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Abstract

The dynamics and stability of spike-type patterns to a sub-diffusive Gierer-Meinhardt reaction —
diffusion system is studied in a one dimensional spatial domain. A differential algebraic system (DAE)
is derived to characterise the dynamics of an n-spike quasi-equilibrium pattern in the presence of sub-
diffusion. With sub-diffusive effects it is shown that quasi-equilibrium spike patterns exist for diffusivity
ratios asymptotically smaller than for the case of regular diffusion, and that the spikes approach their
equilibrium locations at an algebraic, rather than exponential, rate in time.

A new non-local eigenvalue problem (NLEP) is derived to examine the stability of an n-spike pattern.
For a two-spike pattern sub-diffusion has little effect on the competition instability threshold, whereas the
threshold associated with an oscillatory instability of the spike profile increases significantly. Furthermore,
for a multi-spike pattern it is shown that an asynchronous oscillatory instability of the spike profile,
rather than a synchronous oscillatory instability characteristic of the case of regular diffusion, is the
dominant instability when the anomaly index ~ is below a certain threshold. Detailed numerical results

are presented for the two-spike case.

Keywords: sub-diffusion, fractional derivative, spike solution, non-local eigenvalue problem, anomaly

exponent.

1 Introduction

Sub-diffusion is a diffusion anomaly, whereby the mean square displacement of the diffusing particle evolves
according to (r?(t)) ~ t7, with 0 < v < 1 being the anomaly index. Adopting the concept of a continuous
time random walk for the description of diffusion, the probability to make a step of length r after time ¢ is
given by
P(r,t) = w(t) m(r),

where w(t) and m(r) are the waiting time and step length probability density functions, respectively. Regular
diffusion, associated with (r?(t)) ~ t, ensues when w(t) = = e~t/7 where 0 < 7. ~ O(1) is a characteristic
time scale, and m(r) is Gaussian. The sub-diffusive behaviour arises when the exponential waiting time

probability function is replaced by an algebraic function

Y
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Since 7, does not affect the asymptotics of the mean square displacement, it is often set to 7. = 1.



Sub-diffusion has been observed in nature and in particular in biological systems, where the diffusion
is often hindered due to the complex structure of either the particle or the medium (cf. [1, 2, 3]). Owing
to advances in techniques used in scientific measurement, the exponent v has been accurately estimated in
an ever increasing number of experimental situations. These experimental results have confirmed that the
regular Fickian-type diffusion is only a special limit of a whole family of processes. The continuum limit
operator d; — V? in the diffusion equation is then replaced by a fractional operator 9; — V2 (cf. [4]).

The fractional derivative is a generalisation of the usual integer derivative to an arbitrary order, and is
usually defined as (cf. [5])

Definition 1.1

@y dn L At f(Qdg
% (t) - ﬁ dt'yfn'f(t) - F(n — ’y) dtm /a (t - C)77n+1 ,

n—1<y<n, neN, aeclR.

In the context of a temporal derivative, the lower bound of the integral is usually set to a = 0. The operator
order relevant to sub-diffusion is 0 < v < 1. A similar definition to be used in this paper is
Definition 1.2
4y
dtr
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The upper limit in the integral is sometimes taken to be infinite, in which case it is implied that f(¢) =0
for t < 0. The limit v — 0T corresponds to a stagnant medium. The limit v+ — 1~ corresponds to
regular diffusion. Both limits are improper in the sense that the first derivative cannot be obtained directly
from Definition 1.2. It is possible to show the equivalence of d—l in the limit v — 17 and 4 by using
an alternative definition of the fractional operator that employs the Riemann sum, which is known as the
Griinwald-Letnikov formulation (see [5]).

An operator of the type given by Definition 1.2 is referred to as a memory operator, since it takes into
account the entire evolution history of the function f, as opposed to the case of the usual integer derivative.
The immediate physical consequence is that there is an infinite first moment of the residence time in the
random walk corresponding to the diffusion process (cf. [4]). The mean square displacement is then given
by (r2(t)) ~ £7.

Fractional diffusion equations have been used to model anomalously slow or fast scattering of particles
in a variety of natural applications (cf. [4]). The methods of solution of such equations often use integral
transforms and special functions for the representation of fundamental solutions (cf. [6, 7]). Inclusion of a
reaction term presents more challenges due to the inapplicability of many basic analytical tools and notions
(e.g. chain rule, residue theorem, spectrum, Sturm-Liouville theory) in the context of fractional derivatives
(cf. [8,9]). In past studies, non-linear equations have been solved either numerically or asymptotically, except
for the case where the qualitative form of the non-linearity was approximated by piecewise linear kinetics
(cf. [9]). To the authors’ knowledge, there have been no analytical studies of the stability of any spatially
inhomogeneous solutions of such models. In the case of spatially uniform equilibria the use of dynamical
systems methods for the analysis of problems with anomalous diffusion have reported intricate and somewhat
counter-intuitive stability characteristics (cf. [10, 11, 12]).

The main goal of this paper is to characterise analytically the dynamics and stability of a spatially
localised pattern of spike-type solutions for an activator — inhibitor system subject to sub-diffusion. Spike
patterns for a singularly perturbed reaction — diffusion system in one spatial dimension are characterised by
the concentration of one or more of the solution components near a discrete set of spatial locations in the
domain. For quasi-equilibrium patterns these concentration points will evolve slowly in time. For the case
of regular diffusion the dynamics and stability of such 1-D patterns have been extensively studied over the

past decade for various models including the Gray-Scott and Gierer-Meinhardt models (cf. [13]-[26]).



A well known reaction — diffusion system for the generation of spike-type solutions is the activator-

inhibitor system with Gierer-Meinhardt kinetics, given in a dimensionless form by

P m
Oy = 2agy —a+ = | Tath:Dhm—the*l‘;—s,

" (1)

where a(x,t) and h(x,t) are the activator and inhibitor concentrations, respectively. Here ¢ and D denote

the constant diffusivities, 7 > 0 is the reaction time constant, and the exponents (p, g, m, s) satisfy

p>1, ¢>0, m>0, s>20, 0<——<

The stability properties of equilibrium spike patterns for (1) were studied in [14], [17], [20], and [21]. An
analysis of slow dynamics of quasi-equilibrium spike patterns for (1) was given in [18], [24], and [25].
In this paper a modification of (1), incorporating sub-diffusion, is studied. The modified system on a one

dimensional interval with Neumann boundary conditions has the form

aP

aga:eham—a+ﬁ —-l<z<l, t>0, (2a)
T@?thhm—h—i—e_”(Z—s, l<z<l, t>0, (2b)
a;(£1,t) = hy(+1,t) =0, a(x,0) = ap(x), h(z,0) = ho(z), (2¢)

where the anomaly exponent v is on the range 0 < v < 1.

The 7-dependent powers of € in the activator diffusivity and inhibitor non-linearity in (2) are essential
for the existence of a quasi-equilibrium spike pattern. Upon substituting v = 1 the usual GM model (1) is
recovered. The limit v — 07 is improper since the function € is arbitrarily small for e — 0if 0 < v < 1,
whereas €7 = 1 for arbitrarily small € when v = 0.

In §2 a quasi-equilibrium spike solution to (2) is constructed, and a differential algebraic (DAE) system
for the dynamics of spikes under the effect of sub-diffusion is derived. In §3 a non-local eigenvalue problem
(NLEP) characterising the stability of an equilibrium spike pattern is derived. Studying this NLEP for a
one-spike solution, it is shown that the effect of sub-diffusion is to increase the critical value of 7 for the onset
of a Hopf bifurcation. Therefore, the effect of sub-diffusion is to broaden the parameter range where a stable
equilibrium spike pattern can occur. Furthermore, for a multi-spike equilibrium solution, it is shown that
an asynchronous oscillatory instability of the spike profile, rather than a synchronous oscillatory instability
characteristic of the case of regular diffusion, is the dominant instability when the anomaly index v is below

a certain threshold. Detailed numerical results are presented for the two-spike case.

2 Dynamics of quasi-equilibrium patterns

In the limit ¢ — 0 a solution to (2) is constructed, for which the activator concentrates at a finite set of
locations z; for i = 1,...,n, where z; is the centre of the i-th spike. The background solution for (2a) in
between each of the spikes is the trivial state a(z,t) = 0. In the inner region near each x; an inner coordinate
y; is defined by

yi(t) = ¢ (z — 24(0)) i=1,...,n, (3)

where 0 = €*t, with a > 0 being a slow time scale to be determined. In order to derive a DAE system for

the spike layer locations z; (o), the following auxiliary result is needed.



Lemma 2.1 Let A(y;(0)) € C™ with y; as in (3), ©; € C™ and 0 < v < 1. Then in the limit ¢ — 0 the

chain differentiation rule is given by

5
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where D) A(y;) is defined by

sy = (22) g o oo (52) )}

and I'(z) is the Gamma function.

PROOF : By Definition 1.2 one has

o=l [ (o) A

A new variable £ in terms of ¢ is then defined by

=€ (wi(o—¢) —x(0))- (5)
To solve for ¢ in terms of £ when € < 1, z; is expanded ( z; € C* ) as

_ d{Ei C + 1d2$l
do 2 do?

xi(a—C):xi(o) C2—...,

so that (5) becomes

dx; 1 d2x;
_ [ _ 7 + v 2
E=c¢ < da<+2d02C +>

Away from the fixed points, the series is reverted to leading order to get

dr;\ 1 d%x; dx;
_ 7 v @A 7
¢ (da) <65 2d02<+”')’ da#o’

and, thus, by a recursive substitution into higher powers of ¢ one derives that

d{Ei -t 2
¢~el (_da> 54—0(67).

Therefore, for € < 1 (4) becomes

(dmi )
—oo-sgn | 2

Awo) < () [ (- aw-9) (2 1) e
0

dx;
Finally, upon splitting this result into the two cases d_l < 0 and changing variables to have the upper
o

integration bound positive, the desired result is obtained. ]

Remark 2.1 The operator D can be regarded as the left and right propagating fractional derivative ac-

x
cording to whether — < 0, and it satisfies lim D) = .
do y—1- Y dy;

the limit € — 0 was taken. Therefore, in the case of the left propagating fractional derivative the argument

The infinite integration bound appeared when

of A(y; — &) becomes negative for fixed y; and sufficiently large §, whence A should be regarded as vanishing.



Lemma 2.2 For p > 1, the homoclinic solution w, given by

) = { (54 ) sea (22 y)}— |

is the unique solution to the boundary value problem

u—u+u’ =0, —00 <y < 00, uw'(0) =0, u(0)>0, lim u=0.

ly|—o0
2

dy?
conditions, has a unique positive eigenvalue and a one dimensional nullspace with Ker Ly = span{u'}.

The corresponding linearised operator Lo = — 1+ puP~t, subject to the same asymptotic boundary

PROOF : Suppose v’ € Ker £y. By a direct computation Lou’ = 0. Next, suppose that Lou = 0. By the

ODE existence and uniqueness theorem there are two independent solutions. One is @; = o/, satisfying
lim @ = 0and lim @ = 0. The other solution must satisfy lim |u| > 0, and in fact must blow

ly|—00 ly|—00 ly|—o00

up exponentially at infinity, since the Wronskian of these two independent solutions is non-zero in the limit

ly] — oo. Since u > 0 and is an even function, the derivative u'(y) has a unique zero at y = 0. Then,

by Sturm-Liouville theory, there exists exactly one eigenpair of Ly = v¢ with v = v, > 0, which has a

corresponding eigenfunction of one sign. ™
The formal result below characterises the slow dynamics of a quasi-equilibrium n spike solution to (2).

Principal result 2.1 Let xz;(0) € C* be the location of the centre of the i-th spike, evolving on the slow time
scale o0 = €t with a = v+ 1. Suppose that T ~ 0(6_(7“)7). Then in each inner region the quasi-equilibrium

solution for (2) is given asymptotically for ¢ — 0 by

A(yi,0) = a(z; + €ys, e o) = AD 4 AWM 4 (6a)

H(y;,0) = h(z; + €'y, e “o) = H;(o) + eVHi(l) + ., (6Db)

where H; = H;(0) and x;(0) satisfy the differential-algebraic (DAE) system

Hi(o) = by, Zﬁfmst(xi;xj), by, = / udy ,

j=1 o
, (2)
dxi dmz qu rrBm—s - rrBm—s
= P S EPTNGL) Y A Gl ) ¢ Fi),
Sgn(da) do (p+1)H; g (Ga) +JZ::1 j Ga(zis ) ¢ [(i7)
J#i
where (Gg); = %(Gm(x;;xi) + G (] xl)) Here G(z;2;) is the Green’s function satisfying

DGy — G=—0(x—z;), —-l<z<l; Gy(£1;2;) =0, (7b)

while the anomaly dependent factor f(p;~) is defined by

o) = ( [ dm) / ( /- u’(yi)zv;,.,ud@ . (70)

The derivative D7, is defined as in Lemma 2.1.



To derive this result first note that Definition 1.2 with f(t) = F(e“t) = F(o) implies that the fractional
derivative satisfies 9, f(t) = €7*0, F (o). Thus, substituting (6) into (2) gives the leading order problem on

as

0)P
<%—1>AEO)+%=O, 88—;?H¢=O, —00 < y; < 00. (8)
This system has no dependence on «, and as for the case of regular diffusion, the linear growth in y; at
infinity for H; must be eliminated in order to match to the outer solution. Thus, H; is independent of ;,
and

Hi=H0)>0, AY=H(ouly), f=—", ()

where the homoclinic solution u is as in Lemma 2.2.
The error in this leading order approximation is of order O (€7). At the next order, the problem for
Al(.l) must involve the motion of the spike centre x;. Normally the latter is obtained by the differentiation

of AEO) (yi(o),0) with respect to the first argument together with an application of the chain rule involving
dﬂl‘i

. The derivative with respect to the second argument is of order of magnitude smaller. This procedure
o
cannot be performed when the derivative is fractional. Applying Lemma 2.1 and using (9), the time scale is

chosen as o = v + 1 to obtain that the correction equations are

- da; \ |da; |7
8,40 — L p g i il 1
T PLoA; Hiu ; sgn o o Dju, (10a)
2
D(%QH;U = — Py (10b)

The time derivative term 79, H; in (2b) was neglected to obtain the problem for H, i(l). This is consistent when
70) Hy ~ o(¢™7). Since 9] H; = ¢*79) H; and a = y+1, this condition holds when 7 satisfies 7 ~ o(e~7(27)),
Upon using Lemma 2.2, together with the Fredholm alternative, and noting that Lg is self-adjoint, the

solvability condition is obtained

* du ( q o (1) dx;
—uPH"/’ — s
/—oo dy; {Hiu ! L

The first term in (11) is integrated by parts twice and simplified by using the exponential decay of u at

dz i
do

.
@ZU} dy; = 0. (11)

infinity, together with the facts that «w and 85 Hi(l) are even functions. Then, the solvability condition

Y . 00
sgn dzi / d—uCD'Y,udyi. (12)
do Yi

—oo AYi

becomes

__9 / w g [ im H g )
20+ DIL L N L W

The result of equation (2.9) of [18] for regular diffusion is recovered upon substituting v =1 in (12).

dx i
do

QU

From (9), a decays exponentially at |y;| — oo, and is localised near the centres x; for i = 1,...,n of the
spikes. In the outer region between the spikes, a is exponentially small. The inhibitor concentration is O(1)

across the domain when D ~ O(1). In the outer region expand h as
h~hO(z,0)+ 0O (), o=t
Upon matching to the inner solution one obtains that

RO (z;,0) = Hy(0),

g o _ On) (13)
i i - LTy o) — ) = 1
yinim T y,;l—1>H:l%oo€ o h(x; + €'y, 0) 7) = Tlirii B



To derive a differential equation for the outer problem for h(®), first note that the non-linear term in (2b)

can be expressed as a linear combination of d-functions due to the localised behaviour of a as

m‘;l—s =S bidle—a), (14)
i=1

where b; is the weight of each spike given by

Tjr m oo m _ o
bi:ew/m; %dlem%dyi NHfmfs/iooumdyi.
Then, from (2b), the quasi-static outer equation for h(©) | given by
DL — p©) :meHiﬂm_sé(x—xi), b E/ u™ dy, (15)
i=1 e

is valid provided that the estimate 7e“70)Yhy < 1 holds. Since av = 7 + 1, this condition holds when 7
satisfies 7 ~ o(e~("*1)7). This new threshold on 7 is stricter than that obtained above for neglecting the
time derivative of the inhibitor in the inner region, and so this sets the condition on 7 as given in Principal
result 2.1

The solution to (15) can be represented as

WO (@, t) = by Y H™ Gl 25),

i=1

where the Green’s function G(x;x;) satisfies (7b). Then

lim 9, H" + lim 8, H" = lim A®+ lim Y=

Y Yi——00

2, { Y HI" Gy (s @) + HY™ (G (43 2))
=
Substituting this result into the solvability condition (12) and combining with the matching condition (13)
yields the desired differential-algebraic system.

Remark 2.2 As long as 0 < v < 1, the ODE in (7a) comprises two separate equations, governing the
T

> < 0. For vy =1 the fractional operators in the definition of f(p;~)

motion of the spikes according to

dx;
approach regardless of sgn (—l , and the fractional power on the left-hand side becomes unity, merging

dy; do
the two equations into a single equation for both the leftward and rightward motion of spikes.

Remark 2.3 The temporal scale for the evolution of the spikes is o = €'T't, and, consequently, the motion
of the spikes is slower under the effect of sub-diffusion than with reqular diffusion. To see this, define € = €
s0 that the activator diffusion coefficient is €2, and the spikes have speed O(e'+t1/7). Since 0 < v < 1 and
1+ 1/v > 2, this speed is slower than the speed O(e%) found in [18] with reqular diffusion.

The DAE system in Principal result 2.1 can also be written in a vector form as

_ dx qb _ _
— ym—s 2 o _Am . 1 Bm—s 1
h=b,Gh " S O PR (16)

d'x/do = (sgn (]) |57, ..., sgn(x)) |x;|7)T



with the matrices being

Hy 0 0
G(zi;21) -+ G(xi;xy) 0 0
G = : ) : , H= . ; (17a)
Glansz1) -+ Glanizn) j
0 0 H,
and
(Galwiz))t - Galwrian) , H™
P= , h = : , R = (17Db)
Go(xp;x1) o (Gu(Tn;Tn))n H, Hpm=s

Similarly to the case of regular diffusion studied in [18], for n > 2 this matrix DAE system is conveniently

rewritten in terms of certain triadiagonal matrices. In Appendix A of [18] it was shown that

B-1
g= Niok (18)
where B is the tridiagonal matrix
ci d 0 -+ 0 0 0
di co o o 0 0
0 0
B = , (19a)
0 0 o o cpor dpa
0o 0 0 -+ 0 dy1 cn
with matrix entries defined for n > 2 in terms of z; and §, = D~1/2 by
c1 = coth [fy(x2 — z1)] + tanh [0,(1 + x1)] , ¢ = coth [0y(zy, — 2p—1)] + tanh [0,(1 — z,)] , (19b)
¢; = coth [0y (zip1 — ;)] + coth [0p(x; — x5-1)], i=2,..,n—1, (19¢)
d; = —csch[fp(xit1 —x)], i=1,..,n—1. (194d)

In addition, as shown in Appendix A of [18], the matrix product PB can also be written as a tridiagonal

matrix of the form

€1 kl 0 0 0 0

—k1  es 0 0

0 0

1
PBEE’Pb, where Py = ) (20a)

0 0

0 0 €n—1 kn—l

0 0 0 0 —kn_1 eq




with matrix entries defined for n > 2 by

er = tanh [0,(1 + x1)] — coth [0 (22 — 21)] , e, = coth[0y(zy — zp—1)] — tanh [0,(1 — )] , (20b)
e; = coth [0, (x; — xi—1)] — coth [0y (zi41 —23)], 1=2,.,n—1, (20c)
ki = csch[0o(xipr — )], i=1,.,n—1. (20d)

Substituting (18) into (16), the following result equivalent to that in (7a) is obtained.

Corollary 2.1 For n > 2, the DAE system in Principal result 2.1 is equivalent to the tridiagonal matriz

DAE system
d'x q0,

—_— ~ . -1 _ ,3m75. o1
do 2(p+ 1)f(p7 V)H th; Bh bmﬁoh ( )

d
Here d_sc is defined in (16) and H, B, Py are defined in (17a), (19), and (20), respectively. For the case of
o
one spike, i.e. n =1, the motion of the centre of the spike is governed by
0o
o7 s (01) ~ 255 02 9) (8,1 = 0) = a8, (1 + )] (22)

The explicit result in (22) was obtained by solving (7b) for G(z;x1) and evaluating the required terms in
the ODE for z; in Principal result 2.1. The advantage of the formulation for n > 2 in (21), as compared to
that in Principal result 2.1, is that (21) is expressed only in terms of tridiagonal matrices.

The DAE system (21) has an equilibrium state with spikes of a common height. This state is the same
as with regular diffusion and is characterised by a pattern of n spikes centred at x; = —1 + (2i — 1)/n for

i=1,...,n, with a common spike height H given by

H = (bi\/uD tanh &
m n

From (21), the dynamics of the spikes depends on the anomaly dependent factor f(p;v). Some key properties
of f(p;v) are derived in §2.1.

)ywmsl)
. (23)

2.1 Properties of the anomaly dependent function f(p;~)

The DAE system for spike evolution depends on the anomaly dependent factor f(p;~) defined by

flpiy) = </Z up“dy) /(/O; U’(y)DZudy) : (24)

To study the influence of v in f(p; ) the fractional operator DJu must be first computed. For the numerical

computation below the fractional operator in Lemma 2.1 was truncated as

=g () [ poefrm () .

where Yy, is a large positive number. Since u is an even function, it is readily observed that

D ul=y)|  =-Djuly)

;>0

2} <0

Thus, it suffices to compute the operator for a2, < 0. Using this property together with the fact that u is

even, it follows immediately that

| o)

— 00

ty=— [ o) u-y

— 00

a- [ " (@)Du)

— 00

z/ >0

i

;<0



From the definition of f(p;v) in (24) it is concluded that

f(p;7) = f(»)

x>0

vV p,7.

z;<0

Thus, the anomaly factor does not depend on the sign of /.
For a straightforward numerical computation, the expression (25) was regularised using integration by

parts twice to get

7 7@4(;07 ! / c1><77 / /
Dyuly) = r'(1—7) SEN T (u(y) —u(y +yo sgnxi)) + mu (Y + Yoo 58N T7)
Y+Yoo SgN T
71 P . ALY
o - we©) (€ psmal) e 6)

Y
In the limit v — 1 it is possible to integrate the last term in this expression and then pass to the limit to

obtain

sgn
Yoo

y—1- Yoo =700

. . ’ / ’ Y+veo sgna; ”
lim Oju= lim (40— aly + o)) 'y + o sgnl) — [ w(€)dey
Yy

which yields lim Dju = u/(y). This shows that as v — 1~ the fractional operator for both signs of z}
y—1~
recovers the first integer derivative v/, which is an odd function.
With (26) it is possible to compute the fractional derivative analytically at the stagnation limit v = 0.
For any fixed yoo # 0
lim Dju = sgn ] (U(y) —u (Y + Yoo sgnwé)) + Yoolt' (Y + Yoo sgNT})

7—)0

-~ /eryw e ((g — ) sgnxi)u”(@ d§¢=0.

Y

Thus lim Dju =0, implying that f(p;y) — oo asy — 0T. To compute the asymptotics of f(p;~y) for

y—0

0 <~ < 1 use (26) with 2} > 0 to get

Y+Yoo
U —Uu 0o 1=y ’ ” —y
Dyu(y) -, = (y;gop(l(y_j;i/ ) p(y;’_ Y (Y + Yoo) — 2= / u"(€) (€ —y)' 7 dE.

For v <« 1 expand using
P2-7)=1-71"2)+0(*), TAL-N~1+71-T'2)+0(y"), vy ~1-7hys+0O(¥?).

After some algebra one obtains that for any fixed yo, # 0

Y+Yoo
Jim Dju = 7{ ()= (5 + poo) ) (I oo =)~ (y-+11 e In y°°+/y u"()(€—y) ln(f—y)d€}+0 (%) -
Note that in this expression the term of order O(«) is not uniformly bounded as yo, — oo. This shows
that the limiting procedures v — 0% and y., — oo do not commute.

In figure 1 Dju is plotted with x, < 0 for p = 2 and a range of values of 4. In the computation the
integration parameter y., = 5 and integration step §§ = 0.05 were used. As a check on the computation,
the numerical results were shown to agree very well with the analytical result ®,u = v’ when v = 1 ( not

shown ). The function f(p;7) was computed numerically and is shown as a surface in the (p,~y) parameter

10
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Figure 1: Numerical computation of ’)DZ_u
Yi |,

, for v equally spaced between v = 0 ( stagnation ) and v = 1 ( regular diffusion ).
/<0

The dashed horizontal line corresponds to the stagnation limit v = 0, while the dashed curve corresponds to the regular diffusion limit
D,u = u'(y), which is an odd function. The fractional derivatives for 0 < v < 1 are neither odd nor even.

Figure 2: The anomaly dependent function f(p;~)

plane in figure 2. In figure 3 f(p;~) is plotted for fixed values of p. Notice that the curve f(2;+) is not
monotone. At p = 3 the minimum is obtained when -y is very close to v = 1. For p > 3 the curves appear

to be monotone. For v = 1 an exact expression is known from [18§]
p+1
i D)=2 | ——|.
f(p;1) ( . 1)
Thus, f(p;1) is a monotonously decreasing function of p with a limiting value lim f(p;1) = 2. In summary,
p—00

the numerical results in this sub-section support the conjecture that f(p;y) > 0 for all 0 < v < 1 and p > 1.
Such a result is needed below to classify the stability properties of the equilibrium of the DAE system in
Corollary 2.1.

2.2 Evolution of a two-spike pattern

For a quasi-equilibrium pattern of two spikes centred at z7 and xs, so that —1 < x1(0) < x2(0) < 1, the

non-linear DAE system in (21) of Corollary 2.1 for the spike motion can readily be simplified to the following
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Figure 3: The function f(p;~) for p = 2,3,4,5.

result.

Corollary 2.2 For n = 2 the DAFE system for the spike evolution is given by

Az qbof(p37)

o 20+ 1) (tanh[f, (1 + 21)] — coth[0, (22 — 21)] + (57" esch[f, (22 — 21))) (27a)
d:l(? = —qgafff;g) (—Cm csch[f,(x2 — 21)] + coth[f, (22 — 21)] — tanh[0,(1 — 22)]) . (27D)

Here (g = Hy/H, is the ratio of spike heights, and satisfies the non-linear algebraic equation F(Cg) = 0,
where F(Cy) is defined by

F(Crr) = esch (90(532 - 551)) (Cffm_sﬂ - 1) + coth(Ho(xg - xl)) (CH - flm_s)

+tanh(90(1 n a:l))CH - tanh(@o(l . xg)) Bm—s (27¢)

For the special case of a symmetric two-spike quasi-equilibrium solution for which x1 = —x5 at all times,
the spikes have equal height so that ¢ = 1. For this special case the ODE’s in (27) reduce to

d;% = —qugiff;lf;) {tanh(@o(l — xg)) - tanh(@oxg)} < _11 ) : (28)

In terms of the instantaneous spike location zy = x2(c), the common spike height H is given by

1/(Bm—s—1)
tanh(f,x2) + tanh(@o(l - arg))

bm 90

H:

The qualitative feature of the dynamics under (28) is readily apparent. Suppose that 0 < 25(0) < 1/2 and
21(0) = —22(0). Then, a4, = —2) > 0 for all o, and z5(0) satisfies the ODE

00f(p:7)

ry — Yol \PiY) _ —

|25 | S+ 1) {tanh(90(1 xg)) tanh(Goxg)} . (29)
Since f(p;y) > 0, 22 — 1/27 as 0 — oo. In a similar way, if 1/2 < 23(0) < 1, then 2, = —z} < 0 and

o —>1/2Jr as 0 — 00.

12
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Figure 4: Evolution of two symmetric spikes (only the rightmost spike shown ) for several values of v: full numerical from (29) ( solid )
and approximate solution from (30) ( dashed ). Note the slow algebraic decay of the initial disturbance dp as opposed to the exponential

decay for the case v = 1. The system parameters used are 09 = 0.4, p =2, ¢q=1, and D = 1.

Apart from the different time scales of spike motion, another key effect of sub-diffusion is that the
approach of a spike to its equilibrium state is algebraic in ¢. This is in contrast to the exponential rate of
approach as typical for the case of regular diffusion. Setting 5 = 1/2 —§ with § — 07 in (29) one obtains

upon linearisation that § satisfies

1/~
L sy _ (af(p;v) 2 0o
) wo 0= ((p+1)DseCh 5 .

With the initial value §(0) = ¢ the solution to this ODE is

B 1— —v/(1=7)
5~ (557 vy sl =) = 7)0) . (30)

Therefore, for o > 1, the algebraic approach to the equilibrium is governed by 6 ~ co~7/(1=7) where ¢ is
some positive constant. Figure 4 compares the sub-diffusive motion for several values of v to that of regular

spike motion with v = 1.

3 Stability theory for exponential disturbances

The uniformly valid approximation of the quasi-equilibrium profile on —1 < & < 1 constructed in §2 has the
form
n n
a~ag=Y H (o) (5”6_—;”)  h~hge = by Y BT (0)Gla ). (31)
i=1 i=1
For the study of stability properties the slow time variable o is considered fixed and satisfies o = O(1), so
that t ~ O(e~ (1)) > 1. In the context of fractional differential equations the perturbations do not grow
exponentially in time with a constant growth rate, depriving the eigenvalue problem of its classical meaning.
Instead, it should be regarded as an asymptotic theory of perturbations that evolve exponentially in time to

leading order:

a~age+eMa), al@)~a® + a0 jal <1, (32a)

13



h~ hge + e h(z), h(z) ~ RO + RO 4 ‘h‘ <1, (32D)
ME) ~ XD XDy + . A = const.

Hereinafter {)\(0), &(0)} are referred to as eigenvalue and eigenfunction for convenience, yet one must bear in
mind that only at the limit v = 1 do they in fact correspond to these classical notions. When substituting (32)
into (2) and collecting the leading order terms, the following expression involving the fractional derivative

of the exponent appears:

(0)
RO PN 2N P _ 1 L] —e2¢
S =€ %e = _F(—"y) A C'V""l dC . (33)

In the limit ¢ — oo the integral converges if and only if RA(®) > 0, which is quite different from the
d

behaviour with an integer derivative. With v = 1 and A(®©) > 0 the derivative aek(o)t diverges exponentially

at t — oo, and then the factor exp(—)\(o)t) makes the expression finite. With v = 1 and A(®) < 0 the

d
factor exp(—A(@t) diverges exponentially, but the derivative Eek(o)t decays exponentially, again resulting

in a finite expression. In the sub-diffusive case with 0 < v < 1 and A(9) > 0 the derivative %ex(o)t diverges
exponentially at ¢ — 0o, and the factor exp(—A(?¢) makes the expression finite. However for A(?) < 0 the
derivative %e)‘m)t decays only algebraically, and with the exponential factor exp(—)\(o)t) the expression is
divergent. Therefore the derivation below is valid for RA© > 0. This nuance adds a certain subtlety to the
interpretation of the current stability theory, rendering it sufficient to study the onset of instability, i.e. the
limit RA®) — 07, yet it is impossible to trace eigenvalues in the left half of the complex plane. This is

summarised in the following lemma.

Lemma 3.1 In the limit t = e~ 1) > 1 with ¢ — 0 and o ~ O(1) the asymptotic relation

S= e’A(O)thTYe)‘(O)t ~A07 4o (67(7+1)) )

holds if and only if RA©) > 0.

PROOF Integrate the expression in (33) by parts and let t = O(e~(7*1)) > 1 to obtain

204 +
lim e_A(O)td—’yeA(O)t S lim lme? 2O e—A(O)CC_’YdC ~
e—0 dty (1 —7)c—o0 tV o
A(O)'Y A(O)t
m limo 6_55_7d£ L0 (6’7(’7+1)) )
— ) e—0 )y

The error order in this expression arises from the algebraic decay of t~7 regardless of the exact value of ().
Notice also that the path of integration of the last integral above is a line in the complex plane. To evaluate
the integral, form a closed contour consisting of this line, an arc of radius R = |)\(0) | t ( corresponding to
R — oo at the limit ¢ — 0 ), the interval (g, R) on the real axis and an arc of radius ¢ — 0 ( € is
independent of € ). The contour is depicted in figure 5. Upon using the residue theorem one gets

0)Y arg A(©)
hmoe*“”fj%e“”t - %an {lev / P R -0 g
- Ry 0

arg A(®) R
—251’7/ ¢ e—ce”’ ct(1=7)8 gp +/ e%”df} ~ A7 4o (ev(wl)) :
0 €

where the first integral exists if and only if RA(® > 0. ™

Remark 3.1 Since v < vy(y + 1) for any 0 < v < 1, the asymptotic estimate above for the time scale
t = O(e~ OtV shows that S ~ A0 provided that X satisfies RA©) > 0 and is not too close to the origin
in the sense that |)\(0)| must satisfy |/\(0)| ~ O (e) or larger.
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3.1 The nonlocal eigenvalue problem

With Lemma 3.1 the linearisation around the quasi-equilibrium pattern (31) is

42 aP—1 al .
AOTFO0) [ 2y 2 g, Tae ) 500, Tae f(0) 34
N R A (342)
N d2 a™ N amfl
TAOTRO) = (D 1o e”shs—i‘i) O 4 e rm—=L—al, (34b)
qe qe
d d -
2 50 - 2RO =0. (34c¢)
dx r==+1 dx r==+1
A localised eigenfunction of form
~ —~ _(0) (T —m
i=1
is expected. In the outer region away from the spikes one can represent (34b) as ( see the derivation of
Proposition 2.3 of [20] )
d2 ~ n B . ~ n
i=1 N i=1 (36)
w; = mﬁfmfsfﬁ/ um_ldgo) dy; .

— 0o

Problem (36) with boundary conditions (34c) is equivalent to the following problem defined on [—1, 1], which
has internal continuity and jump conditions:

& - -
KON ©7) ,© —
D2k — (14707 O = 0,
h©) (x:r) = h® (x;) , 1=1,.

LM,

d - d - _ - 37
D <d—h(0) — d—h“’) ) = sbp H™ O () —wy, i=1,...,n, (37a)
4 0 =0.
dx r==41

This problem is readily solved by patching together appropriate solutions defined on each sub-interval. Upon
d2

substituting (35) into (34a), one obtains n separate problems, one in the vicinity of each spike:
a7 ay" - (1 + A7 —pup‘l) ay" = qH] " P () B ()

lim % =0

lyi| —o0

15



For the case of n-identical spikes, the following result is analogous to Proposition 2.3 of [20].

Proposition 3.1 For an equilibrium n-spike pattern with spikes of equal height the localised eigenfunction

corresponding to the activator concentration satisfies the non-local fractional eigenvalue problem

d2 _ * um—1AO0 ¢ -
<d_y2 -1 +pup_1> AO) P IO}OO u™ dy . = AOTA© ) —00 <y <00, (38a)
‘ ‘lim A® =, (38b)
’y — 00

In this NLEP there are n choices for the multiplier x;, given by

;0 0,\ "
Xizqm(s—l—%e—coth—) . 0=0,V/1+7207 g, =D/,
n

o

2 2 ), —
Ki E/@(()\(O))'y;n,i) :2csch—9 {cosh (—0> — cos (w)} , i=1,...,n.
n n n

ProOOF Upon seeking a common ( up to a scalar ) localised eigenfunction for all n spikes, the general form
(35) simplifies to

(38¢)

OB P () <~””6—_7x> 7 (39)
=1

where the constants ¢; for ¢ = 1,...,n are as determined below. Then, by using (23) and rescaling the
equations (37) with 2 — HR(® and A© — HPAO one obtains

d* -

Dk - (1+TA<0>”) A =0, —1<az<1,
- - d -
0) (,+) — - —
WO (af) =0 (@7) kO =0 (40a)
d -~ d - 0 - m o ~
B4 (O] I S (O] B ze O (1) — ¢ m—1 4(0)
dxh " da:h ~ 20, tanh (n) (sh (x;) - ¢i [m u™ A dy) ,
d? - v « - ~
Next, (40a) is solved for h(© on each sub-interval to obtain
- sh (0(z + 1))
70 () Cosh (0(z +1)) .
(1) cosh (O(xz1 + 1)) srsn
~ ~ sinh (0(x — x;)) - sinh (0(x — x;41)) . .
h(o) = h(o) i bln— (0) ’ @i <T<Tit1
(@st1) sinh(20/n) R () sinh(20/n) =1 n=l
A sh (0(z — 1))
70 (g, R 0@ = 1) ) .
(@ )cosh(ﬁ(xn—l)) Tn <T <L,

where the continuity constraints for A(%) at each x; were imposed. To determine 2(%) (x;) the internal jump

d ~
conditions for d—h(o) at each x; must be satisfied. Thus the tridiagonal matrix system is obtained
x

B—|—2s%tanh % 1 h(o):2%tanh % ﬂc/ u™ A gy (41)
0 n 0 nJ) b J_o
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where I is the n x n identity matrix, and the matrix B is defined by

d 0O ... ... 0
xS dy = coth (2—9> + tanh <2> ;
frx ex fr 0 ... 0 n "
0 fx ex fa 0 29
B def : S : , ex = 2coth <—> )
n
0 ... fn ex fr O
0 ... 0 fa ex [fa fy = — csch (2_9> ,
0 ... ... 0 dx  fx n

(0©) =3O (@), (e)=ci.

3

The eigenvectors of B are readily determined as

1 i —1 1 p— 1
c?:{cosﬂ-(;n ),cosgﬂ-(;n ), ,cos((n—i)w(zn )>}, 1=1,...,n, (42)

with corresponding eigenvalue

20 20 i —1
Ki EH(()\(O))’Y;’R,Z’) = 2csch — (cosh— —COSL(Z )) >0, i=1,...,n.
n n n

The coefficients ¢; for ¢ = 1,...,n in (39) are the components of any one of the eigenvectors in (42). Any
eigenpair {k,c} satisfying Bc = v ¢ also satisfies (B + al)c = (v + «)c for all a. Therefore, by taking
0o 0o . . o .
o= 25? tanh —, the inversion of (41) and substitution of h(®) into (40b) complete the proof. =
n

Remark 3.2 The eigenpairs {k;,c;} for i =1,...,n, are identical to those computed for regular diffusion.
The mode i = 1 is called the synchronous mode, since the corresponding eigenfunction governing the insta-
bility in the spike amplitudes is c; = (1,...,1)t. The other modes, for 1 < i < n are called asynchronous
or competition modes since, by the symmetric nature of the matriz B, they satisfy c; - (1,...,1)t = 0. Sub-
stitution of v = 1 in (38) recovers the problem corresponding to regular diffusion. Moreover, the normal
problem can be obtained by the mapping AOT 5 XO) . Hence the stability theorems for the normal case can
be applied directly to infer the location of RAOY and thus the location of RAO),

The NLEP associated with regular diffusion ( v = 1) is referred to as the regular NLEP. This spectral
problem is given by (38) where A(9)7 is replaced by the eigenvalue v. In [20] many rigorous results for the
spectrum of the regular NLEP in the complex v plane were obtained. By using the mapping A0 = v,
these previous results can be used to infer stability or instability for the sub-diffusive case. More specifically,

writing v = |v| exp(1¢) with ¢ = argr € (—n, ], the map A" = v yields that
A0 — |V|1/vel¢/v. (43)

where — < ¢/~ < 7 should hold to remain on the principal branch in the A plane. The NLEP formulation
with sub-diffusion required that ®A(®) > 0 and |\ > O(e). Therefore, in terms of the spectral v plane
associated with the regular NLEP, the sub-diffusive system will be unstable if the regular NLEP has an
eigenvalue in the following wedge with cutout near the origin, being a subset of the right half-plane R(v) > 0
( see figure 6 )
Ty 0

—S<o< T,

The set (44) is the wedge of instability of the sub-diffusive NLEP. Notice that the wedge becomes narrower

as v decreases.

[v] > O(e) . (44)
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R

Figure 6: Admissibility and instability region in the v plane ( shaded ) corresponding to the asymptotics validity constraint |A| ~ O(e)
or larger. Dashed lines show the region conforming to the principal branch.

A simple consequence of this result is that if the regular NLEP admits a positive real eigenvalue v* > 0,
then this eigenvalue must lie in the wedge of instability for the sub-diffusive NLEP for any 0 < v < 1.
Such an eigenvalue A(9) then yields an exponentially growing perturbation ( to leading order ) to the n-spike

equilibrium solution of the sub-diffusive problem. A sufficient condition for this to occur is the following.

Theorem 3.1 Suppose that n > 2 and either m =2 and 1 <p <5, orm =p+1. Then, for any 7 > 0, the
regular NLEP has a positive real eigenvalue v* when D > Dyp|y=1, where

def 4

qm
Dth"y:l -

1
, anzl—l——(l—i—cos%), (=———s—1. (45)

n?In? (an—i—\/a%—l) ¢ p—1

Consequently, for this range of parameters there is a positive real eigenvalue \©) = (V*)l/ Y that lies in the
wedge of instability for the sub-diffusive NLEP.

PRrOOF Following (5.1) and (5.2) of [20], the eigenvalues for the regular NLEP are the roots of the functions

gi(v) =0 fori=1,...,n, where

25 um=t (L — 1/)71 uP dy

B =)~ ), ) = (46)
2
Here Lo = — — 1+ puP~! is the local operator, and from (38) the functions C;(v) = X;l are given by

dy

Cilv) =

s V1+TU ) (tanhg N 1—cos(7r(i—1)/n)> ’ (47)

gm ' gmtanh (6,/n sinh (20 /n)

In order to prove that there is a positive real eigenvalue it suffices to consider (46) with ¢ = n. Proposition
5.1 of [20] proves that C,,(0) > 1/(p — 1) whenever D > Dyp|y—1. In addition, Proposition 5.1 of [20] proves
that when v is real, then C}(v) > 0 for all v > 0 for any 7 > 0. Under the stated conditions on the
exponents p and m, Proposition 3.5 of [20] proves that f(0) =1/(p — 1) and that f'(v) > 0 on 0 < v < viec
with f(v) — +o0 as v — v, where o > 0 is the unique positive real eigenvalue of the local operator

Ly. Hence, there must exist a unique root to g,(r) =0 on 0 < v < Vjge. ™

Remark 3.3 Theorem 3.1 gives a sufficient condition for the sub-diffusive system to exhibit instability. Note
that when D > Dy|y=1 and T is sufficiently large, the regular NLEP can have many unstable eigenvalues,
i.e. ones with Rv > 0 (cf. [20]). However, for a fized value of v, it is rather difficult to know precisely
whether these eigenvalues of the reqular NLEP lie within the wedge of instability for the sub-diffusive NLEP.
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The next result for the special case 7 = 0 gives a simple condition to guarantee that there are no

eigenvalues v of the regular NLEP problem in the wedge of instability for the sub-diffusive case.

Theorem 3.2 Suppose that n > 2, 7 = 0, and D < Dy|y=1 and that either m = 2 and 1 < p < 5,
orm = p+ 1. Then, any eigenvalue of the reqular NLEP satisfies Rv < 0. Consequently, there are no
eigenvalues in the wedge of instability for the sub-diffusive NLEP.

PROOF The proof of this result is given in Proposition 5 of [17]. =

Remark 3.4 For the special case T = 0 and n > 2, combining Theorems 3.1 and 3.2 allows to conclude
that the threshold Dyy|y—1 still essentially provides the threshold for the sub-diffusive case. However, since
the sub-diffusive NLEP formulation required that |]\(°)| = O(e), one cannot examine in detail the eigenvalues

close to the onset of instability, namely when ’D — D,,h|7:1’ < 1.

In the next two subsections Hopf bifurcations characterised by critical values of 7 are considered for the

case of one and two spike equilibrium solutions.

3.2 Hopf bifurcation
3.2.1 One-spike equilibrium solution

For the case of a one spike equilibrium solution the threshold Diy|y=1 is undefined. When D is not expo-
nentially large as ¢ — 0, it is known for the regular NLEP problem that the stability is lost due to a Hopf
bifurcation when 7 exceeds some critical value (cf. [20]).

The eigenvalues of the regular NLEP are the roots v of g(v) = 0, where

L2 um (Lo —v) " uP dy

g(v) =C) - f(v), fv)= T um dy

In [20] the following rigorous results on the spectrum of the regular NLEP (48) were obtained.

Theorem 3.3 Assume that 7 >0, m =2, and p > 1. Then for any D > 0 the number of eigenvalues M of
(48) in the right half-plane v > 0 is either M =0 or M = 2.

Theorem 3.4 Suppose that either m =2 and p =2, orm =p+1 and 1 < p < 5. Then, for any D > 0,
there exists a value 1o, = Toc(D) > 0, such that there are exactly two eigenvalues of (48) on the positive real
axis for all T > T9.. These two roots are in the interval 0 < v < vi.. For 7 > 1., and m = 2, these are
the only two eigenvalues in the right half-plane. In the limit T — oo one of these eigenvalues tends to zero,
while the other eigenvalue tends to vie. This also proves the existence of a value Tog (D) > 0 such that there

is a pair of complex conjugate eigenvalues on the imaginary axis when T = Top (D).

Theorems 3.3 and 3.4 were proved in Propositions 3.4 and 3.7, respectively, of [20]. For the sub-diffusive
NLEP problem the proof in [20] of Theorem 3.3 must be modified slightly since the mapping NOT =y
generates possible points of non-analyticity. This is done in Appendix A, where a result analogous to
Theorem 3.3 is proved for the sub-diffusive NLEP. Theorem 3.4, characterising the spectrum on the positive
real axis, pertains directly to the sub-diffusive NLEP since A(?) is real and positive whenever v is real and
positive.

The numerical results in [20] for the spectrum of the regular NLEP suggest that results stronger than
Theorems 3.3 and 3.4 in fact hold. Namely, for a wide class of exponent sets, the numerical results of [20]
indicate that there is a unique value 7oy of 7 for which the regular NLEP (48) has a complex conjugate pair

of imaginary eigenvalues v = +ivgy. Furthermore, for 7 > 719y the paths of unstable complex conjugate
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Figure 7: The eigenvalue path, parameterised by 7, for the regular NLEP in the complex v plane is plotted, together with the ~-
dependent instability wedge for the sub-diffusive NLEP. For 7 > 7oy a complex conjugate pair of eigenvalues is in the right half-plane,
and they merge onto the real axis at v = vo > 0 when 7 = 79 > 7om. For 7 > 7o, the eigenvalues remain on the positive real axis with

one eigenvalue tending to zero and the other tending to vioe as 7 — oco. The system parameters are (p, ¢, m,s) = (2,1,2,0) and D = 1.

eigenvalues in v > 0 merge onto the positive real axis at value v = vy > 0 when 7 = 79.(D) > 705 (D). For
T > 79, one of the real eigenvalues tends to the origin while the other eigenvalue tends to v as 7 — 0.
In figure 7 the numerically computed path of the eigenvalues of the regular NLEP are shown for the case
D =1 and exponent set (p,q,m,s) = (2,1,2.0).

The following conjecture is based on the numerical results of [20] and has been validated numerically for

various exponent sets (p, g, m, s).

Conjecture 3.1 There is a unique value 1o, for which the reqular NLEP has a Hopf bifurcation. For
Ton < T < Toc, the path v = v(7) of the complex eigenvalue in the first quadrant is such that Rv (Sv)
increases (decreases) monotonically as T increases. When T = 7o, the reqular NLEP has a positive real

eigenvalue vy of multiplicity two.

The key observation is that an unstable eigenvalue of the regular NLEP only generates an instability for
the sub-diffusive NLEP when it lies within the wedge of instability (44). This wedge of instability becomes
narrower as the anomaly exponent v decreases. Therefore under Conjecture 3.1 one concludes that the Hopf
bifurcation threshold 7 for the sub-diffusive NLEP increases when the anomaly exponent v decreases. The

anomaly dependent threshold 7y is computed numerically from the implicit condition that

argr = % , (49)
which involves the eigenvalue path v = v(7) of the regular NLEP (48) that satisfies v > 0. Condition (49)
corresponds to the minimum value of 7 for which this eigenvalue path enters the wedge of instability of the
sub-diffusive NLEP. In this sense, when Conjecture 3.1 holds, it follows that, in comparison with the regular
GM model, the sub-diffusive GM model admits a larger range of values of 7 for which a one spike solution

is stable. This leads to the following result.

Proposition 3.2 Assume that Conjecture 3.1 for the reqular NLEP holds. Then the Hopf bifurcation thresh-
old Ty of the sub-diffusive NLEP increases when the anomaly exponent vy decreases. In particular, Tqg — Tom
asy — 17 and Tg — Toc as v — 0. Therefore, the mazimum value of T for which a Hopf bifurcation

occurs for the sub-diffusive NLEP is the critical value To., and this occurs only in the limit v — 07,

Figure 8 shows numerical results, computed from (44) and (48), for the dependence of the Hopf bifurcation

threshold 74 on the anomaly exponent v for a few values of D.
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Figure 8: The dependence of the Hopf bifurcation threshold 7y on the anomaly exponent 7 for several values of D corresponding to a
one spike equilibrium solution. System parameters used (p, q, m,s) = (2,1, 2,0).
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Figure 9: Paths of 2O for v = 1 ( thick curve, regular diffusion ) and v = 0.8 ( thin curve, sub-diffusion ). The conjugate pair of

loc

eigenvalues corresponds to 7 ~ O(1). As 7 exceeds a critical value, the complex conjugate eigenvalues become real with one tending
to the eigenvalue of the local problem vt/ ( dashed line ) and other tending to zero ( solid line ) as 7 — oco. The system parameters
are (p,q, m,s) = (2,1,2,0) and D =1 ( then v = 1.25)
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Figure 10: Paths of A© for v = 1 ( thick curve, regular diffusion ) and v = 0.5 ( thin curve, sub-diffusion ). The conjugate pair of
eigenvalues corresponds to 7 ~ O(1). As 7T exceeds a critical value, the complex conjugate eigenvalues become real with one tending

to the eigenvalue of the local problem ullo/c'y ( dashed line ) and other tending to zero ( solid line ) as 7 — oco. The system parameters
used are (p,q,m,s) = (2,1,2,0) and D =1 ( then vjoc = 1.25 ).
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Figure 11: Paths of A(?) for v = 1 ( thick curve, regular diffusion ) and v = 0.4 ( thin curve, sub-diffusion ). A part of the normal
curve satisfying |arg A(0)”| > mv was discarded in the computation of the anomalous curve ( shown in grey ). The conjugate pair of

eigenvalues corresponds to 7 ~ O(1). As 7 exceeds a critical value, the complex conjugate eigenvalues become real with one tending

to the eigenvalue of the local problem ulln/;' ( dashed line ) and other tending to zero ( solid line ) as 7 — oco. The system parameters

are (p,q, m,s) = (2,1,2,0) and D =1 ( then v = 1.25).

Figures 9-11 compare the eigenvalues of the sub-diffusive NLEP with the case v = 1 corresponding to
regular diffusion studied in [20]. The comparison is done in the A9 plane. Some part of the anomalous
eigenvalue curve is located in the left half plane, whereas for the same system parameters with normal

1
diffusion the eigenvalues are unstable. When 0 < v < 3 only a part of the normal curve can be used to

compute the eigenvalues of the sub-diffusive NLEP since the principal branch condition ‘arg )\(0)7‘ < my

must be satisfied.

3.2.2 Asymptotics for 0 <y < 1

When v — 0, the wedge of instability shrinks into the positive real line excluding the origin. Therefore
it is possible to derive an asymptotic expression for the shape of the eigenvalues’ path providing that the

separation of diffusivity scales of the two species is preserved, i.e. € ~ o(y) or lim0 €7 =0, so that the spike
=0
pattern exists.

Using the mapping AOT MO the behaviour of the real eigenvalues /\f) and /\(_0) at 7 — oo is

determined as follows. First, the larger real eigenvalue /\EB) satisfies

lim AP = lim AP i Yo 2 1.
T—00 + <1 = T—00 + y=1 loc X
In particular, for v, > 1
: ) _ 1y _
m AL7 = lim vt = co.
y—0

On the other hand, for v, < 1

: 0) _ 1: /vy _
.,-h_rpoo )\Jr _,yllno Vloc =0.
’74)0
In a similar fashion
lim /\(0) = lim /7 = % vo>1
Ty a0 0 <l

So the two real eigenvalues can chase each other to infinity if 1 < vy < ¢ or to the originif 0 < vy < Ve < 1.
The curve is least distorted in the case when )\@ — 0 and )\S?) — 00, i.e. with 0 < vg < 1 and vjpc > 1,

as happens for the set (p,q,m,s) = (2,1,2,0).
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The complex conjugate part of the curve shrinks into the origin at the limit v — 0 if 0 < 1y < 1, and

would expand indefinitely if vp > 1. So when vy < 1

i)\(o)

dr

d

< |—\O
= |dr

y<1

3

=1

as the eigenvalue changes less ( more ) than for the regular curve, and at the limit 7 — oo i |)\(0)| will
obviously vanish if 0 < vy < 1, but might not vanish if vy > 1. Since at 0 < 7 < 1 the complex part of
the anomalous curve is generated from the small region about the point 1, at v = 0 there are no complex
eigenvalues. This implies that no Hopf bifurcation is possible. Then if in the corresponding normal system
0 < vy < 1, there is a triple zero eigenvalue. If in addition 0 < v, < 1, there will be a quadruple zero
eigenvalue. If 1 < vy < v, there will be a double zero eigenvalue and two infinite eigenvalues.
For 0 < v < 1 the complex curve near vy can be approximated by the parabola
RAOT < o+ Lo (g)\(O)W)2+.,. 7 a=dQLW2 <0 (50)
2 d (IAO7)

regardless of whether 1y < 1. The parameter « is related to the curvature of the complex branch when it
merges into the real axis and can be uniquely determined for each set (p, ¢, m, s). Using the polar coordinates

MO = per# yields a quadratics for p7
o .
p” cos(yp) ~ 1o + 5027 sin”(v¢),

which has only one positive solution since a < 0

P~ (LW)) {1 —y1- 2ay0tan2(w)})w.

asin®(yep

This is a parametrised form of the asymptotics for the complex branch. Since the small portion of the normal
curve approximated in this manner generates the whole anomalous complex curve, the asymptotics holds
for all —7 < ¢ < 7, though the accuracy is not uniform. Figures 12, 13 show the comparison of the full
numerical solution and the asymptotics for v = 0.2 and v = 0.5. Also, the symmetry ¢ «—  implies that
the asymptotics holds for any value of v for small ¢, as expected, however the accuracy deteriorates when
either parameter grows, as can be seen from figure 13. Figure 14 shows the maximal error in the parametrised

modulus relatively to the true modulus |)\(0)‘ for the interval of -, where the anomalous complex curve can

be obtained from the normal curve for —7m < p < 7, ie. 0 < v < 3 Note that a was estimated only once
regardless of the value of .

The asymptotics shows how the magnitude of the eigenvalues at the limit ¥ — 0 depends on 1. Using
the identities
lim (1+2)Y*=e —  lim (1+k)/"= lm (14 M = ek,

T ¢ Osen k

it is obtained that

1/~
. o1y 1 2 2 4 S VPRI _1. 1 2
Pyhmop—ﬂyhmouo 7{1—|— (§+§auo)fy © —|—(’)(fy )} <’yhmoyO Ter VIR k—§+§ayo+(’)(fy)

or
0 O0<1y<l1
Jim p =4 exp(py/[k]) vy =1
00 v > 1.

Thus but for the special value vy = 1, the magnitude of the eigenvalues is determined by the value of vy,

yielding either a shrinking to the origin or expanding indefinitely closed curve.
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max SA©)

1/(1)/”‘
RAO)

Figure 12: Complex branch of A© for ~ = 0.2 ( showing only IA©@ >0):

full numerical solution ( green, solid ) and asymptotics by
parabolic approximation of A(®7 in the vicinity of vo. System parameters used (p,q, m,s) = (2,1,2,0) and D = 1 ( then vjoc = 1.25)

T
max SA©)

SN0

“
”“/ Y
RAO)

Figure 13: Complex branch of A© for v = 0.5 ( showing only IAD >0 ): full numerical solution ( green, solid ) and asymptotics by
parabolic approximation of A@7

in the vicinity of vy. System parameters used (p, g, m,s) = (2,1,2,0) and D = 1 ( then v, = 1.25 ).

0.15

max {A [AO] /|AO]

Figure 14: Maximal error of the asymptotics of the parametrised modulus p(¢) normalised by ‘)\(0)‘ for 0 < v <

2
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The asymptotics for « is derived as follows. Equation (48) in its explicit form

1 Otanh6 \ 1 [ o\ "' p
;_qm<8+90tanh90>_bm/_oou (EO A ) utdy,

can be differentiated with respect to 7 since it is in fact an equation for the function A (7):

tanh0/60 + sech®6 [ ) dA® | 2 d\©)
-t =— m=1 (Lo — O Pd . 1
2Dqmb, tanh 0, {A T bm/oo“ (0 =X@) " wrdy = (51)

Define A9 = X\, + 2\, M\, A € R, use 0(1) = 0,V1 + 7AO) to evaluate (51) at 7 = 75, so that A, = vy,

Ai =0, 0. = 0(70.) and extract imaginary and real parts to get

d\; dA,
I — 19K =0, I — 710K = Kuy,
( Toc )dT i 0 ( To ) ar | V0
Toc Toc
tanh6./60. + sech? 0. 1 [ 1 _9
= I=— M (Lo — Pdy.
2Dgmb,tanh @, b [m “ (Lo = wo) “uldy
. d\; . . o [ dAr
Since o # 0, I — 19.K = 0 must hold. Then the second equation can only be satisfied if = 0.
! Toe T Toe
. d\;
Now divide (51) by 7 to have
T
Toe
dX; dA, d\,
K : e | — =1
VO/dT Tt o v
Toe Toe Toe
Bearing in mind that
d\, dA, d\;
= = 2
dX\; | dr | _ / dr | (52)
Toc Toc Toc
gives 7 : = oo ( otherwise the real part remains unmatched ) and
Tl
d\r d\;
dr | dr | _
Toc Toc

ax
L dr

Toc

T

d
Since both derivatives - are infinite, no Taylor series for \,.(7) and A;(7) in the neighbourhood
T

Toc

of 75, exist. As the values are finite Ar(Te) = 1o, Ai(7e) = 0, fractional powers can give the asymptotics
A~ v+ (Te —70)7 . 0 <0, 0< B <1,

A~ (te—10)", ¢ 20,0<8 <1,

dro &\ [ (AN \® dh AN [ dn’
. A\, dTg do do dTg dTo
_ 2¢,

and o = — < 0.

i

with 8, > (; for (52) to hold. Using these in

dX;
. dTQ

1
and recalling that « should be a constant, G, = 2; < 1, also giving (; < 3

LA d
T AN dn

dTo
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3.2.3 Multi-spike equilibrium solution

When D < Dypl|y=1, it is possible to characterise oscillatory instabilities for the case of a multi-spike equi-
librium pattern with n > 2. For the regular GM model, it is known from [20] that the n different regular
NLEP’s in (38) each have a Hopf bifurcation threshold, labelled by 7 = 7y, for ¢ = 1,...,n. The overall
Hopf bifurcation threshold 7oz is the minimum of these n individual thresholds. For a wide range of expo-
nent sets the numerical results of [20] for the regular NLEP showed that the threshold 7y is determined by
the mode ¢ = 1, corresponding to a synchronous oscillatory instability in the spike amplitudes.

In contrast, for a sub-diffusive medium with an anomaly exponent v below a certain threshold, the
following result gives a sufficient condition for the asynchronous ¢ = n mode in (38) to set the Hopf bifurcation
threshold for the sub-diffusive NLEP.

Proposition 3.3 Suppose that n > 2 and D < Dy|y=1, where Dy|y=1 is defined in (45). Suppose also that
eitherm=p+1and 1 <p <5, orm=p=2. Then at the limit v — 0 the Hopf bifurcation threshold T
for the sub-diffusive NLEP is determined by the i = n mode in (38). Moreover, TH — Toen, where Toen 18

the value of T for which the reqular NLEP (38) with i = n has a real positive eigenvalue of multiplicity two.

PRrOOF Consider the regular NLEP (38) with D < Dyp|y=1 and a fixed value of j in 1 < ¢ < n. Then, the
eigenvalues of the regular NLEP are the roots of the functions g;(v) = C;(v) — f(v) = 0, where C;(v) and
f(v) are defined in (46) and (47). Then, there is a threshold 7y, of 7 for which g;(v) = 0 has a root vy,
of multiplicity two (see [20]). Since the wedge of instability (44) collapses onto the positive real axis in the
v-plane as 7y decreases, it follows that the Hopf bifurcation threshold 7g; for the sub-diffusive NLEP with
mode 7 satisfies 7; — Toe; as vy — 0. Since Ty = 1r<nii£ Th;, the proof is complete if one can prove that
the ordering relation 7p., < 7p¢; for 1 < i < n for the regular NLEP holds.
To prove this, recall from Proposition 5.1 of [20] that for any v > 0 real and any fixed 7 > 0

Con(v)>Chi(v)>...>Ci(v) >0, 0<C(v)<C,_1(v)<..<C(v), (53)
Cl'(v) <0, Clv) =0O(Y?), as 7 — 400, i=1,...,n. (54)

Since C; depends on 7 and v only through the product Tv, the monotonicity and concavity results for C;
also hold with respect to 7. Furthermore, when either m =p+1and 1 < p < 5, or m = p = 2, it was proved

in Proposition 3.5 of [20] that for any real v > 0

£(0) = ]%, F@)>0,  f')>0, on 0<v< e,
and that f(v) — +ooasv — v .

Therefore, for each ¢ there is a real positive eigenvalue of multiplicity two for the regular NLEP on the
interval 0 < v < vy when 7 = 7¢.;, characterised by the tangential intersection of the two curves C;(v) and
f(v). Such a critical value of 7 must exist since owing to the convexity of f, the concavity of C;, and the fact
that C; is unbounded as 7 — oo for any v > 0. Let 7., denote the value of 7 for which C), and f intersect
tangentially at some value v = vy, in 0 < v < vyoc.. Then, by the convexity of f and concavity of C,,, it
follows that g, (v) < 0 when 7 = 7oy, for v # v, on 0 < v < Vjoe. Since C;(v) < Cp,(v) for i # n from (53),
it follows for 7 = 7p.p, that g;(v) < 0 for 0 < v < v and any ¢ = 1,...,n — 1. Therefore, the smallest value

of 7 for which C; and f intersect tangentially must occur for the mode i = n. This completes the proof. m

In figure 15(a) this result is illustrated numerically for two spikes with D = 0.5 < Dy |y=1 by plotting f(v)
together with C;(v) for i = 1,2 at the value 7 = 7p.2 & 4.51, for which Cs(v) intersects f(v) tangentially.
In figure 15(b) the numerically computed path v = v(7) is shown in the complex plane for the unstable

eigenvalue of the regular NLEP for both ¢ = 1 ( synchronous ) and ¢ = 2 ( asynchronous ) modes. The
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computations show that Sv > 0 and Rv > 0 when 1.04 = 791 < 7 < Toe1 =~ 7.13 for the synchronous mode,
and 2.33 &~ Tog1 < 7T < Tpe1 & 4.51 for the asynchronous mode. Thus, for D = 0.5, it is concluded that

7y — 4.51 when the anomaly exponent v — 0.

3.0 T T T T T

Ci, f

(a) C; and f versus T (b) Path in the complex v-plane

Figure 15: Left: plot of Ci(v) ( solid curve, synchronous instability ), C2(v) ( heavy solid curve, asynchronous instability ), and f(v)
for a two-spike solution with D = 0.5, and 7 = 79,2 = 4.51. At this value of 7, C> intersects f tangentially. Right: plot of the path in
the spectrum Sv versus Rv for D = 0.5 parameterised by 7 for the synchronous ( solid curve ) and asynchronous ( heavy solid curve )
modes. The exponent set used (p, q, m,s) = (2,1,2,0).

For a two-spike equilibrium solution and two fixed values of D, the numerically computed synchronous
and asynchronous Hopf bifurcation thresholds 7g; for 7 = 1,2 versus v are plotted in figure 16. For ~
sufficiently close to v = 1 the synchronous mode sets the threshold, so that 77 = 71, whereas when 7 is
sufficiently small the asynchronous mode sets the instability threshold. For D = 0.5 the cross-over point is

at v ~ 0.65. For a smaller value of D the cross-over point occurs for a smaller value of ~.

8.0

7.0
6.0
5.0
TH 40
3.0
2.0

1.0

00 | | 1 1 00 | 1 | 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(a) Ty versus v for D = 0.5 (b) T versus v for D = 0.25

Figure 16: Plot of 7y versus the anomaly exponent v for D = 0.5 ( left ) and for D = 0.25 ( right ). The exponent set used
(p,q, m,s) = (2,1,2,0). In each subfigure the threshold for the synchronous instability is the heavy solid curve while the asynchronous
instability is the solid curve. The Hopf bifurcation value 7g is the minimum of these two thresholds. For a sufficiently anomalous

system (i.e. v small enough), the asynchronous instability determines 7.

Finally, figure 17 compares the numerically computed Hopf bifurcation thresholds for synchronous and
asynchronous instabilities as function of D on D < Dyy|y=1 for a fixed anomaly exponent v = 0.5. The Hopf

bifurcation threshold for the regular diffusion case is also plotted. These results show that even at v = 0.5

27



the asynchronous instability is the dominant instability for D sufficiently close to Dip|y=1.

In conclusion, the results in this sub-section show that sub-diffusion has two main effects on the stability
of a multi-spike solution. Firstly, with sub-diffusion there is a larger range of 7 for which a stable n-spike
equilibrium solution exists when D < Dyy|y=1. Secondly, when - is sufficiently small, the temporal oscillatory
instability is no longer a synchronous oscillatory instability as in the case of regular diffusion. Although we
have only numerically studied in detail the case of a two-spike equilibrium solution, similar results can be
obtained for equilibrium solutions with n > 2, and for quasi-equilibrium two-spike solutions (similar to that

studied for the case of regular diffusion in [24]). We do not pursue these details here.

TH

0.0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 17: Plot of 7y versus D on the range D < Dinh|y=1 = 0.5766 for a two-spike equilibrium solution and the exponent set
(p,q, m,s) =(2,1,2,0). The anomaly exponent for sub-diffusion is v = 1/2. The solid ( dotted ) curve corresponds to the synchronous
( asynchronous ) instability. 7z is the minimum of these two curves. The asynchronous instability dominates for D close to Dy |y=1-
The heavy solid curve is the Hopf bifurcation threshold for regular diffusion v = 1.

4 Discussion

The DAE system governing the evolution of an n spike quasi-equilibrium solution to one dimensional GM
model was derived for a sub-diffusive medium. The presence of sub-diffusion scales the width of each spike
in the pattern according to the anomaly index . It was shown that the spike motion in a sub-diffusive
medium is asymptotically slower than for the case of regular diffusion studied in [18]. Moreover, the spike
centres approach their equilibrium locations algebraically in time, as opposed to the exponential rate in time
characteristic of regular diffusion. The DAE system for spike motion with sub-diffusion also differs from the
regular one by an anomaly dependent factor f(p;v) that can be computed numerically for given values of
p and . In addition, in a sub-diffusive medium the ratio of diffusivities for the existence of a spike-type
solution is O(e~27) with 0 < v < 1, which is asymptotically smaller than the ratio O(¢~2) required for
the case of regular diffusion. The decrease in the required ratio of diffusivities for the existence of spike
solutions with sub-diffusion is potentially significant since it is difficult to justify extreme diffusivity ratios
when modelling actual biological systems.

The DAE system for spike motion for the sub-diffusive GM model shows that the motion of the spikes
centres is governed by separate equations for leftward and rightward motion, in contrast to the case of regular
diffusion, where a unique equation governs the motion in both directions. The distinction stems from the
intrinsic property of the fractional derivative operator, which in its basic form models memory, i.e. takes into
account events that occurred in the past. Due to the inapplicability of many basic calculus tools to fractional
derivatives and in particular the chain differentiation rule, using the memory operator as a spatial operator

requires a certain care. The leftward motion conforms to a direct use of the fractional derivative, since
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the spike moves into a region, whose properties are “in the past” and thus known, whereas the rightward
motion results in a slightly modified operator since the spike moves into a region, whose properties are “in
the future”.

A stability theory was formulated for disturbances with exponential time behaviour, addressing only the
eigenvalues with a positive real part. This limitation is due to the fact that the fractional derivative of order
0 < v < 1 of a decaying exponential function % exp (/\(O)t), RAO < 0 decays algebraically at t — oo,
as opposed to the exponential decay for the case v = 1. Thus, within this framework, an eigenvalue can be
traced provided that RA) > 0. When RA® < 0, it is known that the eigenvalue is in the left half plane
since RA©) # 0, but it cannot be traced. Therefore, only the eigenvalues with a positive real part can be
considered correct growth rates for the linearised system at hand.

By using the method of matched asymptotic expansions an NLEP was derived to characterise disturbances
with exponential time behaviour. The sub-diffusive NLEP problem with eigenvalue parameter A() is related
to the regular NLEP problem with eigenvalue parameter v through the mapping AO7 = 1 The consequence
of this is that an unstable eigenvalue v in the right half-plane for the regular NLEP can only generate
instability for the sub-diffusive NLEP, when it lies in the wedge of instability defined by —7vy/2 < argr <
7mv/2. Several key observation follow from this result. First, a real positive eigenvalue of the regular NLEP
generates instability for the sub-diffusive NLEP. Thus in terms of the diffusivity D multi-spike equilibrium
solutions for the sub-diffusive GM model and the regular GM model have essentially the same stability
threshold Din|y—1 when 7 = 0, where Diy|y—1 is defined in (45). Secondly, it is shown that the stability
of a one-spike equilibrium solution is lost due to a Hopf bifurcation at some 7 = 7. The threshold 74
is shown to be a decreasing function of the anomaly exponent . Thus, introduction of sub-diffusion into
the regular GM model yields a larger range in 7, where a stable one spike solution can occur. Finally, a
novel consequence of the stability theory is that for a multi-spike equilibrium solution with D < Dyp|y=1
and 7 = 7, an asynchronous oscillatory instability of the spike amplitudes dominates when the medium is
sufficiently sub-diffusive, i.e. when ~ is sufficiently small. This behaviour is in marked contrast to that of
the case of regular diffusion, where as shown in [20], the Hopf bifurcation in 7 corresponds to a synchronous
oscillatory instability of the spike amplitudes.

There are a few directions for further enquiry. It would be interesting to develop a numerical method
to perform full numerical simulations of spike dynamics for the sub-diffusive GM model, and to test the
stability results reported in this paper. Owing to the nonlocality of the memory operator in (2), this would
be a highly nontrivial undertaking. Secondly, it would be interesting to extend the present analytical theory

to the case of a multi-spatial dimensional domain.
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Figure 18: Closed contour in the calculation of number of eigenvalues in the right half plane.

A Calculation of the winding number for a one-spike solution

In this appendix a result analogous to Theorem 3.3 is proved for the sub-diffusive NLEP problem.

Proposition A.1 Define C(A\0) = C ()\(O)PY), where C(v) is defined in (48). Then, C (M) has a single

non-analytic point X9 =0 on the principal branch —r < arg \(9) < 7.

PRrROOF By direct differentiation

=, (O) _ 7'90 tanh 9 . 2 (0)’)’—1
¢ ()\ ) 2qmtanh90< 9 sech™® J 7 ’

which yields the four possible singular points

1/~ 2 1/~ 1/~
(0) _ ©_ (1 w/y o A0 (T IND sy @ (2 LY P e
A 0, Ay <T> e Xy 1 + D)= e T+ D)= e .

The last three points all lie on the same line, where
cos(y arg)\(o)) =-1 — v arg A\ =71 — 27k, ke Z.

w27k
Since none of the angles — — —— belong to the principal branch, these three points do not contribute branch
0l 8l

cuts. Only A9 = 0 is a relevant non-analytic point. u

Next, define f ()\(0)) =f ()\(O)PY), where f is defined in (48), so that A(9) is the root of g = C — f = 0.

Theorem A.1 Let 7 > 0. If the function %g‘)\(o) \ possesses a unique root N, then for any D > 0 the
—u\,

number of eigenvalues M of (48) in the open right half plane is either M =0 or M = 2.

Proor Construct the contour as shown in figure 18 defined by
Pe={A@ [ X0 —an e, 0<e <1, —oo < A <00 U{A@ | AO| = R, B> 1}

Note that the shift € is unrelated to the activator diffusivity 2. By Proposition A.1 the function C ()\(O))
is analytic everywhere within I'.. By Lemma 2.2 the operator Ly has a positive eigenvalue v, so that the
function f (/\(0)) has a simple pole at A\(0) = Vllo/g. On the arc of T'.

(A0 ~ %ﬁwﬂﬁ, FAO) —0. as \O] — 0.
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R
9|50 =,

Figure 19: Argument winding paths in the calculation of number of eigenvalues in the right half plane.

Therefore
Ty
argg‘ AO oy, T 1
A, —>—00 Ay ——00

So the change in the argument along the arc is ﬂ-—; Using g(A\*) = ¢g*()\) ( the asterisk stands for complex

™y
argg‘)\(o):m = (A1)

conjugation ), the change of argument along the line RAO) = ¢ is

Aargg| =2Aargg .
Ao \700 Ay OO\O
Altogether by the argument principle,
Aar 2A ar + (M —1)
p— —_— = 7r J—
g 89|, =, * 3 ,

where M is the number of zeros in the right-half plane. Therefore,

+ 24 (A.2)

1
M=-A
i N

By (A.1), the upper point of the line RA(®) = ¢ is in the first quadrant of the plane <3‘Eg’ © , %g’ © ) ,
AO) =, AO) =\,

located on the line defined by the angle % Since

1 1
s+ 0

§0)=CO0) = J(O) = = = o=

by the assumption on the GM model exponents, the mid-point is on the negative axis. Therefore the change

in the argument is

1-— 1) if %g‘

A - (
arggkloo\o ™ 1

OB

1+1) if sg’

A - (
arg g NN T 1

A =\ T

where Rg R = 0. Depending on the sign of the root Al the imaginary axis is crossed either below or

(0) :1){1‘
above the origin ( see figure 19 ). The proof is completed by using this result in (A.2) and then taking the

limit € — 0. [ ]
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