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Abstract

The pinning effect induced by two different types of spatial inhomogeneities on the dynamics
and equilibria of a one-spike solution to the one-dimensional Gierer-Meinhardt (GM) activator-
inhibitor model of morphogenesis is studied. The first problem that is treated is the shadow
problem that results from taking the infinite inhibitor diffusivity limit in the GM model. For
this problem, we show that an exponentially weak spatially varying activator diffusivity can sta-
bilize an equilibrium spike-layer solution that would necessarily be unstable when the activator
diffusivity was spatially uniform. The second problem that is treated is the full GM model in
the presence of a spatially varying inhibitor decay rate. For this problem, we show that the
equilibrium location of a one-spike solution depends on certain global properties of the inhibitor
decay rate over the domain.

1 Introduction

The effect of certain spatial inhomogeneities on the dynamics of a one-spike solution to the Gierer-
Meinhardt (GM) model [3] is studied. This activator-inhibitor model was introduced in [3] to try to
qualitatively explain the process of morphogenesis. Over the years there has been much numerical
work classifying pattern formation aspects of this model, including the development of spikes and
stripes (cf. [4], [7] and the references therein). A mathematical survey of results on spike solutions
to the GM model is given in [9].

In a one-dimensional domain, the dimensionless GM model reduces to the following reaction-
diffusion system of activator-inhibitor type (cf. [5]):

2 a?
at:eaw—cH-m, —-l<z<l1l, t>0, (1.1a)
T
OzDhm—uh—l—e_l%, l<z<l1, t>0, (1.1b)
az(£1,t) = hy(£1,t) =0. (1.1c)

Here a, h, €, D > 0 and pu > 0 represent the scaled activator concentration, inhibitor concentration,
activator diffusivity, inhibitor diffusivity, and inhibitor decay rate. The exponents (p, g, 7, s) in (1.1)
are assumed to satisfy

(1.2)

p>1, qg >0, r >0, s>0, I<—«<
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Figure 1: Plot of a one-spike equilibrium solution to (1.1) with (p,q,r,s) = (2,1,2,0), € = .05,
# = 1.0 and D = .20. The solid curve is the activator concentration and the dotted curve is the
inhibitor concentration.

Here we assume that € < 1 so that the activator diffuses more slowly than does the inhibitor.

For ¢ < 1, many numerical studies of the GM model (1.1) (i. e. [3], [4]) have shown that the
solution to (1.1) can have one or more spikes in the activator concentration a. These spikes, which
represent strong localized deviations from a constant background concentration, have a spatial
extent of O(e). In Fig. 1 we plot a one-spike equilibrium solution to (1.1) for certain specific
parameter values. When y is spatially uniform, an equilibrium one-spike solution is, by symmetry
considerations, centered at the midpoint of the interval as shown in Fig. 1.

In §3 we examine the effect of a spatially variable inhibitor decay rate p = p(xz) > 0 on the
dynamics and equilibrium position of a one-spike solution to (1.1). In the biological context, this
term is an example of a precursor gradient. The significance of precursor gradients from a biological
viewpoint is discussed in [4]. From a mathematical viewpoint, we show that the effect of a spatially
varying p is to perturb the equilibrium location for a one-spike solution away from the midpoint of
the interval. The exact equilibrium location now depends on certain global properties of u(x) over
the domain. The stability behavior of the one-spike solution is independent of ;4 when D is large.
The results for this problem are given in Proposition 3.1 and Corollary 3.1, 3.2 below.

In §2 we consider a related problem with a spatially inhomogeneous coefficient. Specifically,
we now let y be spatially uniform and we consider the shadow problem associated with (1.1) that
results from taking the limit D — oo in (1.1b). A weak spatially inhomogeneous diffusivity for the



activator equation is then introduced. This leads to the perturbed shadow problem, defined by the
scalar nonlocal problem

g2 a?
at:;(fmw)z—a+ﬁ, -l<z<l1l, t>0, (1.3a)
5_1 1 r ﬁ
h = (%/1(1 dx) , az(+1,t) =0. (1.3b)

The motivation for this form of k is mentioned below in context with a related problem studied in
[10] for the Ginzburg-Landau equation. When x = 1 in (1.3a) it was shown using formal asymptotics
in [5], and then proved later in [2], that (1.3) admits a one-spike solution that drifts exponentially
slowly towards the closest endpoint of the domain. In addition, the equilibrium one-spike solution,
which is centered at z = 0, is unstable. The metastable behavior associated with (1.3) when x =1
suggests that exponentially small changes in x—1 should influence the metastable dynamics greatly.
Therefore, in §2 we study the dynamics of a one-spike solution for (1.3) as ¢ — 0 for a x(z;¢) of
the form

k(z;e) =1+ 6”g(x)e_5_ld. (1.3c)

Here v and d > 0 are constants and g(z) is smooth. When ¢ (z) < 0 and 0 < d < d,, where d,
is some constant, we show in §2 that (1.3) can have a stable spatially inhomogeneous equilibrium
one-spike solution where the spike is centered at a zero of ¢ (). Results for this problem are given
in Propositions 2.1 and 2.2 below. This effect whereby a localized structure is stabilized by a weak
but spatially inhomogeneous coefficient in the differential operator is called pinning.

The effect of weak spatially inhomogeneous terms has been examined in other contexts, including
the pinning of vortices in superconductivity (cf. [1], [6]) and the pinning of an interface for the
Ginzburg Landau equation posed in a thin cylinder of revolution, modeled by (cf. [10])

2
up = %(Aum)m—{—Z(u—u?’), -l<z<1; ugy(£1,2) = 0. (1.4)

This equation was derived in the thin channel limit in [10]. In this context, z is the direction along
the axis of the cylinder and A = A(xz;e) denotes the slowly varying cross-sectional area of the
cylinder. For this problem, it was shown in [10] that an internal layer solution can be stabilized by
an exponentially weak non-convex perturbation of a straight cylindrical domain by taking A(z;e¢)
to have the form A(z;e) = 1+ e’e~%<g(z), where g (z) < 0 and d > 0. A similar pinning result
is obtained for spike solutions of the related problem (1.3).



2  One-Spike Dynamics: The Perturbed Shadow Problem

In this section we construct a one-spike solution to (1.3). When x = 1 in (1.3), the resulting
unperturbed problem admits a quasi-equilibrium one-spike solution of the form (see [5])

a ~ ae(z;z) = B/ PNy, [e Nz — )] , (2.1a)
p—1
(s+1)(p—1)—qr 0
h~ by = (b—> EDT here by = / (ue(y)]” dy. (2.1b)
2p —o0

Here u.(y) is the unique positive solution to

n

U, —uc+ul =0, —00 <y <00, (2.2a)
u’c(O) =0; ue(y) ~ ae Y, as y — +o0, (2.2b)

for some a > 0. The function a. is called the quasi-equilibrium one-spike solution to (1.3) since ae
has exactly one localized maximum and it fails to satisfy the steady-state problem corresponding
to (1.3) by only exponentially small terms as ¢ — 0 for any value of zg in |zo| < 1.

For the time-dependent problem, our goal is to derive an asymptotic differential equation for
the trajectory z = z((t) of the localized maximum of a., which represents the center of the spike.
Since k — 1 is exponentially small, we begin by linearizing (1.3) in the form

(J/(.Z‘, t) = Q¢ [:L'; .Z‘()(t)] + ’LU(.’I,‘, t) ’ (23)
where w < a,. Substituting (2.3) into (1.3), we get the linearized problem for w

Low = 8ae + 0w — e%k56 10za, , —-l<z<l1l, t>0, (2.4a)
wg(£1,1) = —0pae(£1;10), (2.4b)

where the nonlocal operator L. is defined by

2 B rge"ub 1
Lep= S (), = dt il 9= T [ e, (2.4¢)

Here b, is defined in (2.1b). The coefficients in the operator L. are localized near z = z( since
Ue = uc ez — x0)] .
2.1 Exponentially Small Eigenvalue

Let z¢ € (—1,1) be fixed and consider the eigenvalue problem

Lep =)Ao —l<z<1; ¢ (£1) =0. (2.5)



When x = 1, it was shown in [5] that, under the conditions on p and r given in (2.8) below, the
eigenvalue of (2.5) with the largest real part is exponentially small as ¢ — 0 and the corresponding
eigenfunction is localized near z = zy. We will estimate the change in this exponentially small
eigenvalue as a result of the exponentially small perturbation £ — 1. To do so, we let x = 1 and
proceed as in [5] by introducing the localized eigenvalue problem for ® = ®(y) given by

Lo =0P —oc0o<y<oo; ® — 0 exponentially as 1y — +oo, (2.6)

where y = e~!(z — z). Here Ly is defined by

p oo
Lo® =Dy — B+ pulto— — 1 / WO dy, (2.7)
br(s+1) J_o

where u, = u.(y). The following rigorous result on the spectrum of (2.7) is proved in [11].
Theorem(Wei [11]): Let o¢ be the eigenvalue of (2.6) with the largest real part and let @y denote
the corresponding eigenfunction. Assume that either of the following two conditions hold:

(i) =2, 1<p<5, or (i) r=p+1, p>1. (2.8)
Then, when (p,q,r,s) satisfy (1.2), we have
00=0,  o(y) =uy(y). (29)

The assumption (2.8) holds for the two common sets of parameter values for the Gierer-Meinhardt
system (p,q,r,s) = (2,1,2,0) and (p,q,7,s) = (3,2,2,0).

The effects of the exponentially small perturbation k — 1 and of the finite domain in (2.5)
perturb this eigenvalue o by exponentially small terms as ¢ — 0. Let the perturbed eigenpair be
denoted by Ag and ¢y. In order that ¢ satisfy the boundary condition on x = +1, we proceed as
in [5] by constructing ¢g in the boundary layer form

b0 ~ u, [e7 (& — 20)] + bro [ 1+ 2)] + dro [T (1 —2)] (2.10a)
where

ro(n) = ae™® = ppy(n) = —qe™® (), (2.10b)

To estimate Ay we first define the inner product (u,v), = f_ll uvkdz. Integrating by parts, we
obtain for any two functions ¢ and 1) that

(Lo, ), = €26 (ot — Pty |11 + (b, L29) (2.11)

where L} is the adjoint operator defined by

2 —1,r—1 [l
* — € _ -1,  T4E U »
Ly = - (Ktpz), — o + pub™ "1 (st 1) /_1/<cuc@bdm. (2.12)



Now let 9 = u,, and ¢ = ¢y. Then, since ¢oz(+1) = 0, we get from (2.11) that

’ " K u’c’ T 871 1 _ 1 ’
o (dui), +emdort Ly = (’”T’¢°) ey ([ ) ([ ).
T — -
K

(2.13)

The two terms on the left side of (2.13) can be estimated as in [5] by using (2.10) for ¢y and (2.2)
for u’c' (y) as y — too. The exponentially small perturbation x — 1 does not affect the leading order
asymptotic estimates for these quantities. Thus, for ¢ — 0, we get

1 o ’ 2
(¢Oauc)n ~¢eBo , Bo = / [uc(y)] dy, (2.14a)
—ekdou, || ~ 2ea? (ei2571(1+w°) + 672571(17%)) . (2.14Db)

Next, we use (1.3c) to asymptotically estimate the first term on the right side of (2.13) as

K

Iﬂ)z-’U,’cl 24y —d/E o0 ’ i 7]
£ o) ~ee g (zo + ey)uc(y)u.(y) dy. (2.15)
—00
K

Expanding g in a Taylor series, and using the fact that u.(y) is even, we integrate by parts to get

K ’U,” 62—I—ue—d/€ o €2j—|—1 ) oo ) , 2
z e ~ — E (25+2) ) - 2j

For the exponentially small perturbation x — 1 to have a significant effect on the eigenvalue for at
least some values of zy we must balance the exponential orders of (2.14b) and (2.16). Thus, for
e — 0 we take d to satisfy

0<d<2—celoge, (2.17)

for some ¢ independent of e. With this restriction on d, the last term on the right side of (2.13) is
estimated for ¢ — 0 as

1 1 1
71);(11 1 (/_1 poul "t dz) (/_1 kuPu, dw) =0 (eq max {e_(”d)gfl(l”(’), e_(”d)fl(l_“)}) ;
(2.18)

for some ¢. Since r > 0, we conclude that the term in (2.18) is asymptotically smaller as ¢ — 0 than
the inner product term in (2.16). Finally, substituting (2.14) and (2.16) into (2.13), and neglecting
the last term on the right side of (2.13), we obtain the following main result for \y:



Proposition 2.1: (Exponentially Small Eigenvalue) Let (2.8) and (2.17) be satisfied. Then,
for e = 0 the eigenvalue Ao of (2.5) with the largest real part is exponentially small and it has the

asymptotic estimate

202 [ 5 i ltvg-dfe O 2541
Yo = Aolmo) ~ 5= (e300 e i 2 gt s (219)
j=0 ’

Here « is defined in (2.2) and (B; for j > 0 is defined in (2.16).

From the calculations above we observe that the nonlocal term in L., which is not self-adjoint,
does not influence the leading order asymptotic estimate for the exponentially small eigenvalue.
Hence, the adjoint operator L} also has an exponentially small eigenvalue with the same estimate
as that given in (2.19).

2.2 The Metastable Spike Motion

We now derive an ODE for z((t) from (2.4). Assume that w(z,0) = 0 in (2.4) so that the initial
condition for (1.3) is a spike-layer solution with spike center initially located at zo(0) = 23 € (—1,1).
Since the principal eigenvalue of L. is exponentially small we can assume that the motion is quasi-
steady by neglecting d,w in (2.4). To ensure that w is uniformly small over exponentially long time
intervals, we must impose the condition that w is orthogonal to ¢g.

To derive an ODE for z(¢) we begin by using (2.11) with ¢ = ¢y and w = ¢ to get

(Lew, ¢o),, = e2kpowg| 1 + (w, LEido), - (2.20)

Using the remark following (2.19) above, we get (w, LI¢o) ~ Ao (w,¢p) = 0 by our condition of
orthogonality. From this condition, and by using (2.1a) and (2.4), (2.20) reduces to the following
implicit differential equation for x(%):

K

! K ’LL,
(¢0, Orue),, + 6H¢0uc|1,1 ~ € ( i C,(ﬁo) . (2.21)
K

The two terms on the left side of (2.21) can be estimated as in [5] by using (2.10) for ¢ and (2.2)
for u, (y) as y — +oo. For € — 0, we get

(b0, Oytic),, ~ —Tofo , (2.22a)
—ergouy|t; ~ 2ea? (6_2’3_1(1“‘0) - 6_25_1(1_$0)) . (2.22b)
Next, for ¢ — 0, we calculate as in (2.15) that
K ’U,, v — o ! i 2 v 0 ng .
e —==.d0 | ~ee d/g/ g (@0 +ey) [uyy)| dy~ e Y P (30) B
o ; oo = @)

(2.23)



Finally, substituting (2.22) and (2.23) into (2.21), we obtain the following metastability result for
zo(t):

Proposition 2.2: (Metastability) Let (2.8) and (2.17) be satisfied. Then, for ¢ — 0, the
trajectory xo(t) of the center of the spike for a one-spike solution to (1.3) satisfies the asymptotic
differential equation

_ _ 24v ,—dfe X 2j )
(6_26 H(1-m0) _ =2 1(1”0)) _e e £ ,g(2j+1)(x0)ﬁj- (2.24)
Po =2
Here « is defined in (2.2) and B; for j > 0 is defined in (2.16).
An important remark, as observed from (2.24), is that the behavior of z((t) depends only on
pointwise values of certain derivatives of the perturbation x — 1. This will be different from the
behavior that we will observe in §3.

2.3 An Example of the Theory

We now discuss the qualitative behavior associated with (2.19) and (2.24). From (2.24) we see that
h(—1) <0 and h(1) > 0 as € — 0 when d > 0. Thus, there exists at least one equilibrium value z§
for z(t) . The existence of any other equilibria for zy depends on the constants d and v and the
function ¢'(z) . In particular, when d > 0 is sufficiently small, then (2.24) has an equilibrium point
near each zero of g' (). As shown in the example below, we can have other equilibrium points in
the interval [—1, 1] when d is near some critical value.

The next result concerns the stability of the equilibria of (2.24). Let zf satisfy h(z§)=0. Then,
by comparing (2.19) and (2.24), we find that h'(z§) = 2Xo(z§) . This shows that the decay rate
for the differential equation (2.24) associated with infinitesimal perturbations about z§ is 2Ag(zf).
This leads to the next result.

Corollary 2.1: (Stability of Equilibrium) Let z§ satisfy h(z§) = 0. Then (1.3) has a one-spike
equilibrium solution of the form given in (2.1) and this solution is stable (unstable) if Ao(z§) < 0
(Ao(z§) > 0). Here uc(y), Mo(zo) and h(zg) are given in (2.2) , (2.19) and (2.24).

Thus a one-spike equilibrium solution centered at z§ is unstable when ¢”(zf§) < 0. Since
g"(z) < 0 corresponds to a weakly convex domain, this result predicts that there is no stable
spike-layer solutions in such domains. However, when ¢ (z§) > 0, then A\o(z§) can be negative for
certain choices of v and d, resulting in a stable spike-layer solution centered at zf. The key point
to construct such a stable equilibrium solution is to guarantee that (2.24) has multiple equilibria
corresponding to simple zeroes of h(zg). Then, we must have exactly one stable equilibrium of
(2.24) between every two consecutive unstable equilibria.

To illustrate the result, let p = 2 for which u.(y) = (3/2) sech? (y/2). Then, we calculate from



(2.2) and (2.14a) that Sy = 6/5 and a = 6. Thus, to leading order (2.19) becomes
v+2

AO — )\O(l_o) ~ 60 (6—26*1(1-1—3:0) + 6—25*1(1—z0)) o ETe_Efldg// (:L‘O) L. ’ (225)
and (2.24) reduces to
g ~ h(zg) = 60¢ (6*25_1(1’“'”0) — 6’25_1(1”0)) — e 27 Mg (zg) oo (2.26)

Choose g(z) = x?/2, which corresponds to a non-convex domain. In this case, z§ = 0 is an
equilibrium solution to (2.26) for any v and d. This solution can be stable if d is small enough. From
(2.25), we calculate \p(0) = —?e‘gfld + 120672 ' . Let d. be the zero of A\g(0) as a function
of d. Then, d. = 2 — €log240 + (v + 2)eloge. From Corollary 2.1 it follows that the equilibrium
z§ = 0 is stable (unstable) when d < d.(d > d.). When d < d, there are two other equilibrium
points for (2.26) on either side of z = 0 that are unstable. This example clearly shows the effect of
pinning whereby the exponentially weak non-convex perturbation of the original domain leads to a
stable one-spike equilibrium solution to the shadow problem (1.3) centered at the midpoint of the
domain.

3 One-Spike Dynamics: The Perturbed Gierer-Meinhardt Model

In this section we analyze the dynamics of a one-spike solution to (1.1). For finite inhibitor diffu-
sivity D and for p = p(z) > 0, we derive a differential equation determining the location z((¢) of
the maximum of the activator concentration for a one-spike solution to (1.1).

In the inner region near the spike we introduce the new variables

y=elz—xo(r)], Ry =hlzo+ey), aly) =alzo+ey), T=ct. (3.1a)
We then expand the inner solution as
h(y) = ho(y) +ehi(y) +---,  @ly) = aoly) +ear(y) +--- . (3.1b)

The spike location is to satisfy ay(0) = 0. Substituting (3.1) into (1.1), and collecting terms that
are O(1) as € — 0, we get the leading order problem for ay and hg:

g — ao + ah/hd =0, —00 <y <00, (3.2a)

hy =0, (3.2b)
with &E)(O) = 0. In order to match to the outer solution, to be constructed below, we require that
hg is independent of y. Thus, we set hg = H, where H = H(7) is a function to be determined. We
then write the solution to (3.2a) as

apg = Hu,, where y=q/(p—1), (3.3)



where u, satisfies (2.2).
Collecting the O(e) terms in the inner region expansion, we obtain the problem for @; and hq,

=p—1 P
n - pa - qa, = I
a; — a1+ INS‘I a1 = qulhl—xoaoy, —oo <y <00, (3.4a)
0 0
(3.4b)

Dhyy, = —a4/hs.

Here , = dzy/dr. Next, we write d; as
51,1 = H’Y’U,l . (3.5)
Using (3.3), (3.5), and ho = H, (3.4) becomes
" -1 q’LLIcJ~ ro
L(up) =up —up +pul uy = ?hl — TyU, —00 <y < 00, (3.6a)
—HSyT (3.6b)

Dhiyy =

where u; is to decay exponentially as |y| — oc. Since Lu, = 0 and u, — 0 exponentially as |y| — oo,
the right side of (3.6a) must satisfy the solvability condition that it is orthogonal to u; From this

condition we obtain the differential equation
(3.7

’ q o0 1>
Ty = - 5 / uPu hy dy .
H [* [up(y)]” dy J-00

If we integrate (3.7) by parts twice, and use the facts that hlll and u. are even functions, we get
(3.8)

Ty = —
° 2H(p+1)
In the outer region defined at an O(1) distance away from the center of the spike, a is exponen-

> Uc p+1d ~7 ~

a (f—“[ Wi~ dy [ lim B+ lim | .
Yy——00

tially small and we expand h as h = ho(z) + o(1) as € — 0. Then, from (1.1b), we obtain that hg

S )] dy ) Lyt

(3.92)

-1<z<1,
(3.9b)

satisfies
Dhg — pho = —H"7°b.0(x — x9) ,
ho(£1) = 0.

Here b, is defined in (2.1b). Solving for hy we get
(3.10)

ho(z) = H°b,G(z; 0) ,

10



where the Green’s function G(z;zg) satisfies

DGy — uG = —6(z — x9) , —-l<z<1, (3.11a)
Go(£1;70) = 0. (3.11b)

To match with the inner solution we require that

ho(zo) = H, lim h) 4+ lim A} = hy(zoy) + hol(zo_) . (3.12)

y—+00 Yy——00
Substituting (3.10) into (3.12), we get

. ~ . ~7 H
hm hl + ygl}loo h’l = m [Gw(l'()_}_, IE()) + Gw(.’l,'()f; .’L'())] s (3133)

y—+oo
1 1/[yr—(s+1)]
H=|———— 3.13b
[er(iﬂo;ﬂﬁo)] ( )
Finally, substituting (3.13) into (3.3), (3.8) and (3.10) and letting 7 = €?t, we obtain the main
result of this section:

Proposition 3.1: For ¢ < 1, the the dynamics of a one-spike solution to (1.1) is characterized by

a(z,t) ~ H'u (e7 [z — zo(t)]) , (3.14a)
h(z,t) ~ HG [z;20(t)] /G [zo(t); zo(1)] (3.14b)

where H = H(t) is given in (3.13b). The spike location xo(t) satisfies the differential equation

% ) Gz (To+;T0) + Ga(mo—; T0)
o e“C ( G (wor70) , (3.14¢)
where C > 0 is defined by
oo p+1 d
=1 L‘;‘;[ucfy)] — (3.14d)
20+ \ 2 [ue(y))” dy

3.1 Case 1: u(x) = p is a positive constant

In the special case where p(z) = p is a positive constant independent of z, we can solve (3.11)
explicitly for G(z;zg) to get

G(x;wo) = { AOCOSh [0(1 + :I,‘)] /COSh [0(1 + 330)] ; 1<z <z s

Agcosh[0(1 — )] /cosh [0(1 —z0)],  wo <z <1, (3.152)

11



t [ logio(L+) | 2o (mum) | zo(t) (asy)
18.0 1.279 —0.5907 —0.5913
99.0 2.000 —0.5510 —0.5538
207.0 2.318 —0.5026 —0.5079
486.0 2.688 —0.3974 —0.4073
864.0 2.937 —0.2905 —0.3035

1359.0 3.134 —0.1936 —0.2076

1881.0 3.275 —0.1265 —0.1395

2268.0 3.356 —0.0924 —0.1040

Table 1: A comparison of the asymptotic and numerical results for z((t) corresponding to the
parameter values shown in the caption of Fig. 2.
where

Ag = (tanh [(1 — z)] + tanh [0(1 + z)]) 0= (u/D)Y? . (3.15b)

g-
S

Substituting (3.15) into (3.14c), we obtain the following result:
Corollary 3.1: For ¢ € 1 and when u(z) = p is a positive constant, the differential equation for
the spike location is

% ~ —620\/%[tanh (0(1 + zg)) — tanh (6(1 — zp))] , (3.16)

where C is defined in (3.14d).

The stable equilibrium solution for (3.16) is zp = 0. Setting zp = 0 in (3.14a) and (3.14b) we
obtain a symmetric one-spike equilibrium solution for (1.1). Notice that zy — 0 as ¢ — oo for any
initial condition zo(0) = z3 € (—1,1). To validate (3.16) we compared it with the corresponding
full numerical result computed from (1.1) for the parameter set (p,q,r,s) = (2,1,2,0) using the
routine DO3PCF from the NAG library [8]. The initial condition was taken to be of the form (3.14a)
and (3.14b) with z¢(0) = —0.6 and € = .03, g = 1.0, and D = 1.0. In Fig. 2 and in Table 1 we show
the favorable comparison between the numerical result for zg with the corresponding asymptotic
result obtained by solving the differential equation (3.16) with the initial condition z¢(0) = —0.6.
In solving the differential equation, the integrals in the definition of the constant C' in (3.14d) can
be evaluated explicitly since the solution to (2.2) is u.(y) = (3/2) sech? (y/2) when p = 2.

3.2 Case 2: u(x) > 0 depends on z

In general, when p depends on z we must compute the Green’s function satisfying (3.11) to de-
termine the dynamics as described in (3.14c). However, to illustrate qualitatively the effect of a
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Figure 2: Plot of the trajectory z((t) of the center of the spike for a one-spike solution with e = .03,

p =10, D=1.0 and (p,q,7,8) = (2,1,2,0). The solid curve is the full numerical result and the
dotted curve is the asymptotic result.

spatially varying u(z), we now derive an approximate differential equation for zg in the limit D > 1
with D independent of ¢.
In the limit D > 1, we expand G as

G(z;m0) = Go(7;20) + D' G1(z;20) + O (D7?) . (3.17)
Substituting (3.17) into (3.11) and collecting powers of D!, we get
Gozz = 03 Gige = pGo — 6(55 - 1'0) ’ (3'18)

with Gjz = 0 at £ = %1 for j = 0,1. The problem for G; does not have a solution unless Gg
satisfies a solvability condition. In this way, we calculate that

- R 0 —-l<z<z
— 1. _ 1 _ 0,
Go= i) s Gu= ) [ uwa-{ ) 1SS (3.19)
Here p, is the average of u over the interval, defined by
1 1
Yo = 5/ p(z)dz . (3.20)
-1



Substituting (3.19) into (3.14c) we obtain the following result:
Corollary 3.2: For e < 1 and D > 1, with D independent of €, the differential equation for the
spike location (3.14c) reduces to

d 22C [ [0
d—to ~~5 (/1 u(y)dy—ua) ; (3.21)

where C' is defined in (3.14d).

From (3.21) we observe that the pinning effect induced by p(z) depends on global properties of
the spatial inhomogeneity p(x), in contrast to the pointwise values as obtained in §2 for the shadow
problem. Since p(z) > 0, there is a unique equilibrium spike-layer location zg. for (3.21) satisfying

/_ :cl()e u(y) dy = pia - (3:22)

This equilibrium is a stable fixed point for (3.21). Notice that if fol pdzr < f_ol pudz, then the
equilibrium location satisfies zg. € (—1,0). Alternatively, if there is more mass of y on the right
side of = 0, then zg, € (0,1).

As an example, let w > 0 and consider the profile

uz) =+ (1 + “’eww) . (3.23)

sinh w

It is easy to see that pg, =1 for any w > 0. Also, as w — 0 we have p(z) — 1. As w — oo we have
p(z) = 1/2 + we @@+ which has a boundary layer near z = —1. For any w > 0 there is more
mass of p to the left of z = 0 than to the right of x = 0. From (3.22), z. satisfies the algebraic
equation

e~ WToe ev

— =1- . 3.24
0e sinh w sinh w ( )

It is easily seen that —1 < zg. < 0 when w > 0 and zp, — —1 as w — .
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