two-term expansion for J. as € — 0 is required. For a spike
centered at & € 01, it was shown in [77] that

1
J(u) =N (§I(w) —CeH (&) + o(s)) , (2.49)
where C is a positive constant independent of ¢, and I(w) is defined by

rw) = [ | |5 190 +u?) -

P . 2.
p+1w ] dy (2.50)
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Here H (£.) is the mean curvature of 0Q at £.. By minimizing (2.50), the
following result was proved in [76], [77]:

Proposition 2.8. Consider (2.46) with u > 0 in Q and Q(u) = —u + P,
where 1 < p < p.. Then, for e K 1, this problem has a least-energy solution
ue with eractly one global mazimum point at & . Moreover, & € 0N, and
H(&) = maxgq H as € — 0, where H is the mean curvature of 0f).

Recently, there has been much work characterizing other types of bound-
ary spike solutions that have a higher energy. The theory for this class of
solutions is now rather complete. In Theorem 1.2 of [109] it was proved that
(2.46) admits a boundary spike-layer solution that concentrates at any non-
degenerate critical point of the mean curvature H (P) with P € 9Q. In [39]
a boundary k-spike solution was constructed where the spikes are separated
by O(1) as € = 0, and where each spike concentrates at a different local
maximum point of the mean curvature H(P). In [42] it was shown that for
any integer k > 0, there exists boundary k-peak solutions to (2.46) where
the peaks all cluster near a local minimum point of H(P). This clustering
effect is qualitatively similar to the spike-clustering phenomena for the one-
dimensional problem (2.45) described in Sec. 2.4. Boundary spike solutions,
together with asymptotic estimates for the eigenvalues of the linearization
that tend to zero as € — 0, are also given in [111] and [4].

Next, we describe some results for interior k-spike solutions to (2.46).
These solutions have the form

k
U~ Zw e~z -] , (2.51)
j=1
for some &; € Q) for j =1,...,k to be found. As for Carrier’s problem in

Sec. 2.1-2.3, since w(|y|) decays exponentially as |y| — oo, the linerarization
of (2.46) around an interior spike solution is exponentially ill-conditioned.

For an interior one-spike solution, it was shown formally in [101], and
proved rigorously in [110], that the spike concentrates at a local maxi-
mum of the distance function. The result and method used in [101] is
described more precisely below. Geometrically, this one-spike result for
(2.46) is asymptotically equivalent to that given in Proposition 2.2 for the
one-dimensional problem in the sense that an interior spike for (2.46) con-
centrates at a point in  that is farthest from the boundary. In [41] a
solution to (2.46) that has one boundary spike and one interior spike was
constructed. It was found that the location of the interior spike is moved
an O(1) distance from the center of the largest inscribed sphere for Q in the
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direction away from the boundary spike. Such a mixed boundary/interior
spike solution is the multi-dimensional equivalent of the result in Proposi-
tion 2.5 for Carrier’s problem, where for £2u" + Q(u) = 0 with u(—1) = uy,
and u (1) = 0, an interior spike is located not at the midpoint x = 0 but
instead at o = 1/3.

For an interior k-spike solution of (2.46), with k > 1, the following result
with relatively minor technical differences, was given in [59], [40], and [3]:

Proposition 2.9. Equation (2.46) admits an interior k-spike solution
given asymptotically by (2.51), where the concentration points &, ..., Eke

tend to local mazimum points of (&1, ...,&) as e — 0, where
1
&) = ' ist(E;,00), =€ — &) . 2.52
Vb= min  (d6,00). 56 -6l) . (@5

Notice that this result is geometrically very similar to the analogous
result in (2.24) for a k-spike solution to Carrier’s problem with Neumann
boundary conditions. The main difference in the multi-dimensional case is
that, depending on the topology of 2, there can be many different choices
for the set of spike locations. From Proposition 2.9, it is clear that the
spike locations are asymptotically equivalent to a corresponding geometric
ball-packing problem. The next result, given in Corollary 1.8 of [3], makes
this equivalence precise.

Proposition 2.10. Let Si,...,Sr € Q be nonoverlapping spheres of the
same radius d, and assume that Sy,...,Sy are packed in such a way that
when considered as rigid bodies in a rigid container 0, the set &1, ...,&; of
their centers becomes also a rigid body. Then, for € > 0 sufficiently small,
(2.46) has a solution with k spikes that localize at &, ..., &.

In Fig. 2-6 of [3], many illustrations of this “rigid-body” geometrical
construction are shown. In particular, in Fig. 5 of [3], several possibilities
are shown for packing eight small spheres of a common radius inside a
spherical domain (2.

Although the basic theory for spike solutions of (2.46) is rather well
established, there are two questions that should be explored.

Question 2.6. Formulate a numerical method to compute interior k-spike
solutions to (2.46) for € <« 1 that overcomes the exponential ill-conditioning.
What are the global bifurcation branches of solutions to (2.46) as a function
of the topology of Q and of ¢, for both ¢ € 1 and € > 17
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Question 2.7. Using techniques in computational geometry, investigate
how the topology of Q influences the geometrical ball-packing characteriza-
tion given in Proposition 2.10 for a k-spike solution of (2.46) with k large.
Can one estimate the number of solutions for € small but fixed?

In [101], a multi-dimensional extension of the projection method, as
outlined in Sec. 2, was used to determine an interior spike location. We
now sketch this method for a one-spike solution of

E2Au+Qu) =0, z€Q; edu+bu—s) =0, z€d0. (2.53)

Here Q € R?, and b = b(§) > 0, where ¢ is arclength along the smooth
boundary 9€2. We look for an interior one-spike solution of the form u ~
w [e72 — mo|] + R, where R < 1. Using the far-field behavior of w in
(2.47b), we find that R satisfies

L.R=’AR+Q (w)R=0, z€Q, (2.54a)
€0, R+ bR ~ —cg'/2r=1/2¢=7 7 T b — i) (2.54b)

Here ¢ > 0 and o > 0 are defined in (2.47b). Moreover, r = |z — x|,
7 = (x — xg)/r, and 7 is the unit outward normal to 0€2.
Next, we consider the eigenvalue problem

Lep=Xp, z€Q; edpdp+bdp=0. (2.55)

This problem has two exponentially small eigenvalues, where the corre-
sponding eigenfunctions ¢; for j = 1,2, have the form

¢j ~ Og,w [e™ Mz —20|] + b1, j=1,2. (2.56)

Here ¢r; is a boundary layer function localized near 92 that allows the
boundary condition in (2.55) to be satisfied. To estimate A;, for j = 1,2,
we then use Green’s identity for ¢; and 0., w, to derive

N (Ba,w,85) =~ | b (€00 +0) [On,0] dE, §=1,2,  (257)
o0

where (u,v) = [, wvdz. In [101], ¢1; was calculated from a boundary layer
analysis, which then determines ¢; on Q. In this way, we get

2o’ Tj — Toj 2 1 —ope=1, [b—oFn][1+ 7]
N TTE o (T) re ) d¢, (2.58)

for j = 1,2. Here 8 = fooo w'2pdp. This surface integral defining Aj is
of Laplace type, and so can be calculated asymptotically in terms of the
points on 0} closest to xg. Therefore, it is clear that A; for j = 1,2 is
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exponentially small as € — 0. Thus, the problem of determining xo is
exponentially ill-conditioned. Notice the close similarity in the derivation
of (2.58) with that given in (2.8)—(2.12) for Carrier’s problem in a one
dimensional domain.

To determine the spike location we expand R in terms of the normalized
eigenfunctions of (2.55) as R = Z;io C]-/\j_lqﬁj, where

Cj=6/89¢j(56n+b)UJd§. (2.59)

The coeflicients C; for j = 1,2 can be calculated from the far-field behavior
of w in (2.47b) and from the behavior of ¢; on 0} as obtained from the
boundary layer analysis described above. Since A; — 0 exponentially for
Jj = 1,2, the corresponding limiting solvability condition is that C; — 0 for
j = 1,2. In this way, it was found in [101] that the spike location z is
given by a root of the vector-valued function I(xg), where

I(wo) = /8 ) r=1em205 7T 1 4 ) (%) 7 de . (2.60)

The following result, obtained by balancing “forces” as described in the rigid
body characterization of Proposition 2.10 of [3], was obtained in [101]:

Proposition 2.11. Assume that there exists a unique largest inscribed cir-
cle B for (), with center at x;, and radius r;,, that makes exactly two-point
contact with 0Q at x(&;) € 00 for i = 1,2. Suppose that b; — o has the
same sign at each contact point and that ki, > —1 for i = 1,2, where
b; = b(&) and where k; is the curvature of OQ at &. Then, xo lies on the
chord joining ©(&) and x(&). Moreover, for e — 0, xo satisfies

zo(e) = zjp + éxéﬁg +0(e%), (2.61a)
where
b —o by +0 1+ Kor;
=21 ! 2 log ( 12 = 1(E2) .
o 8 [(bl-i-a be — o +log 1+kiry, /)’ i = (&)
(2.61b)

Notice that if (by — 0)(b2 — o) < 0, then (2.60) has no root near zj,,.
This condition is qualitatively similar to the condition given in Proposition
2.2 for Carrier’s problem. A similar result for when the largest inscribed
circle makes three-point contact with 9Q was given in [101].

There are several rigorous results for an interior spike solution for (2.53).
For the Dirichlet problem with b = oo, it was proved in [79] that there
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is a least-energy solution where a one-spike solution concentrates at the
maximum of the distance function. This result can be obtained by letting
b — oo in (2.61). In [8] an interior spike for 2.53) was analyzed in a half-
space when b is near the critical value b = 0. As b — o, the spike was
found to approach the boundary. The sensitivity of the spike location for b
near ¢ is certainly suggested from (2.61b).

For the Neumann problem, the result in Proposition 2.10 shows that
there is a plethora of interior spike solutions. However, as for Carrier’s prob-
lem in one spatial dimension, interior multi-spike solutions for the Dirichlet
problem with u = s on 02 should not exist. This leads to the next question.

Question 2.8. What are the bifurcation properties of interior k-spike so-
lutions for (2.53) with k& > 2 spikes under the Dirichlet boundary conditions
u=s+ Ae~*"" for some a >0 and A > 0. When A = 0, there should be
no such solutions. Do the solutions have a saddle-node bifurcation behavior
similar to that described in Proposition 2.6 for Carrier’s problem?

Question 2.9. For general Dirichlet data with u = up(€) > s on 99 can
one construct a solution to e2 Au+ Q(u) = 0 that concentrates on the entire
boundary of 9 and that has k > 1 interior spikes? We conjecture that, in
analogy with Proposition 2.4, the interior spikes now concentrate at local
maximum points of
P(&,---58) = min - (dist(&;,09),1€ - &l) - (2.62)
Z7Jal:17---7k‘3:/£l
A related problem where localization occurs is for the nonlinear
Schrodinger equation (cf. [38], [22] and [99])

EAu—-V(@u+u? =0, z€Q; Ou=0 z€dQ. (2.63)

Here V(z) is a smooth positive potential with V(z) > Vo > 0 in Q, and
p is subcritical. This is the multi-dimensional counterpart of the modified
Carrier problem (2.45). It is well-known that there exists spike solutions
of (2.63) that localize near non-degenerate local maxima and minima of
V(z). Equation (2.63) also admits spike-clustering phenomena where &
spikes all cluster near a minimum of V(z) (cf. [99]). It would be interesting
to compare the spike phenomena for (2.63) for an exponentially shallow
potential with that for the quasilinear problem (2.46). This leads to the
next question.

Question 2.10. What are bifurcation properties of spike solutions for
(2.63) for a potential of the form V(z) = 1+ e ?/°V(z), where ¢ > 0?
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The spike locations should be determined from a competition between the
distance function and the localizing effect of the potential V().

Another problem where localization occurs is in the construction of hot-
spot solutions for Bratu’s problem

Au+re*=0, 2z€Q; u=0, €. (2.64)

Here Q) is a bounded, simply-connected, domain in R?. The qualitative
feature of hot-spot solutions is that u — oo as A — 0 in a localized region
near some ¢ = §;, for j = 1,...,k while v = O(1) as A — 0 away from
these points. Using complex analysis, a system of equations for the hot-
spot locations &;, for j = 1, .., k, was derived in [75]. An alternative method
based on singular perturbation theory was used in [101]. The following
result characterizes the hot-spot locations:

Proposition 2.12. For ¢ — 0, the hot-spot locations &, ..., & for (2.64)
satisfy the coupled system

k
VRy(2;&)|a=g; + > VGa(@:&)lo=e; =0. j=1,...,k. (2.65)
i#£]

Here G4(x; &) is the Dirichlet Green’s function, with Rq(x;&) as its reqular
part, so that

AGy=—b(x—¢) zeQ; Gu=0, ze€dQ, (2.66)

and
Ra(z,6) = Ga(z,) + 5 log o — &]. (2:67)

Therefore, the criteria determining the hot-spot locations for (2.64) is
very different from that given in Proposition 2.9 for the spike locations of
(2.46). This difference arises from a logarithmic, or Coulomb-type, singu-
larity in the far-field behavior of the local hot-spot profile (cf. [101]). For
a one hot-spot solution, the hot-spot location satisfies VR4 (z;&1) = 0 at
x = & . For a convex domain €2, Ry is convex (cf. [12]), and so there is only
one hot-spot location. This criterion for a hot-spot solution with k = 1 is
actually very similar to the criterion developed in Sec. 4 that determines
the location of a spike for the full GM model (1.1).
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3. Spikes for Nonlocal Scalar Problems

In this section we begin by examining the stability of the equilibrium spike
solutions constructed in Sec. 2. Consider the time-dependent problem

w=e’Au—u+uP, z€Q; u=0 z€dN. (3.1)

Here 2 is a bounded domain in R", and p is a subcritical exponent.

Let w, be an interior one-spike equilibrium solution to (3.1). The center
of the spike o satisfies dist(zg,0Q) = O(1) as € — 0. By linearizing (3.1),
we find that the stability of this solution is determined by the spectrum of

Lep. = D¢ — e +puwl 'h. = X¢., Op¢e =0. (3.2)

Letting € — 0, and defining y = e !(z — x), we have that w. — w, where
w(|y|) satisfies (1.7). In this way, we obtain

Lop=0Np—p+pwPop=Xp, ¢—0 for |y — oco. (3.3)

We refer to Lo as the local operator, and (3.3) as the infinite-line local
eigenvalue problem. The consequence of the exponential decay of w(|y|) as
ly| = oo is that (3.3) is independent of the shape of 2, of ¢, and of zy. A
key result for (3.3), obtained in [68], is the following:

Proposition 3.1. Consider (3.3) written as Log; = vy for ¢, € HY(RY).
This problem admits the eigenvalues vo > 0, v1 = --- = vy = 0, and
vNyk < 0 for k > 1. The eigenvalue vy is simple, and the corresponding
eigenfunction is radially symmetric with constant sign.

This result was proved in Theorem 2.12 of [68]. Therefore, there is
exactly one unstable eigenvalue vy > 0 for (3.3). The eigenfunctions corre-
sponding to the zero eigenvalues are the translation modes ¢; = 9,, w(|y|)
for j =1,...,N. Each of these modes has exactly one nodal line.

In the one-dimensional case, the following more precise result for the
spectrum of (3.3) was obtained in [27] using hypergeometric functions:

Proposition 3.2. Let J = J(p) be a positive integer such that J <
(p+1)/(p=1) < J+ 1. Then, for ¢ € H(R), the infinite-line local
eigenvalue problem Lo¢; = vy has J + 1 discrete eigenvalues given by

vi= g0+ ) —i-DF -1, =0, (3.4)

The continuous spectrum of Lo lies in the range —oo < v < —1.



June 21, 2004 6:44 Proceedings Trim Size: 9in x 6in sing

28

This result is Proposition 5.6 of [27]. Notice that vy > 0, v; = 0, and
vj € (—1,0) for 2 < j < J. However, when p > 3, then J = 1, and there
are no discrete eigenvalues in the interval (—1,0). Alternatively, there are
many discrete eigenvalues that appear in (—1,0) as p — 17. When p = 2,
the only discrete eigenvalues are vy = 5/4, v1 =0, and v2 = —3/4.

Although, for ¢ <« 1, it is clear that the discrete eigenvalues of the
infinite-line local eigenvalue problem should be exponentially close to cor-
responding eigenvalues of (3.2), a rigorous result to this effect is rather
technical. The formal analysis in Sec. 2.1 leading to Proposition 2.1 de-
termines the exponentially small change in the translation mode v; = 0 as
a result of the finite domain. The underlying idea is that if the infinite-
line local eigenvalue problem has a discrete eigenvalue corresponding to an
eigenfunction with an exponential decay as |y| — oo, then this eigenvalue
should be perturbed by only exponentially small terms by the finite do-
main. An analysis incorporating this idea was made in [17], where it was
proved (see Theorem 3.1 of [17]) that the first three eigenvalues of (3.2) are
exponentially close to those of (3.3) in the sense that

Ao = %(p -1p+3)+0 (6‘2/5) ; (3.5a)
4¢?
X = e (1+0(e7V9)) (3.5b)
L () dy) ( )
Ay = %(p -5 +0 (e_(3_p)/5) ,  when p<3. (3.5

Here ¢ and w(y) are defined in (1.8). Equation (3.5b) is also readily obtained
by setting k; = k, = 0 in (2.12) of Proposition 2.1 in Sec. 2.

Since (3.3) has a strictly positive eigenvalue, there is an eigenvalue of
(3.2) that remains positive for ¢ <« 1. Therefore, an interior one-spike
equilibrium solution is unstable for (3.1). Similarly, an equilibrium solution
of (3.1) with % interior and well-separated spikes will be unstable due to the
existence of k positive eigenvalues that tend to vy as € — 0. The existence of
one unstable eigenvalue should also occur for an interior one-spike solution
of subcritical quasilinear problems of the general form

u=2Au+Qu), z€Q; du=0 z€dN. (3.6)
Here (Q(u) has the form shown in Fig. 1. This leads to our first question.

Question 3.1. Can one characterize the discrete spectrum of the lineariza-
tion of (3.6) around an interior one-spike solution for more general Q(u)?
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Since (3.1) will not have stable equilibrium spike solutions, it is nat-
ural to ask whether stability can occur for systems of reaction-diffusion
equations that admit spike solutions. The simplest type of coupling in a
two-component reaction-diffusion system is to consider the so-called shadow
limit where the diffusion coeflicient of one of the species is taken to infinity
and the reaction-time constant for the same species is set to zero. Sev-
eral examples to illustrate this limit are given below. Before discussing
these systems in any detail, we first illustrate qualitatively the mechanism
through which a spike can be stabilized by the shadow problem.

The shadow limiting process on a reaction-diffusion system typically
leads to a nonlocal scalar PDE of the form

u =2 Au+Qu;o.), z€N; du=0, z€dq, (3.7a)
0. = / gu;e)da. (3.7b)
D

Suppose that (3.7) has a radially symmetric localized equilibrium solution of
the form u = ugy (67 |z — @o|) where uq(|y|) — s exponentially as |y| — oo,
for some constant s. Here, we assume that 2o € D with dist(zo, 9Q) = O(1)
as € — 0. Then, the stability of this solution is determined by the spectrum
of the finite-domain nonlocal eigenvalue problem

Mg, = &2Ade + Qude + Qs / Gubedz = Xg., zeQ,  (3.8)
Q
Ond. =0, €00, (3.8b)

where the coefficients in the differential operator are evaluated at u,. The
stability of the spike on an O(1) time-scale follows if we can show that there
are no O(1) eigenvalues that satisfy Re(\) > 0. Since the coefficients in the
differential operator depend only on y = ¢~ !|z — x|, we look for localized
eigenfunctions ®(y), which decay as |y| = oo. Therefore, it is natural to
try to compare the spectrum of (3.8) with that of

M0<I>EA<I>+Qu<I>+Q05N/Ngu<I>dy:)\<I>, yeRY, 50 y—o 0.
R

(3.9)
Here the derivatives are with respect to the y variable. This problem is
referred to as the infinite-line nonlocal eigenvalue problem.

We first note that the spectrum of (3.9) has N zero eigenvalues with cor-
responding eigenfunctions ®;(y) = 9y,u4(|y|), for j = 1,...,N. For these
functions the nonlocal term in (3.9) vanishes identically since g, is radially
symmetric in |y|. As a result of the exponential decay of u,, the discrete
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eigenvalues of (3.9) should be exponentially close to corresponding eigenval-
ues of the finite-domain nonlocal eigenvalue problem (3.8). This suggests
that there are N eigenvalues of (3.8) that will be exponentially small, and
whose eigenfunctions ¢;. can be approximated by ¢;. = 0,,uq + ¢, where
¢y is a boundary layer function localized near 0f) that allows the no-flux
condition (3.8b) to be satisfied. Notice that the boundary layer calculation
is in the same spirit as that done in Sec. 2.1 for Carrier’s problem.

Secondly, we note that if we neglect the nonlocal term in (3.9), the
resulting local eigenvalue problem will have one eigenvalue that is strictly
positive corresponding to an eigenfunction ®; that is of one sign. Since in
general [, g,®;dy # 0, the nonlocal term in (3.9) will perturb this eigen-
pair significantly. The key step in the analysis is reduced to determining
whether the nonlocal term in (3.9) is sufficiently strong to push this pos-
itive eigenvalue associated with the local problem into the left half-plane
Re(A) < 0. Since (3.8) only perturbs this eigenvalue by exponentially small
terms, it remains strictly in the left half-plane for the finite-domain non-
local problem. If this spectral condition holds, it would follow that an
interior one-spike equilibrium solution is metastable in the sense that the
eigenvalues in the spectrum of the finite-domain nonlocal problem (3.8)
that have the largest real parts are exponentially small as € — 0. The
corresponding eigenfunctions are closely approximated by the translation
modes 0y, uq(|y|), for j =1,...,N.

This rough sketch outlines the mechanism through which the nonlocal
term can eliminate one unstable eigenvalue of the corresponding local eigen-
value problem and ensure stability on an O(1) time-scale. Depending on
the sign of the exponentially small eigenvalues, an interior one-spike solu-
tion may not stable on an exponentially long time-scale. However, these
exponentially small eigenvalues will lead to the existence of a metastable
time-dependent behavior for an interior one-spike solution.

As mentioned above, the key step in the analysis is to find conditions
for which there are no eigenvalues of (3.9) with Re(A) > 0. In general,
eigenvalue problems of the type (3.9) and (3.8) are difficult to analyze
since they are in general not self-adjoint, and hence complex eigenvalues
are possible. To illustrate this possibility, consider the eigenvalue problem
(3.8) in one space dimension when € = [—1,1] and o = 0. The resulting
problem has the general form

e2¢us + (A(z/) — X) ¢ = 6B(x/e) /_11 C(z/e)pdr, -1<z<1, (3.10)
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with ¢,(+1) = 0. Here § is a parameter measuring the strength of the

nonlocal term. This eigenvalue problem is not self-adjoint unless B(x) =

kC(z) for some constant k. For fixed £, many properties of self-adjoint

eigenvalue problems of the class (3.10) were obtained in [35] and [9].
Consider the example of [50] where e = 1, A(z) =0, and

B(z) = 2.5+cos(nz)+2cos (2rz) C(z) =1.1- % cos (mx)+ % cos (2mx) .

(3.11)
Moveable eigenvalues are those eigenvalues of the local problem that are
perturbed by the nonlocal term. Fixed eigenvalues refer to those eigenvalues
of the local problem that remain independent of §, since their eigenfunctions
are orthogonal to C(z). For this example, the only moveable eigenvalues
are those for which the eigenfunctions lie in the subspace spanned by

¢ = 8o + s1 cos (mx) + s2 cos (27x) , (3.12)

for some sg, s1, and s3. Substituting (3.11) and (3.12) into (3.10) where
€ = 1, we get the matrix eigenvalue problem (A — §D) s = As, where

00 0 5.5 —1.251.25 So
A=[0-72 0 , D=[22-05 05 ], s=|s |. (313)
0 0 —4r? 22 —-0.5 0.5 S92

The real parts of the eigenvalues as a function of ¢ are shown in Fig. 4. In
this figure, the dotted lines correspond to the fixed eigenvalues —k?7?2 /4 for
k =1and k = 3, corresponding to the eigenfunctions ¢ = cos (kn(z + 1)/2)
for k = 1, 3. This simple example shows that nonlocal non self-adjoint eigen-
value problems of the form (3.10) can have complex eigenvalues through the
collision of two moveable eigenvalues.

An important class of nonlocal infinite-line eigenvalue problems that
arises in determining the stability of spike solutions in several different
systems is the following nonlocal non self-adjoint problem:

wm1d d
My® = Log®—aw? (M) =\, yeRY; &0 |y = .
Jon w™ dy
(3.14a)
Here w(|y|) satisfies (1.7), and Ly is the local operator
Lo®=A®— & +puwP'd. (3.14b)

We assume that m > 1 and 1 < p < p., where p. is the critical Sobolev
exponent. Notice that 9,,w(|y|) lies in the kernel of M, for j =1,..., N,
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—10 -

Re()\) ...........................................................
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Figure 4. The real parts of the eigenvalues of (3.13) (solid curves) versus §. Two of
them are complex when 1.076 < § < 3.970. The dotted lines are two fixed eigenvalues
A= —n2/4 and A\ = —972/4, not contained in (3.13), which are independent of §.

and so A = 0 is a fixed eigenvalue. There are two key formulae for Ly,
obtained by a direct calculation, that are needed below

w _1 w

1

_L_1 P — =
o ¥ p—1"2

For the one-dimensional case N = 1, where w(y) is given explicitly in (1.8),
the following spectral results for (3.14) hold:

Proposition 3.3. Let ® € H'(R), and consider any nonzero eigenvalue
Xo of (83.14). Then, we have the following:

e For 0 < a < p—1 we have Re(\g) >0 .

e Now suppose a > p— 1. Then, if either m =2 and 1 < p < 5, or,
m=p+1 and p > 1, we have Re()\g) < 0.

e Ifp>1 and m = p, then we have Re(Ag) <0 whenp—1 < a < p.

The proof of the first result for 0 < a < p—1 is given in Appendix E of
[47]. The proof of the second result for & > p—1 is given in Lemma A and
Theorem 1.4 of [108]. The third result is proved in Theorem 1 of [115]. For
the multidimensional case where N > 1, the following results are known:

Proposition 3.4. Let ® € H'(RY), and consider any nonzero eigenvalue
Xo of (3-14). Then, we have the following:

e For0<a<p-—1 we have Re(Ag) >0 .
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o Now suppose o > p—1. Then, if eitherm =2 and 1 < p < 1+4/N,
or, m =p+1and 1 < p < p., where p. is the critical Sobolev
exponent, we conclude that Re(Ag) < 0.

o Letm=p. If2<p<5when N=2,0r2<p<3when N =3,
then we have Re(M\g) < 0 when o = 2p.

The proof of the first two results are given in [108], and the proof of the
third result for o = p is given in Theorem 5.6 of [91]. Notice that when
m = p + 1, the operator is self-adjoint. Qualitatively, these results show
that the nonlocal term may eliminate the unstable eigenvalue of the local
operator only when « is large enough.

We now comment on the bounds in these results. The lower bound
a = p — 1 for stability in the second result of Propositions 3.3 and 3.4
cannot be improved since from (3.15) we readily calculate that Mow = 0
when a = p — 1. The upper bound for « in the third result of Proposition
3.3 is not sharp as stated in [115]. The upper bound on p for m = 2 in the
second result of Proposition 3.3 is indeed sharp as the next result shows.

Proposition 3.5. Let ® € H'(R), m = 2, and suppose that p > 5 in
(8.14). Then, there exists an a,, with a, > p — 1 such that there are
exactly two positive real eigenvalues in the interval (0,v9) for any a with
(p—1) < a < an. In addition, there exists a value ap, with ap > oy, such
that for ay, < a < ay, there is a pair of complex conjugate eigenvalues in
the unstable right half-plane Re()\) > 0. When a = ay, there is a pair of
complex conjugate eigenvalues on the imaginary axis.

This result was proved in Proposition 2.7 of [50]. In addition, a detailed
numerical study of the spectrum of (3.14) for different values of m and p
was given in Sec. 2.2 and Sec. 2.3 of [50].

For any p > 3 and with a = 0, Proposition 3.2 shows that there is only
one discrete nonzero eigenvalue of My. Proposition 3.5 shows that there are
two discrete eigenvalues in the right half-plane for some range of a when
p > 5. The numerical computations of [50] show that an extra eigenvalue is
created out of the edge of the continuous spectrum at a certain value of a.
The two discrete moveable eigenvalues then coalesce producing a complex
conjugate pair as in the simple example (3.13). This leads to the next
question.

Question 3.2. Find other ranges of p, m, and N where any nonzero eigen-
value of (3.14) will have Re(A\) < 07 Can one characterize any edge bifurca-
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tions for (3.14) from the continuous spectrum? A detailed numerical study
for N > 1 is an open problem.

The analysis leading to Proposition 3.3—3.5 relies rather heavily on spe-
cial properties of the nonlinearity @Q(u) = —u+uP, most notably the explicit
formulae (3.15). This leads to the following question.

Question 3.3. Can one characterize the discrete spectrum of more general
problems of the form (3.9) around an interior one-spike solution?

Although the proofs of Propositions 3.3-3.5 are too involved to discuss
here in detail, we can still give a qualitative idea on how some of these
results are obtained. To do so, we reformulate (3.14) by letting ¥ (y) be the
solution to

Lop =1 —¢p+puPp=Xp+w; =0 as |y >oco. (3.16)
Then, the eigenfunctions of (3.14) can be written as

m_1<I>d
boaps, gz Ryt Pd
Janwm dy

We then multiply both sides of (3.17) by w™™! and integrate over RV .
Assuming, that [, w™ 1 ® dy # 0, we then obtain that the eigenvalues of
(3.14) with even eigenfunctions are the roots of g(A) = 0, where

(3.17)

_ Jev ™ (Lo - )t wP dy
B Javwmdy ‘

The function g(A) is analytic in the right half-plane except at the simple
pole A = vy, where vq is the unique positive eigenvalue of Lg. A simple
calculation of the winding number shows that the number M of zeroes of
g(A) in Re(A\) > 0is

I, f) (3.18)

1
M=1+ - larg g]r, - (3.19)

Here [arg g]., denotes the change in the argument of g(A) along the semi-
infinite imaginary axis I'y = iAr, 0 < Ar < 00, traversed in the downwards
direction. Therefore, to calculate M, we need only determine properties of
g(A) on the positive imaginary axis.

We let A = iA; and we separate real and imaginary parts by writing
9(iAr) = gr(Ar) +igr(\r). A simple calculation shows that the eigenvalues
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of (3.14) along the positive imaginary axis are the roots of the coupled

system gr = gr = 0, given by
1 . ~ -
gr(Ar) = 2 fr(Ar) g1(Ar) = =fr(Ar) (3.20a)

where fr and f; are defined by

i _ Jeyw™ M Lo [13 4+ N3] wP dy

A7) = , 3.20b
fR ( I) fRN wm dy ( )
" AL fon w™ 1 [L2 + 23] 7 wP dy

A7) = R ) 3.20c
fr (A1) Towwm dy ( )

The following local and global properties of fr and fr have been estab-
lished:

Proposition 3.6. The function fgr in (3.20b) has the asymptotic behavior

- 1 . -

frO\) ~ E—nc,\ﬂ- a8 =05 frRO)=0(A\7?), as A\ > 0.
(3.21)

Here ke >0ifm=2,or, ifm=p+1and1 <p<1+4/N. When m =2

the function fr(Ar) is monotone decreasing for Ay > 0. The function fr in

(8.20c) has the asymptotic behavior

~ A 1 N

with fr(\;) = 0()\1—1) as A\; — o0o. When either, m = 2 and 1 < p <

14+ 4/N, or, when m = p+1 and 1 < p < p., where p. is the critical
Sobolev exponent, we have the global result that fr(\r) > 0 for \f > 0.

The local behavior of fr was derived in Eq. (4.3) of [106]. The condition
fr < 0 for m = 2 was derived in the proof of Theorem 2.3 of [106]. The
local behavior of fr was derived in Eq. (4.2) of [106]. The proof that fr >0
form =2and 1 < p <1+ 4/N is rather difficult, and was obtained in
Theorem 2.3 of [106]. The condition f; > 0 form =p+1and 1< p < p,
is readily seen by writing fr as fi(A\r) = ArC(\1), where

P (L3 + )\%]_1 wP dy _

_ Jerw
C()\I) = fRN wp+1 dy

(3.23)
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We readily calculate using (3.15) that

_ 2
e (@3 +) Tr] g

C'(\r) = -2 vy <0, (3.24a)
1 1 N
0(0)=p_1[p_1—2(p+1)]. (3.24b)

Thus, for 1 < p < p., we have that C(0) > 0 together with C'(\;) < 0 for
Ar > 0, and C(\;) = 0" as A\ — oo. Hence C(\;) > 0 for A\; > 0, which
establishes that f; > 0 for Ay >0 whenm =p+1and 1< p < p..

Next, we use the properties of g on the imaginary axis to calculate M
from (3.19). The following result is readily derived by using (3.20)—(3.22)
to calculate [arg g]r.,

Proposition 3.7. Let a > p — 1. Suppose that at each root of gr = 0, we
have that fI > 0. Then, M = 0, and there are no eigenvalues of (3.14)
in Re(\) > 0. Alternatively, suppose that 0 < a < p— 1, and that fr is
monotone decreasing for A\ > 0. Then, M = 1 and so there is a unique
real positive eigenvalue of (3.14).

Notice that if & > p — 1, then gg(0) < 0 and §;(0) = 0. As A\; — oo,
we have gg — o' > 0 and §; — 0. Hence, if whenever we have a
root of gr = 0 it follows that gr < 0, we conclude that [argg]., = —m,
and consequently M = 0 from (3.19). Note that §r < 0 is guaranteed
whenever f; > 0 for all A; > 0. As seen in Proposition 3.6, this condition
is guaranteed for two cases: m =2and 1 < p<1+4/N,or,m=p+1
and 1 < p < p.. This criterion then establishes the second statements in
Proposition 3.3 and Proposition 3.4. Alternatively, if 0 < a < p—1 and
f;z < 0, then gr > 0 for A\ > 0. Consequently, [argg],, = 0, and hence
M = 1. This is the first statement in Proposition 3.3 and Proposition 3.4
under a slightly weaker hypothesis. Eliminating the hypothesis that fg is
monotone decreasing, it is readily seen, upon looking for roots of g(A) =0
on the positive real axis, that M > 1 when 0 < a < p — 1. Finally, we
comment on the idea behind Proposition 3.5. For m = 2, we have from
Proposition 3.6 that f;% < 0for A\; > 0, and hence there exists a unique root
to gr = 0 when a > p— 1. If we can guarantee that gr > 0, or equivalently
fr < 0, at this root, then we have largg]r, = +m, and so M = 2. For
N =1, m =2, and p > 5, the local behavior in Proposition 3.6 shows that
fI < 0 for Ay > 0 sufficiently small. Hence, there is some range of o with
a > p—1 for which M = 2. This is the essence of Proposition 3.5.
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The result in Proposition 3.7 gives a simple criterion to determine suffi-
cient conditions for nonzero eigenvalues of (3.14) to satisfy Re(A) < 0. This
leads to the following question.

Question 3.4. Can one find other ranges of m, p, and N, to ensure that
the positivity condition on f; given in Proposition 3.7 holds? With this
condition any nonzero eigenvalue of (3.14) has Re(\) < 0 when @ >p — 1.

One of the earliest analyses of metastability for a shadow system was
given in [64]. Another activator-inhibitor system that exhibits metastability
was given in [5] and [6]. In the next few subsections we give a few explicit
examples of the stability and dynamics of spikes for shadow systems.

3.1. The Shadow Gierer-Meinhardt Model

Our first example of a shadow system is obtained by letting D — oo in the
GM model (1.1) to get

a=e’Na—a+a’/h?, T€Q; O,a=0, xz €00, (3.25a)

eN [ g™

hy = —h+ — —dzx.
T +|Q|Qh3m

(3.25b)
In (3.25b), || denotes the volume of (2. In this section we will consider the
case where the reaction-time constant 7 in (3.25b) is zero. The possibility
of Hopf bifurcations when 7 > 0 is discussed in the next section.

An interior one-spike equilibrium solution to (3.25) in RY is given by

0 -1/
a=h"CVy ez —xo|], h= (% / w™pN 1 dp) . (3.26)
0

Here ( is given in (1.2), wy is the surface area of the unit N-dimensional
sphere, and w(p) satisfies (1.7). The finite-domain nonlocal eigenvalue
problem of the form (3.8), obtained by linearizing (3.25) around this equi-
librium solution, is

—N,.p m—1 d
M. =20, + (-1 + pwP N — 2 (fﬂw ¢ ”’)zm,

s+1 Jow™dx
(3.27)
where 0,¢. = 0 on 9. The corresponding infinite-line nonlocal eigenvalue
problem is
m—1
My® = Lo® — L yp» (fRN“’ M‘”) — e, (3.28)
s+1 Jon w™ dy
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with & — 0 as |y| — oo, and Lg defined in (3.14b).

From (3.14), and the condition (1.2) on the exponents (p, g, m, s), we see
that @« = mq/(s+ 1) > p— 1. From the second statement of Proposition
3.4 we conclude that for any nonzero eigenvalue of (3.28), we have that
Re(A) < 0 whenm =2and 1 < p <1+4+4/N, or when m = p+ 1 and
1 < p < p., where p. is the critical Sobolev exponent. Therefore, under
these conditions, the nonlocal term has pushed the unstable eigenvalue of
the local operator Lg into the stable left half-plane. Since the discrete
eigenvalues of (3.28) are exponentially close to corresponding eigenvalues
of (3.27), we conclude from the discussion following (3.8) that an interior
one-spike solution to the shadow GM model will be metastable.

Then, by using the projection method in a similar way as was done
in Sec. 2, the derivation in Sec. 2.5 of [44] yields the estimate (2.58) for
the exponentially small eigenvalues of (3.27). Therefore, to leading order,
the contribution of the nonlocal term in (3.27) is subdominant to that
of the boundary layer calculation given in Sec. 2.5. Then, by using the
projection method for the time-dependent problem, the following result for
the metastable motion of an interior one-spike solution for the shadow GM
model was obtained in [44]:

Proposition 3.8. Let ¢ — 0, and assume that either m =2 and 1 < p <
14+4/N, orm =p+1 and 1 < p < p., where p, is the critical Sobolev
exponent. Then, a one-spike solution for the shadow GM model (3.25) with
7 =0 is given asymptotically by a(z,t) ~ h?/ P~V (e7|z — x0(t)|), where
xo(t) satisfies the differential equation

g~ N / FrimNe=2r/2(1 4 70) FdOQ, By = /Oo 2N
0~ - - , N = w-op p -
BNWN Jaq 0
(3.29)
Here r = |z — xo|, ¥ = (x — z0)/r, 1 is the unit outward normal to 0Q,

and c¢ is defined in (1.7b). Next, assume that there is a unique point T, on
09, where r is minimized. Then, the spike moves exponentially slowly in a
straight line towards ., and the distance r,,(t) = |xm — 2o(t)| satisfies

(N+1)/2 2

’ £ 2NC
ro~—€rm | — H(r,, 67271’"/5, = =172 (330
=t () () =20 (3.0
In terms of the principal radii of curvature R;, i = 1,...,N —

1 of 0Q at z,, the function H(rp) is defined by H(r,) =

(1- ;2—73)71/2... (1- ijm_l)fl/z.
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This result was first derived formally in Proposition 2 and Corollary
2 of [44] and was later proved rigorously in [14]. Metastability will also
occur for other (p, g, m, s) whenever we can guarantee that for any nonzero
eigenvalue of (3.28) we have Re(\) < 0 (see Question 3.2 above).

This analysis shows that an interior one-spike solution to the shadow
GM model with 7 = 0 is ultimately unstable, and the spike will drift ex-
ponentially slowly towards the closest point on the boundary. An open
problem concerns how the spike attaches to the boundary of the domain.

Question 3.5. Analyze the time-dependent motion of a spike when
dist(z9,0) = O(e). How does a spike attach itself to the boundary?

We remark that if we were to change the boundary conditions from
Neumann to the Robin condition

edpa+ra=0, xze€d, (3.31)

where Opa is the outward normal derivative, then from Eq. (2.58) of Sec. 2.5
we would expect that the exponentially small eigenvalues of (3.27) will all
be negative when k > 1 (see Proposition 2.1 for the analogous formula in
one-dimension). Therefore, when k > 1 an interior one-spike equilibrium
solution will be stable. This leads to the next question.

Question 3.6. Consider (3.25) (with 7 = 0) and with the Robin condi-
tion (3.31) for @ with & > 1. Prove that an interior one-spike equilibrium
solution is stable, and that a one-spike solution drifts exponentially slowly
towards the point in 992 that maximizes the distance to the boundary.

In [45] a formal asymptotic analysis was done for (3.25) when 7 = 0 to
derive an equation of motion for a spike on the boundary 92 of a domain.
Since the spike is localized, to leading order we have a spike on the boundary
of a half-space. In view of the Neumann boundary conditions, the stability
of the spike profile on an O(1) time-scale is again determined by the infinite-
line nonlocal eigenvalue problem (3.28). The following result was given in
Proposition 2.1 of [45]:

Proposition 3.9. Let ¢ — 0 and assume that either m =2 and 1 < p < 3,
orm =p+1. Then, the motion of a spike for (3.25) that is confined to the
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smooth boundary of a two-dimensional evolves according to
a ~ R/ =Dy, (5—1 [(s — so(t)? + 2] 2) +0(e), (3.32a)
o 9 ! 2
Lo [w (p)] dp
Joplw (O dp

Here w(p) satisfies (1.7) when N = 2, nj is the distance from x € Q to 01,
and s is the corresponding orthogonal coordinate, which measures arclength
along 02 when n = 0. In addition, k is the curvature of 02, taken with the
sign convention that k > 0 for a circle.

: b 4

so(t) ~ 3"k (s0), b (3.32b)

This result shows that the speed of the spike is O(g?), and that stable
equilibrium points correspond to points on the boundary where  has local
maxima. An analogous result for the spike motion on the boundary of a
three-dimensional domain is given in Proposition 3.1 of [45]. For the full
GM model (1.1) it was proved in [18) that there is an equilibrium boundary
spike solution that concentrates at a local maximum of the curvature of 92
whenever the inhibitor diffusivity D in (1.1b) is sufficiently large. Therefore,
for equilibrium boundary spike solutions, the shadow GM model closely
predicts behavior in the full GM model for D large.

The result (3.32b) predicts that a spike is stationary on a flat segment of
the boundary where & = 0. In this case, as was shown in [45], the motion
of a spike is exponentially slow and is determined by the local behavior of
the boundary at the ends of the flat segment. Consider the two-dimensional
case where z = (x,y), and suppose that the spike is located on the straight-
line boundary segment joining the points (zr,0) and (zg,0) as shown in
Fig. 5. The spike is centered at zg = (£,0) where z; < £ < zg. We
decompose 992 as 00 = 90N, U Qs where 08 is the straight-line segment
of the boundary and 02, denotes the remaining curved part of 92. The
distance between the spike and 92 is assumed to be a minimum at either
of the two corners (zr,,0) or (zg,0).

The local behavior of (2. near the corner points is critical to determining
the motion. Near these corner points, we assume the local behavior

(£,0); y=14vr(), ¢IL($) ~ —Kp(zxr —2)*, as z— 27, (3.33a)
(zr,0); y=vr(@), Yr()~Kgp(e—zr)", asaz—ah, (3.33b)

where oz, > 0 and ag > 0. When oy = ag = 1, K and Kg are propor-
tional to the curvature of 9. at the left and right corners, respectively.
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(:L'LJO) (5;0) 6Qs (l'RaO)
Figure 5. Plot of a two-dimensional domain  with a flat boundary segment. The

spike is centered at x = & on the flat segment. The dotted line indicates an approximate
equipotential for a.

The following result characterizing the motion of a spike on the flat segment
was derived in Proposition 5.2 of [45] using the projection method.

Proposition 3.10. Let ¢ — 0 and assume that either m = 2 and 1 <
p<3,orm=p+1. Assume that the distance between & and 09, is a
minimum at either of the two corners (zr,0) or (xg,0). Then, for e — 0,
the x-coordinate, £(t), of the center of a spike that is attached to the flat
segment 0N); satisfies the asymptotic differential equation,

! 2ec? Kg g\ertl —2(zr—§)/e
f(t)wﬁ{:m—f(i) Flar+1)e
_ _Kp eyertt —2(6—ar)/e
e (2) T(ap +1)e . (3.39)

Here c is given in (1.7b), § = fooo pw 2(p) dp, and the constants K, Kg,
ar and ag are defined in (3.33) in terms of the corner behavior of 0f..

A similar differential equation for the motion of a straight-line interface
in a constant width neck region of a dumbbell-shaped domain was derived
in [60]. The result (3.34) shows that there is a unique steady-state one-
spike boundary solution on xy < ¢ < zr whenever Ky and Kgr have the
same sign. This solution is unstable when Q is convex near (zr,0) and
(zR,0) so that Kg < 0 and K, < 0. It is stable when K; > 0 and
Kr>0.If K;, < 0and Kg > 0, then there is no steady-state and £(t) will
move exponentially slowly towards zg. Similarly, £(¢) will move towards
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zr, if K, > 0 and Kg < 0. When the spike touches (zr,0) or (zg,0), its
subsequent evolution is determined by (3.32b).

Question 3.7. Give a rigorous proof of the characterization of time-
dependent spike motion on the boundary of the domain as given in Propo-
sition 3.9-3.10 above, and in Proposition 3.1 of [45]. Formulate a numerical
method that is able to numerically compute interior and boundary spike
solutions to (3.25) over, possibly, exponentially long time-scales.

3.2. Hopf Bifurcations for the Shadow GM Model

We now analyze (3.25) when 7 > 0. A equilibrium one-spike solution is
again given by (3.26). For this shadow GM problem, it was shown numeri-
cally in [78] that a Hopf bifurcation in the spike amplitude can occur when
7 is large enough. Since this instability occurs on an O(1) time-scale, for
this problem we are not concerned with the exponentially small eigenvalues.
By computing the full numerical solution to (3.25) for N = 2, in Fig. 6 we
plot the amplitude a,, = a(0,t) of a spike centered at r = |z| = 0 versus
t for two values of 7. This figure suggests that there is a Hopf bifurcation
for some 7 in 0.53 < 7 < 0.58.

0.245 T T T

Figure 6. The Hopf bifurcation. We plot a at x = 0 versus ¢ for 7 = 0.53 (solid curve)
and 7 = 0.58 (heavy solid curve). The exponent set is (p,q,m,s) = (2,1,2,0), with
N =2, and € = 0.05.

To analyze the Hopf bifurcation we must study the associated spectral
problem. Upon linearizing (3.25) around the equilibrium solution in (3.26),
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we obtain the following nonlocal eigenvalue problem in place of (3.28):
mflq) d
Mo = Lo® — — ™9 yp (Jrr® Y) = aa, (3.35)
s+1+7A Janw™dy

where ® — 0 as |y| — oo and Lg is defined in (3.14b). This eigenvalue
problem is more complicated than (3.28) since the multiplier of the nonlocal
term now depends on TA.

The spectrum of (3.35) was studied in [106], where the following result
was obtained.

Proposition 3.11. Assume thatm =2 and 1 < p < 1+4/N. Then, there
ezists a unique T = 79 > 0 such that (3.35) has an eigenvalue X = i\?, with
XY > 0. For all T > 79 there are exactly two eigenvalues of (8.35) in the
right half-plane Re()\) > 0. In addition, there exists a 7. with 7, > 19 such
that for any T with T > 7., these two eigenvalues are on the positive real
azxis, with one eigenvalue tending to vy and the other eigenvalue tending to
zero as T — 00. Here vy > 0 is the unstable eigenvalue of the local operator
Lg. Alternatively, for any T with 0 < 7 < 79 there are no eigenvalues of
(8.35) in the right half-plane.

The existence of a complex conjugate pair of eigenvalues for some 7 = 79
was proved in Theorem 2.3 of [106]. The remainder of the proposition was
proved in Lemma 3.1 and in Sec. 3 of [106]. Since there are no eigenvalues
in the left half-plane when 0 < 7 < 79 and exactly two when 7 > 79, this
result shows a transversal crossing condition for 7 near 79 and proves the
existence of a Hopf bifurcation point. In Lemma 2.5 and Eq. (2.36) of [106],
the following bounds on the frequency A% were derived:

Proposition 3.12. Assume that m =2 and 1 <p <1+ 4/N. Let { and
Cnp be defined by

_[N+(@+1)(Q-N/2) _ 2¢
Crp = p+1 ] CE -

—(s+1)>0. (3.36)

Then, the Hopf bifurcation values 1o and X% > 0 satisfy

((p—1)° A0 < 2q (f]RN w?? dy)
Cn, T (s+1) Jon w?dy
For the exponent set (p,q,m,s) = (2,1,2,0), in Fig. 7 we illustrate

Proposition (3.11) by plotting the path of A = Ag + iAr as 7 is increased.
This type of path in the spectrum is very similar to what was shown for

1/2

A9 > (3.37)
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2.0
15

1.0

0.5

Ar 00
—0.5
1.0
1.5
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L]

Figure 7. Plot of the path of A = Ap + i\ for (p,q,m,s) = (2,1,2,0) with N = 2
(arrows indicate direction of increasing 7). There is a pair of pure imaginary eigenvalues
when 7 = 79. The complex conjugate pair merge onto the real axis at /\% when 7 = 7.
For 7 > 7¢, one eigenvalue then tends to the eigenvalue vo > 0 of Ly as 7 — oo.

the GS model in one spatial dimension in [25] and [26]. The existence of
two real positive eigenvalues for 7 >> 1 was proved in [16].

In Table 1 we give some numerical results for 7o and A}, obtained from
full numerical solutions of (3.35) for different exponent sets (p, g, m, s) and
dimension N. The lower and upper bounds on A} predicted in (3.37) are
also shown. Notice that the lower bound is actually quite close to the
numerically computed value.

Table 1. Numerical values for 7p, )\9, and 7. for different exponent sets
(p,q,m,s) and dimension N for which m = 2 and 1 < p < 1+ 4/N. The
lower and upper bounds for A given in (3.37) are given in the fifth and sixth

columns.

(p,q,m,s) N 70 A2 (lower bound) (upper bound) Te
(2,1,2,0) 1 0.771 1.238 1.200 2.484  4.560
(2,1,2,0) 2 0.561 1.593 1.500 3.230 3.338
(2,1,2,0) 3 0373 2174 2.000 4.519 2.189
(3,2,2,0) 1 0.304 2.859 2.667 5.842 1.800
(3,2,2,0) 2 0.150 4.477 4.000 9.849  0.843
(4,2,2,0) 1 0.149 2.525 2.143 6.628 0.471

We now discuss a few of the ideas that are needed for the proof of
Proposition 3.11. As in the derivation of (3.18), the eigenvalues of (3.35)
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are the roots of the function g(A) = 0, where
s+14+7A Jon w™ T (Lo — X) " w? dy
AD)=———f(N), A\ =R .
=TI, O Towdy
(3.38)

The function g(\) is analytic in Re(A) > 0 except at the simple pole
A = vp. In place of (3.19), the number M of zeroes of g(\) in Re(\) > 0 is

M= g + % [arg g]p, - (3.39)
Here [argg]p, denotes the change in the argument of g(\) along the semi-
infinite imaginary axis I'r = i\, 0 < A; < oo, traversed in the downwards
direction. By letting A = iAs, we find, in place of (3.20), that the eigenval-
ues of (3.35) along the positive imaginary axis are the roots of the coupled
system ggr = gr = 0, given by

ST o), @) = ;—; RO, (340)

gr(Ar) =

where fr and f; are defined in (3.20c).

Since (s +1)/gm < (p — 1)~! from (1.2), we have that jr(0) < 0 and
gr = (s+1)/gm >0 as A\f - 400. Form =2and 1 < p <1+4+4/N,
we have from Proposition 3.6 that flll < 0 for A; > 0, and hence there is a
unique root to gr = 0. If 7 is sufficiently large, then gr > 0 at the unique
root of gr = 0, and so we calculate that [argg]. = 7/2. Then, from (3.39)
we get that M = 2 for 7 sufficiently large. Alternatively, for 7 small enough
we have that §r < 0 at the unique root of gr = 0, so that [arg g],, = —37/2,
which yields M = 0. To show that there are two eigenvalues in the right
half-plane along the positive real axis when 7 is sufficiently large, we look
for roots of g(A) =0 for A = Ag > 0. From (3.38), we get

s+1+7TAg Jov w™ 1t (Lo — Ar) twP dy
———fr(A AR) = .
s frR(Ar),  fr(AR) Teww dy

gr(AR) =

(3.41)
A simple calculation shows that fr(0) = 1/(p — 1), so that gr(0) < 0. In
addition, we have that fr(Agr) = +00 as Ag = v, where vy > 0 is the
unique positive eigenvalue of Lo (see Proposition 3.1). Hence, gg — —o0
for Ag = vy . Therefore, it is clear from (3.41) that for 7 — oo, there are
two roots to (3.41). For 7 — 00, one root tends to v; while the other root
tends to zero. These are the main ideas of the proof of Proposition 3.11.
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Question 3.8. Can one determine more general conditions on the expo-
nents (p,q,m,s) and on N for the existence of a unique Hopf bifurcation
point for 7 > 07

Question 3.9. Analyze the large-scale oscillatory motion for (3.25) for val-
ues of 7 well-beyond the Hopf bifurcation point. Using a weakly nonlinear
analysis determine whether the Hopf bifurcation is subcritical or supercrit-
ical. In the presence of the fast oscillation, derive an ODE for the slow
motion of the center of the spike. Is the drift still exponentially slow?

3.3. A Microwave Heating Model

Another problem where nonlocal singularly perturbed PDE’s arise is in the
study of hot-spot formation in the microwave heating of ceramics (cf. [62],
[63], [9], [10], and [11]). As shown in [62], when a thin cylindrical ceramic
sample is placed in a resonant single-mode microwave cavity in such a way
that the intensity of the electric field is constant along the axis of the
cylinder, a localized region of elevated temperature, known as a hot-spot,
can arise. The mechanism for the formation of a stable hot-spot is the
detuning of the cavity that occurs as a result of a large increase in the
electrical conductivity of the sample for high temperatures. Depending
on the parameters, this detuning shifts the resonant point of the cavity,
which reduces the strength of the electric field, and thereby stabilizes the
temperature profile. In the small Biot number limit, and for a thin sample,
the modeling of this detuning effect leads to a nonlocal reaction-diffusion
equation for the dimensionless temperature u(x,t) along the axis of the
sample of the form (cf. [62]):

pcf(u)

Up = €Uy — 2 (u +b(u+1)* - 1]) + )
1+ x2 [Ll f(u) dw]

5, |o[ <1,
(3.42)
withu, =0at z =+1. Heree < 1, x >0, p. >0, and b < 1, and f(u) is
electrical conductivity of the sample, which is modeled as f(u) = 1 + u?.
An equilibrium hot-spot solution has u — oo as e = 0. The appropriate
rescaling is u = e ~2/3U with U = O(1) as derived in [9]. Using this rescaling
in (3.42), and with b < O(e?), we obtain the following rescaled problem

pU?

2
Ut:E wa—2U+X2—Ig,

@l <13 Ua(2L,6)=0,  (343)

where Iy = ¢! fil U? dz. This problem has the form in (3.7). The equi-
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librium hot-spot solution for (3.43) is given by

U ~ Ul 20] = 7w [M] = () m=ava(s)

(3.44)

Here w(y) is the solution (1.8) to Carrier’s problem with p = 2.
Linearizing (3.43) around this equilibrium solution, we obtain the fol-
lowing finite-domain nonlocal eigenvalue problem:

2p.U. ¢_4pCU52
XL ) el

1
/ Uspe dz = N0, |2] <1,
1

(3.45)
with ¢.,(+1) = 0. Letting, ¢.(x) = ®(y), where y = /26~ (z — ), the
discrete spectrum of (3.45) can be approximated by the spectrum of the
corresponding infinite-line nonlocal eigenvalue problem

*© wdd by
W):—Q, —co<y< oo, (3.46a)
> wdy

2
where & — 0 as |y| — co. The constant « in (3.46a) is

6\/§pc 73
X2

M5¢5 = 52¢€zw+ (_2 +

@yy—@+2wq>—aw2<

o= (3.46b)
where v and Iy are defined in (3.44).

This infinite-line problem has the form (3.14) with p = m = 2. There-
fore, the second statement of Proposition 3.3 proves that any nonzero eigen-
value of (3.46a) satisfies Re(A) < 0 when a > 1. A simple calculation using
the expressions for v and I in (3.44) yields that a = 4 for all x > 0 and
pe > 0. Therefore, the principal eigenvalue of (3.45) is exponentially small,
and a hot-spot will exhibit metastable behavior. In this way, the following
main result was derived in [50]:

Proposition 3.13. For ¢ < 1, and for any x > 0 and p. > 0, the expo-
nentially small eigenvalue of (3.45) has the asymptotic estimate

Ao ~ 120 (e—zﬁﬂ—“ﬂo)/s + e—Qﬁ“ﬂo)/E) : (3.47)

A metastable hot-spot solution to (3.43) is given by

u(z,t) ~ 3?fysech2 (E_IL\/;O“)]) ) (3.48a)

N
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where the hot-spot location o (t) satisfies the differential equation,

% ~ 60sV/2 (e72VEIma0)/E _ gm2VALHa0)/E) (3.48b)

This shows that the equilibrium hot-spot solution centered at 2o = 0 is
unstable, and that the hot-spot tends to the closest of the two boundaries.
As a remark, a similar analysis can be done for the generalized polynomial
conductivity model f(u) = 1+ ciu?. In place of (3.46a), the corresponding
finite-domain nonlocal eigenvalue problem is

By — P+ 20P7' D — 2pw? Lour@dy) ap

yy — @+ 2w — 2pw W =5%, -0 <y <oo.

(3.49)

The only result for the spectrum of this problem is given in the third state-
ment of Proposition 3.3.

Question 3.10. Can a similar analysis be done for (3.49) and for the
multi-dimensional version of (3.42)?

3.4. A Flame-Front Evolution Model

This problem concerns the evolution of a flame-front in a vertical channel.
For a channel with a constant cross-section 2 in the z = (z1, z2) plane, and
under certain physical conditions, the flame-front interface z = Z(x1, 22, 1)
satisfies the nonlocal PDE (cf. [7], [92])

1 . 1
Zt—§|VZ|2:5AZ+Z—ﬁ/de, z€N; 0, Z=0, xe€dN.
Q

(3.50)
Here ¢ < 1, || is the area of the cross-section and 0, is the outward
normal derivative. It is observed in physical experiments and numerical
computations that the flame-front interface assumes a roughly paraboloidal
shape and that the tip of the paraboloid moves very slowly.

The simpler one-dimensional problem in the slab geometry Q = [0,1]
was studied in [7] and [92] by first converting (3.50) into a local problem
by using the transformation v = —Z,. This yields a convection-diffusion
problem known as the Burgers-Sivashinsky equation

Vg + VU — U = €Vzy, v(0,t) =v(1,t) =0. (3.51)
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By analyzing (3.51), it was shown in [92] that the tip zo = zo(t) of a
parabolic flame-front interface drifts exponentially slowly towards the clos-
est point on the channel wall (i.e. either x = 0 or £ = 1) according to the

ODE
' 2 m2e (12 m2e .2
Zg ~ E |:<(1—$0)2+T>€ (1—z0)"/2e _ ((SE’%"‘T))e w0/25:| .
(3.52)
The simple substitution v = —Z, to eliminate the nonlocal term for the

one-dimensional case has no counterpart for the two-dimensional problem
(3.50). However, the change of variables

7Z = 2¢ logu, (3.53)

readily reduces (3.50) to the nonlocal problem

1
utzeAu+u(logu—@/logudx), z€eQ; Ou=0, xe€0N,
Q

(3.54)
which is a special case of (3.7). The corresponding local steady-state prob-
lem is eAu + ulogu = 0, which has a degenerate nonlinearity of the type
studied in [21]. This leads to the following question:

Question 3.11. Can one analyze (3.54) and the spectrum of the linearized
problem? In one-dimension, can one use (3.54) to give a rigorous proof
of (3.52). Can the two-dimensional problem for a paraboloidal-shaped
interface be analyzed? Investigate spike equilibria for Carrier’s problem
e2u” +u logu = 0, and its multi-dimensional counterpart.

4. Dynamics and Equilibria of a Spike in an R-D System

We begin this section by giving some results for the dynamics and equi-
librium locations for an interior one-spike solution to the GM model (1.1)
with 7 = 0 in a bounded domain Q € R2. The results in this section cover
the range D > O(e?), where D is not exponentially large as ¢ — 0. The
near-shadow limit where D = O(e/¢) for some ¢ > 0 is discussed in §5.1.
Even in the simple case where 7 = 0, there are different dynamical laws
of spike motion that hold for different ranges of D. For the shadow problem
where D = oo, we found above in Proposition 3.8 that a one-spike solution is
metastable and that the spike drifts exponentially slowly towards the closest
point on ). Alternatively, for D small with 2 < D < 1, we find below
that the motion of an interior one-spike solution is again metastable, but
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now the spike tends to a point in {2 that maximizes the distance function.
In contrast, for D > 1, the motion of a one-spike solution is proportional
to the gradient of the regular part of the Neumann Green’s function for the
Laplacian. Finally, for D = O(1), the motion of a spike is proportional to
the gradient of the regular part of the reduced wave Green’s function. This
second Green’s function depends on D.

For D > 1 and D = O(1), the equilibrium location of a one-spike
solution is given by the zeroes of the gradient of the regular part of the
Neumann Green’s function and the reduced wave Green’s function, respec-
tively. In this way, we examine how both the shape of the domain and the
inhibitor diffusivity D determine the possible equilibrium locations for a
one-spike solution. For D small, we find that stable equilibrium spike loca-
tions tend to the centers of the disks of largest radii that can fit within the
domain. Hence, for D small, there are two stable equilibrium locations for
a dumbbell-shaped domain. In contrast, from the Neumann Green’s func-
tion, we predict that for a family of dumbbell-shaped domains there is only
one possible equilibrium location when D is sufficiently large. This change
in the multiplicity of an equilibrium spike-layer location is explained from
a certain bifurcation behavior of the zeroes of the gradient of the regular
part of the reduced wave Green’s function that occurs at a certain critical
value of D.

The results below have been derived in [54] and [55]. There have been
very few analytical studies of the dynamics of spikes for the GM model (1.1)
or for other reaction-diffusion systems in R?. In [15] and [103] the motion
of a one-spike solution for the GM model (1.1) was studied for D > 1. In
[34] the metastable motion of a two-spike solution in R? was studied in the
weak interaction limit where D = O(g?). This problem is equivalent to a
one-spike solution in a half-space with a Neumann boundary condition. For
this case, the spike interaction is repulsive, as was found in [34].

In the results below, there are two Green’s functions that play a promi-
nent role. The reduced wave Green’s function G(z;xo) satisfies

1
AG—EG:—é(x—wO), z€N; 0,G=0, z€090. (4.1)
The regular part R(z;xzq) of this function is defined by

1
R(z, o) = G(z,z9) + Py log |z — zo| . (4.2)
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Alternatively, the Neumann Green’s function G, (z; o) satisfies

NG, = ﬁ—é(m—xg), z€Q; 8,G,, =0, x€0Q; /QGmdmzo.
(4.3)
The regular part R,, of this Green’s function is defined by
R (z,20) = % log |z — zo| + Gm(z, 20) . (4.4)
In terms of R and R,,, we define Ry = R(zg, ) and
VRy = V$R(x,x0)|w:w0 , VRpo = V$Rm(x,x0)|m:$0 . (4.5)

For D > 1, it is easy to see that these two Green’s functions are related by

R(z,20) ~ % + Ry (z,20) +O (D) . (4.6)

We begin with the first result that holds for D > —loge as derived in
[15] and in Proposition 3.2 of [103]:

Proposition 4.1. Let ¢ — 0 and D > —loge, and assume that the spike
profile is stable on an O(1) time-scale. Then, the motion of a one-spike
solution for (1.1) in Q € R? is characterized by

Dv\ ¢
a(z,t) ~ HY® Dy ez —x0]] , H~ (T) , (4.7)

where v = —1/loge, b = [ w™(p)pdp, and ( > 0 is given in (1.2). The
spike location xo = xo(t) satisfies

dmo (24|
dt p—1
Here VR is defined in (4.5).

52
) VR (4.8)

The following result for D > O(g?) is derived in Proposition 2.1 of [54]:

Proposition 4.2. Let ¢ — 0 and D > O(e?), and assume that the spike
profile is stable on an O(1) time-scale. Then, the trajectory of an interior
one-spike solution for (1.1) in Q € R? is given by

dxo 4drq g2
AL 4.

dt (p—l) —10g6+27rR0VR0’ (49)
where Ry and its gradient are defined in (4.5).
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For D > 1, we can use (4.6) in (4.9), to show that (4.9) reduces to (4.8).
For D <« 1, we can approximate Ry by the distance function as outlined in
Proposition 3.2 of [54]. More specifically, let r(z) = dist(92,z). Suppose
that zg is a local minimum of R(zg,z¢) for D <« 1. Then, for D < 1, x
is a local maximum of 7(z). A more detailed result as given in Proposition
3.1 of [54] determines the following formula for the speed z:

Proposition 4.3. Let ¢ — 0 and O(¢?) < D < O(1), and assume that
the spike profile is stable on an O(1) time-scale. Assume that at some time
t, there is a unique point ., € 0N that is closest to xo. Then, at that time
t, the speed of a spike for (1.1) in Q € R? is given by

deo Vg ( e ) ro1/20-22rm (1 _ T_m)_2 P

dat T p—1 log2 — v —log[eA] ) ™ Km fm -

(4.10)
Here A = D~'/2, vy is Euler’s constant, 7, = | —20|, Frn = (Tm—20)/Tm,
and K, s the curvature of O at x,,. Since dry,/dt = —dxo/dt - 7y > 0
from (4.10), the spike moves away from the closest point on the boundary.

In Theorem 4.1 of [54], a complex variable method was used to deter-
mine an explicit formula for VR,,o for a certain class of mappings of the
unit disk. From this formula, and from detailed boundary integral numer-
ical computations, the following conjecture was made in [54] regarding the
number of zeroes of VR,,o.

Conjecture 4.1. Let Q be any simply-connected bounded domain in R?,
not necessarily convex, and assume that OQ is smooth. Then, VR,,o has
a unique root inside Q). Thus, it is conjectured that for D > 1 there is a
unique equilibrium location of an interior one-spike solution of (1.1), and
that this location is stable.

To illustrate the novelty of this conjecture consider a similar problem,
but now for the Dirichlet Green’s function G4, which satisfies

AGg=—-6(x—m9) z€Q; Gg=0, z€090. (4.11)

The regular part of G4 and its gradient are defined by

1
Ry(z,x0) = Ga(z, o) + Py log|z —x0|, VRio =V Ru(x,%0)|,—,, -
(4.12)
Many properties of R4 are given in the survey article [2]. The uniqueness

of a root to VRgy = 0 in a conver domain was established in [43] and
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[12]. Consider a class of possibly non-convex domains {2, generated by the
following map f(z) of the unit disk |z| = 1, parameterized by b,
(1-10%)z

In Fig. 8 we plot 2 for several values of b. When b — oo, (2 is a perturbation
of the unit circle. However, when b — 1%,  becomes the union of two
disjoint circles each of radius 1/2. It is easy to verify that Q2 is non-convex
when 1 < b < 1 + /2. By using this map, it was proved in [43] that VR
can have multiple roots in a non-convex domain.

Figure 8. The boundary of @ = f(B), with f(z) as given in (4.13), where B is the unit
disk. The values of b are as indicated.

From Conjecture 4.1 it follows that for D large enough, there is exactly
one possible location for an interior one-spike equilibrium solution, and this
location is stable. However, for a dumbbell-shaped domain such as shown
in Fig. 8 for 1 < b < 1 4+ v/2, we know that when D is small enough, the
only possible minima of the regular part Ry of the reduced wave Green’s
function are near the centers of the lobes of the two dumbbells. In addition,
Ry has a saddle-point at the origin. For D small enough, the equilibria in
the lobes of the dumbbell are stable, while the equilibrium at the origin
is unstable. Hence, this suggests that a pitchfork bifurcation occurs for
the zeroes of VRy as D is increased past some critical value D.. As D
approaches D, from below, the two equilibria in the lobes of the dumbbell
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should simultaneously merge into the origin. To investigate this effect, a
boundary integral method was used in [55] to compute the zeroes of VR
as a function of A = D~1/2 for different values of the shape-parameter b in
the class of mappings (4.13). The bifurcation diagram, as shown in Fig. 9,
does indeed show a pitchfork bifurcation as predicted, with a subcritical
bifurcation if b is small and a supercritical bifurcation if b is large.

0.47

0.27

SR

\‘
i
\!

8

°
]
/]

-0.2 1

0.4

A

Figure 9. Plot of the bifurcation diagram for the spike equilibria versus A = D~1/2
for various values of the dumbbell shape-parameter b. The leftmost curve is b = 1.15.
Successive curves from left to right correspond to increments in b of 0.05.

This numerical study, and Conjecture 4.1, shows that further work is
required to understand the properties of the zeroes of VRg and VR,,,o- The
pitchfork bifurcation behavior for the zeroes of V Ry in nonconvex domains
having two axes of symmetry should be a generic feature.

Question 4.1. Can one determine general properties of the zeroes of the
gradients of the regular parts of the Neumann Green’s function and the
reduced wave Green’s function? Does Conjecture 4.1 hold?

Question 4.2. Do the zeroes of VR have a subcritical bifurcation with
respect to A = D~1/2 in a dumbbell-shaped domain, whenever the neck of
the dumbbell is sufficiently thin, and a supercritical bifurcation in A when
a dumbbell-shaped domain is sufficiently close to a circular domain?

Question 4.3. Can one study the bifurcation behavior for an interior two-
spike equilibrium solution as a function of D and the domain topology?
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4.1. The Near-Shadow System

Next, we consider a one-spike solution for the near-shadow limit of the
GM model (1.1) where D is exponentially large as e — 0. For the shadow
problem where D = oo, and under certain conditions on the exponents
(p,q,m,s), it was shown in Sec. 3.1 that a one-spike profile is stable, but
that the spike will drift towards the boundary with an asymptotically expo-
nentially small speed as € = 0. The asymptotic equilibrium location of this
metastable spike is determined by critical points of the distance function.
However, when D is exponentially large, the spike location is determined
by a balance between the Neumann Green’s function R, defined in (4.4)
and the exponentially weak interaction between the far-field behavior of
the spike and the boundary 912 of the domain. In the one-dimensional case
this balance leads to the following result (cf. [55]):

Proposition 4.4. Let ¢ € 1, Q = [-1,1], and 2o € (-1,1). Assume
that the spike profile is stable on an O(1) time-scale. Then, when D is
exponentially large as € — 0, the spike location xo satisfies the ODE

drzg 4ec® (esinh (2z9/e) D, 2y
— ~ - — & 4.14
a " B ( 270 YA (4.14)
where D, and B are defined by
E2q/8 2/5 — o ! 2
D, = 2p-1) 1)e , B= /0 [w (y)] dy . (4.15)

This result shows that the spike at ¢ = 0 is stable when D < D., and is
unstable when D > D.. When D < D., there are two unstable equilibria,
which are the nonzero roots of 2y/ sinh (2y) = D/D,. with y = e 'xzo.

Similar bifurcation behavior occurs for dumbbell-shaped domains. For
these domains, an unstable spike for the shadow problem with D = oo can
be located either in the neck or in one of the two lobes of the dumbbell.
However, when D is exponentially large, the next result, as derived in
Proposition 4.1 of [55], shows that the bifurcation behavior is such that
the spike in the neck of the dumbbell becomes stable through a pitchfork
bifurcation. A further result in [55] shows that the spikes in the lobes of the
dumbbell tend to the boundary when D is exponentially large. Therefore,
this suggests how Conjecture 4.1 arises from the near-shadow limit.

Proposition 4.5. Let € <€ 1 and consider the class of dumbbell-shaped
domains generated by the mapping f(z) given in (4.13). Assume that the
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Figure 10. Plot of a dumbbell-shaped domain and the bifurcation behavior of spikes in
the neck of the dumbbell when D = O(e®/).

spike location (0,y0) on the y-axzis satisfies yo = O(e). Then, the local
trajectory yo(t) satisfies

dyo 1/2 2y / sinh (2y0/8) Dc
A m/e |2 E901E) e 4.1
a " Cw/e) D™ e
where D, and pg satisfy
e?p q T\1/2 1/2
D.=—|——] (- m (1 = EmYm 2ym /e 4.1
4c2 (p_1> (E) [y ( KmY )] Gbe ) ( 6b)
8¢? ~1/2 (* -1) 6 4 2
= — [ym (1 — EmYm , = —— |20+ 30"+ 26" — 1] .
o = =5 [ym (1= )] Gy [26° + 35" + ]

T2t —1)2
(4.16¢)

Here K, is the curvature of the boundary at the point (0,y,,), where
»+1\° 8> b2 —1
m = 1—-—|, Ym={5—) . 4.1
= (51) ] e (er) e @0

Therefore, when D > D,, yo = 0 is the unique, and unstable, equilib-
rium solution for (4.16a). For D < D., yo = 0 is stable, and there are
two unstable equilibria with |yo| = O(e), satisfying 2¢/sinh (2¢) = D/D,
for ¢ = yo/e. Therefore, the local bifurcation is subcritical in D/D,.. In
Fig. 10 we show the geometry and the bifurcation behavior indicated by
Proposition 4.5.

Question 4.4. Provide a rigorous proof of Propositions 4.4 and 4.5. What
is the behavior of equilibrium spikes that are O(g) close to the boundary?

Question 4.5. What is the relationship between k-spike equilibria of the
shadow system (3.25) where D = oo and k-spike equilibria to the near-
shadow system (1.1) where D is exponentially large.
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4.2. Pinning of a Spike

For the GM model (1.1) with 7 = 0, we now examine the effect of spatial
variations in the coefficients of the differential operators. We will consider
two such problems. The first problem, in one space dimension, is

2 a?
a; = ¢ am—[1+V(w)]a+ﬁ,

m

—1<z<1; ax(£l,t)=0, (4.17a)

0= Dhyy — p(z)h +e7* —l<z<1; hy(£l,t)=0. (4.17b)

a
F ’
Here p(z) > 0 and V(z) > 0 are precursor gradients (cf. [103]), and
(p,q,m,s) satisfy (1.2). The second problem is in R?, and is given by

ap
he’

0= DAh— u(x)h + 6_2(;1—8 ,

a; = e?Na—[1+V(z)]a+ z€Q; Oha=0 €0, (4.18a)

x€Q; Oh=0 z€dN. (4.18b)

In Corollary 2.2 of [103], the effect of V(z) for a spatially independent
u was obtained for (4.17).

Proposition 4.6. Lete < 1 and suppose that the spike profile is stable on
an O(1) time-scale. Let u(x) = p be a positive constant. Then, the motion
of a one-spike solution for (4.17) is characterized by

a(z,t) ~ H9/(P—1) 1 +V($0)]1/(p—1)w [ 1 +V(w0)(x_67x0)] . (4.19)

where h(zg) = H and H is given in Eq. (2.14b) of [103]. Moreover, w(y)
satisfies (1.8), 0 = \/u/D, and the spike location xo(t) satisfies

doy |0 [0(1 + 2o)] — tanh [9(1 —m)])—% (it?) 111(/;'17((20)'

(4.20)

dt p—1

Tt is easy to see from (4.20) that if V' is convex with a minimum at some
point in [—1, 1] then there exists a unique equilibrium solution to (4.20) and
this equilibrium solution is stable. When V' (z) is not convex the situation
is more complex. For instance suppose that V' (z) is a double-well potential

2
of the form V(z) = b(1 — 22)? with b > 0. Define w by w = #Seche,
Then, it readily follows that when b/(1 + b) > w, we have that o = 0 is
an unstable equilibrium solution to (4.20), and that there exists a stable

equilibrium solution on each of the subintervals —1 < x < 0and 0 < z < 1.
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Alternatively, if 1% < w, then zy = 0 is the only equilibrium solution to
(4.20) and it is stable. This is a classic pitchfork bifurcation scenario.
The next result, given in Corollary 2.4 of [103], shows the effect of u(z):

Proposition 4.7. Let e < 1 and suppose that the spike profile is stable on
an O(1) time-scale. Let V(x) =0 and assume that D > 1. Then, the spike
location for (4.17) satisfies

Lot ([ u =) = 3 [ urae. wan

The results (4.20) and (4.21) show that the spike dynamics depends
only on pointwise properties of V' (z), but on global properties of u(x). The
final result, given in Proposition 3.1 of [103], is for (4.18).

Proposition 4.8. Let ¢ € 1 and suppose that the spike profile is stable on
an O(1) time-scale. Suppose that D > —loge as ¢ — 0. Then, the motion
of a one-spike solution for (4.18) is characterized by

a(z,t) ~ HY/ (=1 [1+V(:c0)]1/(”_1)w /1+V($0)|$_67”30| . (4.22)

where h(zo) = H and H is given in Eq. (3.9) of [103], and w(y) satisfies
(1.7) in R%. The spike location zo(t) satisfies the following gradient flow

dwo 26

dt (p—1)
The spike motion is orthogonal to level curves of W (z) and dW (x¢)/dt < 0
except at critical points of W.

VW (zo), where W(xo) =log[l+V(zo)]. (4.23)

When D > —loge, we observe from (4.23) that stable equilibria for
the location of the spike occur at points where the potential V(x) has a
local minimum. Notice the qualitative similarity between this result and
the result mentioned in Sec. 2.4 for Eq. (2.45).

Question 4.6. Can one derive an equation of motion for (4.18) when D =
O(1), that involves both VRy and VV, where Ry is the reduced wave
Green’s function of (4.5)7 If so, then a delicate competition will determine
the possible equilibrium locations for an interior one-spike solution.

4.3. Sudden Oscillatory Instabilities

We now illustrate a dynamical instability that can occur for a one-spike
solution to the GM model (1.1) in one space dimension when 7 is sufficiently
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large. For a one-spike solution on the Q = [—1,1], it is known from (4.20)
with V' (z) = 0, that when 7 = 0 the motion of a spike satisfies

dxy e2qb

dat o p—1
A simple analysis shows that this ODE is still asymptotically valid for
7 > 0 provided that the spike profile is stable. For certain ranges of 7
and D, the spike profile may be stable for z( sufficiently close to the right
endpoint z = 1, but may be unstable on an O(1) time-scale due to a Hopf
bifurcation in the spike amplitude that occurs at some critical value of zg
near £o = 0. Since a spike moves slowly towards the origin under (4.24),
this suggests that the spike will enter a zone of instability at some time ¢
with ¢ = O(e~2). The instability will initiate a rapid oscillation in the spike
amplitude relative to a possible continued slow drift of the spike towards
the origin. We call this phenomena a sudden oscillatory instability. This
phenomenon was first observed in [95], and also occurs for the SC model
(1.6) (cf. [95].

To study this instability, we construct a quasi-equilibrium one-spike
solution to (1.1) in Q@ = [-1,1]. Then, we derive a nonlocal eigenvalue
problem for the stability of the spike profile. A simple calculation shows
that the quasi-equilibrium solution a., h. is given for e < 1 by

(tanh [0(1 + zo)] — tanh [0(1 — z0)]) - (4.24)

) -1/¢
Qe ~ H9/ =1y, [a_l(w—xg(t))] , H= [Gg(mo;wo)/ w™ dy] ,

(4.25a)

he ~ Go [z; 0] /Go [%o; To] - (4.25b)

Here w(y) is the homoclinic solution in (1.8), ¢ is given in (1.2), and
Go(x; o) is the Green’s function satisfying

DGopr — Go = —(5(.%' - .’I?o) , —-l<zr<l,; GOZ(:EI;.’L'()) =0. (4.25C)

In Sec. 4.1 of [95] the following nonlocal eigenvalue problem was derived
to study the stability of a. and h. on an O(1) time-scale:

Proposition 4.9. Let 0 < ¢ < 1, 7 > 0, and g € (—1,1). Then, the
stability of the quasi-equilibrium profile (4.25) for the GM model (1.1) on
Q = [—1,1] is determined by the spectrum of the nonlocal eigenvalue problem

Lo® — xmw® (m) =A%, —o0<y< oo, (4.26a)

—00



June 21, 2004 6:44 Proceedings Trim Size: 9in x 6in sing

60

with ® — 0 as |y| = oo. Here Lg is the local operator defined in (3.16),
and the multiplier x.,, is defined by

) -1
)
B(6o; x0)
where the function B(&;xq) is defined by
B(&; zo) = tanh [£(1 + x0)] + tanh [{(1 — z0)] . (4.26¢)
Here z, 6, and 6y, are given by
Z=TA, 0r =60pV1+ 2z, 6o =D/, (4.26d)
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Figure 11. Plots of 79 versus zo for the GM model with (p, g, m,s) = (2,1,2,0). Here
we have D = 1.0 (solid curve), D = 0.5 (dashed curve), and D = 0.1 (heavy solid curve).

This eigenvalue problem is very similar to (3.14) except that the con-
stant multiplier a of the nonlocal term in (3.14) is replaced by the multiplier
Xm, Which depends on zg, on D, and on the product 7A. Consider the ex-
ponent set (p,q,m,s) = (2,1,2,0). Then, since x,,, > 1 when 7 = 0, we
conclude from the second statement of Proposition 3.3 that the spike profile
is stable for 7 = 0. However, for each fixed D, the spike profile centered
at zo will become destabilized due to a Hopf bifurcation when 7 exceeds
some critical value 79(z¢). By symmetry 79 is an even function of zo and
so we need only consider zg € (0,1). The results for 7o(x¢) obtained from
a numerical computation for different values of D are shown in Fig. 11.
Since 79 is a monotone increasing function of xg for £y > 0 when D = 1,
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by the discussion in the beginning of this subsection, a sudden oscillatory
instability will occur for certain parameter values.

T
1.20
a, 080F
LU PO————
0.00 ! |
o 500 1000

Figure 12. Plots of the spike amplitude am = a(zo,t) versus ¢ for D = 1.0, € = 0.03,
7 = 1.35, 9(0) = 0.6, and (p, ¢, m, s) = (2,1,2,0).

To illustrate this, we take the parameter values D = 1.0, ¢ = 0.03,
7 = 1.35, £9(0) = 0.6, and (p,q¢,m,s) = (2,1,2,0). Important values
for 79(zg) are 79(0.6) = 1.477, 19(0) = 1.343 and 79(0.35) = 1.36. Since
T < 10(0.6), the spike is initially stable. However, since 19(0) < 7, the
slowly drifting spike will experience a sudden instability before it reaches
the origin. To verify this prediction, full numerical solutions to (1.1) were
computed. The theory is indeed confirmed in Fig. 12 where we plot the spike
amplitude a,, defined by a,,(t) = a[zo(t);t] versus t. The corresponding
spike location zq(t) is plotted in Fig. 13. Before the onset of the instability,
the spike motion is given asymptotically by (4.24).

Question 4.7. Can one analyze the large-scale spike oscillations for a
slowly drifting spike beyond the Hopf bifurcation point? What is the ODE
for spike motion after the onset of the oscillation? Can a similar phe-
nomenon occur in a two-dimensional domain when 7 is large enough?

5. Multi-Spike Solutions in Reaction-Diffusion Systems

In this section we begin by constructing multi-spike equilibrium solutions
in one spatial dimension to the Gray-Scott (GS) model in the low feed-rate
regime (1.5), the Gierer-Meinhardt model (GM) (1.1), and the Schnaken-
burg (SC) model (1.6). The analysis assumes semi-strong spike interactions
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Figure 13. Plots of the spike location zo(t) versus ¢ for D = 1.0, ¢ = 0.03, 7 = 1.35,
z0(0) = 0.6, and (p,q,m,s) = (2,1,2,0).

and is done for a one dimensional spatial domain. Two different types
of spike patterns are constructed: symmetric patterns where the spikes
have equal height, and asymmetric patterns where the spikes have different
heights. The first study on the construction of k-spike symmetric patterns
for (1.1) in one space dimension was done in [96]. For each of the three
reaction-diffusion models, we show that each asymmetric pattern is char-
acterized by two different spikes, B (big) and S (small). For a k-spike
asymmetric equilibria, there are k; > 0 small spikes S and ks = k—k; >0
large spikes B arranged in any order SBBS ... SBB across the interval.
Neglecting the orientation of large and small spikes in a spike sequence,
we show that there are k — 1 asymmetric k-spike equilibrium patterns that
bifurcate from a symmetric k-spike solution branch at some critical value
of the parameters.

We begin by constructing asymmetric multi-spike equilibria for the GM
model (1.1) as done in [104]. A different approach was used in [28]. We first
construct a symmetric one-spike equilibrium solution centered at the origin
for (1.1) posed on a finite domain of length 21, where [ > 0 is a parameter.
Therefore, we look for an even solution to

P

g —a+ 7. =0, —l<z<l; am(&l)=0, (5.1a)
Dhm—h+e_12—s:0, l<z<l; hy(£l)=0. (5.1b)

The basic idea is that we seek all values of [, labeled by [1,...,[,, such that
h(ly) =,...,= h(l,). For a certain range of the parameters, it is found that
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there are exactly two such values of [. These “local” solutions are then used
to obtain a global asymmetric pattern for (1.1) on [—1,1].
The asymptotic solution to (5.1) is

a(z) ~ [P D w (z/e) (5.2)

where w is given in (1.8) of Sec. 1. Since a is localized near z = 0, the term
e~1a™/h® in (5.1b) can be asymptotically approximated as a Dirac mass.
Therefore, on — < z < [, with h'(£l) = 0, h(z) satisfies

Dh' — h = —[h(0)]*™ ( 1 - [w(y)]™ dy) 8(z), —-l<z<l, (5.3)

where ( is given in (1.2). The solution is

) = oy ([

—0o0

W] dy) Gw:0), (5.4)
where Gy(z;0) is the Green’s function satisfying
DGlpy — Gy = —6(x), —l<z<l; G (£;0)=0. (5.5)

A simple calculation gives

cosh [(I — |z|)D~1/?]

G0 = %5 7D sinh (ID-1/2) (5:6)
Setting x = 0 in (5.4), we obtain
) = [i0) [~ wwimar] 5.7

We can then write h(l) as h(l) = h(0)G;(I;0)/Gi(0;0). From (5.6) and
(5.7), we then determine h(l) in terms of some constant C' as

h(l) = CBym (10—1/2) . (5.8)
The function, B4, (2), for z > 0, is given by
(tanh z)'/¢
cosh z

We will analyze (5.8) below.

Symmetric and asymmetric spike patterns also occur in the SC model
(1.6). The existence and stability of symmetric patterns in the SC model
was studied in [49]. In [107] asymmetric spike patterns were constructed.

’ CE—

ST 5+ 1) >0, (5.9)

Bom (2)
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To construct these patterns, we first must calculate a symmetric one-spike
solution centered at the origin for

EUpy —ut+vu? =0, —l<z<l; u,(£l)=0, (5.10a)
1 b
Dum+§—gvu2=0, —l<z<l; wy(£l)=0. (5.10b)
The asymptotic solution to (5.10a) is
1
u(zx) ~ mw (z/e), (5.11)
where w(y) = %sechz(y/2). Since u is localized near x = 0, the term
e~tbvu? in (5.10b) is a multiple of a Dirac mass. Thus, for ¢ < 1, v(z)
satisfies
Dv”+1—6—b6(x)—0 —l<z<l; v (£l)=0 (5.12)
2 v(0) - ’ - '
By integrating (5.12) we get v(0) = 6b/l. The solution to (5.12) is
v(z) =1G,(z;0), (5.13)

where G, (x;0) is the Neumann Green’s function satisfying
1
DGss+ 53 =0(2) =0, —I<z<l; Gu(x0)=0,  (5.14)
with G,(0;0) = 6b1=2. A simple calculation gives

x? I 60 1
G0 =35 355 E " 3p

In terms of this solution, we can calculate v(l) = IG,(l;0) explicitly as

I—|z|), —I<z<l. (5.15)

2
o) = 35 Bec @/, r=[240D]"°, (5.16)
where the function S,.(z) is defined by
z
= —. 1
Buele) = s (517)

We now analyze some properties of Sy, and Bs. in (5.9) and (5.17),
respectively, and show how these properties lead to the existence of asym-
metric spike patterns.

The function f4,(2) > 0 in (5.9) has a unique global maximum point
at z = zgpm, where

Zgm = log (\/F—i— V¢ 4+ 1) i (5.18)
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Figure 14. Plot of By, (heavy solid curve) versus z for the GM model with ¢ = 1. The
solid curve is Bsc for the SC model. The maxima of B¢gm and Bsc occur at zgm and zsc
(dotted lines), respectively.

In addition, it satisfies ,B;m(z) > 0 on [0, zgm) and ,B;m(z) < 0 on (2gm,00).
Therefore, given any z € (0, 2gm), there exists a unique point Z = fym(2),
with Z > 2y, such that By, (2) = Bem ().

Identical qualitative properties hold for the SC model. More specifically,
the function Bs.(z) > 0 in (5.17) has a unique global maximum point at
2z = Zge, Where

Zge = 271/3 (5.19)

In addition, f,.(z) > 0 on [0, zs:) and f,,(z) < 0 on (zs,o0). Therefore,
given any z € (0, z5.), there exists a unique point zZ = f,.(z), with Z > 2z,
such that Bs.(z) = Bsc(£). In Fig. 14 we plot B4, and fs.. One implication
of these properties of B4y and B, is the following:

Proposition 5.1. Let & > 0 for the GM model. Given anyl with ID~1/? <
Zgm, there exists a unique I, with ID=Y? = 3 > 2., such that h(l) = h(l).
Similarly, for the SC model, given any 1, with l/r < z,., there exists a
unique I, with [/r = 3 > 2,,, such that v(l) = v(]).

We refer to solutions of length [ and [ as S-type (small) and B-type
(big) spikes, respectively. For both the GM and the SC models, we now
show how to construct k-spike asymmetric equilibria on —1 < z < 1 with
k1 > 0 spikes of type S and ko = k — k1 > 0 spikes of type B arranged in
any particular order from left to right across the interval as

SBSSB...B, with k; — S’s and k3 — B’s. (5.20)



June 21, 2004 6:44 Proceedings Trim Size: 9in x 6in sing

66

For the GM model, we use translation invariance and the fact that h(l) =
h(l) to glue S and B type spikes together to satisfy C'! continuity for the
inhibitor concentration h defined on [—1,1]. A similar construction holds
for the SC model. We use translation invariance and v(l) = v(l) to glue S
and B type spikes together to satisfy a C! continuity for the global function
v defined on [-1,1].

Since the support of an S-spike and a B-spike is 21 and 21, respectively,
we get the length constraint 2k;1/ + 2k21~ = 2. For the GM model, we have
that z = ID~1/2) 2 = ID-'/2, and that B,m(2) = Bym(Z). Therefore, for
the GM model z and Z satisfy the coupled algebraic system

klz + k22 = D_1/2 ’ Bgm(z) = Bym(g) . (5-21)
Using the inverse function 2 = fym,(2) defined for 0 < 2z < 24, we can
reduce (5.21) to the study of the roots of the equation
D_1/2 k12
) ky '

fgm(z) = (5.22&)

on 0 < 2 < Zgm. In terms of the solution to (5.22a), [ and [ are given by
1=2DY?, [= f,m(z)D'2. (5.22b)

An identical construction can be done for the SC model. In place of (5.22),

we obtain that
1 k‘lz

fse(2) = o Ty (5.23a)

on 0 < z < zs, where [ and [ are given by
l=zr, [=fe(2)r. (5.23b)

Here r is defined in (5.16)

Therefore, the problem of constructing asymmetric patterns for the GM
and SC models has been reduced to the study of a single transcendental
equation (5.22a) or (5.23a). To study these equations, we first use (5.9)
and (5.17) to derive some key properties of the inverse functions fg.,(2)
and fs.(z). We summarize the result as follows:

Proposition 5.2. For any ¢ > 0, fom(2) is convez on (0, 2gm), f;m(z) <
—1 on (0, 2gm), and f;m(zgm) = —1. For the special case ( = 1, corre-
sponding to the exponent set (p,q,m,s) = (2,1,2,0) for the GM model, we
calculate explicitly that

fom (2) =log[cschz + cothz] , for z€[0,24m) . (5.24)
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Similar properties hold for the SC model. In particular, fs.(2) is conver on
(0, 25e), fou(2) < =1 0n (0, 250), and fio(2se) = —1. We calculate,
Fule) = =2 4 YA (5.25)
2 2
We now determine conditions for which (5.22a) and (5.23a) have so-
lutions on the interval 0 < 2z < 2y, and 0 < z < 2, respectively. For
the GM model, we must find the intersection points of Z = fgm(2) with
the straight line # = —k;2/ky 4+ ky ' D~'/2. A similar graphical analysis of
(5.23a) holds for the SC model. The properties of fym(2) and f,.(z) given
in Proposition 5.2 show that there are two cases to consider:

Case (i) ki/k2<1; Case (ii) ki/k2 > 1. (5.26)
We readily obtain the first result for &y /ks < 1.

Proposition 5.3. Let ki/ka < 1. Then, for the GM model, there exists a
unique solution to (5.22a) on z € (0, 2gm) when D < Dy, (k), where

1

ng(k) = @;

k=Fk + ko , (527)
and zgm satisfies (5.18). When D = Dy (k), then z = Z = 24, and hence
l=1=1/k. In this case, we get a symmetric k-spike solution with spikes
of equal height. A similar result holds for the SC model. When ki /ks <1,
there exists a unique solution to (5.23a) on z € (0,2s.) when D < Dy.(k),
where

Doe(k) = [120K%] 7", k=ki + k. (5.28)

When D = Dg.(k), we get z = 2 = zsc and | = [ = 1/k, which yields a
symmetric k-spike solution with spikes of equal height.

Since f;m(z) < —1for 0 <z < zgm and f..(2) < —1for 0 < 2z < 2,
with fgm and fs. convex, there can be solution multiplicity to (5.22a) and
(5.23a) when k; /k2 > 1. In particular, as D is decreased from a large value,
the straight line of slope —k;/ko first intersects the curve Z = f,,(2) at a
point of tangency at the critical value D = D7,,. As D is decreased slightly
below Dy, , there are exactly two roots to (5.22a) until D is decreased
to the value Dy, (k). For D below D, (k) there is only one solution to
(5.22a). For the GM model with ¢ = 1, this result is illustrated in Fig. 15.

We summarize our result as follows:
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e

Figure 15. Plot of the graphical solution to (5.22a) when ¢ = 1, k1 = 3, and k2 = 1.
Depending on D, 2 = fgm(2z) (solid) will intersect the straight line in (5.22a) (dotted
lines) at either zero, one, or two points. When D = D}, the straight line is tangent to
fgm(2). When D = Dgp, (k) the straight line intersects fgm(z) at z = zgm.

Proposition 5.4. Consider the GM model with ki/ks > 1. Then, there
exists a critical value Dy, > Dy (k) such that the solution multiplicity for
(5.22a) on z € (0, 2gm,) is as follows:

If D> Dy, there are no solutions,
If Dym(k) <D < Dy, there are exactly two solutions, (5.29)
If D < Dgyy(k) there is exactly one solution .

The critical value Dy, is the value of D where there is a double root to

(5.22a). For a GM model with ( = 1, we calculate explicitly that

-2
D;m = [kl sinh™! (ﬁ) + ko sinh™! (ﬁﬂ , for kifks>1.
kl k2
(5.30)
An identical solution multiplicity result holds for the SC model except that
2gms Dgm(k), and Dy}, are to be replaced with zsc, Dsc(k), and Dj,, re-
spectively, where
1

Dse =55

[k fsc(2s) + klz*]_3 - (5.31a)
Here z, is defined by

21+ —2/AF 2= =" 2hy

(1—72) L

Zx =
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In summary, consider a particular fixed ordering of k; spikes of type
S and ks, spikes of type B across the interval. For k; < ko, and for the
GM or the SC models, there is only one asymmetric spike pattern with the
particular ordered sequence when D is below D, (k). However, when there
are more S (small) than B (big) spikes in the sequence, then for some range
of D there are exactly two such patterns that have the same ordering. For
the GM model we obtain the following result for asymmetric patterns (see
Proposition 2.1 of [104]):

Proposition 5.5. For the range of D in Proposition 5.4, let | and [ be
determined from (5.22). Then, for ¢ — 0, the activator concentration a for
an asymmetric equilibrium k-spike pattern for (1.1) with ki spikes of type
S and ko = k — k1 spikes of type B is given by

_ <2\/5 tanh ({;D~1/2) ) He

’ S lw@)™ dy '
(5.32)

Here for each j, 1; =1 or l; = I. The value l; = | must occur ky > 0 times,

while 1; = [ must occur ky = k — k1 > 0 times. The small and large spikes

can be arranged in any sequence. The spike locations x; are given by

a(z) ~

k
Jj=

[hlj]Q/(p_l) wle e —a;)], M
1

z1=hL-1, zp=1-l, zjp=z;+Ln+l, j=1,...,k-2. (5.33)
The symmetric k-spike solution occurs whenl; =1/k for j =1,... k.

In Fig. 16 we illustrate this result for the GM model by plotting a 5-spike
asymmetric pattern of the form SBBSB for a specific parameter set.

The result in Proposition 5.3 shows that asymmetric spike patterns
bifurcate off of the symmetric patterns at the value D = Dy, (k) for k > 2.
To illustrate this result graphically, in Fig. 17 we plot a bifurcation diagram
of an L; type- norm of a, defined by |a|; = 2521 h;;, versus D for both
symmetric and asymmetric k-spike patterns. The portions of the branches
that are unstable to O(1) instabilities are indicated by the dashed lines in
this figure. Some stability results are given below.

A similar result follows for the construction of asymmetric spike patterns
in the SC model (see Proposition 1 of [107]):

Proposition 5.6. For the range of D in Proposition 5.4, let | and [ be
determined from (5.28). Then, for € — 0, the u component for an asym-
metric equilibrium k-spike pattern for (1.6) with ki spikes of type S and
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Figure 16. Plot of a (solid curve) and h (dotted curve) for a 5-spike asymmetric pattern
of the type SBBSB for the GM model (1.1). The parameter values are ¢ = .02, D = .04,
and (p,¢,m,s) = (2,1,2,0).

0.0 0.1 0.2 0.3 0.4 0.5
D

Figure 17. Plot of |a|1 = Z;'C=1 h?j versus D for the GM model with (p,q,m,s) =

(2,1,2,0) and for solutions with k = 1, 2,3 spikes. The k-spike symmetric branch is s.
The asymmetric patterns SB, BSB, and SSB are labeled by 01, 101, and 001, respectively.
The dashed portions of these branches are unstable with on an O(1) time-scale.

ko = k — k1 spikes of type B is given by

SR 6b
u(x) ~ ZUJ- wleNz—x;)], v;= T (5.34)

Herel; and zj for j = 1,...,k are given in Proposition 5.5. The symmetric
k-spike solution is found by setting l; = 1/k for j =1,...,k in (5.34).
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5.1. Gray-Scott Model (Low Feed-Rate): Equilibrium

The asymptotic construction of symmetric and asymmetric k-spike equilib-
ria to the GS model in the low feed-rate regime (1.5) has many similarities
with that for the GM model, except that now the equilibria can exhibit a
saddle-node bifurcation structure.

We follow [56] by first constructing symmetric k-spike equilibria to (1.5)
for e < 1. The spike locations z;, for j = 1,..., k, for such a pattern satisfy

(2= 1)

k )
Since the spikes have equal height, then u(z;) = U, for some constant U.

In the inner region near the jth spike, we let y = ¢! (z — z;). In each
inner region, we get that u ~ U +O(e). Therefore, from (1.5a), the leading-
order inner solution for v is v ~ [AU] " w(y), where w(y) is given in (1.8)
with p = 2.

Approximating the term e ~'ur? in (1.5b) as a multiple of a Dirac mass,
and using ffooo w?dy = 6, we get that the outer solution for u satisfies

gyj:—]_+ J:]_,,k‘ (535)

k
6
Dugy + (1 —u) — A2U;6(w—wj) =0, wug(£l)=0. (5.36)
The solution to (5.36) is
6 &
u(r) =1- U ;G(w;mj) , (5.37)

where G(z;z;) is the Green’s function, satisfying

DGy — G = —6(z — xj), -l<z<1; Gy (£l;2;) =0. (5.38)
We define a, = Zle G(z;;2;), where the z; satisfy (5.35). By solving
(5.38) explicitly, the find that a, is independent of j and is given by

k —1
a, =Y Glaj;z;) = [2\/1_) tanh (6o/k)| . (5.39)

i=1
Setting u(z;) = U in (5.37), we obtain a quadratic equation for U
_bay
A2

By solving this equation, the following result was derived in [56]:

UU-1) = (5.40)
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Proposition 5.7. Let ¢ — 0, with A = O(1) and D = O(1) in (1.5).
Then, when A > Ay, there are two symmetric k-spike equilibrium solutions
to (1.5) given asymptotically by

k

Zw [e™' (= —z;)] , (5.41)

=1

1
AU,

vy (z)

where w(y) = 2sech’(y/2). We label v and v_ as the large and small
solution, respectively. Here Uy, and the saddle-node bifurcation value

Ay, = \/m are given by
[ 126,
=4 —— 6o =D /2.
k tanh (60 /k) ’ 0

(5.42)

N

We now construct asymmetric k-spike equilibria, where the spikes can
have different heights. The analysis, given in Sec. 2.1 of [56], is very similar
to that for the GM and SC models given above. The idea is to construct
a symmetric one-spike equilibrium to (1.5) centered at = 0 on a domain
—l < x < | with uz(£l) = 0. The goal is to find all different values of [,
labeled by I1,...,1,, such that u(l;) =,...,= u(l;). Once again we find
that there are only two types of spikes S and B.

A straightforward calculation shows that u(l) is given by

1 th
u() =EiL(z) =1+ Esech(z) —1+,/1- COAZ(Z) , for z >z,
0
(5.43a)
where
1 AZ+1

5 fi =V 1200/10 .

(5.43b)
Clearly E1(z) > 0 for z > 2. For z > zp, it is easy to see that E,(2)
is monotonically increasing. Therefore, asymmetric patterns cannot be
obtained with F, (z).

A simple calculation as given in Proposition 2.2 of [56] shows that
E_(z) <1 with E_(2) <0 for 20 < z < Zgs, and E (2) > 0 for z > Zgs-
Moreover, E_(z) — 1 as z — oo. The point z,s where E_(z) has its
minimum value is the unique root of

Ay = [tanh 2]7*/? [tanh(22)] " . (5.44)

2=6l, 6o=D 12, zoz§log

A2 -1
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In Fig. 18 we plot E_ versus z for z > 2o when Ay =3.

0.0 1.0 2.0 3.0

Figure 18. Plot of E_ versus z for z > zo when Ay = 3.

Therefore, when Ay > 1, we conclude that for any z in zg < z < 2gss
there exists a unique Z = fy,(2z), with Z > 2y, such that E_(z) = E_(2).
Since 2z = 6yl and Z = Ool~, the implication of this result is that for any
I with 29 < 16y < 245, there exists a unique I, with 16y > Zgs, such that
u(l) = u(l). This implies that in any asymmetric pattern of this form using
E_(z) there are again only two types of spikes S and B. Therefore, in place
of (5.23), we obtain that

o 60 klz

fgs(z) = k‘_z - k—2 > (5.45a)

on zy < z < Zgs. In terms of the solution to (5.45a), we get

1=265", 1= f.(2)65". (5.45b)

To recover the symmetric k-spike equilibrium solutions, we set z =
f9s(2) = 6o/k. This has a solution only when z = z,5s. Therefore, setting
2 =6y/k in (5.44), we we obtain the critical value of Ay for the emergence
of the asymmetric branch. This leads to the following bifurcation result:

Proposition 5.8. Let | and [ be found from (5.45) for a given A > /126,
and 8y = D=2, Then, for ¢ — 0, the v component of an asymmetric
equilibrium k-spike pattern for (1.5) with k1 spikes of type S and ko = k—kq
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spikes of type B is given by

k

1 (x — SUJ‘) N — 1 _ _ 126, COth(oolj)
v_(z) NZAU(lj)w[ E ] , Uly) = 5 1 \/1 — =

(5.46)
Here for each j, l; =1 or l; = 1. The value l; = | must occur ky > 0 times,
while 1; = I must occur ky =k — ki > 0 times. The spike locations x;
are given by (5.33). Finally, the asymmetric k-spike equilibrium solutions
bifurcate from the k-spike symmetric small equilibrium solution branch of
Proposition 5.7 at the value A = A, where

. . 2 -1
Aka = Ake [tanh (%)] . (547)

Here Ay, is the saddle-node bifurcation value given in (5.42).

=1

To display our results graphically in a bifurcation diagram it is conve-
1/2
nient to define a norm of v by |v|s = (5_1 fil v? d:z:) . For symmetric

and asymmetric spike patterns, a simple calculation using (5.46) shows that

Vv 6k 1 6k, 6ko
e O e\ wor T pep)
(5.48)

In Fig. 19 we plot the symmetric and asymmetric solution branches for
k=1,...,4 when D = 0.75. It is easy to see that an asymmetric branch
with k; small spikes asymptotes to the symmetric branch with k£ — k; spikes
as A — oo. There are several questions suggested by these calculations.

Question 5.1. What general properties of a reaction-diffusion system will,
necessarily, lead to asymmetric patterns involving ony two types of spikes
in the semi-strong spike interaction regime?

Question 5.2. Can one find singularly perturbed reaction-diffusion sys-
tems having similar asymmetric patterns, but that now involve three or
more types of spikes?

5.2. Gray-Scott Model (High Feed-Rate): Equilibrium

We now construct k-spike symmetric spike patterns for the GS model in the
high feed-rate regime (1.3). In this regime, where A = O(1), the scalings
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Figure 19. Bifurcation diagram of symmetric (solid curves) and asymmetric (dotted
curves) spike patterns in the low feed-rate regime A = Ael/2 for D = 0.75 and k =
1,2,3,4. The saddle-node values A, increase with k.

for equilibria are v = O(e ') and u = O(g) (cf. [57]). Although we will
only give results for spike patterns on the interval [—1, 1], other essentially
one-dimensional patterns can be constructed. Specifically, in [72] and [58],
the existence and stability of radially symmetric solutions, known as ring
solutions, was investigated.

In [57] it was shown that k-spike equilibria can be constructed in terms
of the solutions V(y) > 0 and U(y) > 0 to a core problem defined by

Vi —Vv+VU=0, U =UV?, 0<y<oo, (5.49a)
V©)=U(@©0)=0; V-0, U~By, as y— oo, (5.49b)
where B is related to A by

B = Atanh (6y/k) , 6y =D"'/2. (5.49c)

The precise result, as given in Proposition 3.1 of [57], is as follows:

Proposition 5.9. Let ¢ = 0, A = O(1), cA/VD < 1, and suppose that
(5.49) has a solution. Then, the v-component for a k-spike equilibrium
solution to (1.3) is given by

v~ @é (v e (@ —2;)] + O (f/—%)) . (5.50)

In the jth inner region, defined by |z — z;| = O(e), we also have that

un~ 255U [e7H - a5)].-
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The core problem (5.49) was studied qualitatively and numerically in
[57] in terms of B. We first determine some analytical properties of (5.49).
By integrating (5.49a) from 0 < y < o0, and using (5.49b), we get

/ V2Udy=/ Vdy=B. (5.51)
0 0

To determine a good parameterization of the solution branch for (5.49), we
define Uy = U(0) and Vy = V(0). Then, we can readily derive that

Vo / U iis7 Vo UV / 377
— + —|\V?| dy=—-— - —V°U dy =0. 5.52
2 0o 9 [ ] y 2 3 o 3 y ( )

This gives,
o0 , 3
/ V3U dy = Vg [5 — UOVI)] ) (5.53)
0
Since U' >0 0n 0 < y < o0, we get the key inequality that

0<7<g, y=UoVp. (5.54)
In [57] numerical solutions to (5.49) were computed for which V' has
a single maximum at y = 0 as v — 3/2 from below. By using Euler
continuation a resulting curve B = B(y) was computed. This limiting
solution for V asymptotically matches onto the solution constructed in
the low feed-rate regime in Sec. 5.1. It was found in [57] that the curve
B = B(v) is double-valued with B — 0 as v — 0 and as v — 3/2, and it
has a saddle-node bifurcation point at the maximum value B, of B given
by B. = 1.347, where v = 7. = 1.02. This critical value of B was also
computed in [74]. We refer to the range 7. < v < 3/2 and 0 < v < 7, as
the primary and secondary branches of the B = B(«) bifurcation diagram.
Using (5.49c), these results show that equilibrium k-spike solutions in the
high feed-rate regime exist only when A is small enough. The equilibrium
result, derived in Proposition 3.2 of [57], is summarized as follows:

Proposition 5.10. Let e < 1, A = O(1), and cA/v/D < 1. Then, there
will be no k-spike equilibrium solution to (1.8) that merges onto the low
feed-rate regime solution when

A> Ay, =1.347coth ( (5.55)

W)
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In Fig. 20 we plot the norm |v|3, defined by |v|3 = fil v?dz versus A
when D = 0.1. This norm can be evaluated asymptotically using (5.50) as

v ~e*1kD/ Vidy. (5.56)

Notice that the saddle-node bifurcation values A, occur at approximately
the same value when D < 1, since for k fixed we have that tanh (1 / k\/l_)) R
1 for D <« 1. This is called the lining-up property of saddle-node equilibria.

Figure 20. Bifurcation diagram of |v|2 versus A when A = O(1) for k-spike solutions
to the GS model in the high feed-rate regime with e = 0.02, D = 0.1, and k = 1,...,4.
The saddle-node values A,y increase with k.

In [57] the limiting behavior of (5.49) was studied asymptotically for v —
3/2 from below and for ¥ — 0 from above. The main result of this analysis
is that on the secondary branch of the B = B(y) bifurcation diagram a
one-spike solution to (5.49) splits into a two-spike solution where the spikes
are separated by O(— log B) as B — 0. This multi-bump behavior is closely
related to a phenomenon known as pulse-splitting, as described in [32], [82],
[83], [81], [98], and [57].

For v — 3/2 from below, the following result obtained in Proposition
4.1 of [57] shows that the solution matches onto the low feed-rate regime
solution:

Proposition 5.11. Along the primary branch, the core problem (5.49) has
a solution where v — 3/2 from below as § — 0, where § = 1/U(0) < 1.
This solution has the form

V ~w(y) +0(6%), U~d§'4+0(9), (5.57a)
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where w(y) satisfies (1.8) with p = 2. We have that B ~ 36, and that

N 3 11B2
’Y=U0Vb~§— 18

as B—0. (5.57b)

Alternatively, as v — 0 from above, the solution V has two bumps. This
behavior, as derived in Proposition 4.2 of [57] is characterized as follows:

Proposition 5.12. Let § = 1/Uy < 1. Then, along the secondary branch,
the core problem (5.49) has a solution where v = UgVy — 0 from above as
& — 0. This solution has the form

1
0
where w(y) satisfies (1.8) when p = 2. We have that B ~ 65 as § — 0, and

V~dlwly —y1) +wly+y)], U~<+0(), (5.58a)

y=UoVo ~V2B/V5, yi~—logB+0(1), as B—0. (5.58b)

The existence of multi-bump solutions to the core problem along the
secondary branch is closely related to a similar multi-bump phenomena for
the modified version (2.45) of Carrier’s problem, as discussed in Sec. 2.4.

Question 5.3. Can one determine rigorous properties of multi-bump so-
lutions to the core problem and of the B = B(y) bifurcation curve? In
particular, can we prove the existence of a saddle-node bifurcation and
determine analytical bounds for the saddle-node value?

5.3. Stability of Multi-Spike Equilibria: One Dimension

In this subsection we give some results for the stability of symmetric k-spike
patterns for the GS model (1.5) in the low feed-rate regime and the GM
model (1.1). For each of these models, there are two types of eigenvalues in
the spectrum of the linearization. There are eigenvalues that are O(1) as
€ — 0, referred to as the large eigenvalues, and eigenvalues of order O(g?),
referred to as the small eigenvalues. The large eigenvalues are associated
with the initiation of profile instabilities, whereby the spike amplitudes will
either oscillate, typically with a common frequency and phase, or else un-
dergo a competition instability leading to the monotonic annihilation of
spikes in a spike sequence. Alternatively, the small eigenvalues of order
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O(g?), determine the stability with respect to translations of the spike pro-
file, and are associated with the bifurcation of asymmetric branches of spike
equilibria off of the symmetric branches.

We first consider the stability of symmetric k-spike patterns for the GS
model (1.5) with respect to the large eigenvalues. To analyze the stability
of these solutions we let u(x,t) = u+(z) + e*n(z), and v(z,t) = v(z) +
er@(z), where vy and uy are defined in Proposition 5.8 with I; = 1/k.
Here ¢ is a localized eigenfunction of the form

k
o(z) ~ chtI’ [e Nz —=;)], (5.59)

for some coefficients ¢; to be found, and ffooo w(y)®(y)dy # 0. A lengthy
derivation leading to Proposition 3.2 of [56], yields the following spectral
problem for ®(y):

Proposition 5.13. Let 0 < ¢ < 1. Then, with & = ®(y), the O(1)
eigenvalues determining the stability of k-spike symmetric equilibria in the
GS model (1.5) satisfy the nonlocal eigenvalue problem

ffooo wd dy
[ wdy

(5.60)

Here w(y) is the homoclinic solution (1.8) with p = 2, and Ly is the local

operator Lo® = & — & + 2w®. The multiplier Xgs = Xgs(2;J) is defined
by

L0<I>—ngw2< >:)\<I>, —o<y<oo; =0, as |y — 0.

g (1—cos[(j — 1)/K)T\ "
tanh (G0 /B) [tanh (Or/F) + sinh (20, /) ]) )
(5.61

where z = 7\, Ox = 0o\/1 + z, and 8y = D~1/2. Here sg is defined in terms
of Uy, given in (5.42), by

1-U.
=5

Xgs = 254 (sg +

g , 0<sy<o00. (5.62)

The coefficients ¢! = (cy,...,ck) in (5.59) are given by

t 1 . L g W(j_l) _ ;=
C1—ﬁ(17---=1)7 cm—\/;cos (719 (1 1/2)) , J—2,.(..,k).
5.63
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The method for deriving (5.60) is similar to the approach used in [80]
for studying the stability of pulses in the Fitzhugh-Nagumo model. Notice
that the small solution v_ corresponds to the range 1 < s, < oo, while
the large solution corresponds to 0 < s, < 1. The saddle-node bifurcation
value Ay, corresponds to sg = 1. Using (5.42), we can write A as

A (1+4sy)
y Y (5.64)

As in the derivation (3.16)—(3.18), there is an equivalent formulation of
(5.60) which states that the eigenvalues of (5.60) with ffooo wd dy # 0 are
the union of the zeros of the functions g;(A) =0 for j =1, .., k, where

_ C[ew (Lo =N wdy 1
9;(A) =C;A) = f(N), fFA) = o dy AN o
(5.65)

Notice that this reformulation is very similar to (3.18). By analyzing the
zeroes of g;(A) in the right half-plane Re(X) > 0 in a similar way as in Sec. 3,
the main stability result for multi-spike solutions is as follows (cf. Proposi-
tion 3.10 and 3.13 of [56]:

Proposition 5.14. The large solution uy, vy is unstable for any 0 <
sg <1,k>1, and D > 0. Next, let k > 1, and consider the k-spike small
solution u_, v_, where s4 > 1. For A > App, the solution is stable on an
O(1) time-scale when 0 < 7 < 11. Alternatively, for Ay, < A < App,
the small solution is unstable for any 7 > 0. The threshold Ay is given
analytically by

Age ((v/2) + 2sinh? (/)
([(ve/2) +2sinb? (B0/R)]” = (/2)?)

. ™
ApL = 73 'yk51+cos<E).

(5.66)
Notice that A, = Aye when k= 1.

Let A satisfy A > Apz. Then, as 7 increases beyond 75,7, a Hopf
bifurcation in the spike amplitudes was computed numerically in [56]. The
threshold 731, is given by the minimum value of the set 7;, j = 1,.., k, for
which g;(A) =0, j =1, .., k, has complex conjugate roots on the imaginary
axis. Let A = i)\, be the corresponding value of A. Then, as was shown in
[56], the unstable eigenfunction generically has the form of a synchronous
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oscillatory instability with
k
v=v_+deMptcc, o) = Z ez —2,)], . (5.67)
n=1
Here c.c denotes complex conjugate and 6 << 1. In other words, the
instability threshold is set by the j = 1 mode in (5.61), for which ¢, =1
for n =1,...,k. This type of instability is illustrated in Fig. 21.

0 50 100 150 200 250

Figure 21. Synchronous Oscillatory Instability: Plot of the spike amplitudes for k = 3,
D = 0.75, A = 8.86, 7 = 7.6 and ¢ = 0.01. The amplitudes of the spikes trace out
identical trajectories after a short initial transient.

Alternatively, suppose that Ay, < A < Agr. Then, for any 7 > 0, the
dominant initial instability was shown in [56] to correspond to the j = k
mode in (5.61). This instability has the form

k
v=u_+06e ¢ p(z) = Z ecn® ez —2,)] (5.68a)
n=1
where
Cp, = COS (w (n—1/2)> , n=1.k. (5.68b)

Here 6 <« 1, and Agr > 0 is the unique root of gx(Ag) = 0. Since
2221 ¢, = 0, this instability locally conserves the sum of the heights of
the spikes. Hence, it is referred to as a competition instability. The nu-
merical experiments in Sec. 3.3 of [56] show that this instability leads to
a spike competition process whereby certain spikes in a spike sequence are

ultimately annihilated. This type of instability is illustrated in Fig. 22.
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Figure 22. Competition Instability: Plot of th spike amplitudes vm = v(z;,t) versus ¢
for k =3, D =0.75, A = 8.6, ¢ = 0.01, and 7 = 2.0. The middle spike is annihilated,
and the other two spikes have a common amplitude.

An interesting limiting case of (5.60) is to take the limit where A > 1,
but A < O(¢~'/?). This represents the intermediate limit between the
GS model in the low feed-rate regime (1.5) and the high feed-rate regime
(1.3). This intermediate regime was first studied in the pioneering works
of [25]-[27], and [29]. In this intermediate regime there are no longer any
competition instabilities, and there is a scaling law for the Hopf bifurcation.
The main result as given in [56] is as follows:

Proposition 5.15. Let ¢ < 1, D = O(1), and O(1) € A < O(e/?).
Then, the k-spike equilibrium small solution u_, v_, is stable with respect
to the large eigenvalues when ™ < Tg, where
i1 _ 66 )2
A2 tanh(6g /k)
Here 1o, = 1.748 is the minimum value of 7o for which the nonlocal eigen-
value problem

TH ~ +o(l).  (5.69)

D tanh4 (00/’9) TOh (1

" — % +20d—

2u? [ wddy
L+ VX \ [T wdy

with ® — 0 as |y| = oo, has a pair of pure imaginary eigenvalues.

) =\, —c0o<y<oo, (5.70)

This limiting eigenvalue problem was studied [25], [26], and [73]. As for
the small eigenvalues, the following result was obtained in Proposition 4.4
of [56]:
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Proposition 5.16. Lete < 1, and T = O(1). For k =1, the small solution
u_ and v_ s always stable with respect to the small eigenvalue. For k > 1,
and for the small solution u_, v_, one small eigenvalue satisfies A\, < 0,
and so is stable. The other small eigenvalues A;, for j =1,...,k —1 are
negative at o fized value of D if and only if A satisfies

- - . 9 -1
A> Aps, Ars = Age [tanh (%)] . (5.71)

Here Ay, are the existence thresholds of (5.42).

By comparing (5.71) with (5.47) of Proposition 5.8 it follows that k — 1
branches of asymmetric equilibria bifurcate from the symmetric k-spike
branch when k£ — 1 small eigenvalues simultaneously cross through zero.

Competition and synchronous oscillatory instabilities also occur for the
GM model (cf. [105]). By linearizing around a symmetric k-spike pattern,
the following nonlocal eigenvalue problem was found to determine the sta-
bility of the solution on an O(1) time-scale (see Proposition 2.3 of [105]):

Proposition 5.17. Let 0 < ¢ <€ 1. Then, the O(1) eigenvalues deter-
mining the stability of k-spike symmetric equilibria in the GM model (1.1)
satisfy the nonlocal eigenvalue problem

) S wm T edy )
Lo® — xgmw® | —o———— | = A®, —o00<y< o0, (5.72)

with ® — 0 as |y| = co. Here w(y) is the homoclinic solution in (1.8), and
Ly is the local operator Ly® = " — @ + pwP='®. The multiplier X gm is

) VT2 (1 —cos[n(j —1)/k]) B
o = (5 G [ O+ )

(5.73)
where z = 7\, 0x = 600v/1 + z, and 6y = D~1/2,

By comparing the eigenvalue problems in Propositions 5.13 and 5.17,
an interesting spectral equivalence principle is found to hold. Namely, the
GS model has the same nonlocal eigenvalue problem as a GM model with
exponent set (2, 84,2, 8,).

As described above for the GS model, there are two types of instabilities
of k-spike patterns with k£ > 1: synchronous oscillatory instabilities and
competition instabilities. Competition instabilities, due to real positive
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eigenvalues in the spectrum of (5.72), will only occur when

4 —2
D>DkEk—2<log[ak+\/ai—1]> k=23,..., (5.74)

where ap = 1+ [1+cos(%)] (7!, and ( is defined in (1.2). This result
was given in [47] and Proposition 2.6 of [105]. Finally, it was shown in
Proposition 11 of [47] that there are k — 1 eigenvalues that simultaneously
cross through zero when D = Dy, where D, was the threshold given in
Proposition 5.3 for the bifurcation of asymmetric k-spike branches from a
symmetric k-spike branch. Many further results on the spectrum of (5.72)
are given in [105]. Similar results have been found in [49] for the SC model
(1.6).

There are several key open problems related to the stability of k-spike
patterns in one spatial dimension. Although, the existence of a Hopf bifur-
cation value is guaranteed, it appears to be difficult to establish a transver-
sal crossing condition as was done for the shadow GM model in Sec. 3.2.
This leads to the first question.

Question 5.4. Can one give a rigorous proof that there is a unique value
of 7 where the GM model (1.1) and the GS model (1.5) have a Hopf bifur-
cation?

The theory described above is based solely on the linearization around a
symmetric k-spike patterns. The stability of asymmetric patterns is largely
open.

Question 5.5. What are the stability properties of asymmetric spike equi-
libria for the GM model (1.1) and the GS model (1.5) as a function of
T >07.

Question 5.6. Is the Hopf bifurcation subcritical or supercritical? Can
one perform a weakly nonlinear theory to determine the local behavior of
the bifurcating solutions?

Finally, there are many questions relating to the dynamics of quasi-
equilibrium spike patterns for the GM and the GS models. The dynamics
of spikes for 7 = 0 was studied for the GM model in [48], while a two-spike
evolution for the GS model (1.5) was analyzed in [23] and [24]. This leads
to the next question.

Question 5.7. Determine the dynamical behavior of k-spike quasi-
equilibria for the GM and GS models and the coarsening behavior of these
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solutions whereby spikes are annihilated through synchronous oscillations
or competition instabilities.

In addition to some of the one-dimensional results given here, there have
been a few key studies of the existence and stability of k-spike patterns in
the two-dimensional GM and GS models (cf. [19], [113], [114], [115], and
[116]). However, there are still many open problems in this direction, in-
cluding studying the dynamics of multi-spike patterns in multi-dimensional
domains.

6. Concluding Remarks

This survey has focussed only on some questions and results related to
scalar quasilinear problems and to reaction-diffusion systems with semi-
strong spike interactions. For each of our problems involving semi-strong
interactions, one of the components of the reaction can be approximated
by the solution to either (2.2) or (2.47), while the other component varies
on the length scale of the domain.

Alternatively, there have been several studies of spike behavior for sys-
tems having weak spike interactions. These systems are characterized by a
localization of both components of the reaction. For the Gray-Scott model
(1.3) with weak spike interactions, where D = O(g?), spike-replication and
chaotic behavior was analyzed in the pioneering studies of [82], [83], [98],
and [81]. The initial numerical study of [86] was in the weak interaction
regime. For the GM model (1.1) with D = O(g?), the spikes also ex-
hibit self-replication behavior (cf. [30], [95]), and multi-bump phenomena
(cf. [20]). Exponentially weak interactions of localized structures were stud-
ied for general classes of systems in [32], [33], and [90].
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