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1 Problem 1

Problem 1: Consider a conventional infinite-order logarithmic expansion for the outer solution in the form

[e%e} 1 J
WNJX_:O(W) Woj(X)+U(E)W1+"' s (11)

with o(e) < v* for any k > 0. By formulating a similar series for the inner solution, derive a recursive set of
problems for the Wy; for 7 > 0 from the asymptotic matching of the inner and outer solutions. Show that this series
can be summed and leads to the result in equation (2.17a) of the workshop notes.

Solution:

We consider the pipe flow problem of §2 of the notes, formulated as

Aw=-08, xeQ\Qe, (1.2a)
w=0, x€odQ, (1.20)
w=0, x€0Q¢. (1.2¢)

In the outer region we expand the solution to (1.2) in an explicit infinite-order logarithmic expansion as
w(x;e) ZWOH(X)+ZVjW0j(X)+"' : (1.3)
j=1
Here v = O(1/loge) is a gauge function to be chosen. The smooth function Wyy satisfies the unperturbed problem
in the unperturbed domain, given by
AWOH:—57 XEQ; Wog =0, x € 99). (14)
By substituting (1.3) into (1.2 @) and (1.2 ), and letting Qs — xo as € — 0, we get that Wy; for j > 1 satisfies

AWQJ‘ =0, xe€ Q\{XQ}, (15 a)
Woj:O, X € 092, (1.5b)

Wo; is singular as x — Xg. (1.5¢)
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The matching of the outer and inner expansions will determine a singularity behavior for Wy; as x — x¢ for each
i>1.
In the inner region near )¢ we introduce the inner variables

y=¢'(x—x0), v(y;e) =W(xo+ey;e). (1.6)

We then pose the explicit infinite-order logarithmic inner expansion
o0
v(yie) = Y v oely). (L.7)
§=0

Here ; are e-independent coefficients to be determined. Substituting (1.7) and (1.2 a) and (1.2 ¢), and allowing v.(y)
to grow logarithmically at infinity, we obtain that v.(y) satisfies

AyUc:Oa y¢Ql; ve =10, yeana (180')

ve ~logly|, as |y| — . (1.8b)

The unique solution to (1.8) has the following far-field asymptotic behavior:

ve(y) ~logly| —logd+o(1), as [y|—oo. (1.8¢)

Upon using the far-field behavior (1.8 ¢) in (1.7), and writing the resulting expression in terms of the outer variable

X — Xg = €y, we obtain that

v N’yO+ZVj ['Yj—l 10g|X—X0| +’y]] . (19)
j=1

The matching condition between the infinite-order outer expansion (1.3) as x — xo and the far-field behavior (1.9)

of the inner expansion is that
Wom (x0) + Z VIWo;(x) ~ 70 + Z v [y-1log|x — xo| + 7] - (1.10)
j=1 j=1
The leading-order match yields that
Yo = Wom (o) - (1.11)
The higher-order matching condition, from (1.10), shows that the solution Wy; to (1.5) must have the singularity

behavior
Wo; ~ vj—1log|x —xo| +7;, as x—Xp. (1.12)

The unknown coefficients v; for j > 1, starting with vo = Won(xo) are determined recursively from the infinite
sequence of problems (1.5) and (1.12) for j > 1. The explicit solution to (1.5) with Wy; ~ ~;_1 log |x —xo| as x — xg

is given explicitly in terms of the Dirichlet Green’s function G4(x;x0) by
Woj(x) = —2my;-1Ga(x;%0) , (1.13)
where G4(x;x() satisfies
AGg=—0(x—xp), xX€Q; Gg=0, x€0Q, (1.14a)

1
Ga(x;%x0) = o log |x — x| + Ra(x0;%0) + 0o(1), as x— Xg. (1.14b)
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Next, we expand (1.13) as x — xo and compare it with the required singularity structure (1.12). This yields

—27yj-1 —% log |x — xo| + Raoo| ~ 7vj—1log|x — xo| + 5, (1.15)
where Rgoo = R4(X0;%0). By comparing the non-singular parts of (1.15), we obtain a recursion relation for the ~;
given by

v = —2mRao0vj-1 5 70 = Wor (xo), (1.16)
which has the explicit solution
v = [=27Raoo) Wor(x0), 5> 0. (1.17)

Finally, to obtain the outer solution we substitute (1.13) and (1.17) into (1.3) to obtain

w ~ Wog (x ZVJ —2my;-1) Ga(x;X0) ,

~ Wor (x) — 2mvGa(x; X0) Z vy
=0

~ WOH( ) - 27TVWOH XO Gd X X0 Z 27TVRdOO
7=0

27TVWQH (Xo)
1+ 2mvRy00

The last expression (1.18) agrees with equation (2.17a) of the notes. Similarly, upon substituting (1.17) into the

~ WQH(XQ) — Gd(Xo;XQ) . (].].8)

infinite-order inner expansion (1.7), we obtain

Lo = i+ _ > B vWon (x0)
U(y,f) = j:ZO’YJVJ ’Uc(y) VW()H XO 'Uc ; 27TRd00V m’l]c(y)7 (119)

which recovers equation (2.17b) of the notes.

2 Problem 2

Problem 2: Consider the following problem in an arbitrary two-dimensional domain with N small inclusions:

Ay —m(x)u=0, XEQ\U —1 Q¢ , (2.1a)
u=f, x €00. (2.10)
u=qy, x€de,, j=1,...,N, (2.1¢)

Here m(x) is an arbitrary smooth function with m(x) > 0 in Q, f is an arbitrary function on 0Q, and a; are
constants. Formulate a linear system, similar to equation (3.17) of the workshop notes, in terms of a certain Green’s
function, that effectively sums the infinite-order logarithmic series in the asymptotic expansion of the solution. Apply
your general theory to the unit disk Q for the case N =1, m =1, f = 0, and ay = 1, and where there is an
arbitrarily-shaped hole centered at the origin of the unit disk.

Solution: In the outer region, defined away from (¢, for j =1,..., N, we expand

u(x;e) ~ U (x) + Up(x;v) + o(e)Ur(x50) + - - - . (2.2)
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Here v = (v1,...,vn) is a set of logarithmic gauge functions to be determined and o < V]’? ase - 0forj=1,...,N.

In (2.2), Upy (x) is the smooth function satisfying the unperturbed problem in the unperturbed domain 2
AUpg —m(x)Upg =0, x€Q; Uwg=f, xe€dN. (2.3)

Substituting (2.2) into (2.1 a) and (2.1b), and letting Q¢ — x; as € — 0, we get that Uy satisfies

AUO—m(X)UO =0, XEQ\{Xl,...,XN}, (24&)
Up=0, x € 09, (2.40)
Up issingularas x—x;, j=1,...,N. (2.4¢)

The singularity behavior for Uy as x — x; will be found below by matching the outer solution to the far-field behavior
of the inner solution to be constructed near each Q¢ .
In the jth inner region near ¢, we introduce the inner variables y and v(y;e) by
y=¢cx—x;), v(y;e) = u(x; +ey;e). (2.5)
We then expand v(y;e) as
v(y;e) = o + v5750e;(y) + po(e) Vi (y) + -+ (2.6)
where v; = v;(v) is a constant to be determined. Here 119 < VJ’TC as € — 0 for any £ > 0. In (2.6), the logarithmic

gauge function v; is defined by
v; = —1/log(ed;), (2.7)
where d; is specified below. By substituting (2.5) and (2.6) into (2.1 a) and (2.1 ¢), we conclude that v.;(y) is the
unique solution to
Dyve; =0, y¢Q;; v,;=0, yeo;, (2.84)
Vej(y) ~logly| —logd; +o(1), as [y]— oo. (2.8b)
Here Q; = 5’1951., and the logarithmic capacitance, d;, is determined by the shape of ;.

Writing (2.8 b) in outer variables and substituting the result into (2.6), we get that the far-field expansion of v

away from each (2, is
v~ aj ot vyloglx — x5, j=1,...,N. (2.9)
Then, by expanding the outer solution (2.2) as x — x;, we obtain the following matching condition between the

inner and outer solutions:
Uor(x;) + Uy ~ o +vj +vjv;log|x — x5, as x—x;, j=1,...,N. (2.10)
In this way, we obtain that Uy satisfies (2.4) subject to the singularity structure
Up ~ a; — Upn (%) +v; +vjyjlog|x — x| +0(1), as x—x;, j=1,...,N. (2.11)

Observe that in (2.11) both the singular and regular parts of the singularity structure are specified. Therefore, (2.11)
will effectively lead to a linear system of algebraic equations for v; for j =1,..., N.

The solution to (2.4 ) and (2.4 ), with Uy ~ v;7v; log |x — x;| as x — x;, can be written as

N
Uo(x;v) = =27 Z viviG(x; %) (2.12)
i=1
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where G(x;x;) is the Green’s function satisfying
AG-m(x)G=—-6(x—%;), x€Q; G=0, xe0Q, (2.13a)
1
G(x;x;) ~ ~on log |x — x;| + R(xj;%x;) +0o(1), as x—x;. (2.13b)
7r

Here R;; = R(x;;x;) is the regular part of G.
Finally, we expand (2.12) as x — x; and equate the resulting expression with the required singularity behavior
(2.11) to get

N
vjvy;log|x — x| — 2mvy; Ry — 27TZ viviG(x:%:) = o — Uom (%) +v; + vy log|x — x|, j=1,...,N. (2.14)

2
In this way, we get the following linear algebraic system for v; for j =1,..., N:
N
—; (1+27TVJ‘RJ‘J‘)—27TZV¢"/¢G]'¢ = _UQH(Xj), j=1,...,N. (215)
2
Here Gj; = G(x;;%;) and v; = —1/log(ed;). We summarize the asymptotic construction as follows:

Principal Result: For ¢ < 1, the outer expansion for (2.1) is

N
u~ U (x) — 27TZ viviG(x;x;), for |x—x;|=0(1). (2.16 a)
i=1

The inner expansion near (e, with y = e (x —xj), is
u~aj+vvve(y), for |x—x;|=0(). (2.16 b)

Here v; = —1/log(ed;), d; is defined in (2.8 b), v.;(y) satisfies (2.8), Upy satisfies the unperturbed problem (2.3),
while G(x;x;) and R(x;;x;) satisfy (2.13). Finally, the constants ; for j = 1,..., N are obtained from the N
dimensional linear algebraic system (2.15).

To illustrate the theory, let 2 be the unit disk containing one arbitrarily-shaped hole centered at the origin. Suppose
that m(x) = 1 and f = 0. Then, Upy = 0, and the Green’s function satisfying (2.13) is radially symmetric with a

singularity at the center of the disk. The explicit Green’s function is

1 Ko(1)
10) = — | K - I 1 2.1
6x:0) = 3 [Ka(r) - T n)] . 0<r <1, (2.17)
where r = |x|. Here Iy(r) and Ko(r) are the modified Bessel functions of the first and second kind, respectively,

of order zero. To identity the regular part of G at the origin, i.e. R(0;0), we use the well-known asymptotics

Ko(r) ~ —logr+1log2 — ~. as r — 0, where 7, is Euler’s constant. Then, from (2.17) and (2.13 ), we get that

Ri, = R(0;0) = % [1og2 — e — 20((11))] . (2.18)

For N =1, Upg =0, and ay = 1, the system (2.15) then determines 7, in terms of R;; and v = —1/log(ed;) as

Y1 =— [1 + 27TI/1R11]71 . (219)

Therefore, v, is determined explicitly in terms of the logarithmic capacitance, d;, of the arbitrarily-shaped hole

centered at the origin.
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3 Problem 3

Problem 3: Consider the following problem in the disk Q = {x| |x| < 2} that contains three small holes:

Au=0, x € O\ U?zl Qe , (3.1a)
u =4 cos(20), x| =2. (3.1b)
u=qj, xe e, j=12,3. (3.1¢)

Suppose that each of the holes has an elliptical shape with semi-axes € and 2. Apply the theory for summing infinite
logarithmic expansions to first derive and then numerically solve a linear system for the source stremgths. In your
implementation assume that the holes are centered at x1 = (1/2,1/2), x2 = (1/2,0) and x3 = (—1/4,0). The
boundary values on the holes are to be taken as a1 =1, ag =0 and az = 2.
Solution: This is just a simple application of the theory in Problem 2 for the special case of a disk of radius 2 with
m(x) =0 and f = 4cos(260) = 4(cos®§ — sin?0) = 22 — y? on (22 +¢y?)'/2 = 4.

For this problem, the solution to the unperturbed problem (2.3) is simply

Uom (z,y) = 2 — y*. (3.2)

Next, the Green’s function satisfying (2.13) of Problem 2 with m(x) = 0 and its regular part are calculated from the

method of images as

G(x;x;) = —% log <|x2|%_;|)|(i|> , Rj; = R(xj;%x;) = —% log [ng—iiﬂlxgll . (3.3)
Here x;- is the image point of x; in the unit disk of radius two..

Next, we note that since each of the holes has an elliptic shape with semi-axes € and 2¢, then from Table 1 of the
notes their common logarithmic capacitance is d = 3/2. The holes are assumed to be centered at x; = (1/2,1/2),
x2 = (1/2,0) and x3 = (—1/4,0), and have the constant boundary values a3 = 1, az =0 and a3 = 2.

Therefore, upon defining v = —1/log(3¢/2) we obtain from (2.15) of Problem 2 that v; for j = 1,...,3 is the

solution of the linear system

—v1 [1 + 27V R11] — 270 [72G(X1; X2) + 13G(x1;%3)] = 1, (3.4a)
—v2 [1 + 27V Rz — 27v [11G(x2;x1) + 13G(x2;x3)] = —1/4, (3.40)
—73 [1 + 27V Rs3] — 27 [11G(X3; X1) + 72 G(x3;%x2)] = 31/16. (34¢)

Here R;; and G(x;;x;) are to be evaluated from (3.3).

We solve this linear system numerically for v; as a function of €. The curves ;(¢) as a function of € are plotted in
Fig. 1. We observe that the leading-order approximation to (3.4), valid for v < 1, is simply v; = —1, 72 = 1/4 and
~v3 = —31/16. From Fig. 1 we observe that this approximation, which neglects interaction effects between the holes,

is rather inaccurate unless ¢ is very small.

4 Problem 4

Problem 4: Beginning with the steady, incompressible, Navier-Stokes equations in velocity-pressure form, derive the

problem in equation (4.1) of the notes for the streamfunction for steady viscous flow over an infinite cylinder.
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FIGURE 1. Plot of ; = 7;(e) for j = 1,2,3 obtained from the numerical solution to (3.4).

Solution: We begin with the steady-state incompressible dimensionless Navier-Stokes equations in two space dimen-

sions for the velocity u(x) and the pressure p(x), with x = (z1,22,0), given by
V-u=0, e(u-V)u=-Vp+ Au. (4.1)

Lengths are made dimensionless with respect to the radius a of the cross-section of the infinitely-long cylinder, the
dynamic viscosity v, and the free-stream speed 1, in the x; direction at infinity. The parameter £ = usoa/v is the
Reynolds number, and it is assumed to be small. As |x| — oo, we have u — i, indicating a uniform flow in the x

direction. The no slip condition u = 0 is to hold on the body.

To eliminate the pressure, we take the curl of the momentum equation and then use V x Vp = 0 to get
1
(u-V)(qu)—[(qu)-u}:gA(qu). (4.2)

Next, since the flow is two dimensional, we introduce the scalar Lagrangian stream function ¢ (p, ) defined in terms

of the velocity components u = u,7 + ugf in the radial and tangential directions by

10y o

e ==, 4.
Up P 96 ) ug ap ( 3)

With this choice, the divergence-free condition V-u = 0 holds automatically. Then, by calculating the cross-products

in cylindrical coordinates, (4.3) readily transforms to
€
D = - [0p10p (A1) — Og1p0), (D)) - (4.4)

which agrees with equation (3.1) of the notes.

Next, we take ¢ = 0 to correspond to the boundary of the cross-section of the cylinder. Next, if u = 0 on the
body, then this corresponds from (4.3) to 9,1 = 0, where 9, is the outward normal derivative on the body. Finally,
if we put ¢ ~ psinf as p — oo, then from (4.3), we get u,, — cosf and ug — sinf as r — co. In terms of cartesian

coordinates this corresponds to uniform flow in the x direction at infinity.
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5 Problem 5

Problem 5: Consider the Biharmonic equation in the two-dimensional concentric annulus, formulated as

Nu=0, x€\Qe, (5.1a)
u=f, wu.=0, on r=1, (5.1b)
u=u,=0, r=c¢. (5.1¢)

Here Q is the unit disk centered at the origin, containing a small hole of radius € centered at x = 0, i.e. g =
{x | |x| < e}. Consider the following two choices for f: Case I: f = 1. Case II: f = sinf. For each of these
two cases calculate the exact solution, and from it determine an approximation to the solution in the outer region
|x| > O(e). Can you re-derive these results from singular perturbation theory in the limit € — 0% (Hint: the leading-
order outer problem for Case I is different from what you might expect).

Solution:

Case I: We consider the perturbed problem

Nu=0, e<r<l, (5.2a)
u=1, u.=0, on r=1, (5.2b)
u=u,=0, on r=e¢. (5.2¢)

We first find the exact solution of (5.2) and then expand it for ¢ — 0. Since the radially symmetric solutions to

(5.2 @) are linear combinations of {r?,r?logr,logr, 1}, we can write the solution to (5.2 a), which satisfies (5.2 b), as
u=A(r*—1)+ Br’logr — (2A+ B)logr +1, (5.3)

for any constants A and B. Then, imposing that © = u,, = 0 on r = £, we get two equations for A and B:

24(1-*) A+ B(1—¢e*—2e%loge) =0, (5.4a)
A(1+2loge —€*)+ B(1—¢%)loge=1. (5.4b)
Equation (5.4 a) gives
B 22 loge
A=——=|1-—=]. 5.5
2 ( 1—¢g? ) (5:5)
Upon substituting this into (5.4 b), we obtain that B satisfies
B 2¢2log e 2loge 1
B  Bloge Be?loge 2¢2B(loge)? 1
- - Bloge = —— 6b
2 1-—g2 1—¢e? (1—e2)? +5loge 1—¢e? (5:60)
B
-5 — B+ e?)loge + Be*(1 +¢*)loge + 2¢%(loge)?B + Bloge ~ 1 + £ (5.6 ¢)
B
-3 +2e%(loge)®B ~ 1 + O(£?). (5.6d)

The last line of (5.6) determines B, while (5.5) determines A. In this way, we get

B~ —2—28(loge)”® , A~ 1+ 422 (loge)® . (5.7)
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Upon substituting (5.7) into (5.3), we obtain the following two-term expansion in the outer region r > O(¢):
u~ uo(r) + 2 (loge) uy(r) + - -, (5.8)
where ug(r) and wu;(r) are defined by
ug(r) = r? —2r¥logr, up =4 (7’2 -1) - 8r?logr. (5.9)

It is interesting to note that the leading-order outer solution wug(r) is not a C? smooth function, but that it does
satisfy the point constraint ug(0) = 0. Hence, in the limit of small hole radius the e-dependent solution does not tend
to the unperturbed solution in the absence of the hole. This unperturbed solution would have B = 0 and A = 0 in
(5.3), and consequently u = 1 in the outer region.

Next, we show how to recover (5.8) from a matched asymptotic expansion analysis. In the outer region we expand

the solution as
ur~wy+owp + e, (5.10)
where o < 1 is an unknown gauge function, and where wy satisfies the following problem with a point constraint:
Nwy=0, 0<r<1; wy(l)=1, we(1)=0, we(0)=0. (5.11)
The solution is readily calculated as
wo = 1% —2r?logr. (5.12)
The problem for w; is
Nwp =0, 0<r<1; w(l)=wy,(1)=0. (5.13)
The solution to (5.13) is given in terms of unknown coefficients a; and 5y as
wy; = o (7“2 — 1) + Brr?logr — (2a1 + (1) logr. (5.14)

The behavior of wy as r — 0, as found below by matching to the inner solution, will determine a; and f.
In the inner region we set r = ep and obtain from (5.12) that the terms of order O(e?loge) and O(¢?) will be

generated in the inner region. Therefore, this suggests that in the inner region we expand the solution as
v(p) = u(ep) = (e loge) vo(p) + v1(p) + - . (5.15)
The functions vy and v1 must satisfy v;(1) = v;,(1) = 0. Therefore, we obtain for j = 0, 1 that
v; = Aj (p* — 1) + Bjp*logp — (2A; + B;) logp. (5.16)

We substitute (5.16) into (5.15), and write the resulting expression in terms of the outer variable r = gp. A short
calculation gives that the far-field behavior of (5.15) is

v~ — (loge)® Bor? + (loge) [(Ag — B1)r® + Bor®logr] + A1r® + Bir? logr + 2Age? (loge)® 4+ O(e2loge) . (5.17)
In contrast, the two-term outer solution from (5.10), (5.12), and (5.14), is
un~r?=2r*logr+o [y (r* — 1) 4 pir’logr — (2a1 + B1)logr] + -+ . (5.18)
Upon comparing (5.18) with (5.17), we conclude that

By=0, Bi=A4,, Ai=1, B =-2, o=c>(loge)’. (5.19)
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This leaves the unmatched constant term —4e?(loge)? on the right-hand side of (5.17). Consequently, it follows that

the outer correction w; is bounded as r — 0 and has the point value wq(0) = —4. Consequently, 2a; + 51 = 0 and
a1 =4 in (5.18). This gives 31 = —8, and specifies the second-order term as
wy =4 (r* — 1) — 8r?logr. (5.20)

This expression reproduces that obtained in (5.9) from the perturbation of the exact solution.

In Problem 9 below we elaborate on why it is impossible to match to an outer solution ug that does not satisfy
u0(0) = 0. In addition, we further remark that point constraints are possible with the Biharmomic operator, since
the free-space Green’s function has singularity O (|X —Xo|? log |x — x0|) as x — xg. However, with a point constraint
we will not have C? smoothness.

Case II: Next, we consider the perturbed problem

Nu=0, e<r<l, (5.21a)
u=snf, wu.=0, on r=1, (5.21b)
u=u,=0, on r=e¢. (5.21¢)

We first find the exact solution of (5.21) and then expand it for e — 0. Since the solutions to (5.21 a) proportional
to sin @ are linear combinations of {r3,rlogr,r,r~!}sin 6, then we can write the solution to (5.21 a), which satisfies
(5.21b), as

u = (Ar3 + Brlogr + <—2A+ % - g) T+ (% +A+ g) %) sin@, (5.22)
for any constants A and B. Then, imposing that © = u,, = 0 on r = £, we get two equations for A and B:
A63+leog5+(—2A+%—§)6+(%+A+§)61207 (5.23 a)
3Ae* + B+ Bloge + <—2A+ % — g) - (% + A+ g) £2=0. (5.230)
By comparing the O(¢~!) and O(¢72) terms in (5.23), it follows that
%+A+§zn€2, (5.24)

where « is an O(1) constant to be found. Substituting (5.24) into (5.23), and neglecting the higher order Ae® and

3Ae? terms in (5.23), we obtain the approximate system

1 B 1 B
Bloge+(—2A+§—§)z—n, B+Blog€+<—2A+§—E>z/~;. (5.25)
By adding the two equations above to eliminate x, we obtain that

B +2Bloge + (—4A+1—-B) =0. (5.26)

From (5.26), together with A ~ —(1 4 B)/2 from (5.24), we obtain that

3v 3 -1

B~ A=1- h = . 5.27
5=, 5, Where v log [c1/2] (5.27)

Finally, substituting (5.27) into (5.22), we obtain that the outer solution has the asymptotics

U~ ((1 — Ay + vArlogr + Ar) sind, r> O(e). (5.28 a)
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where A is defined by

w

—1
2—v’ Vzlog[gel/ﬂ '

BN
M1l

(5.28b)

We remark that (5.28) is an infinite-order logarithmic series approximation to the exact solution. However, it does
not contain transcendentally small terms of algebraic order in € as € — 0.

Next, we show how to derive (5.28) by employing the hybrid formulation used in the low Reynolds number flow
problem of §4.

In order to sum the infinite logarithmic series we formulate a hybrid method by following equations (4.13)—(4.15)

1

of the workshop notes. In the inner region, with inner variable p = ¢~ "r, we look for an inner solution in the form

(see equations (4.14) and (4.21) of the notes)

P 1
v(p,0) = u(ep,0) ~ evA(v) (p logp — g + 2_p) sinf . (5.29)
Here v = —1/ log [ee'/?] and A = A(v) is a function of v to be found. The extra factor of ¢ in (5.29) is needed since

the solution in the outer region is not algebraically large as ¢ — 0. Now letting p — oo, and writing (5.29) in terms

of the outer variable r = £p, we obtain that the far-field form of (5.29) is
v~ (/Nh/r logr + flr) sinf. (5.30)

Therefore, the approximate outer hybrid solution wgy to (5.21) that sums all the logarithmic terms must satisfy

Nwg =0, 0<r<l1, (5.31a)
wy =sinf, wyg,=0, on r=1, (5.31b)
wy ~ (Aw logr + /Ir) sinf, as r—0. (5.31¢)

The solution to (5.31 a) and (5.31 b) has the explicit given in

1 g 1 B\ 1Y .
_ 3 _ - _~ - [ Rl

wH—(ar +ﬂrlogr—|—< 2a+2 2)r+<2+a+2) T>51n6‘. (5.32)

The condition (5.31 ¢) then yields the three equations

iy 1 _B_; 1 B_
B8=Av, 2a+2 Z_A’ 2—|—oz+2—07 (5.33)
for o, 3, and A. We solve this system to obtain
_ _ 3 _

g = v, S a (5.34)

Upon substituting (5.34) into (5.32), we obtain that the resulting expression agrees exactly with the result (5.28)
obtain from the asymptotics of the exact solution.

This simple example of Case II has shown explicitly, without numerical methods, that the hybrid asymptotic
numerical method for summing infinite logarithmic expansions agrees with the results that can be obtained from the

exact solution.
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6 Problem 6

Problem 6: Consider the following convection-diffusion equation for T(X), with X = (X1, X2) posed outside two

circular disks §; for j = 1,2 of a common radius a, and with a center-to-center separation 2L between the two disks:

KAT=U-VT, XeR\U_ Q;, (6.1a)
T:Tj, XE@QJ‘, 71=12, (61b)
T~Ts, IX]| — 0. (6.1¢)

Here k > 0 is constant, T; for j = 1,2 and T are constants, and U = U(X) is a given bounded flow field with
U(X) — (Uw,0) as |X| — oo, where U, is constant.

e Non-dimensionalize (6.1) in terms of Us and the length-scale v = k /Uy to derive a convection-diffusion equation
outside of two circular disks of radii € = Usoa/k, with inter-disk separation 2Le/a. Here € is the Peclet number.

e In the low Peclet number limit € — 0 show how a hybrid asymptotic-numerical solution can be implemented to
sum the infinite logarithmic expansions for two different distinguished limits: Case 1: L/a = O(1). Case 2:
L/a = O(e71). For Case 1, we require an explicit formula for the logarithmic capacitance, d, of two disks of a
common radius, a, and with a center-to-center separation of 21. By using bipolar coordinates, the result for d is

(see the workshop notes for the precise reference)

efmgc

(6.2)

log d = log (23) — % +2 mcosh(mé.)’
m=1 ¢

where B and &, are determined in terms of a and [ by

2
B=ViE-a?; g =log §+ (é) -1 (63)

o For a uniform flow with U = (Us,0) for X € R?, determine the required Green’s function and its regular part.

Solution:

We introduce the dimensionless variables x, u(x), and w(x) by
x=X/v, T=Tw, uXx)=U"X)/Us, 7=k/Ux. (6.4)

We define the dimensionless centers of the two circular disks by x; for j = 1,2, and their constant boundary

temperatures a; for j = 1,2, by
x; =X,/7, a;j =w;/To, j=12. (6.5)
Then, (6.1) transforms in dimensionless form to
Aw=u-Vw, x € R\ U3, Dg;, (6.6 a)

w=qaj, x€0Dg, j=12, (6.60)

w~ 1, |x| — 0. (6.6¢)
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Here Dg;j = {x | |x — x| < e} is the circular disk of radius € centered at x;. The center-to-center separation is
|x2 — x1| = 2le, l=L/a. (6.7)
The dimensionless flow has limiting behavior u ~ (1,0) as |x| — oo.
Case 1: We assume that [ = O(1) as ¢ — 0, so that |x2 — x1| = O(e). This is the case where the bodies are close
together. It leads below to a new inner problem, not considered previously in the notes.
We assume without loss of generality that x; + x2 = 0. We then introduce the inner variables y and v(y) by
y=¢ x, o(y)=uwy). (6.8)
Then, we obtain that (6.6 a) and (6.6 b) transform to
Ayv =eug - Vyv, y € R%\ U?Zl D;, (6.9a)
v=qj, yeoD;, j=1,2, (6.90)
Here D; ={y | |y —y;| < 1} is the circular disk centered at y; = x; /e of radius one, and ug = u(0). The inter-disk
separation is
We then look for a solution to (6.9) in the form

v = vy + VvAuv,, (6.11)

where v = O(—1/loge) and A = A(v) is to be found. Here vy is the solution to

Ayvo=0, yeR*\UL, Dy, (6.12 a)
vg = qj, yeoD;, j=1,2, (6.12b)
vo bounded as |y| — oo. (6.12¢)

Moreover, v.(y) is the solution to

Ayve =0, y e R\ U_, D;, (6.13 a)
ve =10, yeoD;, j=1,2, (6.130)
ve ~loglyl, as |y|— oc. (6.13¢)

Since Dj for j = 1,2 are non-overlapping circular disks, the problem (6.12) can be solved explicitly using conformal

mapping and the introduction of symmetric points. In this way, we can derive that
Vo ~ Voo +0(1), as |yl — 0. (6.14)

The simple calculation of vo is omitted. When a1 = as = a., then clearly vooo = a1. Next, we can solve (6.13)
exactly by introducing bipolar coordinates as suggested in the hint, which was motivated by Appendix B of Reference

[10] of the workshop notes. In this way, we calculate that
ve(y) ~logly| —logd +o(1),,  |y| — o0, (6.15)

where d is given by setting a = 1 in (6.2) and (6.3). Therefore, in this analysis we have neglected the transcendentally

small O(e) term in (6.9), representing a weak drift in the inner region.
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Upon substituting (6.14) and (6.15) into (6.11), and writing y = £~ !x, we obtain in terms of outer variables that
the far-field behavior of v is

-1
log (ed)
The behavior (6.16) is the singularity behavior for the infinite-logarithmic series approximation Vp(x;u) to the

v~ + A+ vAloglx], v= (6.16)

outer solution as x — 0. This approximation satisfies
AVop=u-VVy, xcR\{0}; Vo~1, |x|— o0, (6.17)

with singularity behavior (6.16) as x — 0.

To solve this problem we introduce the Green’s function G(x; &) satisfying
AG=u-VG-6x—-¢&), xeR?, (6.18 a)
1
G(X;E)~—%10g|x—£|+R(£;£)+o(l), x— £, (6.18b)

with G(x;&) — 0 as |x| — oo. Here R(&; &) is the regular part of this Green’s function at x = &.

The solution to (6.17) with singular behavior Vo ~ vAlog|x| as x — 0 is
Vo =1-2mvAG(x;0). (6.19)

By expanding (6.19) as x — 0, and equating the regular part of the resulting expression with that in (6.16), we get
1 —27vARy) = A+ v9so. This determines A = A(v) by

1-— V0oo -1
= =— 6.20
14 27vRgo v log(ed) ’ (6:20)

where Rgp = R(0;0). The outer and inner solutions are then given in terms of A. Finally, one can calculate the
Nusselt number, representing the average heat flux across the bodies, by using the divergence theorem together with
the form (6.16) of the far-field behavior in the inner region.

Case 2: We assume that [ = O(s71) as e — 0, and define | = Iy /e with Iy = O(1), so that |x2 — x1| = 2ly. This
is the case where the small disks of radius ¢ are separated by O(1) distances in (6.6). In the analysis there are two
distinct inner regions; one near x; and the other at an O(1) distance away centered at x2. Since each separated disk
is a circle of radius ¢, it has a logarithmic capacitance d = 1. Therefore, the infinite-logarithmic series approximation

Vo(x; i) to the outer solution satisfies

AVp=u-VVy, xcR»\{0}; Vo~1, |x|— o0, (6.21 a)
-1
Vo ~a;+Aj +vAjlog |x —x;], VElogs' (6.21)
The solution to (6.21) is given explicitly by
2
Vo=1-2m) AG(x;x). (6.22)

i=1
We then let x — x; for j = 1,2 in (6.22) and equate the nonsingular part of the resulting expression with the regular

part of the singularity structure in (6.21 b). This yields that A; and As satisfy the linear algebraic system
Ay (1—|—27TVR11) +2mvAsGia =1 — Ay (1+27TVR22) +2mvA1Go1r =1 —as. (6.23)

Here G;; = G(x;;%;) and Rj; = R(x;;X;) are the Green’s function and its regular part as defined by (6.18).
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Finally, we remark that for the case of a uniform flow where u = (1,0), then the explicit solution to (6.18) is

x1 — &1
2

G&£%=ifm

- G (6210

where x = (21, %2) and € = (£1,&). By letting x — £, and using Ko(r) ~ —logr + log2 — 7., as r — 07, where 7,

is Euler’s constant, we readily calculate that

R(E,€) = 5= (1052~ 7). (6.24)

These results for G and its regular part can be used in the results of either (6.20) or (6.23) for Case I or Case II,

respectively.

7 Problem 7

Problem 7: Let Q be the unit disk containing one arbitrarily-shaped hole Q¢ centered at the origin. Our goal is to

calculate the principal eigenvalue of
Au+du=0, xe€N; / udx =1, (7.1a)
ON\Qe
u=0, x€N; u=0, x€de. (7.10)

This eigenvalue problem is slightly different from the problem (5.1) of the notes in that here we pose the Dirichlet
condition w = 0 on 0. For (7.1), derive an explicit transcendental equation for the infinite-order logarithmic series
approximation to the principal eigenvalue.
Solution:

The analysis in §5 of the notes can be repeated, and we readily obtain equation (5.12) of the notes. Thus, the

infinite-order logarithmic series approximation A\* to the principal eigenvalue X\ satisfies the transcendental equation

1 1
R (03 %0, ") = —=— =- 72
h(X07 05 ) 2y ) v 10g(€d) ) ( )

where Ry, (X0;X0, A*) is the regular part of the Helmholtz Green’s function, satisfying
AGRL+ NGy =—-0(x—x%x0), x€Q; Gp=0, xe€0Q, (7.3 a)
1
Gh(x;%x0, \") ~ o log |x — x| + Rp(%0; %0, A*) +0(1), as x — Xg. (7.3b)
7r

Notice that G = 0 on 9f). Since the hole is centered at the origin then x¢ = 0.
When € is the unit disk with a hole centered at the origin, then (7.3) becomes a radially symmetric problem whose

solution can be found explicitly. A simple calculation gives

1 % (V)
G__ZYM:AO_Ezﬁﬁ

where r = |x|. Here Jy(z) and Yy(z) are the Bessel functions of the first and second kind, of order zero. By using the

%( »0 C0<r<1, (7.4)

well-known asymptotic behavior Yy(z) ~ 27! [logz — log2 + 7. + o(1)] and Jo(2) ~ 1 + o(1) as 2 — 0, we obtain
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from (7.4) that the local behavior for G' as x — 0 is given by

G(x:0) ~ —%log x| + Bn +o(1), as x—0, (7.50)
1 (Yo (VV)
o)

where 7, is Euler’s constant. Finally, upon substituting (7.5 b) for Ry, into (7.2), we conclude that A*(ed) is the first

ha_% (—log2+’ye+log(\//\_*))+ : (7.50)

root of the transcendental equation

Yo (VX°) )
log2 — 7. — log (v )\*) + I =) == log(ed) . (7.6)
2 JO ( /A*) 14
Here d is the logarithmic capacitance of the arbitrarily-shaped hole centered at the origin of the unit disk.

It is interesting to note that the result (7.6) can also be obtained by first finding the exact eigenvalue relation for
the concentric annulus € < |x| < 1 with w = 0 on |x| = € and on |x| = 1, and then letting ¢ — 0 in this resulting
expression. The eigenfunction is proportional to

Jo (\/X)
w= Jo(\/XT)—iYO(\/XT) C0<r<1, (7.7)

Yo (VX)

and upon setting u = 0 at r = €, we get the eigenvalue relation

Yo (\/X)
Yo (\/Xs) =Jo (\/Xg) —. (7.8)

Jo (\/X)
Next, in (7.8) we use the small argument expansions of Yy(z) and Jo(z) as z — 01, and then, finally, replace ¢
by ed in the resulting expression by recalling Kaplun’s equivalence principle. In this way, we readily recover the

transcendental equation (7.6) for the approximation A* to A.

8 Problem 8

Problem 8: For the eigenvalue problem (5.1) of the notes, consider the special case of K holes that have a common
logarithmic capacitance d = dy = ..., dk. By introducing two-term expansions directly in equation (5.1) of the notes
for the eigenvalue and the outer and inner approximations to the eigenfunction, re-derive the two-term approximation
in equation (5.27) of the Corollary.

Solution: We write the eigenvalue problem as

Au+iu=0, xeQ\Q; Q, = Uleng, (8.1a)

Onu=0, x€ON; / u?dx =1 (8.10)
O\Q,

u=0, x€de,, j=1,...,N. (8.1¢)

We assume that each hole )¢ is centered at x; € ) and has the same logarithmic capacitance d.

We look for a two-term expansion for the principal eigenvalue \g(g) as

No(e) = Mv+ Ao+ v=—1/log(ed) . (8.2)
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In the outer region, away from O(g) neighborhoods of the holes, we expand the outer solution for u as
u = ug + vuy + v2ug 4 . (8.3)
The leading-order term is
up = QY2 (8.4)

where |Q] is the area of 2. Upon substituting (8.2) and (8.3) into (8.1 a) and (8.1b), and collecting powers of v, we

obtain that u; satisfies

Auy = —Aug, x€ OWN\{x1,...,XK}; /Quldx:()7 (8.5a)
Opur =0, x€0Q; wup singularasx —x;, j=1,...,K, (8.5b)
while ug satisfies
Nug = —doug — Mur, x€ O\{x1,...,xKx}; /Q (u%—!—ZuouQ) dx =0, (8.6 a)
Opus =0, x€0Q; wupsingularasx—x;, j=1,...,K. (8.6b)

h

Now in the jt inner region we introduce the new variables by

y=el(x-x;), o(y)=ulx+ey). (8.7)
We then expand the inner solution as

v(y) = vAojve(y) + V2 Arjve(y) + -+ (88)
Upon substituting (8.7) and (8.8) into (8.1 a) and (8.1 ¢), we obtain that v.; satisfies

DNyve; =0, y&Q;; v,;; =0, yeoQ,, (8.9a)

Ve (y) ~logly| —logd +0(1), as [y|— 0. (8.9b)

Here Ay is the Laplacian in the y variable, and §; = e 10 .- We consider the special case where d is independent
of j.

Upon using the far-field form (8.9 b) in (8.8), and writing the resulting expression in outer variables, we get
v = Agj +v[Ao;log [x —x;| + Ay + 17 [Agj log[x — x;[ + Ag;] + -+ . (8.10)

The far-field behavior (8.10) must agree with the local behavior of the outer expansion (8.3). Therefore, we obtain

that

Agj =uo= Q7Y% j=1,...K, (8.11 a)
ur ~uplog|x — x|+ A1, as x—x;, j=1,...,K, (8.11d)
ug ~ Ajjlog|x — x| + Az, as x—x;, j=1,...,K. (8.11¢)

Equations (8.11b) and (8.11 ¢) give the required singularity structure for u; and ug in (8.5) and (8.6), respectively.
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The problem for u; with singular behavior (8.11 b) can be written in terms of the delta function as

K
Aug :—/\1u0—|—27TAOZ5(x—xj), x€Q; / urdx =0, (8.12 a)
j=1 @
Opur =0, x€09. (8.12b)
Upon using the divergence theorem we obtain that —Ajug fQ ldx 4+ 2w AgK = 0, so that with ug = Ap from (8.11 a),
we get
2K
Al = ——. (8.13)
€2
The solution to (8.12) can be written in terms of the Neumann Green’s function as
K
up = —2mug Z Gn(x;x;), (8.14)
i=1
where the Neumann Green’s function Gy (x; &) satisfies
1
AGN—W—é(X—!;“)7 x€Q; 0,GnN=0, x€09, (8.15a)
1
Gr(xi€) ~ —5-loglx — €]+ Bn(&€) +o(1), as x— €& [ Gu(x€)dx=0. (8.15)
Q

The constant Ry (&;&) is the regular part of G at the singularity. Since G has a zero spatial average, it follows
from (8.14) that [, u; dx =0, as required in (8.12 a).

Next, we expand u; as x — x;. We use the local behavior for G, given in (8.15 b), to obtain from (8.14) that

K
w1 NUO10g|X—Xj| — 2mug Rij"’ZGNij , X Xj, (816)
i
where Gnji = Gn(x;;%;) and Ryj; = Rn(x;;%;). Comparing (8.16) and the required singularity behavior (8.11b),

we obtain that

K
Alj 2—27TUQ Rij"'ZGNij 5 j: 17...,N. (817)
Z
Next, we write the problem (8.6) in {2 as
K
Nug = —)\QUQ—/\1U1+27TZA1J‘(5(X—X]'), x€Q; Opup =0, x€00N. (818)
=1

Since [qu1dx = 0 and ug = ||~1/2, the divergence theorem applied to (8.18) determines Ao as Aguo|Q| =
2m ;1 Aj. Finally, we use (8.17) for Ay;, we get

47‘[‘2 N K
AQZ_WP(Xla"'axK)v p(xla"'axK)EZ RNJJ+ZGN]1 . (819)

Jj=1 i=1

i#]

Combining (8.2) with (8.13) and (8.19) we get the two-term expansion given in equations (5.27) and (5.28) of the
Corollary in §5 of the workshop notes given by

2rvK  4ur?
Ao(e) ~ Q] —Wp(xl,...,xK)—i—--- , v=—1/log(ed) . (8.20)
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9 Problem 9

Problem 9: Consider the following Biharmonic eigenvalue problem in a two-dimensional bounded domain € con-

taining a small circular hole Q¢ of radius € centered at x¢ € (2,
Au—du=0, xeWNQ; u=0u=0, xcd; u=0u=0, xcdQe. (9.1)

Let M\oe denote the first positive eigenvalue of this problem. Let Ao be the first eigenvalue of the unperturbed problem
with no hole, with corresponding eigenfunction ug(x). Assume that ug(xg) # 0. By using a matched asymptotic
expansion argument, show that Aoe does not approach Ao as € — 0, in contrast to that for Laplacian eigenvalue
problems in perforated domains. Instead, show that Aog — A as € — 0, where \; is the first eigenvalue of the

following problem with a point constraint:
A =N ur =0, xeWN\{xo}; v =0,u*=0, x€dQ; u*(x0)=0. (9.2)

Finally, calculate the asymptotic behavior of the difference Aoe — A\ as € — 0 using a matched asymptotic analysis.
Solution: Let Age and upe (x) be the principal eigenvalue of the Biharmonic eigenvalue problem with a hole, given by
(9.1) with normalization condition fQ\QE uds dx = 1. Next, let Ao and ug(x) be the first eigenpair of the unperturbed

problem with no hole
Nu—du=0, x€Q; u=08d,u=0, xecdQ, (9.3)

with normalization condition [, u®dx = 1.
We now show that A\ge does not tend to A\g as € — 0. To show this, suppose to the contrary that for some o < 1

we have
Ao =Xo+or +---. (9.4)
In the outer region we expand the outer eigenfunction as
ug(x) = uo(x) + oug(x) +--- . (9.5)

Now at x = x¢, we assume that ug(xg) # 0.
In the inner region we introduce the new variables y = ¢~ !(x — X¢) and ve(y) = ug(xo + €y). Then, for some

gauge function p, we put
ve(y) = pvol(p),  p=lyl. (9.6)
Upon substituting (9.6) into (9.1), we obtain that v, satisfies
DNvg=0, p=ly|>1;  wo(l) =wvp,(1)=0. (9.7)
The general solution of this problem has the form
vo = ap® +bp*logp +clogp+d, p>1. (9.8)

The matching condition is that the outer solution as x — x¢ must agree with the inner expansion as p = |y| — oc.
Therefore,

uo(X0) 4 -+ -+ ouy ~ pwo(p) + -+ . (9.9)
The only possibility for matching is that a = b = 0, and that ¢ = ug(xg) with 4 = —1/loge. However, this choice

leaves only one free parameter d to satisfy the two boundary conditions vo(1) = vg,(1) = 0, which is impossible.
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Therefore, we conclude that if we assume that the perturbed eigenfunction is close to the unperturbed eigenfunction
with no hole in the outer region, then asymptotic matching is impossible. This suggests that this assumption must
be modified, and that the limiting problem as ¢ — 0 is not the problem with no hole.

Instead, we let \§ and uf(x) be the principal eigenpair of the Biharmonic eigenvalue problem with a point con-
straint, given by (9.3). In other words, we claim that the limiting problem ¢ — 0 corresponds to the eigenvalue
problem (9.2) with point constraint. Point constraints are compatible with Biharmonic problems, but not with
Laplace’s equation.

We then look for an eigenvalue of (9.1) close to Aj. For some gauge function o < 1, we expand
Aoe = A5 +oA + - (9.10)
In the outer region, we expand the eigenfunction as
uoe(x) = ug(x) + our(x) +--- . (9.11)

Substituting (9.10) and (9.11) into (9.1), we obtain that A\; and w;(x) satisfy

A%up — Njuy = Mug,  x € Q\{xo}, (9.12 a)

up = 0Ohur =0, x¢€9Q; /uguldXZO, (9.120)
Q

up singular as x — X . (9.12¢)

Next, we must derive a singularity condition for u; as x — xg.

In the inner region, we introduce the new variables
y =& Hx —x0), v(y) = u(xo +ey). (9.13)
In terms of the gauge function p < 1, we then expand

ve(y) = poo(y), p=1yl. (9.14)

Since ug(xg) = 0, the matching condition is that the outer expansion of the eigenfunction as x — xo must agree

with the far-field form of the inner expansion as y — oo,

Vuy - (x —Xo) + - +our ~ puo(y) +--- . (9.15)
Here we have defined
Vg = Vg (X) | x=xq - (9.16)
The problem for v is
Nvg=0, p=ly|>1; vo(1) = (1) =0. (9.17)

For any vector a, there is a solution to (9.17) of the form
vo = A - egue(p), (9.18 a)
where eg = (cos 8, sinf) and v.(p) is given by
ve. = plog p — plog |:€1/2:| +2i. (9.18b)

p
Notice that this is the Stokes solution given in equation (4.21) of the workshop notes.
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We then write the far-field expansion of the inner solution in terms of the outer variables as
pvo(y) ~ e LA - eglx — x| [log |x — xo| — log (861/2)} . (9.19)

This far-field expression suggests that we define p and v by

1
- _ , = 9.20
v log [861/2} n=cev ( )

Then, the matching condition (9.15) becomes
Vaug - (x —x0) 4+ +oup ~A-eglx — x| + A - egr|x —xo|log |x — x¢| + -+ . (9.21)
Therefore, we conclude that
A =Vuj, oc=v (9.22)
The matching condition (9.21) shows that the solution uq to (9.12) must have the singularity behavior
up ~ Vuj - (x —xg)log|x —xg|, as x— Xg. (9.23)

Finally, we apply the divergence theorem to (9.12) over g, where Qo = Q\,, and €, is a small disk of radius
v < 1, centered at x¢. In this way, we get

A\ = —47|Vud|?, o=v. (9.24)

In summary, the principal eigenvalue of (9.1) has the two-term asymptotic expansion
1

Xoe ~ A — Amnv|Vus|? + - - -, V=
0€ 0 | 0| log [561/2]

(9.25)

Here u§ and A} are the principal eigenpair of the problem (9.2) with point constraint.



