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In an arbitrary bounded 2-D domain, a singular perturbation approach is developed to analyze the asymptotic behavior
of several biharmonic linear and nonlinear eigenvalue problems for which the solution exhibits a concentration behavior
either due to a hole in the domain, or as a result of a nonlinearity that is non-negligible only in some localized region
in the domain. The specific form for the biharmonic nonlinear eigenvalue problem is motivated by the study of the
steady-state deflection of one of the two surfaces in a MEMS capacitor. The linear eigenvalue problem that is considered
is to calculate the spectrum of the biharmonic operator in a domain with an interior hole of asymptotically small
radius. One key novel feature in the analysis of our singularly perturbed biharmonic problems, which is absent in related
second-order elliptic problems, is that a point constraint must be imposed on the leading order outer solution in order
to asymptotically match inner and outer representations of the solution. Our asymptotic analysis also relies heavily on
the use of logarithmic switchback terms, notorious in the study of Low Reynolds number fluid flow, and on detailed
properties of the biharmonic Green’s function and its associated regular part near the singularity. For a few simple
domains, full numerical solutions to the biharmonic problems are computed to verify the asymptotic results obtained
from the analysis.

Key words: biharmonic eigenvalue, biharmonic Green’s function, point constraint, concentration phenomena, switch-
back terms

1 Introduction

We construct asymptotic solutions to some singularly perturbed linear and nonlinear biharmonic problems in two-
dimensional domains ). Each of the problems that we consider exhibits a localization behavior, whereby the solution
concentrates at some special location zq inside the domain. This concentration occurs either as a result of a nonlinear
term that is non-negligible only in some narrow region near xg, or else is due to a small hole in the domain that
is centered at some xy € ). The asymptotic analysis of these biharmonic problems will reveal some novel features,
including the necessity of imposing interior point constraints in the asymptotic construction of the solution. The
imposition of such point constraints for the solution to second-order elliptic problems is, of course, not well-posed.

The specific form of our biharmonic nonlinear eigenvalue problems is motivated by mathematical models of a
Micro-Electro-Mechanical System (MEMS) capacitor (cf. [26]). In this context, a simple capacitor consists of a rigid
conducting ground plate located below a thin deformable elastic plate that is clamped along its boundary (see Fig. 1).
The surface of the deformable plate is coated with a thin metallic conducting film so that it can deflect towards the
rigid ground plate under an applied voltage V. For V' < V* where V* is called the pull-in voltage, the device reaches
a stable equilibrium deflection, whereas for V > V* no equilibrium deflections are possible.

For a MEMS capacitor occupying a region €2 C R? with smooth boundary 9€), the narrow gap asymptotic analysis

of [26] showed that the dimensionless steady-state deflection u(x) of the upper plate satisfies the biharmonic nonlinear
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FIGURE 1. Schematic plot of the MEMS capacitor with a deformable elastic upper surface that deflects towards the fixed
lower surface under an applied voltage.

eigenvalue problem

A
—A* U+ Au= ——— Q; =0hu = Q. 1.1
0A“u+ Au Atu? x€Q; u=0,u=0, z€d (1.1)

In (1.1), the constant & > 0 represents the relative effects of tension and rigidity on the deflecting plate, and A > 0
is the dimensionless ratio of electrostatic to elastic forces in the system, and is proportional to V2, where V is the
voltage applied to the upper plate. The boundary conditions in (1.1) assume that the upper plate is clamped along
its rim. A solution to (1.1) can be interpreted physically as a balance between an elastic restoring force for the upper

surface, and an electrostatic Coulomb force that attracts the upper surface to the lower rigid ground plate.
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FIGURE 2. Numerically computed bifurcation diagrams of |u(0)| versus A for (1.2) (left figure) and for (1.1) (right figure) in
the unit disk. Left figure: the beginning of the infinite-fold point structure for (1.2) with A — 4/9 as |u(0)| — 17. Right figure:
from left to right, the bifurcation curves for (1.1) correspond to 6 = 0.0001, 0.01, 0.05, 0.1. Notice that there is a maximal
solution branch with A — 0 as |u(0)] — 1.

The special case § = 0 in (1.1) corresponds to modeling the upper surface as a membrane instead of a plate.
Omitting the requirement that d,u = 0 on 99, (1.1) reduces to the basic MEMS membrane problem

Au:ﬁ7 zreQ; u=0 zedd. (1.2)

In the unit disk in R?, (1.2) was studied from various viewpoints in [16], [27], [13], and [11]. For the unit disk, one

key feature of the bifurcation diagram of ||u|| versus A, for the class of radially symmetric solutions of (1.2), is

that there is an infinite number of fold points that cluster onto A — 4/9 as ||u||cc — 17. More generally, in [14] it

was proved that (1.2) has an infinite fold-point structure in a general 2-D domain that has two axes of symmetry,
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although it is only conjectured that these fold points cluster onto some limiting value A* as ||u||co — 17 For the unit
disk in R?, a plot of the numerically computed bifurcation diagram showing the beginning of this infinite fold-point
structure is given in Fig. 2(a). In contrast, for the biharmonic problem (1.1) in the unit disk in R?, it was shown in
[22] that for any § > 0 there is a maximal solution branch for which A — 0 as ||u||cc — 17. In this sense, the effect
of § > 0 in (1.1) is to destroy the infinite fold-point structure associated with (1.2) in the unit disk in R?. A plot
of the numerically computed bifurcation diagram of |u(0)| versus A for (1.1), showing the maximal solution branch,
is given in Fig. 2(b). In the unit disk, the singular perturbation analysis in [22] explicitly characterizes the limiting
asymptotic behavior of the maximal solution branch A(¢) and u(|z|;¢) in the limit € = 1 — ||u||oc — 0.

In contrast to the wealth of results for (1.2), there are only a few rigorous results for the biharmonic problem
(1.1). In the unit disk in RY, regularity properties of the solution along the primary bifurcation branch emanating
from A = 0 and u = 0 are analyzed in [7]. In [8], this analysis is extended to arbitrary 2-D domains. A survey of
mathematical results for (1.2) and (1.1), with a comprehensive bibliography, is given in [9]. For an arbitrary 2-D
domain, a formal asymptotic approach was used in [21] to asymptotically calculate the pull-in voltage threshold
corresponding to the saddle-node bifurcation point at the end of the primary bifurcation branch when either § < 1
or § > 11in (1.1). Finally, for the unit disk in R?, a formal asymptotic analysis of the limiting behavior of the maximal
solution branch for (1.1) when § = O(1) was given in [22].

One main goal of this paper is explicitly characterize the limiting asymptotic behavior as § — 0 of the maximal
solution branch to (1.1) in an arbitrary 2-D domain. Such a solution exhibits concentration in the sense that A — 0 as
§ — 0, but that the nonlinear term A/(1 + u)? in (1.1) is non-negligible in 2 only in the vicinity of some concentration
point zyp € Q where u(zg) + 1 < O(1). This concentration point xg, which must be determined, is characterized
by u(zg) = =1+ ¢, with e — 07, so that ||u||oc = |u(zo)] — 17. Instead of treating the more complicated two
independent small parameter problem ¢ — 0 and § — 0, in §3 we use the method of matched asymptotic expansions
to construct a solution branch A(§) and wu(z;d) to (1.1) as 6 — 0" for which u(zg) = —1 + 4. For § — 0, our
analysis determines the concentration point xo and the explicit asymptotic formula for A(d) as given in Principal
Result 3.1. Our analysis of this problem requires a triple-deck asymptotic analysis, with two inner scales needed near
the concentration point. It also relies heavily on the use of logarithmic switchback terms notorious in the singular
perturbation analyses of low Reynolds number steady-state fluid flow (cf. [18], [19]).

In §4, we extend the asymptotic analysis of [22] for the maximal solution branch of the pure biharmonic nonlinear
eigenvalue problem in the unit ball to the more general case of an arbitrary 2-D domain. By taking the limit 6 — oo
in (1.1) and by suitably re-defining A, the pure biharmonic nonlinear eigenvalue problem in an arbitrary 2-D domain

Q) is formulated as
A

(1 4u)?’
In §4 the method of matched asymptotic expansions is used to explicitly characterize the limiting asymptotic behavior

Ay = — x € Q; u=0,u=0, xz€dN. (1.3)

as € — 07 of the maximal solution branch \(g), u(x,¢) of (1.3), for which u(zo) = —1 + &, where the concentration
point zg is to be found. Our analysis shows that, to leading order, the concentration point xg must be a root of
V. R(x;20)| 2=z, = 0 for which R(xo;x) > 0, where R(z;x) is the regular part of the biharmonic Green’s function
G(z;x0) defined for zp € Q by

A*G =6(x —x), x€Q; G=0,G=0, z2€09Q, (14 a)

1
G(z;m) = §|xfxo|210g|xfxo| + R(z;z0) . (1.40)
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In Principal Result 4.1, we show that the limiting asymptotic behavior of A(¢) for ¢ — 0 depends on R(xg;x¢) and
on the trace of the Hessian matrix of R(x;xg) at = z. In §4 we use a numerical boundary integral method, very
similar to that developed in [12] for low Reynolds number flow problems, to numerically calculate these quantities for
a square domain and for a class of dumbbell-shaped domains. The asymptotic result for the maximal solution branch
of (1.3) for the square domain is then favorably compared with full numerical results computed from a finite-difference
psuedo-arclength continuation scheme applied to (1.3). In addition, by computing R(zo; o) numerically, we show
for a one-parameter family of dumbbell-shaped domains that there can be multiple points xy where concentration

occurs when the domain is sufficiently non-convex.

We remark that there is a vast literature for the analysis of concentration behavior for second-order nonlinear
elliptic problems with power law nonlinearities in domains in RY (see [28] and the references therein). However,
due to the lack of a maximum principle and standard comparison principles for fourth order problems with clamped
boundary conditions, there are only a few such studies for nonlinear biharmonic problems (cf. [15], [10], [29]). The
analysis of (1.3) in §4 provides one of the first explicit examples of solution concentration behavior for a biharmonic
nonlinear eigenvalue problem in an arbitrary 2-D domain. A related analysis is given in [29] for a nonlinear biharmonic
problem in an arbitrary domain in R* with power law nonlinearity u? with p — 4o00. One very distinct feature of our
analysis for (1.3) is that it is only the leading-order solution that is locally radially symmetric near the concentration
point. Since the higher order terms, which generate non-radially symmetric corrections near the concentration point,
differ from the leading-order term by only O (—1/loge), such terms must be explicitly accounted for in the asymptotic

analysis of §4 in order to derive a two-term expansion for A(e) as e — 0.

In §5 we determine asymptotically the spectrum of the linear biharmonic eigenvalue problem in an arbitrary 2-D
domain @ in which a small hole Q¢ of radius O(e) < 1, centered at xzg € €, is removed from 2. This singularly
perturbed spectral problem arises in the study of the vibration of a thin plate occupying a bounded region Q\Q¢s C R2,
where the linearized plate deflection w(z,t) satisfies pwy + DA?w = 0 for x € Q\Qe. Here p and D are the
constant mass density per unit area and the constant flexural rigidity of the plate, respectively. By substituting
iwt

w(z,t) = u(z)e™?, and imposing the clamped boundary conditions v = d,u = 0 for € 9Q and for © € 9N, we

obtain the biharmonic eigenvalue problem

Au—du=0, z€NQk; /uzdle, (1.5a)
Q
u=0,u=0, x€&dQ; u=0,u=0, x€de, (1.5b)
where A = pw?/D. The eigenvalue problem (1.5) admits a countably infinite spectrum A,,¢ for m = 0,1,2,... for

which Age > 0 and A,,e — 00 as m — oo. The corresponding eigenfunctions u,,e for m > 0 are orthogonal in the

sense that 'fQ\QE UmeUne dx = 0 for m # n.

By using the method of matched asymptotic expansions, in §5 we construct an asymptotic expansion characterizing
the limiting behavior of any given eigenpair (A;,e, ume) of (1.5) in the limit of small hole radius ¢ — 0. Although
similar problems for the asymptotic behavior of the Laplacian eigenvalues in a perforated domain have been well-
studied in [25], [32], [33], and [17] (see also the references therein), the only such study for the biharmonic eigenvalue
problem (1.5) is given in [2] and [3].

One of the mathematical novelties of this problem, in contrast to the Laplacian eigenvalue problems of [25], [32]

and [17], is that in the limit € — 0 of small hole radius, then e ~ Ao and tme ~ umg for |z — x| > O(e), where
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Amo and um,o(z) satisfy the following limiting problem with a point constraint (cf. [2] and [3]):

AU — Amo Umo =0, x € Q\ {zo}; /ufnodle, (1.6 a)
Q

Umo = anumo = O, xr € 89, ’Z,Lmo(fﬂo) =0. (16 b)

Therefore, for ¢ — 0, the boundary condition in (1.5b) on 99 is, effectively, replaced by the point constraint
Umo (o) = 0. Thus, the e-dependent eigenfunction u,,e does not tend to an eigenfunction of the biharmonic operator
in the absence of the hole, but instead tends to an eigenfunction of the problem (1.6) with a point constraint. With
(1.6) determining the leading-order behavior for A,,e and for um,e(x) for |z — zg| > O(e), in §5 we use the method
of matched asymptotic expansions to determine an asymptotic expansion for A,,e as € — 0 for two particular cases.

In §5.1 we consider the non-degenerate case where the condition Vu,g(z) # 0 holds. For this case, we show that
the difference A,e — Ao has an infinite order logarithmic expansion in powers of v = —1/loge, in which the shape
of the hole determines the coefficients in the asymptotic expansion through a certain 2 x 2 matrix M. In addition,
we show how to formulate a certain related problem that effectively sums this infinite order logarithmic expansion.
Our asymptotic approach here is related to that used in [31] for the calculation of the drag and lift coefficients of a
cylindrical body of asymmetric cross-section in a Low Reynolds number fluid flow. Our formal asymptotic results for
this non-degenerate case Vumo(zo) # 0 are similar to those obtained using a different approach in [2]. In order to
explicitly illustrate our results, we consider (1.5) for a unit disk that contains a hole of arbitrary shape centered at
the origin of the disk. For this problem, the lowest eigenvalue Agg of the limiting problem (1.6) with point constraint
ugo(0) = 0 has two independent eigenfunctions, which can be written in polar coordinate form as ugg = f(r) cosé
and ugg = f(r)sinf for some f(r) with f(0) = 0 (cf. [4]). By formulating and then numerically solving a simple
problem that sums an infinite order logarithmic expansion for the eigenvalue, we show that the generic effect of a
small hole of arbitrary shape centered at the origin is to split this limiting eigenvalue A\gg of multiplicity two into two
distinct eigenvalue branches when 0 < € < 1.

In §5.2 we analyze (1.5) for the degenerate case where Vu,,o(z¢) = 0. For this case, a formal singular perturbation
method is used to derive a three-term asymptotic expansion for A\,,e — Apo. This is a new result not given in [2].
In particular, we obtain the leading-order estimate A,,e — Ao = O ([—5log 6]2) as ¢ — 0. When the small hole
has a circular shape, the three-term asymptotic expansion is shown to depend only on the Hessian of the Green’s
function G(x;x0) evaluated at x = xg, where G satisfies A2G — \,,0G = d(z — 10) in Q with G = 9,G = 0 on 99.
Our asymptotic results are illustrated explicitly for the concentric annulus 0 < € < |z|] < 1, and are compared very
favorably with full numerical results.

As a way of motivating some of the novel features of the singular perturbation methodology used to study the
problems in §3—75, in §2 we first consider three simple linear biharmonic boundary value problems (BVP’s) in the
concentric annulus 0 < ¢ < |z| < 1 in R? in the limit ¢ — 07, and with the boundary conditions u = d,u = 0
on r = |z| = e. These simple model problems share several common features with the problems studied in §3-5.
One key feature, is that in contrast to the study of singularly perturbed BVP’s for second-order elliptic problems in
perforated domains, the leading-order limiting problem as € — 0 for our biharmonic BVP’s is that the small hole
is replaced by a point constraint for the limiting solution. The imposition of such a point constraint is impossible
for solutions to Laplace’s equation. However, since the biharmonic operator in 2-D has a free-space Green’s function
with a fundamental singularity |z — xo|?log |z — 20|, which vanishes at zg, such a point constraint is admissible

for the biharmonic operator. In fact, biharmonic spline interpolation, which leads to only small oscillations in the
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interpolant between adjacent interpolation points, explicitly exploits the idea that arbitrary point constraints can
be imposed for the biharmonic operator in 2-D (cf. [34]). Finally, in §6 we conclude with a brief discussion of some

related open problems.

2 Some Simple Singularly Perturbed Biharmonic Problems

In this section we consider three simple singularly perturbed biharmonic problems in the annulus 0 < ¢ < |z| < 1 in
R? with € — 01. These model problems serve to illustrate the asymptotic methodology required to treat the linear

and nonlinear biharmonic eigenvalue problems in §3 — §5 below. The first two model problems are formulated as

Alu=0, zeQ\Qe, (21a)
u=f, u.=0, on r=1; u=u.=0, r=c¢. (2.1b)

Here ) is the unit disk centered at the origin and Q¢ = {z | |z] < e}. Two choices for f are considered: Case I:
f =1.Case II: f =sinf. We obtain an exact solution for each of these two cases, and then reconstruct them with a
singular perturbation analysis. The analysis will show some novel features of singularly perturbed biharmonic BVP’s.

For Case I where f = 1, the radially symmetric solution to (2.1) is a linear combination of {r?,r?logr,logr,1}.

The solution to A%u = 0, which satisfies the conditions on r = 1, has the form
u=A(r*—1)+ Br’logr — (2A+ B)logr + 1, (2.2)

for any constants A and B. Upon imposing that v = u, = 0 on r = ¢, we get two equations for A and B

B 2e21
A:_E (1—?_0528) , A(1+2loge —c*)+ B (1—¢®)loge =1. (2.3)

Upon substituting the first equation for A into the second, we obtain that B satisfies

B Bloge Be?loge 2e2B(loge)?
_— _ Bl =
S P I Sy T R

— 24
—. (24)

which reduces to —B + 4e2(loge)?B ~ 2 + O(e?). This determines B, and the first equation of (2.3) determines A.

In this way, we get
B~ —2—8¢%(loge)? A~1+4% (loge)? . (2.5)
From (2.5) and (2.2), we obtain that a two-term expansion in the outer region r > O(e) is
u ~ ug(r) + €2 (log 5)2 up(r) + O(?loge) (2.6 a)
where ug(r) and uq(r) are defined by

uo(r) = r? — 2p? logr, uy =4 (7‘2 — 1) —8r? logr. (2.6 b)

We emphasize that the leading-order outer solution ug(r) satisfies the point constraint ug(0) = 0 and is not a C?
smooth function. Hence, in the limit of small hole radius, the e-dependent solution does not tend to the unperturbed
solution in the absence of the hole. This unperturbed solution would have B = 0 and A = 0 in (2.2), and consequently

u ~ 1 in the outer region. In fact, we note that ug(r) can be written as ug(r) = 1 — 167G(r; 0), where

1 21
G(r;0) = o <r2 logr — % + 2) ) (2.7)
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is the biharmonic Green’s function satisfying A’G = §(z) with G =G, =0 on r = 1.
Next, we show how to recover (2.6) from a matched asymptotic expansion analysis. In the outer region we expand

the solution to (2.1) with f =1 as
u~wy+owy+ e, (2.8)
where o < 1 is an unknown gauge function, and where wy satisfies the following problem with a point constraint:
APwy=0, 0<r<1l; wy(l)=1, we(1)=0, we(0)=0. (2.9)
Since G(0;0) = 1/(16m) from (2.7), the solution to (2.9) is wg = 1 — 16w G(r;0), which yields
wo =12 —2r?logr. (2.10)
The problem for w, is
A?wy =0, 0<r<l; w(l)=w,(1)=0, (2.11)
which has the following solution in terms of unknown coefficients oy and f1:
wy = o (7‘2 — 1) + Bir?logr — (20q + B1) logr. (2.12)

The behavior of w; as r — 0, as found below by matching to the inner solution, will determine «; and f;.
In the inner region we set r = £p and obtain from (2.10) that terms of order O(g? log e) and O(¢?) will be generated

in the inner region. Therefore, this suggests that in the inner region we must expand the solution as
v(p) = ulep) = (¢*loge) vo(p) +e*vi(p) + -+, (2.13)
where vy and v1 must satisfy v;(1) = v;,(1) = 0 for j = 0, 1. Therefore, we obtain for j = 0,1 that
v; = A; (p* - 1) + Bjp*logp— (24, + B;)logp. (2.14)

We substitute (2.14) into (2.13) and write the resulting expression in terms of the outer variable r = gp. A short

calculation shows that the far-field behavior of (2.13) as p — oo, when written in the outer r variable, is

v~ — (loge)® Byr? + (loge) (Ao — B1)r?* 4+ Bor?logr] + A1r? 4+ Bir? logr + (240 + By) €2 (log £)? 4+ O(e?loge) .

(2.15)
In contrast, the two-term outer solution from (2.8), (2.10), and (2.12), is
un~r?—2r2logr+o [al (r2 — 1) + Bir?logr — (201 + 1) logr] 4 (2.16)
Upon comparing (2.16) with (2.15), we conclude that
By=0, Bi=Ay, A =1, B =-2, o=c(loge)’. (2.17)

This leaves the unmatched constant term —4e2(loge)? on the right-hand side of (2.15). Consequently, it follows that

the outer correction wy in (2.12) is bounded as r — 0 and has the point constraint w;(0) = —4. Consequently,
201 + 81 = 0 and 3 =4 in (2.16). This gives §; = —8, and specifies the second-order outer correction term as
wy =4 (r* = 1) —8r’logr. (2.18)

This expression reproduces that obtained in (2.6) from the perturbation of the exact solution.
The key feature in this model problem is that it is impossible to generate an inner solution that will match

to an outer solution that has a prescribed value of ug(0) # 0. The inner solution is a linear combination of
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{p?, p?log p,log p,1}. Upon setting the coefficients of the p? and p?logp term to zero, and even allowing for a
logarithmic gauge function pre-multiplying the log p term, we would have an over-constrained problem in satisfying
the two conditions on p = 1 and a prescribed matching condition at infinity. Thus, we must instead specify the point
constraint uy(0) = 0, so that the outer solution has a singularity of order O(r?logr) as r — 0. This model problem

is closely related to the biharmonic nonlinear eigenvalue problem analyzed in §4.

Next, we consider Case IT where f =sinf in (2.1). The solution to this model problem contains an infinite-order
logarithmic expansion, which we show how to sum. The exact solution to (2.1) with f = sin is a linear combination

of {r3,rlogr,r,r~1}sin@. Thus, the exact solution to (2.1), which satisfies the two conditions on r = 1, is

1 B 1 B\ 1
— 3 _ - - i e ;
u—(Ar +Brlogr+< 2A+2 2>1ﬂ—|—<2—|—A—&—2>r)51n€7 (2.19)
for any constants A and B. Then, by imposing that © = u,, = 0 on r = &, we get two equations for A and B
1 B 1 B
A53+Belog5+<—2A+2—2)5+<2+A+2)5_1:0, (2.20 a)
1 B 1 B
34e® + B+ Bloge + (—2A+2—2> - <2+A—|— 2)5_220. (2.20 )

By comparing the O(e!) and O(e72) terms in (2.20), it is convenient to define x by

1 B
§+A+§=/$52, (2.21)

where k is an O(1) constant to be found. Substituting (2.21) into (2.20), and neglecting the higher order Ae® and

3Ae? terms in (2.20), we obtain the approximate system

1 B 1 B
Blogs+<2A+22>z/{, B+Blog5+<2A+22>zn. (2.22)
By adding the two equations above to eliminate x, we obtain that

B+2Bloge+ (—4A+1—-B)=0. (2.23)

From (2.23), together with A ~ —(1 4+ B)/2 from (2.21), we conclude that

BNQS_VV7 A:l—ziy7 where Vzlog[eil/z]' (2.24)
Finally, substituting (2.24) into (2.19), we obtain that the outer solution in 7 >> O(e) has the asymptotics
U~ ((1 — A3 + vArlogr + flr) sinf, (2.25a)
where A is defined by
[1523’/, V:k)g[_gil/ﬂ' (2.25 b)

We remark that (2.25) is an infinite-order logarithmic series approximation to the exact solution. However, it does
not contain transcendentally small terms of algebraic order in € as € — 0.

Next, we show how to recover (2.25) by formulating an appropriate singularity behavior near r = 0, which has the
effect of specifying both the singular and the regular part of a singularity structure.

1

In the inner region, with inner variable p = e~ 'r, we look for an inner solution of the form wvg(p) sin § where vy has

growth O(plog p) as p — oo and satisfies vo(1) = vo,(1) = 0. Upon multiplying this solution by evC(v), where C(v)
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is a constant with C'= O(1) as v — 0, we obtain that the inner solution has the form

1
v(p,0) = u(ep,8) ~ evC(v) (p log p — g + 2p> sinf. (2.26)
Here v = —1/log [ee!/2] and C(v) is a function of v to be found. The extra factor of € in (2.26) is needed since the

solution in the outer region is not algebraically large as ¢ — 0. Now letting p — oo, and writing (2.26) in terms of

the outer variable r = ep, we obtain that the far-field form of (2.26) is
v~ (Cvrlogr + Cr)sinf . (2.27)
Therefore, the outer solution ug to (2.1), which sums all the logarithmic terms in powers of v, must satisfy

Aupg =0, 0<r<l1; uyg =sinf, Oduy =0, on r=1, (2.28 a)
ug = (Cvrlogr + Cr)sinf +o(r), as r—0. (2.28 b)
The singularity structure in (2.28 b) specifies both the strength of the singular term Cvrlogrsiné in addition to the

specific form Crsin @ for the regular part. As such, (2.28 b) provides an equation for the determination of C'.

The solution to (2.28 a) is

1 B 1 By 1Y ..
= 3 1 20+ - — = - i 2.2

Uy (ar + Brlogr + a+2 5 T+ 2+a—|—2 . sinf, (2.29)

while the singularity condition (2.28 b) yields the three equations

1 3 1 3
— _2 - — — = —_ —_ = 2.
B8=Cv, a—|—2 5 C, 2+a+2 0, (2.30)
for «, 8, and C. We solve this system to obtain
3

— — = ]_ — . 2. 1
B=Cv, C 5 @ C (2.31)

Upon substituting (2.31) into (2.29), and identifying A = C', we obtain that the resulting expression agrees exactly
with the result (2.25) derived from the asymptotic expansion of the exact solution.
This simple model problem, whose solution contains an infinite-order logarithmic expansion, is closely related to

the linear biharmonic eigenvalue problems of §5 and to the low Reynolds number fluid flow problem of [31].

2.1 A Model Biharmonic Problem with Lower Order Terms
Next, we consider a mixed biharmonic problem in the annulus € < r < 1 in R? formulated as

SA’u—Au=0, e<r<l, (2.32a)

u=1, u.=0, on r=1; u=u,=0, on r=c. (2.320)

We will consider (2.32) for various scalings of d(¢) = §3e? < 1 for ¢ > 0 where 6, = O(1). The parameter g > 0 is
used to control the relative importance of the biharmonic and Laplacian terms in (2.32 a) in the inner region, and as
a result can change the character of the inner solution. This problem is closely related to the biharmonic nonlinear
eigenvalue problem of §3.

We first consider the case § = d3e2. The asymptotic solution consists of two boundary layers; one in the vicinity
of r = 1, and the other near r = . A simple boundary layer analysis shows that the boundary layer near r = 1

contributes a correction term of order @(v/8) = O(e), and hence can be neglected in comparison with logarithmic
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terms of the order O(v), where v = —1/loge, generated from the inner region near the hole. As such, we impose

that the outer solution for u, labeled by wug, satisfies
Aug=0, 0<r<li; up(1) = 1; ug ~ Avlogr, as r—0, (2.33)
so that ug = 1+ Avlogr. In terms of the inner variable p = r/e, the local behavior of this solution is
up~1—A+ Avlogp. (2.34)

Therefore, by imposing the singularity condition in (2.33) as r — 0 we have to leading order that uy has an
approximate “point constraint” with ug ~ 1 — A+ O(v).
In the inner region near the hole, we introduce the local variables v and p defined by v(p) = u(ep) and p = r/e.

Since § = dpe?, we obtain from (2.32) that v satisfies
A% —n?Av=0,p > 1; v(l)=2'(1)=0, n=1/5. (2.35)

The general solution of (2.35) is a linear combination of {Ko(np), lo(np),logp, 1}, where Iy(z) and Ky(z) are the

modified Bessel functions of order zero. By eliminating the exponentially growing Iy term, we obtain that
v = d() —+ d1 10g P —+ d2K0 (T]p) , (236)

for some constants dy, dy, and ds. Since Ky(z) decays exponentially as z — oo, the matching condition that (2.36)
as p — oo agrees with (2.34) yields that dg = 1 — A and d; = Av. Two further equations are obtained by setting
v(1) = v'(1) = 0. In this way, we obtain in terms of n = 1/dy and v = —1/loge that

vEo(m)] ™ _4-y i e
nKé(n)} o h= Ko(n) do=1-4, d=Av. (2.37)

This result is not uniformly valid as n — 0, corresponding to dyp — oo. In this limit, we use K¢(z) ~ —log z+1log2—~.

A=

as z — 0, where 7, is Euler’s constant, to obtain that A ~ [1+ (logn — b)/loge] ™", with b = log 2 — 7.. Therefore,
(2.37) is not uniformly valid when n = O(g?) with ¢ > 0, corresponding to 6y = O(e79).

Therefore, we must consider the case where 6y = doe 7 with &y = O(1) and 0 < g < 1. Then, the solution to
00eTHA —Au=0, e<r<l, (2.38 a)
u=1, w.=0, on r=1; u=u,=0, on r=c¢, (2.380)
has a multiple deck structure near the hole. In the inner-most region, r = O(g), the biharmonic term dominates,

while in the mid-inner layer with r = O(g'~9), both terms in (2.38 a) balance.

In the mid-inner layer, we define the local variables w and y by y = r/e'~% and w(y) = u(e!~%y), so that
A2w—iPAyw =0,  fj=1/d. (2.39)
The solution to this problem that has no exponential growth as y — oo is
w = cg+ c1logy + caKo(77y) . (2.40)

Next, we must impose the point constraint that w — 0 as y — 0, corresponding to the limiting behavior at the edge
of the inner-most region near the hole. Since Ky(z) ~ —log z+1og2—~. as z — 0, the condition that w — 0 asy — 0
in (2.40) yields that ¢; = ¢o and ¢y = ca(log7 — log 2 + 7). Therefore, in terms of one constant cg, the mid-inner

solution is
w=catog (1) 4 rca-+ a logy + Kali) (2.41)
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The outer solution for (2.38) is given by ug = 1 + Ay, logr where v, = —1/log(e'~9), so that by calculating the
local behavior of this outer solution in terms of y = 7/e179, we obtain that the required far-field behavior of (2.41)

is that w ~ 1 — A+ Ay,logy. This matching condition determines A and ¢z by

-1
A= 11+vgve +vglog <727>} , co = Avg, vy=¢el"9. (2.42)

Finally, by expanding (2.41) as y — 0, we obtain that w = O(y*logy) as y — 0. Therefore, to leading order in the
inner-most region, where we have the balance A,%v = 0 with p = r/e, we can take v = 0 to leading order. A more
precise calculation of the solution in the inner-most layer is required for the biharmonic nonlinear eigenvalue problem
of §3.

3 Concentration in a Singularly Perturbed Nonlinear Biharmonic Eigenvalue Problem

In the limit § — 0 we now construct a solution with one concentration point to the singularly perturbed biharmonic

nonlinear eigenvalue problem in an arbitrary 2-D domain, formulated as

A
— 2 = - Q - = Q -1
A" u + Au a 2 z € u=0,u=0, x€d (3.1)

In the limit § — 0, we characterize such a localized solution by A — 0, u(xg) — —1T, and Vu(zg) = 0, where the
concentration point xy is to be found. The concentration point xy corresponds to the minimum value of u in €,
and our solution below will satisfy u(zg) +1 =6 — 07 as § — 0. The asymptotic analysis required to analyze this
problem is similar to that for the model problem in §2.1.

We expand A and the outer solution ug for u in terms of some unknown gauge function v < 1 as
u = vug + v*ug + ug + - -, A=vio+ 12N + 1530+ . (3.2)

As for the model problem in §2.1, we assume that ¥ > §1/2 for any k > 0 so that we can neglect the boundary layer
term near 0f) in comparison with the effect of the inner solution near the concentration point xg, which generates
logarithmic correction terms for the outer solution. We substitute (3.2) into (3.1), and allow u; to have a logarithmic

singularity at the unknown xy so that the u; for j = 0,1, 2, satisfy

Aug = Ao, x€ WN{xo}; ug ~ aplog |x —xg|, as x— xg, (3.3a)
Aug = A1 — 2Moug, € Q\{zo}; up ~arloglx —xo|, as x— a9, (3.3b)
Aug = Ay — 2)\jug — 2Xour + 3Xoud, 2 € Q\{zo}; ugz ~azlogler —xg|, as x— xo. (3.3¢)

Assuming, as we have done, that §'/2 < v* for any k > 0, a boundary layer analysis near Q shows that the
appropriate asymptotic boundary condition for u; on 0§ is that u; = 0 for x € 9Q and j = 0,1, 2.

We decompose the solution to (3.3 a) for ug as
uo(z) = Aouop(x) + 2wapG(x; xo) , (3.4)
where ug,(2) is a smooth solution satisfying
Augp =1, z€Q; up =0, z€0Q, (3.5)
and G(x;x0) is the Laplacian Green’s function satisfying

AG =6(x —xg), z€8Q; G=0, z€09Q. (3.6a)
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We can decompose G(z;z) as
Glas ) = 5 log o — ol + R(a: o) (360)
where R(z;x0) is the smooth regular part of G(z;x¢). Similarly, the solution u; to (3.3 b) is decomposed as
ur (7)) = Mugp(®) — 22 qu1,(z) — 4 hoaouy () + 2mar1 G(x; x0) (3.7)
where u1,(2) and uq4(z) satisfy
Aurp =ugp, = €Q; uip =0, z€0Q, (3.8a)
Aury = G(zy20), x€Q; uig =0, z€0Q. (3.8b)

For the mid-inner region we introduce the new variable s = y~!(z — ), with |s| = p, where v < 1 is to be found.

As in the analysis of Laplacian eigenvalue problems with holes (cf. [32]), we then choose v in terms of v as

v=-1/log~. (3.9)

Next, we expand the three-term approximation (3.2) for the outer solution as x — xg using (3.4), (3.7), (3.9), and
ug ~ aglog|x — xo| as x — xo.

First, to satisfy the concentration condition ug ~ —1 as © — xg, we must choose ag in (3.3 a) as

Next, to eliminate the gradient term as x — xg, so that the inner solution becomes radially symmetric about z(, we

must choose the leading-order term in the concentration point xy to be the root of
Ao Vatop(2)|z=z, + 2TV R(2; 20)|p=a, = 0. (3.11)

Then, from (3.2), (3.4), (3.7), and (3.9), we obtain the following local behavior of the outer solution when written in

terms of the mid-inner radial variable p:
u~ =14v (& —ar+logp) +v? (62 — ag + a1 log p) + O(°). (3.12)
Here v = —1/log~y, while & and &, are defined by
&1 = Mouop(zo) + 27 Rgo , o = Moy (m0) — 2\3u1,(w0) — 4 Aou,(w0) + 27as Rog (3.13)

where Rog = R(zo;xo).

In the mid-inner region we seek a radially symmetric solution in terms of the new variables p and v defined by
u=—-1+wv, s=~"Y(z —z0), p=|s|, v=-1/log~. (3.14)

Then, from (3.1), we obtain that v satisfies
Ao +vAi+---]

4 2
—?Aiv—f—Apv:'f (log~) 2 , 0<p<oo, (3.15)
where A, is the radially symmetric part of the Laplacian in terms of p. This suggests that we choose

v =5, (3.16)

Then, since 72 (log7)? < 1, we look for a two-term expansion for the solution to (3.15) in the form

v~ vy v (3.17)
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Upon substituting (3.17) into (3.15), and noting the matching condition for p — oo, as obtained from (3.12) and
(3.14), we obtain that vy and vy satisfy

—Aivo—i—Apvo:O, 0<p<oo; vg~& —ay+logp, as p— co. (3.18 a)
—Aivl—l—Apvle, 0<p<oo; vg~& —ag+ajlogp, as p— oo. (3.18 )
Since the general solution to (3.18) is a linear combination of {K(p),Io(p),logp,1}, we must impose that the
coefficient of Iy(p) vanishes in order to satisfy the far-field condition in (3.18 a) and (3.18 b). In addition, similar to

the model problem of §2.1, we look for a solution to (3.18) for which vy and v; are singularity-free as p — 0. In this

way, we obtain that vy and vy are given explicitly by
vo =& — a1 +logp + Ko(p); vy = —az + & +aylogp+ a1 Ko(p) . (3.19)

Next, in order to construct a solution with concentration at x = x, we will choose a; and as so that vg — 0 and

v; — 0 as p — 0. By using the well-known asymptotics for Ky(z) as z — 0 given by

2
Ko(z) = —logz+1og2 — . — ZzlongrmonJrO(zAlogz), as z—0; Ko =

B~ =

(1= +log2), (3.20)
where 7. is Euler’s constant, the conditions that v; — 0 as p — 0 for j = 0,1 determine a; and ap in (3.19) as
a1 =& +log2 — ., as =& +ayg (log2 —7e) , (3.21)

where &; for j = 1,2 are defined in (3.13). With a; and a2 now known, the problems (3.3b) and (3.3 ¢) for the
outer correction terms u; and us, respectively, can be solved uniquely. Moreover, the first two terms in the mid-inner

expansion (3.17), given in (3.19), become
vo =" —log2+logp+ Ko(p);  v1=a1(ye —log2) +ax [logp+ Ko(p)] - (3.22)

Then, from (3.20) and (3.22), we conclude that v = O(p? log p) as p — 0.
For the special case of the unit disk, we readily calculate that zo = 0, G(z;0) = 1/(27)logr and Rgp = 0 where

r = |z|. Moreover, the explicit solutions to (3.5) and (3.8) are

ugp = —(r® — 1) u *ﬁfﬁ+i u *i(r21o r+1—17) (3.23)
%= © M T 16 e M0 T g V8 ' '

From (3.13), this determines &; and & as
== =——_=_—. 24
51 4 ) 62 4 39 2 (3 )

Finally, from (3.21), we obtain that
Ao A1 3/\% Ao
- — 1 2 — = 1 2 — - - = 9

ai 4 +log Ve az = ax ( 0og 7@) 4 39 2 (3 5)

Next, we construct a solution in the inner-most layer that balances the biharmonic and nonlinear terms in (3.1).

In terms of the mid-inner variables p and v, in the inner-most layer we define w and a new radial variable y by

y=p/v, v=(-"logy)w. (3.26)

The scaling for v in (3.26) is motivated by the limiting behavior vy = O(p?log p) as p — 0 as obtained from (3.22)
and (3.20). In terms of the inner-most variable y, the local behavior of the two-term mid-inner expansion, as obtained
from (3.17), (3.22), and (3.20), is

2 2 a a2
v~ (—v*log") [y4 +v (—Zlogy—k (no + Zl) y2> + 12 (—lllylogy—i—(?(gf)) +} . (3.27)
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With v = (—’yz log 'y) w, (3.27) gives the far-field behavior for a three-term expansion for the inner-most solution w.

In terms of the new variables (3.26), (3.15) becomes
7A5w+72Ayw:§[)\o+u/\1+~-~], 0<y<oo. (3.28)
Therefore, we must expand the inner-most solution w as
w = wy + vwy + 2wy + - . (3.29)
In terms of the original variable u, the expansion has the form
u=-1+wvv=-1+vy’(—logy)w= -1+~ (wo+vws + v ws+---) . (3.30)

Upon substituting (3.29) into (3.28), and by using v = (—7?log~) w in the matching condition (3.27), we obtain
that the w; for j = 0,1, 2 satisfy

2

—Aflwo—o, 0<y < o0; wo ~ T, as y — 00, (3.31a)
A 2
—Aiwlz—g, 0<y<o; wlw—y—logy—i—(/@o—l—ﬂ)yz, as Yy — 00, (3.310)
¢ wj 4 4
A 2\ 2
—AinZ—lz— 0;1}1, 0<y<oo; w2:_a1y logy +O(y*), as y— oc. (3.31¢)
’ wy W

Finally, to complete the formulation of the problems for w; for j > 0, we will impose that

wo(0) =1, w;(0)=0, for j>1; w5(0) = w}'(0) =0, for j>0. (3.314d)

From (3.30) and (3.16), the condition wy(0) = 1 with w;(0) = 0 for j > 1 is equivalent to imposing that u(z¢) =
—1+4 92 = —1+ 6. The conditions on the derivatives in (3.31 d) are the usual radial symmetry conditions.
The solution to (3.31 a) and (3.31 d) for wy is

2

we =1+ yI , (3.32)

which generates an unmatched constant term. This constant term is accounted for below by inserting appropriate
switchback terms into the mid-inner expansion. Next, we integrate (3.31 b) over a large circle |y| = L, with L > 1,

and we take the limit L — oo to obtain that

0 = y
lim |y (A —1| =) / 7 dy. 3.33
Jim yay( yw1) ly L] o) Trgar® (3.33)

Upon using the far-field behavior for wy in (3.31 ), and by evaluating the integral in (3.33), we get that
Ao =1/2. (3.34)

The condition that wy + y?/4logy ~ (ko + a1/4) |y|? as |y| — oo, together with w1 (0) = w}(0) = w{’(0) = 0, then

determines wy uniquely. In particular, upon integrating the equation for wy, we readily derive that

2 2
wi(y)=Cy—;(1+Z>log(1+i), ¢

To determine Aq, we integrate (3.31 ¢) over a large circle |y| = L, with L > 1, and take the limit L — oo to obtain

1 a log 2
+2<H0+—1)— g :

- i (3.35)

lim {yay (Ayw2)|y_L] - —)\1/0 %dwz)\l/o L (3.36)
0

L—s00 Wo

We use the far-field behavior for ws in (3.31 ¢) to calculate Aywy ~ —aqlogy as y — oo. In addition, upon using
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fooo (y/w%) dy = 2 and, and by integrating the second integral on the right-hand side of (3.36) by parts using
w1(0) = 0, we obtain that

> log (1+ y*/4) > log (1 + u)
=2\ —2)\g [2¢ — —————=dy| =2\ — 4\ A — = du. 3.37
ne °[< | ] = [ (3:37)
Since the integral in the second equality in (3.37) is 72/6, we can solve for (3.37) for A\; upon using (3.35) for ¢, and

then (3.20) for k. In this way, we determine Ay in terms of a; as

1 2 1
A1 =N <2a1 + 5 — Ye — 7:;.2) R a; = inp(xo) + 27 Rop + log 2 — . . (338)

The expression for a; in (3.38), which depends on global properties of the domain inherited through ug,(zo) and the
regular part Rgg of the Laplacian Green’s function, was obtained by combining (3.21) and (3.13). With A\ and A\; as
given in (3.34) and (3.38), we have generated a two-term expansion for the nonlinear eigenvalue parameter in (3.2)
corresponding to a localized solution of (3.1) with u(zg) = —1+ 6 as § — 07. The result is summarized below in
Principal Result 3.1.

To complete the analysis, we must account for the unmatched constant term in the leading-order inner-most
solution wy = 1 + y2/4. To do so, we must modify our expansion in the mid-inner region by inserting appropriate
switchback terms. Such switchback terms have a long history in the asymptotic analysis of certain low Reynolds

number fluid flow problems (cf. [18], [19]). In the mid-inner region, we refine our expansion for v by writing
v=(vg+vvi+---)+~°(logy) V. (3.39)

Although we have only calculated vy and vy explicitly above, there is an infinite logarithmic series of such terms,
represented by the round brackets in (3.39), while the correction term V is transcendentally small in comparison
with this series. However, since vy and v; both tend to zero as p — 0 with order O(p?log p), the transcendentally
small term V', which does not vanish as p — 0, will have a non-negligible contribution to v as p — 0. Thus, this
transcendentally small term will affect the far-field asymptotic behavior of the solution in the inner-most layer.

Upon substituting (3.39) and (3.15), we obtain that V satisfies

A A+ A A 2\
LV = A2V Ay = PotrAt ] g+y(;_ %”1) +00?). (3.40)
(vo+vvr +---) Yo Yo Yo
We then expand V as
log (—1 -1
v1og(1og7m/2+v1+°g(°g7)v},/z+<> Vot (3.41)
log~y log~y
Upon substituting (3.41) into (3.40), we obtain that the switchback terms V; o and Vs, satisfy the homogeneous
problems
£V1/2:0, 0<p<OO; £V3/2:0, O<p<OO, (342)
while V7 and V5 satisty
A A 2
£V1:—(2], 0<p<oo; Eng—;— O;}l, 0<p<oo. (3.43)
Yo Yo Yo

As shown below, since vg — 0 as p — 0, we obtain that V; and V5 diverge as p — 0. The switchback terms V; /5 and
V3,2 are needed to eliminate these divergences.

The solution to (3.42) that has no exponential growth as p — oo, and that is bounded as p — 0, must have the
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form

Vija = c1y2 +dijs (log p + Ko(p) —log2 + ) ; Va/o = c32 +ds)z (log p + Ko(p) —log2 +7e) , (3.44)

where the constants cy/3, c3/2, di/2 and ds/; are to be determined. Note that V},5(0) = ¢/ and V3,5(0) = c3/5.
Next, we determine the behavior of Vi and V5 as p — 0. Since vy ~ — (p2/4) log p + kop® as p — 0 from (3.20) and
(3.22), we obtain that the particular solution Vi, to (3.43) must satisfy

-2

].GAO 128)\0%0
pi(logp)?  p*(logp)?
By integrating (3.45), we obtain that Vi, ~ 4\ log (—log p) + 16A\gko/ log p as p — 0. Upon adding the solution to

2
LVip ~ Ao —%longrnopz -, as p—0. (3.45)

the homogeneous problem for Vi, we conclude that the solution to (3.43) for V; has the limiting asymptotics

16k
log p

Vi ~4)glog (—logp) + ey +ealogp + +.--, as p—0, (3.46 a)

in terms of constants e; and ez to be determined. In addition, since v1 ~ ay [— (p?/4) log p + kop?] as p — 0, a

similar calculation shows that the solution V5 to (3.43) has the limiting asymptotics

16k
Vo ~ 4[A1 — 2a1X0]log (—log p) + f1 + fologp + @ (M —2a10)+---, as p—0, (3.46 D)
in terms of unknown constants f; and fs.
Next, we substitute (3.44), (3.46 a), and (3.46 b), into (3.41), and we write the resulting expression in terms of the
inner-most variable y defined by y = p/v. To eliminate the divergent leading-order terms in V; and V5 in (3.46 a)

and (3.46 b) as p — 0, we must choose c¢; /o and c3/; in (3.44) as
61/2 = —4)\0 s 03/2 = 4 ()\1 — 20,1)\0) . (347)

With this choice, we obtain for p — 0, with p = vy, that

-1 -1\?
V ~eq 10g’y + (61 — fg + €2 log y) + | — [fl + f2 1ogy —4)\ logy — 16/\0/%0} + O . (348)
logy logy

Then, we substitute (3.48), together with the local behavior of vy and vy as p — 0, into (3.39), to obtain that
2
v~y (log7)” es +77 (log7)? [er — fo + ealogy] +7° (~log ) B + f1 = 16Xoko + (f2 — 4Xo) log y] . (349)

Finally, upon recalling that v = 2(—logy)w and w = wy + O(v) with wy = y?/4 + 1, we observe from (3.49) that

we must choose the constants e1, es, f1, and f3, as
es =0, e = f2 =4\, fl = 16Agko + 1. (350)

With the constants determined in this way, there exist unique solutions V; and V5 to (3.43), with limiting behavior
(3.46) as p — 0, and which do not grow exponentially as p — +oo.

In summary, a two-term asymptotic expansion for the nonlinear eigenvalue parameter has been obtained by analyz-
ing (3.1) via a triple-deck asymptotic matching procedure, which must incorporate transcendentally small switchback
terms in the mid-inner expansion. We summarize our main result for (3.1) as follows:

Principal Result 3.1: In the limit § — 0, (3.1) has a solution with u(zg) +1 =38 — 0T and Vu(zg) = 0, where the

concentration point xo satisfies (3.11). Labeling v = \/8, the two-term expansion for X is

A (1;;7) [AO " <lo_g17> M +} ’ (3.51 )
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where

1 21
Ao = 5 A= Ao <u0p($0) +4mRoo + 2log 2 — 37, — % + 2) ) (3.510)

where Rog = R(x0, o) is the regular part of the Laplacian Green’s function in (8.6), uop satisfies (3.5), and 7 is

Euler’s constant. A three-term outer expansion for u, valid for |x — x| > O(vy), is

-1 ~1\? -1\?*
e~ (— Jug+ (— ) v+ —) uo+---. (3.52)
log~y logy logy

Here uj for j =0,1,2 satisfy (3.3) subject to u; ~ a;log |z — x| as x — xo, with ug and uy given explicitly in (3.4)
and (3.7), respectively. The constants ag, a1, and as, are given in (3.10) and (3.21). The solution in the inner-most

layer with inner variable y = r/¥? and r = |x — xo| has the expansion

-1 -1\?
u=—-14+~7*wo+ | — Jw + | — ) wa+---]. (3.53)
log v log v

Here wy = 1+ y2/4, while wy and wq satisfy (3.31b) and (3.31 c), respectively. Finally, in the mid-inner region with

inner variable p = r/vy and r = |x — x| then

-1
u=—-1+ <log7>v’ (3.54)

where v has the expansion

Y= (UO . (1) _— ) +12 (log 7)? {log(—log’y) Vijot Vi + 28108y (1) Vot - } , (3.55)
log ~y log ~y log ~y

where vy and vy are given explicitly in (3.22). The switchback terms Vi o and Vs ;o are defined in (3.44) and (3.47),

while Vi and Vy are the unique solutions to (3.43) with no exponential growth as p — 0, and that are subject to the

limiting behavior (3.46) as p — 0 with coefficients as given in (3.50).

We remark that the constants dy/ and d3/, in the switchback terms V; /5 and V35 in (3.44) are not determined at
this order of the expansion. They can only be determined by including transcendentally small terms in the asymptotic
expansion in the outer region.

For the special case of the unit disk, we use (3.23) for ug, in (3.51) to obtain that

v v 1 w2
A 5 (1-term); A~ 5 1+v 1 +2log2 — 3, — ID) ,  (two-term), (3.56 a)

where v = (—1 /log [\/5} ) An asymptotically equivalent two-term expansion is given by the renormalized expansion
2 1

T . ) _
- 12)) , (renormalized); V= (_ og [\/5] P 2) . (3.56 D)

A v 1+v 1+1 2-2
~ — V _ — e
D) 1 0g it

As a remark, the leading-order asymptotics in (3.56 a) for the unit disk can also be obtained from the asymptotic
result of [22]. For the unit disk, in [22] a radial symmetric solution u(r), with concentration at the origin r = 0, was
constructed for the biharmonic nonlinear eigenvalue problem

A
(T+u)?’
in the limit u(0) +1 = & — 07 and for each fixed § > 0, with § independent of ¢. For a fixed § > 0, and for ¢ — 0, it

AU — Au = — 0<r<l1; u(l) =u,(1) =0, (3.57)

was shown in [22] that

A~ de[—log Bl Ao + 0y + - -+, (3.58 a)
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where the boundary layer width 8 near r = 0 is defined implicitly in terms of € by
e=—3%logf. (3.58 b)

In (3.58 a), the coefficients Ag and A are given by

2 2
Xo=8a%, A= —% % ~log(—a) + (1 n (f)] , (3.58 ¢)

where a and ¢ are defined in terms of §, modified Bessel functions, and the Euler constant, by

a=— (’f) LmGm),  »= —%2 (01 (n) (log (7/2) +ve — 1) + (L +nKy(n)] G(n),  n=1/Vs. (3.58d)

Here G(n) is defined by

G(n) = [nIy(n) (Ko(n) +log (n/2) +e) + (1 + nK(n)) (1 — Io(n)] " . (3.58 ¢)

A plot of the coefficients « and ¢ versus 0 is shown in Fig. 3.

1.0 1
0.0 T T T T |
0.5 1.0 1.5 2.0 2.5
é
—1.0 A
—2.0 4
(%)

—3.0 1
—4.04

FIGURE 3. Plot of the coefficients a(d) and ¢(4), defined in (3.58 d) on the range 0 < § < 2.5.

Although (3.58) pertains to the limit € — 0 with § > 0 fixed, we do recover the leading-order result in (3.56 @) if
we set € = ¢ in (3.58 a) and (3.58 b), and then let 6 — 0. To show this, we first let § — 0, corresponding to n — oo
in (3.58 d). By using the large argument asymptotics of Io(n) and Ky(n), we obtain from (3.58 d) and (3.58 €) that

51 o
4|~tog (V3) . —log2] oo (V) Sleg2ne =1, o0 ()

Next, we solve the implicit relation (3.58 b) asymptotically with € = § to obtain

o~ —

1
log 8 = log (\/S) — —log [— log (\/5)] +o(1), as d—0. (3.60)
2
Upon substituting € = §, (3.59), and (3.60), into (3.58 a) and (3.58 ¢), we obtain that
1 1
A~ 5 [—log(\/g)—i—(’)(l)} ~ , as 0 =0,

2 [— log (x/S) +7. — log 2} W

which agrees with the leading-order term in (3.56 a), and suggests the equivalent renormalized form used in (3.56 b).

In Fig. 4 we compare the asymptotic result (3.56) for v/§ versus A with the full numerical results for (3.1). The
ODE shooting method of [22] was used to obtain the full numerical results from (3.1). As seen from Fig. 4(a) the
two-term asymptotic result provides only a moderately good determination of the full numerical result unless v/o

is rather small, but is significantly better than the leading-order asymptotic approximation. In contrast, as seen in
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Fig. 4(b), the two-term asymptotic expansion for the outer solution agrees very well with the full numerical result
for (3.1) when v/§ = 0.01.

0.020

0.015

V8 0010

0.005 -

0.000
0.050 0.075 0.100 0.125

(a) Unit Disk: v/& versus X (b) Unit Disk: Outer solution versus r

FIGURE 4. Comparison of asymptotics and numerics for (3.1) in the unit disk. Left figure: the numerical result for v/§ versus
A computed from (3.1) (heavy solid curve) is compared with the one-term (faint dotted curve), two-term (dotted curve), and
renormalized two-term (solid curve), asymptotic results for A as obtained from (3.56). Right figure: comparison of the two-term
outer expansion (3.52) (solid curve) with the full numerical solution to (3.1) (heavy solid curve) for v/§ = 0.01.

4 Concentration in a Nonlinear Biharmonic Eigenvalue Problem

In this section we analyze single-point concentration behavior in the limit ¢ — 0 for the solution to the pure

biharmonic nonlinear eigenvalue problem in an arbitrary 2-D domain €2, formulated as

A
AQu:—m, x €€ u=0,u=0, z€d; [lulloo =1 —¢. (4.1)

We will construct a solution to (4.1) that concentrates at a single point zo € € in the sense that u(zo)+1=¢ — 0%,

For the case of the unit ball, where the concentration point is at the origin, i.e. 29 = 0, (4.1) was analyzed in §4
of [22] by using the method of matched asymptotic expansions. In §4 of [22] it was shown that certain switchback
terms are required to augment the outer expansion, and that there is a boundary layer of width O(v) near the

concentration point xy = 0, where «y is determined implicitly in terms of € by

-1
2_—1 _
= = . 4.2
veo e, o Tog (4.2)

Here, we will extend the analysis of [22] to the case of an arbitrary 2-D domain by relying on detailed properties of
the biharmonic Green’s function defined by (1.4).

Motivated by the expansion in equation (4.18) of [22], in the outer region we expand the solution to (4.1) as

€ o i € o=
u=tuo+ ZUJ Huj + (= log o)u(zj—1)/2] + Olen) , A= p ZUU\J’ + O(ep), (4.3)

j=1 i=0



20 M.C. A. Kropinski, A.E. Lindsay, M.J. Ward

where i < oF for any integer k > 0 and o is defined in (4.2). The leading-order problem for ug is

A%yy =0, zeQ; ug = Opug =0, x € 0N; (44 a)
ug(zo) = —1, Vo ()| g=zy = 0. (4.40)

Notice that ug is to satisfy a point constraint at zg. In terms of the biharmonic Green’s Function satisfying (1.4), the
solution to (4.4) is

G(z;z0)
R(wo;20)
The condition that V ug(x)|y=z, = 0 requires V,R(z;zo)|z=z, = 0, whereas the condition that u(z) > —1 requires

uo(x;20) = — (4.5)

that R(xg;xg) > 0. These two conditions are necessary conditions for a solution of (4.1) to concentrate at x.

Definition (Single Concentration Point): If the mazimal solution branch of (4.1) concentrates at some g € 2, then
R(zp;x0) >0, Vi R(z;20)| 2=z =0, (4.6)

where R(x;xo) is the regular part of the biharmonic Green’s function defined in (1.4).

By expanding (4.5) as  — xo, we can readily show that
ug ~ —1 4+ ar?logr + r?[B + a.cos 20 + assin 20] + O(r®), as r = |z — 29| = 0. (4.7 a)

Here x — 29 = r(cos 6, sin0) and the coefficients «, 3, a., and as, are defined by

1 -1 [8R &R
“ = 8rR(xo; w0)’ = 4R(z0; 0) [595% 0z} L—IO 7
Ll [ 92R ] L -1 [82R_82R] (o)
* 7 2R(zo;w0) (071072 ],y © " 4R(zo;wo) [ 02 O3],

This complete the specification of the leading order solution. The key qualitative feature of this solution is its 2 log r
singularity as » — 0 which permits the point constraint ug(xzg) = —1 to be satisfied. In addition, the assumption
that R(x; 7o) > 0 implies, from the r2logr term, that a < 0, which yields ug(2¢) +1 > 0 as r — 0.

Next, by substituting (4.3) into (4.1), we obtain that the outer correction terms u; for j > 1 satisfy

iy
AQuj:m, xEQ; uj; = nuj:O7 x e 0. (4.8)
To determine the local behavior of u; as  — o, we substitute (4.7 a) into (4.8) to obtain for r — 0 that
A g 177
Ay~ —22L 3= +5i026 + a, cos 26. 4.9
Ui a2rt log? r +alog7a ) B = B+ assin20 + a. cos (4.9)

To establish the asymptotic behavior of the solution to (4.9) as » — 0, it is convenient to introduce the variable

n = —logr and to seek a solution for h(n,0) = u(e™",0) as n — oo. This transformation reduces (4.9) to
—Aj_1 28 382 43
h77777l77 + 4h77777l + 4h7777 + 4hge + 4h0077 + 2h99777l ~+ hggeeg = 22 |:1 + 0[777 + a2 + 0437773 +- (410)

A solution to (4.10) is developed that is accurate to O(n~3) as n — oo. By noting that

2., 2 2 2
5% =p%+ 7(% —;GS) + 28 (a. cos20 + assin 20) + a.a, sin46 + 7(% 5 as) cos 40,
4.11)
3 (
_ 3 _
B =18+ ?ﬁ (a2 + az)} + Z(dn cosnb + by, sinnb) ,

n=1
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for some a,, and b,,, we obtain from (4.10) that for 7 — oo,

Aj—1 r, I's I3 1 . 1 g 1 ) _4
h~ 12 logn + ? + ? + ? - W [ac cos 20 + ag sin 260] + Se? o + 1 (accos20 + agsin20) + O(n™ )|
(4.12)
where the constants I'1,I's, and I's, are defined by
B 3.8, 8 (a2+a})
'i=—(1+~= Io=—|24+52 4 2
! (Jroz ’ 2 ita et e ’
(4.13)

3 2 3 a? + a?
Iy =— 142 (1) (a +a,)
200 a?  3a3 «

Lengthy expressions for the constants a,, and b, for n = 1,2,3 can be obtained, but these terms do not play a role
in capturing behavior to O(n~3), and so these formulae are omitted. By returning to the variable r = e~", equation

(4.12) provides the following singular behavior as r — 0 for the solution u; to (4.8):

Iy Iy I's (a

+ © 0820 + 2 i 20) L
— — cos — &in
logr  log?r log®r 4o 4o 2

>\j—1
U; ~ log(—logr) —
i~ a2 [ g(—logr) 0?7

1 1

——— <B + > (ae cos 20 + a, sin 260) + O(log™* r)} (4.14)
2alog”r \a 4

+bjlogr+c; +djcos20+e;sin20+---, asr—0.

In (4.14), the terms b; logr, ¢;, d; sin 26, e; cos 26 relate to an arbitrary solution of the homogeneous problem for u;.

Next, by substituting the outer expansion (4.3) into (4.1), we obtain that the logarithmic switchback terms u2;_1)/2
for j > 1 satisfy

A2U(2]‘_1)/2 = 07 x € Q, u(2j—1)/2 = 8n’LL(2j_1)/2 = 0, X € (99, (415 a)

u(2;i-1)/2(T0) = flaj-1)/2 Vauj-1y/2(®)]e=z, =0, (4.15b)
for some constants f(2;j_1)/2 for j > 1 to be found. Therefore, in terms of ug, we can solve for u;_1)/2 to get
U(Qj_l)/g = —f(gj_l)/g Uugp , x e Q, U(Qj_l)/g ~ f(gj_l)/g + 0(7’2 IOg T’) s as r—0. (415 C)

The constants f(j_1)/2 for j > 1 will be chosen below to remove certain logarithmic divergences in the near-field

behavior of the outer expansion.

In the inner region near xy, we introduce the local coordinates v and y by
u=—1+¢v, T —xo =Y, y = p(cosf,sinb) , (4.16)

where v is defined implicitly in terms of € by (4.2). By substituting (4.7 a), (4.14), and (4.15 ¢), into (4.3), we obtain
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that the local behavior of the outer expansion (4.3) for u, when written in terms of the inner variables p and 0, is

~ —1+e[—ap®+ op®(B + a.cos 20 + a, sin 20)

1 0 oT; 52T,
+4a2 [U + A+ Ao + ] [og( ologp) + 1-0’10gp+ T ologo)?
o33 1 o2
B o c 20 s in 260
(1—-o0ologp)® 4a(1—oclogp)? (@ cos 26 + a, sin 26)

1 /p 1 o3
— | =+- | 20 s Sin 26
+2a < + 4> (1= ologp)? (ac cos 26 + a, sin 20)

+ o 2b1+2gj Ly log p+¢; — bj+1 + dj cos 20 + e sin 26) — logang 1( =+ fi- 1)/2)
j=1

Expanding this local behavior for o <« 1 and retaining terms up to O(
satisfies

), we obtain from u = —1 4 ev that v(p, )

Ao
v~o 2 +o (c1 — by + b1 log p + dy cos 20 + e sin 20) <b2—4>logp

3

s
o D DA s
ngfj 10 [4@2 + f(2; 1)/2]

)\I‘
4o

+o [ap2 log p + p*(B + ac cos 20 + a, sin 20)

Ao 9 Mol A1
— —1 — 1
8a2 B Pt <b3+ 4o 4a2> 08P
Ao Ao@ Aol AT
+<d3— 160 3> cos 20 + (63— 60 3)s1n29+03—b4+ 0 22 410[21] (4.17)

— 11

202 " 4a? 4a2> o8p
AMae  AoGe 1

~ %o 2(a000829+assm29)10gp+(d4— 19 + 04 (6 4>>cos?9

4o
A Aol A Aol M A
+ 2{—123210g3p+(40a;—8al>10gp+<b4+ 0l2 111 2

1605 T 8% \a 71
Alas )\Oas B 1 . 3
+ (64 " Toa? + 803 (a + 1 sin260| + O(c”).

The condition v(0,6) = 1 suggests the largest term in expansion (4.17) should be O(1), which yields the following
values on certain constants:

Aj .
by =e1 =ex=dy =dy =0; c1 = by; f(zj—l)/zz—ﬁ» J=123,....

(4.18)

Next, in terms of the inner variables (

) and (4.16), (4.1) transforms to the following problem for v(p, §)

A2y — o2\

o p>0; v=1, v,=vp,=0, at p=0. (4.19 a)
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From the matching condition (4.17), the far-field behavior of v as p — oo must be

23
Ao Aol
UN@P2+<b2>10gP+02b3+ 021
4a? da
A Aol A
+J[0¢p longrp2(5+acc0820+assin20)Olog2p+<b3+ 40 ! 412) log p
a
AoGe Ao@s Molz - AT
+<d316a3) cos?0+(63 6a3)51n29+03b4+ 102 102
(4.19 b)
Aol A Aol AT A
2 3 ol 1 ol2 1l 2
-1 b ——= 1
* [ 1202 log p+<4a2 8a? ) o8 p+ ( “t 202 4a? 4a2) 8P

1603 83 \a 1

Aias >\Oas g 1 . Mol's - AT Aoy
( T6a? 8043 <a+4 sin20 +c4 — bs —

3
202 " da? T da? ] +0(%).
The form of the far-field condition (4.19 b) suggests that the solution to (4.19 a) should be expanded as

Aae  AoGe 1
8(acc0520+assm29)logp+<d4 14 + 04 (5 4))(;0520

v =y + ovy + o?vg + O(c?).

(4.20)
Upon substituting (4.20) for v and (4.3) for X into (4.19), we obtain that the leading-order solution vy satisfies

A%vy=0, p>0; vo=1, vop="oppp =0, at p=0 (4.21a)
with far-field behavior
Ao
vy ~ —ap® + <b2 ) 4 as p — 00. (4.210)
This problem admits the unique solution vy(p) = 1 — ap?, which in turn specifies that
)\0 )\Orl
b2 = @, Coy = 1+ bg — 4042 . (422)
By equating terms at O(o), we obtain that v1(p,0) in (4.20) satisfies
A
A2y = Tg , p>0;  01(0,0) = v1,(0,60) = v1,,,(0,6) =0, (4.23 a)
0
with far-field behavior
A Aol A
2 2 ’ 0 2 ol 1
vy ~ ap”logp+ p“(B + accos 20 + as sin 26) — wlog p+ <b3 + — 1o o 2) log p
(4.23 b)
Aoa Aoa Aol AT
+(d 60 ) 05294—( 6o >51n20+03—b4+40 2 41a;, as p— 00.
It is convenient to decompose vy as v1(p,0) = V(p,8) + v(p), where V satisfies
A%V = p>0; V(0,6) = V,(0,6) =V,,,(0,0) =0, (4.24 a)
with far-field behavior
2 . Aoa ~ Aoa
V ~ p“(a.cos20 + agsin20) + | ds — ™ 3 cos 20 + 60 3 sin20, as p— o0. (4.24b)
The solution to (4.24) is V = p?(a. cos 20 + a, sin 20), which in turn specifies that
da — )\Oac fa — )\Oas
° 7 1603 57 1603

(4.25)
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In the decomposition for vy, the problem for the radially symmetric function o(p) is

A%y = -——, p>0; 9(0) = 0,(0) = Uppp(0) = 0, (4.26 a)
0

subject to the far-field behavior

/\0 )\OFI )\1

Aols  MD
v~ap210gp+ﬁp2—10g2p+(b3+—>1ogp+<:3—b4+ 0°2 4 201

402 402’

S0 1?1 as p—oo.  (4.260)

By recalling that vo = 1 — ap?, we integrate (4.26 a) over a large circle p = L, with L > 1, and then take the limit

L — oo to obtain

lim | p- (AB) [per | = - /OO#d (4.27)
L—oo pdp p=L| = 70 0 (1—ap2)2 P ’
Upon using the far-field behavior for o in (4.26 b), and by evaluating the integral in (4.27), we get that
Ao = 8a2. (4.28)
We then integrate (4.26) directly to obtain
AD = 2alog(l — ap?) + 4(a + B) — 2alog(—a) . (4.29)
A further integration yields
log(1 — ap?
v, = aplog(p? —1/a) — Og(pap) +pla+28), p>0;  9(0)=0, (4.30)

and one final additional integration gives

0= 5 (= 1) touts? ~1/a) + 5 — 1op(-e) - [0 gy, (1.31)

o 0 x

The integral in (4.31) is then rewritten as

? log(1 — a2 1 [ log(1 + 1 [~ [log(1 + 1 —ap® |
/ og(l —az )dx:f/ og(1+y) derf/ <0g( y) Ogy) dy+/ %Y 4
0 z 2 Jo Y 2 Yy Yy 1 Yy

; ) (4.32)
m 1 2 1 (7% log(l1+41/y)
= — + = [log(—ap? = = L 9
51 T 7 loe(—ap”)] +2/1 ) dy,
so that (4.31) becomes
_ « 1
o(p) = 5 (p2 - a) log(p* — 1/a) + Bp* — (log p)* — log(—a) log p
2 4.33
2 o L [ A0, Y
24 " 418 2/, = '

In (4.33), the integral term on the right-hand side of (4.33) is finite as p — co. In fact, (4.33) has the far-field behavior

1
v~ ap*logp + Bp® —log® p— (14 log(—a))log p — 5

! [” F o (o) Hlog(-a) 1] (431)

6 2

as p — oo, where the identity [ 27 'log(l + 1/z)dz = 7%/12 has been used. A comparison of (4.34) with the
required far-field behavior (4.26 b) indicates that

Pty
37 402 402

|
—1-log(—a), c3=by———5 — —5 — = [W + 3 log?(—a) + log(—a) + 1} . (4.35)

This concludes the analysis of terms at O(o).
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At order O(0?), the inner problem for vs is

A 2\
szgz—v—;—i—v—;vl, p>0; Vg =V2p = Uppp =0, at p=0, (4.36 a)
0 0

where vq satisfies the far-field condition

A Ali A Al2 | ATy A
vy~ =22 log3p+< 02112>10g2p+<b4+ o 122>10gp

1202 4o S8« 202 4o 4o
A MG AoGe 1
- ST?Q(CLC cos 20 + a, sin 20) log p + (d4 - 161;3 + 8(:53 (i + 4>) cos 20 (4.360)
A1as Xoas (B 1 . Aol's Al PCIN
* <e4 1605 " 8a3 <a+4 20t —bs -t gt T s

To determine \; we integrate (4.36 a) over 0 < p < L, and then let L — oco. Since the far-field behavior of vs gives

no contribution to the flux of Awvq, we get

27 e’} 1 27 o) 2
)\1/ / ﬁpddeZ)\o/ / =L pdpdo.
0 o Yo 0 o Yo

The integration over the angular component gives no contribution to the integral, and so with vy = 1 — ap? we get
Ry

AL = —4aAo/ — pdp, (4.37)
o Yo

where 9(p) is the radially symmetric component of v1(p, §), as defined in (4.31). Upon setting vg = 1 — ap?, and then
integrating (4.37) by parts, we obtain that

= [ [alm] ir=o [0 ||

= Ao /Ooo {ozplog(p2 —1/a) - log(1 ~ ap) pla+ 26)} <1>2 dp

1]

p 1 — ap?
o d, * log(1 — ap?
—dola-+ 28— alog(-a)] [ s <o [ B0 g,
o 20 Ao [Tlog(l+x) Ao w2 2
D) |:1 + o +10g(—04):| - ?/0 mdl‘ = 5 |:6 —log(—a) + (1 + a)] .

In the preceding calculation, the identity [ log(1 + z)/(z + 2?) dz = /6 has been used. This completes the two-
term asymptotic construction of the limiting asymptotic behavior of the maximal solution to (4.1) in an arbitrary
2-D domain. We summarize our result as follows:

Principal Result 4.1: In the limit € = u(zg) + 1 — 0T, the limiting behavior of the mazimal solution branch of

(4.1) has the asymptotic behavior

elogo

U= uy — U/ + §U1 —elogoug s +eug + O(ealogo), A= §>\0 +el + O(eo), (4.38 a)

where 0 = —1/log~y and the boundary layer width v near xo is determined implicitly in terms of € by —y?logy = «.

The concentration point xg € § satisfies
Vi R(x;20)|p=z =0, R(xo;x0) >0, (4.38b)

where R(x;xg) is the Regular part of the biharmonic Green’s function, as defined in (1.4). In terms of this Green’s
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function,
G(x; .’130) /\0 /\1
_ _ Ao _ AL 4.38
Uo R(zo:20)’ Uy/2 102 U, Uy/2 1o o , ( c)
where
ug ~ —1 + ar?logr + r2(ﬁ + ac.cos20 + agsin26) + - -, (4.38 d)

as © —xog = r(cosf,sinf) — 0 and («, 5, ac,as) are given in (4.7b) in terms of properties of R(x;x¢). Additionally,

uy and us satisfy

Ao
A’U/l_—m, xEQ,, U1:an’l,61:0, x € 0N)
(4.38 ¢)
Ao Ao —1
~ ——log(—1 — 1
ur e~ s og( 0gr)+4a2—|—(’)(og r), r—0,
Au L S x e Ug = Opue =0, x € 0N
2 = (1+U0)27 ) 2 — Upt2 = U, )
A A \ P (4.38f)
AL _ 20 20 Lt AL _ -1
uz ~ o3 log(—logr) + 12 logr + 902 <1 + a) + 12 log(—a) 4+ O(log™ " 7).
Finally, \g and \1 are given by
A 2 2
No=8a% M =-3 [7;, ~log(—a) + (1 n j)} . (4.38 ¢)

By assumption, we have o < 0 and so all formulae in this result are well-defined.

From (4.38 g), (4.38 a), and (4.7 b), we observe that the two-term asymptotic result depends only on the regular
part R(zo;xo) of the biharmonic Green’s function together with the trace of the Hessian of R(x;z¢) at = xo, which
we denote by Trace(Rqo). For an arbitrary 2-D domain, in §4.1 we outline a boundary integral numerical method to
compute these quantities from the biharmonic Green’s function problem defined by (1.4). We now illustrate Principal
Result 4.1 for a few specific domain shapes.

Our first example is the unit disk, which was considered previously in [22]. Then, 2o = 0, and G(r,0) is given in
(2.7), which yields Ryp = 1/167. Then, from (4.7 b), we obtain that &« = —2 and § = 1, so that from (4.38 g) we get

Ao =32, A =16(log2—7%/6) . (4.39)

In Fig. 5(a) we show a very favorable comparison between the asymptotic result for A versuus ¢, obtained from (4.39)
and (4.38 a), and the full numerical result computed numerically from (4.1).
Our second example is for a square domain of sidelength two given by [—1, 1]2. For this domain, where by symmetry

the concentration point x( is at the origin, the numerical method outlined in §4.1 provides
R(zo;x0) =~ 0.0226.. . , Trace(Roo) = (Ryyzy + Rasws) lo=zo = —0.0892. .. . (4.40)

From (4.70), (4.38 a), (4.38g), and (4.40), we obtain our two-term asymptotic result for A versus e. In Fig. 5(b)
we show a very favorable comparison between this asymptotic result and the corresponding full numerical result
computed from (4.1) for the square. To obtain our full numerical results we used the approach of [21] consisting
of a combination of a finite difference discretization of (4.1) with 100? mespoints together with a psuedo-arclength
continuation method to compute the maximal solution branch for .

Our final example is for a one-parameter family of dumbbell-shaped domains. Let z € B, where B is the unit disk,
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FIGURE 5. Numerical solutions for |u(0)| versus A (solid curves) computed for the unit disk |z| < 1 (left figure) and for the
square Q = [—1,1]? (right figure) are compared with the one-term (closely spaced dots) and the two-term (dashed lines)
asymptotic results for A obtained from Principal Result 4.1.

b Xo R(l’o, 1)0) TraCG(Roo)
2.00000 0.00000 1.05312 x 1072 —2.44476 x 1072
1.83995 0.00000 9.08917 x 1073 —92.44656 x 1072
1.50000 -0.39000 6.48716 x 1073 1.12095 x 1072

0.00000 5.15298 x 1073 4.00099 x 1072
0.39000 6.48716 x 1073 1.12095 x 102
1.05000 -0.49450 4.94718 x 1073 3.11557 x 1072
0.000000 9.59768 x 10~° 0.379489 x 1072
0.494500 4.94718 x 1073 3.11557 x 1072

Table 1. Let B be the unit disk, and consider the one-parameter family of mappings Q = f(B;b), where f(z;b)
is defined in (4.41). Numerical results for the regular part R(xo;xo) of the biharmonic Green’s function and the
Hessian Trace(Rog) are given for four values of b at each available concentration point zy = (xg,0), for which
V. R(z;0)|2=zo = 0 and R(zo;x0) > 0.

and define the complex mapping w = f(z;b) by

(1—-02)z
22 _p2 0

where b is real and b > 1. The resulting domain 2 = f(B;b) is shown in Fig. 6 for several values of b. Notice that

w= f(z;b0) = (4.41)

Q — B as b — co. Moreover, as b — 17,  approaches the union of two circles centered at (+1/2,0), with radius 1/2,
that are connected by a thin neck region. This class of dumbbell-shaped domains is symmetric with respect to both
coordinate axes, and hence for any b > 1 there is always a concentration point xy at the origin, i.e. £y = 0. With this
example we show that there can be multiple concentration points lying along the horizontal axis xg = (x,0) when
the domain is sufficiently non-convex. In Table 1 we give numerical values for R(zo;xo) and Trace(Rgp) as computed
from the numerical method of §4.1. Our numerical results show that there are two additional concentration points,
one in each lobe of the dumbbell, when b < b, =~ 1.83995. Thus, b, corresponds to a pitchfork bifurcation point for
the set of concentration points. In Fig. 6 we plot the numerically computed R(z¢;zo) versus zo = (xg,0), together
with the dumbbell-shaped domain, for four representative values of the domain-shape parameter b. The numerical

values in Table 1 can be used in Principal Result 4.1 to obtain a two-term expansion for the nonlinear eigenvalue
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parameter A when the solution to (4.1) is chosen to concentrate at any one of the available choices for zy. Given
the considerable difficulty of providing a high resolution numerical solution for the biharmonic nonlinear eigenvalue
problem in an arbitrarily-shaped domain, it is an open problem to numerically validate the predicted asymptotic

behavior of the maximal solution branch, and the possibility of multiple concentration points.
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FIGURE 6. Let B be the unit disk and take z € B. For the one-parameter family of mappings Q@ = f(B;b), where f(z;b)
is defined in (4.41), we plot the numerically computed regular part R(zo;xo) of the biharmonic Green’s function, defined in
(1.4), versus o = (z0,0) for four different values of b (bottom in each subfigure). A plot of the dumbbell-shaped domain at
the given value of b is also shown (top in each subfigure). Notice that when 1 < b < b, there are three possible concentration
points zg for (4.1) on the horizontal axis where Vo R(z;20)|z=z, = 0 and R(xo;xz0) > 0.

4.1 Numerical Computation of Biharmonic Green’s Function

In order to numerically compute the biharmonic Green’s function defined by (1.4), we use the integral equation

methods presented in [12] that were developed to solve biharmonic boundary value problems associated with two-
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Error Trace(Roo)

N Zo Error R(zo, o) Error V,R(x; 20)|e=z0

64 (-0.3, 0.2) 4.3368 x 1078 1.9102 x 1077 1.3878 x 10717
64 (0.9, -0.1) 8.4811 x 10° 2.0243 x 10° 2.6956 x 10*°
128 7.3877 x 107° 2.7754 x 1077 5.7836 x 1078
256 5.7051 x 10713 1.6329 x 10~ 12 2.2552 x 10711
512 3.9465 x 10717 1.3341 x 1077 7.2164 x 10716
512 (-0.95,-0.3) 1.6657 x 107 1.9099 x 10% 4.4241 x 10*°
1024 5.0545 x 1074 2.3108 x 1075 1.7146 x 1072
2048 5.6127 x 107 1.0205 x 1076 1.1839 x 107%
4096 6.7720 x 107° 8.8722 x 10710 4.0415 x 1078
8192 1.0167 x 1071° 3.2269 x 10716 4.0745 x 107

Table 2. Errors in the computed solution to the regular part R(xo;xg) of the biharmonic Green’s function in the
unit disk for zg # (0,0). The analytical result for R(xo;xzo) is given in (4.42). Above, N indicates the number of
points used in the discretization of the boundary. Due to the singular nature of the integral operators in the integral
equation, quadrature errors are large when x is close to the boundary; however, these errors decay exponentially as

N increases.

dimensional Stokes flow and isotropic elasticity in the plane. The analytic formulation for the integral equations is
based on the complex variable theory for the biharmonic and the classical Sherman-Lauricella equation (cf. [23],
[24]). The numerical methods use a spectrally accurate, fast-multipole accelerated, iterative solution procedure. We
will not discuss these methods in any detail here, as they are discussed at length in [12] and [31].

In order to verify the correctness of the numerical methods for computing the biharmonic Green’s function of (1.4),
we note that there is an exact formula for G(z;x¢) in the unit disk in R?, valid for any o in the disk. This solution,

due to Boggio [1] (see also [30]), is

(1 —lzo*) (1 —[[?)
|z — 202 '

v

1 0(x,x0) 2 1
G(z;m0) = —|o — x0|2/ (Gt dv, where O(z,xo) = /14
87 1
From this expression and (1.4), we can identify the regular part R(x;x) of G as

1 1
R(w;20) = 70— (1= |zof*) (1 — J2]*) — 6212~ wo|*log [l — zof* + (1 — [z[*)(1 — |zo[*)] -

From this formula for R(x;xq), we readily calculated that

1
R(zo;x0) = —W(l — |x0\2)2, V2 R(x;20)|omay = 8—7T(|oco|2 —1)ag, (4.42 a)
1

Trace(Roo) = ~— (|zo]? — 1) 5 log(1 — |xo]?). (4.420)

47

These formulae are used to check the errors in our numerical solution. The results are shown in Table 2.

5 A Biharmonic Eigenvalue Problem for a Perforated Plate

In this section we consider a singularly perturbed linear biharmonic eigenvalue problem in a two-dimensional domain

Q that is perforated by a small arbitrarily-shaped hole Q¢ of “radius” ¢ such that Q¢ — zg € Q as ¢ — 0. The
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perturbed eigenvalue problem is formulated as
APu—du=0, z€NQ; / u?dr =1, (5.1a)
2\Qe

u=0,u=0, xz€d; u=30,u=0, x€de. (5.1b)

We will determine an asymptotic expansion for A(e) as € — 0, with limiting behavior A(¢) — A¢ as € — 0. This
leading term Ao, and its corresponding eigenfunction wug, are an eigenpair of the following limiting problem with a

point constraint, referred to as the punctured plate problem:

Aug — Xoup =0, z€Q\{xo}; /u%daz:l, (5.2a)
Q

Ug = 5‘nu0 = 0, x € GQ, Uo(l‘o) =0. (52 b)

The key feature in this problem, as shared by the model problem in Case I of §2, is that we must introduce the
point constraint ug(zp) = 0. Therefore, in the limit of small hole radius, the eigenvalue for the perforated eigenvalue
problem (5.1) does not tend to an eigenvalue of the biharmonic eigenvalue problem in the domain without a hole.
The limiting punctured plate eigenvalue problem (5.2) has a countably infinite set of eigenvalues with corresponding
orthogonal eigenfunctions (cf. [2]), each with singular behavior O(|z — z|? log |z — z¢|) as x — xo.

To solve the limiting problem (5.2) it is convenient to introduce the Green’s function G(z; o, Ag) satisfying
A2G -G =0, 2€Q\{xo}; G=0,G=0, ze€d. (5.3 a)
Then, G(x; 9, \g) can be decomposed in terms of its singular part and its C? smooth “regular” part R(z;zo, \g) as

1
G(z;0, M) = & |z — 20]? log | — xo| + R(z; 20, \o) - (5.30)

In terms of G, the solution to (5.2), up to a normalization factor, is simply uyp = G(x; g, Ag), where g is a root of
R($0;$0,)\0) =0. (54)

In developing an asymptotic expansion for A(¢) below, we will consider two specific cases. Case I (see §5.1): Ag is a
root of (5.4) of multiplicity one with V,R(x; 2o, Ao)|z=z, # 0. Case II (see §5.2): Ao is a root of (5.4) of multiplicity
one with V,R(z; o, Ao)|z=z, = 0.

5.1 Case I: A Simple Eigenvalue With Non-Degeneracy Condition

In this subsection we consider the generic case where A is a root of (5.4) of multiplicity one with V, R(z; g, Mo)|z=zo 7

0. The asymptotic methodology needed to treat this problem is similar to that of Case II of §2.
We expand the eigenvalue A(e) of (5.1), together with the outer solution for this problem, as

-1
" loge’

(o] o0
/\(6):)\0+Zyk)\k+~-~, u:u0+ZVkuk+~~,
k=1 k=1
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where ug = G(x; 29, Ag). Upon substituting these expansions into (5.1), we obtain that u; and wuy for k > 1 satisfy

A2uy — Moup = Mg, € Q\{z0}; uy = 0hur =0, x€0Q; /uouldac:O, (5.6 a)
Q
k—1
A?up — Nour = \pug + Z Aivg—i, x€Q\A{xo}; up = Ohur =0, x € 00, (5.60)

i=1
with some normalization condition on uy for £ > 1. The singularity behaviors for uy for £ > 1 as * — xg, which are
required for determining A for £ > 1, are derived below after matching uy as x — x¢ to the far-field behavior of
certain inner solutions near the hole.
In the inner region, we let y = ¢~ !(z — z¢) and we introduce the canonical vector-valued inner solution . defined

as the unique solution of

Alpe =0, yeR*\Qo;  he=0n.=0, yed;  Pe~yloglyl, as |yl —oo. (5.7a)
Here Qy = 7 'Q¢. In terms of this solution, there exists a unique 2 x 2 matrix M, which depends on the shape of
the hole, such that

Ve ~yloglyl + My +o(1), as [|y| — oo. (5.70)

For an arbitrarily-shaped subdomain €, the matrix M in (5.7 b) can be computed numerically from the integral
equation method described in §5.1 of [31]. There are a few cases when M is known analytically. When ) is the unit

disk, then the solution to (5.7) is

) Y
.=yl -2 , 5.8
Ve = ylog |y 2+2‘y|2 (5.8)
so that M = —I/2, where [ is the identity matrix. In addition, when € is an ellipse with semi-major axis a and

semi-minor axis b, where a > b, and where the semi-major axis is inclined at an angle « to the horizontal coordinate

y1 > 0, it can be shown that the matrix entries of M are (see Appendix B of [31])

(b—a)cos?a—b a+b (a—b)cos®?a—a a+b
= -1 = —1 .
miy P og , ™Moo P og , (5.9 a)
a—b)sin«acos «
M1z = M21 = ! )a+b (5.90)

In the inner region, we expand u = ev Z;O:o kak, where Aiwk = 0. We take ¢y, = aj -, where a; is an unknown

vector, - denotes dot product, and where the vector-valued function 1. satisfies (5.7). Thus, the inner expansion is

uzeuZukak-wc. (5.10)

k=0
Then, by using the far-field behavior (5.7 b) of ¢, in (5.10), we write the resulting expression in terms of the outer
variable x — xg = ey to get

ur~ag-(z—x0)+ Zl/k [ak—1 - (x — x0)log |z — 20| + ak - (x — x0) + ag—1 - M(xz — z¢)] . (5.11)
k=1

This gives the required singular behavior as * — x for each term in the outer expansion (5.5).
By comparing the leading-order terms in (5.5) and (5.11) for u, we obtain that ug ~ ag - (x — x9) as * — x¢. Since
ug = G(x;xo, o), we conclude from (5.3 b) that

apg = VQJR(.”L';LL'(), )‘O)lw:wo . (512)
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Then, by equating the O(v*) terms in v in (5.5) and (5.11), we conclude that each uy, for k& > 1 satisfies (5.6) subject

to the singular behavior
up ~ ap—1 - (x — o) log|r — xo| + [ak—1 - M(x — o) + ar, - (x — z0)] , as T — o, (5.13)

where ag is given in (5.12).

The problems (5.6) for k > 1, with singularity behavior (5.13), allows for the recursive determination of the
unknown vectors ay for k > 1, with ag as given in (5.12). In particular, with a known value for ajx_1, the singular
behavior uy ~ ag—1 - (¥ — x¢) log |x — 20| as  — ¢ will determine A from a solvability condition applied to (5.6).
Then, the coefficient ay, in (5.13) is found from the regular part of the solution for uy. Finally, u; can be made unique
by imposing a normalization condition.

The first step in this procedure is the calculation of A\;. This is done with the following Lemma:

Lemma 5.1: Let ug, Ao be an eigenpair of (5.2) with multiplicity one, and assume that V,R(x; 2o, Ao)|w=z, # 0.

Then, a necessary condition for the problem
APuy, — Mug = Mpug + f(2), € QW {z0}; u=0,u=0, x€df, (5.14 a)
up ~ ag—1 - (x —xo)loglx —x0|, as x — a0, (5.14b)
to have a solution is that Ay satisfies
Ak (ug, wo) = — (f, uo) + 4mag—1 - VyRy . (5.15)

Here Vo Ry = V,R(x; 20, \o), and we have defined the inner product (g, h) = [, ghdzx.
The proof of this result follows by applying Green’s identity to ug and ug over the punctured domain Q\ By, where
Bjs is a circular disk of radius § < 1 centered at xo. This identity readily yields that

Ak / ud dx + / fugdx = / [to On (Aug) — Aug Opug — ug Oy (Aug) + Aug Opuq] ds. (5.16)
Q\Bs Q\Bs dBs

Here 0,, denotes the normal derivative directed inwards to Bs, so that 9,, = —9, where r = |z — x¢|. Next, we let

§ — 0, and use (5.3 b) for ug = G(x; o, Ao) together with (5.14 b) to calculate for » — 0 that

2 2
up ~ (ag—1-e)rlogr, Orup ~ (ag—1-€)[logr+1], Auy~ - (ak—1-€), Or(Aug) ~ 3 (ag—1-€),
72 r T 1 1 1
~ (ag - —1 Orug ~ (ag - —1 —, Aug~ —1 —, Op(Aug) ~ —,
uo ~ (ag 6)T+87r ogr, ug ~ (ag €)+47T 08T+ o uo ~ 5logr+ o (Aug) Gy

where ag = V,R(z;70,\0)|z=z,- Here we have defined e by e = (cos#,sinf)”. Upon substituting these limiting

relations into (5.16), and then taking the limit 6 — 0, we obtain that

2w
Ak (uo, uo) + (f, wo) = / 4(ag—1-€)(ap-e€) dd =4mag_1 - ap = 4mwai_1 - V4R, (5.18)
0
which completes the proof of Lemma 5.1. |

By using Lemma 5.1, we can calculate the coefficients Ay, in the asymptotic expansion of A(¢) from (5.6) and (5.13)
to obtain the following main result:

Principal Result 5.2: Let ug, Ao be an eigenpair of (5.2) with multiplicity one, and assume that VzR(x; 20, o) o=z, 7

0. Then, the eigenvalue \(e) for the perturbed problem (5.1) has the expansion

-1
" loge’

Ae) ~ Xo+vh+ > VRN, (5.19 a)

k=2
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where \1 and A\, for k > 2 are given by

k—1

1
A = —— |4mag_1 - VzRo — i (ug_i, u , 5.19b
k (w0, w0) k—1 0 ; (u 0) ( )

and V4 Ry = V4 R(x; 20, Ao)|w=xy- In (5.19b) the vectors ay for k > 1, with ag = V4R, are determined recursively
from the problems (5.6) and (5.13) for uy for k > 1.

For the case of a circular hole of radius e, then . satisfies (5.8) and M = —I/2. For this special case we can
conveniently replace v and ay, in (5.19 @) and (5.19 b) with 7 = —1/log (ce'/2) and by, respectively, where each uy
for k > 1, with by = V, Ry, satisfies (5.6) subject to the singularity behavior

ug ~ bp—1 - (x —xo)log |z — zo| + b - (x —x0), as x— xp.

Finally, we remark that instead of evaluating the individual vector coefficients aj, for k¥ > 1 needed in Principal
Result 5.2, it is possible to formulate a hybrid problem similar to that in [31] that effectively sums the infinite

logarithmic expansion in (5.19 a). To do so, we write the inner solution in terms of an unknown vector A = A(v) as
w=evA-u(y), (5.20)

where 1. (y) is the unique solution to (5.7). By using (5.7 b), the far-field behavior of this solution, as written in terms
of the outer variable x = x¢ + €y, is
—1

ur~ A (v —x0) + VA [(x — 20) log [x — 0| + M(z — 20)] , YT loge”

(5.21)

This expression gives the required singularity behavior for the outer solution accurate to within all logarithmic terms.
In this way, the hybrid method for summing the infinite logarithmic expansion for A(e) is to solve the following hybrid
problem for v*, \*, and the vector A = A(v):

AP = XNur =0, x€Q\{zo}; u* =0, u* =0, x€d; /(u*)dezl, (5.22a)
Q

u~A-(x—mzo)+vA-[(x —xo)log |z — x| + M(x — 20)] , (5.220)

v loge "

Then, to within a negligible transcendentally small algebraic error term in e, we have A(g) ~ A\*, as ¢ — 0.
We now illustrate the theory by way of a specific example that can be solved analytically. Let €2 be the unit disk

that contains an arbitrarily-shaped hole of “radius” € centered at the origin. For ¢ — 0, we look for an eigenfunction

of the limiting problem (5.2) that has either a cosf or sinf dependence. A simple calculation shows that this type

of solution to the limiting punctured plate eigenvalue problem (5.2) is given by

Jl(ﬁOﬂl(Ucﬂ“)) ( Ji (770)]1(7707“>> :
ug = cg | Ji(nor) — ————=) cosO +dy | J1(nor) — —————= | sinf, 5.23 a
0 0 ( 1(nor) T, (o) o | J1(nor) I (10) ( )
where g = )\(1)/ % is taken to be the first positive root of the transcendental equation

Jim)Ii(n) — Ji(m)I(n) = 0. (5.230)

Here ¢y and dj are arbitrary constants, while I; and J; denote Bessel functions in the standard notation. Therefore,
the limiting eigenvalue problem has two independent eigenfunctions corresponding to the eigenvalue \g = 1.

For a non-circular hole, this degeneracy in the leading-order eigenpair is broken only at order O(1?) in the expansion
of the eigenvalue. To determine precisely how the eigenvalue is split by the asymmetry induced by the small arbitrarily-

shaped hole, we will determine an infinite order expansion to the eigenvalue by using the hybrid formulation (5.22).
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This approach is more tractable analytically than evaluating all of the individual coefficients in the expansion of the
eigenvalue as in Principal Result 5.2.
From the hybrid formulation (5.22), u*, \* and A = (A1, A5)T satisfy (5.22 a) subject to the singular behavior

(5.22 b) as r — 0, which we write in expanded form as
u* ~ [Ajvrlogr + Air + vAymyir + vAomorr] cos 0 + [Asvrlogr + Agr + vAymaar + vAamasr]sing . (5.24)

Here mjy, for j,k = 1,2, are the entries of the matrix M defined by (5.7 b). Since the required solution to (5.22 a) is

1/4

a linear combination of {Jy(nr),Y1(nr), I1(nr), Ki(nr)}(cos 8,sin 0), where n = (A*)™/", it can be written in terms of

six unknown coefficients as
. 2
ut = |eoi(nr) + eali(nr) + ex | Ya(yr) + —EKa(r) | | cos®
2
+ [doJl (nr) + doI1(nr) + dy <Y1(777") + ﬂ_Kﬂnr))} sinf. (5.25)
Notice that this particular linear combination of Y7 and K eliminates the 1/r singularity in «* as r — 0.

From the well-known local behaviors of Jy, I, Y7, and K7, we calculate for r — 0 that

2 2 2nr n 1 nr nr
Yi(or) + ~Ka(r) ~ “orlogr + = [1og(2)+% 2}, L)~ L)~ D (5.26)

where . is Euler’s constant. Then, we use (5.26) in (5.25) to obtain the local behavior of u* as r — 0. By comparing

this local behavior of u* with the required behavior in (5.24) we obtain upon examining the O (rlogr) term that

A A
o =20 g = 22T (5.27 a)
2n 2n
Similarly, by comparing the O(r) terms in the local behavior of u*, we obtain
co+c do+ d
(OT"‘)wAlbu + Agbip =0, %nﬂhbm + Asbyy =0, (5.27b)
where the coefficients b;;, for j,k = 1,2 are defined by
n 1 ‘
bjj =V log (5) + Ye — 5 —1- vmg;, J]= 1, 2; 612 = —rvmia, b21 = —VrVmaoz . (527 C)

Finally, to ensure that «* in (5.25) satisfies u* = 9,u* = 0 on r = 1, we must impose that

( py >J1(77)+ ( 0 )Il(n) = *% ( i; ) <Y1(n)+iK1(n)> —0, (5.27 d)
( flz )Ji(n) + ( Z )I{(n) = —% ( ﬁ; ) <Y1’(77) - iK{(@) =0. (5.27 ¢)

The system (5.27) is a linear homogeneous system for the unknowns cg, dy, ¢z, d2, A1, As, with eigenvalue parameter
n= ()\*)1/4. By using (5.27 d) and (5.27 e) to eliminate A; and As, a simple calculation shows that this system can

be written as the equivalent 4 x 4 homogeneous system

blle]l(n) - ﬁ 611[1(77) — ﬁ b12<]1(77) leIl(T])
Ji(m) =0 1) I{(n) = v0l1(n) 0 0
A¢=0, A=]| ™ ! , 5.28
‘ bo1J1(n) ba111(n) baoJ1(n) — 55 baali(n) — 355 (5:280)

0 0 Ji(m) =y J1(n)  11(n) —0l1(n)
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where ( = (00,02,d0,d2)T and v = —1/loge. In (5.28 a), vy and 7, are defined by

- (Y{(n) + 2K} (n)
Yi(n) + 2K (n)

In (5.28 a) the coefficients bj, for j,k = 1,2, are defined in (5.27 ¢).

) =2 {Yl(n) + iKl(n)T . (5.28b)

™
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FIGURE 7. Left figure: For the annulus € < |z| < 1, the asymptotic approximation A* (solid curve), as obtained from (5.29),
is compared with the exact solution A(¢) (heavy solid curve), as obtained by requiring that (5.30) satisfy u = u, =0onr =¢
and r = 1. Right figure: for the elliptical-shaped hole x3/4 + 423 = £ of area me?, the asymptotic approximations Ay = 7}
(solid curves) are plotted versus €, where n+ are the first two roots of det(A) = 0 with A is defined in (5.28). The dotted curve
is the asymptotic approximation A\*, as computed from (5.29), corresponding to the eigenvalue of multiplicity two for the case
of a circular hole of the same area &2,

For the special case of a circular hole of radius e, so that m13 = ma; = 0 and m1; = mas = —1/2, then b1y = byy and
b1 = baa = b. = v (log (n/2) + v — 1/2) — 1 4+ v/2. For this special case, where the eigenfunction degeneracy is not
broken, the matrix A can be written in block diagonal form and there are two independent vectors ¢; = (cg, ca, 0, O)T
and (o = (0,0, do, dg)T for the common eigenvalue \* = n*, where 7 is the first positive root of

I (m) = F () I (n) = = (I (n) = J{(m) =70 (T (n) = T ()] - (5.29)

B ch’YI

For a circular hole of radius ¢, in Fig. 7(a) we compare the asymptotic approximation A* versus ¢, as obtained from

(5.29), with the exact result for A(e) as obtained by requiring that the solution
u = [coJ1(nr) + coli(nr) + c3 K1 (nr) 4+ c4Y1(nr)] cos 6 (5.30)

to (5.1) satisfy the four conditions u = u, = 0 on r = € and r = 1. As seen from this figure, the asymptotic and full
numerical results agree rather well on the range 0 < ¢ < 0.1.

Next, consider an elliptical-shaped hole 27 /a? + 23 /b? = €2, for which the matrix entries of M are given in (5.9)
with inclination angle o = 0. For this example, when ¢ is small there are two nearby roots ny to det(A) = 0, where
A is defined in (5.28), which have the common limiting behavior 7y — 799 as v — 0. Here 7 is the first positive
root of J1(n)I}(n)—J;(n)I1(n) = 0. In Fig. 7(b) we plot the two curves Ay = n% versus ¢ for an elliptical-shaped hole
with semi-axes a = 2 and b = 1/2. This example clearly shows how the asymmetry of the hole breaks the degeneracy
of the eigenvalue of multiplicity two for the limiting problem (5.2), and leads to the creation of two closely-spaced

simple eigenvalues for the perturbed problem (5.1).
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5.2 The Degenerate Case

We now consider the degenerate case when the hole is centered at a nodal point xg of the limiting punctured plate

eigenfunction ug, so that Vug(zp) = 0. Then, since
uo(x) = G(;20, M) = 8i7r |z — xo|* log |z — xo| + R(2; 20, \o), (5.31a)
with R(zo; o, o) = 0 and V,R(z; 2o, A\o)|z=z, = 0, we obtain that ug has the following local behavior as x — x¢:
Ug ~ 8%\37 — 20|?log |z — 0| + % (x —z0)T H (z — z0) + O]z — 20%) . (5.310)
Here T denotes transpose, and H is the 2 x 2 Hessian matrix of R at z = x( with matrix entries

82
Hi; = (8;@-8%]- R(z; o, )\o)>

Upon writing the limiting behavior (5.31 b) in terms of the inner variable y = e~!(z — z¢), we obtain that

. i =1,2. (5.31¢)

T=X0

2 1 1
ug ~ (—e*loge) <_|8y7|r> + &2 (&T|y|210g ly| + 2yTHy) : (5.32)

The local behavior (5.32) suggests that we write the inner expansion with y = e~!(z — z¢) as

v(y) = u(zo +ey) = (—e?loge) |vo + vy + Z Vi |, v=-—1/loge. (5.33)
j=2

Upon substituting (5.33) into (5.1) we obtain that vy for k > 0 satisfies
Aivk:(), ye&Qo; v =0,v,=0, ye€d, (5.34 a)

with the following far-field asymptotic behavior as |y| — oo;

1 2 1 2 1 T 2
Vo 8 |y| ) U1 ] |y| g|y| QZU Ys Vk O(ZU )a - ( )

Since the solutions of the homogeneous problem for v for k > 0 are linear combinations of {p?log p, p?,log p, 1},
{p3,plogp,p,p~ 1} x {cos@,sin @}, and {p*, p2,1,p 2} x {cos26,sin20} etc., where y = p(cosf,sinf), the far-field

behavior of the solution vy to (5.34) must have the form

1 2 A 1 yTD()y
vo ~ —§|y| + Ao Og\y|+f0'y+w+0(1)a as |y| = oo, (5.35a)
for some constant Ay, vector fy, and matrix Dy, all determined by the shape of 4. Notice that we have imposed
that |y|=* (vo + |y[?/(87)) is bounded as |y| — oo. In contrast, for vy for k > 1 we will allow for a growth of the
order O(ylogly|) as |y| — oo. In terms of an arbitrary vector by, the far-field behavior of the solution to (5.34)) has

the form

1, 1 y" Dy
v1~§|y\ logly\+§y Hy+bl~y10g|y|+f1-y+Allog|yl+W

for some constant Aj, vector fi, and matrix D; determined in terms of the unknown b; and the shape of €. Finally,

for vg for k > 2, we have the far-field behavior

+o(l), as |yl — oo, (5.350)

y Dy
|y?

Here M is the matrix defined in (5.7), while the scalar A) and matrix Dj, are determined in terms of the unknown

v ~ by - (ylogy + My) + Ay log |y| + +o(1), as |yl — . (5.35¢)
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vector by and the shape of 4. The need for including the, as yet, arbitrary vectors by for k > 1 is explained below
after matching the inner and outer expansions.

For the special case of a circular hole of radius e, the solutions vy, for k& > 0 to (5.34) on |y| > 1 can be readily

calculated explicitly as

P

v =g t log ly| + — (5.36 a)
o= gy + 2 (Traceny |y|2 (T Y towlal = T oy (ytoglyl - Y+ 522) G3600)

+ (Jyl* =2+ [y ?) (i (Rayz, — Rayay) cos(20) + %lemz sin(20)) : (5.36 ¢)
o = by - (ylog|y|+ 2|Z|2> k>2. (5.36 d)

Here TraceH denotes the trace of the Hessian matrix A in (5.31). Upon comparing (5.36) with (5.35), we identify
A, fo, f1, M, and Dy, for the case of a circular hole of radius ¢ as
1 1 1 b 1
Ag=—, Ay=—=(Traced)— —, A, =0, k>2; fo=0, fi=——=, M=—=, (5.37 a)
4m 2 8w 2

I 1
Dy=o, Di=_(TraceM)I-H, Dp=0, k>2, (5.370)
Y

where [ is the identity matrix.

Next, we substitute the far-field expansions (5.35) into the inner expansion in (5.33)), and we write the resulting
expression in terms of the outer variable x = xg + ey. In this way, we obtain the following matching condition for
the outer solution:

5 (@~ w0)" H (2 — a0) + (~eloge) [(fo + ba) - (& — )]

1
u o~ §|x—z0|210g|x7z0\ +
+52uk_1 [br - (x — x0)log |x — xo| + (brt1 + fr) - (x — x0)] + (—510g<€)2 Ao

k=1
(x — 20) "Dy (2 — xo)} L (x —20)TDy(x — 20)

+ (—€”loge) {Ao log |z — zo| + A1 + [Al log |z — wo| + A2 +

|z — g2 |z — xo?
(5.38 a)
Here f; is defined from (5.35b), and we have labeled fj, for k > 2 by fi = Mby.
The matching condition (5.38) suggest that we expand the eigenvalue A and the outer solution as
u:uo—l—iiyk_lﬁk—&-i(u1+uu2+y2u3+~-~) (5.39a)
v V2 ’
o0 2
€ k—15% £ 2
/\:)\O+;kz_1y )\k+§()\1+u>\2+u)\3+~--). (5.39b)

Upon substituting (5.39) into (5.1), and by using the matching condition (5.38), we obtain that @ for k > 1 satisfies

A2y — Nl = Mg, T E€Q;  Gp =0hip =0, z€dQ, (5.40 a)

subject to the following local behavior as x — xq:

ay ~ (fo+01) - (x —w0); Up, ~ by—1 - (x — mo) log |z — xo| + (fr—1 +bi) - (x —x), k>1. (5.40 b)
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Since ug(zo; o, Ao) = Vazuo(T; 2o, Mo)|z=z, = 0, & simple calculation similar to the proof of Lemma 5.1 yields that
Me = 0 for k > 1. Therefore, the solution to (5.40) for k = 1 is simply 41 = Njug for any normalization constant
Nj. Then, since V,ug(z; 20, Ao)|z=z, = 0, we must choose by as by = — fy to eliminate the gradient term in the local
expansion (5.40 b) for @;. Moreover, we can take N; = 0 so that @; = 0. To solve (5.40) for @ for k£ > 2, and in the

process identify the vectors by for k > 2, we first look for a solution @y to (5.40 a) for k > 2 in the form
g = b1 U, (5.41)
where the vector-valued function U is the unique solution to
AU - XNU=0, z€Q; U=0,U=0, z€dQ; /Quodezo, (5.42 a)
U~ (x—ux)log|e—xzo|, as z—xp. (5.420)
In terms of this solution, we identify a unique matrix C such that
U — (x —xo)log|z — 29| — C(x — x0) + o(|z — z0|?), as z — zp. (5.42 ¢)

Upon comparing (5.42 ¢) and (5.41) with the nonsingular part of the local behavior for uy in (5.40 b), and recalling

that fr = Mbg, we conclude that the by for k > 2 are determined recursively from
br=—Jfo; by =C'b1 — f1; b= (CT = M)br_y, k=>3. (5.43)

With the vector coefficients by for k > 1 determined in this way, we can calculate the middle term in the outer
expansion (5.39 a) as
St = S0 | —ufy -1 (4 +f1)+§:u’“bk (5.44)
y ; veouE = 0 0 2 )
where b, = (CT — ./\/l) by_1 for k > 3. Suppose that the matrix (CT — ./\/l) is diagonalizable with eigenvalues o7 and
0. Then, the infinite series in (5.44) is not only asymptotic, but is convergent when ¢ is sufficiently small such that
vom, < 1, where 0, = max (|o1],|o2|). A similar convergence result holds for the non-generic case where o1 = 09 and
the matrix is degenerate.

We remark that if we did not include the vector coefficient b; in (5.350), then the problem for 4;, given by
A%y — Aoty = 0 with @y ~ fo - (z — x0) as @ — x¢ with fy as specified by the far-field behavior (5.35 a) for vy,
would have no solution. More specifically, since the vector fy, as determined (5.34 a) and (5.35 a), does not in general
satisfy fo = 0, the solution @; = Noug with V,uo(x; 20, A\o)|z=z, = 0, cannot be made to satisfy the condition
Uy ~ fo-(x—x0) as x — xo.

Next, we continue the expansion to higher order to determine the first nonzero terms in the expansion A — A\g in
(5.39 b). To do so, we substitute (5.39) into (5.1), and use A\, = 0, to obtain that uy for k = 1,2, 3 satisfies

A%uy, — Aoup = M\gug, € Q; up = Opur =0, =€ 00N. (5.45 a)

We can make uj, unique by imposing that [, uour dz = 0. From the O(e?179) terms in the matching condition (5.38)
we obtain that u; must satisfy the following local behavior as © — xq:

(1‘ — l‘o)T'Dk,Q(LL' — ,’Eo)

|x — 202

up ~ Ag; up ~ Ag_slog|x — zg| + Ap_1 + . k=23, (5.45b)

In a similar manner as in the proof of Lemma 5.1, a solvability condition for each of the problems (5.45) determine

the eigenvalue corrections A\ for & = 1,2,3. More specifically, by applying Green’s identity to ug and uj over the
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punctured domain Q\ By, where By is a circular disk of radius 6 < 1 centered at xg with r = |x — x|, we obtain for
k=1,2,3 that

Ak / ud dx = / [—uo Or (Aug) + Aug, Orug + ug O (Aug) — Aug Opug| ds. (5.46)
Q\Bs dBs
From (5.31 b), we calculate for » — 0 that

1 1 1 1
ug ~ r*logr + O(r?), 0Oyug ~ Erlogr +0(r), Aug~ % logr + % + TraceH, O, (Aug) ~ v (5.47)

To determine Ay, we let § — 0 in (5.46) with £ =1 and use u; ~ Ag as r — 0 from (5.45 b). Only the third term on
the right-hand side of (5.46) is non-vanishing in the § — 0 limit, and we get

27
1
2dx = li A =li Ao | =— =A4. A4
A1 /Quoda: lim o, w10y (Aug) ds lim ; 0l 55 ddo 0 (5.48)
To determine Ay we use (5.45 b) for k = 2 to calculate for » — 0 that
A
ug ~ Aglogr + A1 + Do11 cos® 6 + Do2o sin? 0 + Do12 sin(20) , Optg ~ 70 R (549 a)

2 . 4
A’UQ ~N —— [(DOll — Dogg) COS(29) —|— 2D012 5111(29)] 5 6T (AUQ) ~

7‘2 ﬁ [(DOII — DO22) COS(29) + 2D012 sm(29)] 5

(5.49b)
Here Dy;; for 1 < i,j < 2, denote the entries of the matrix Dy. Since fozw cos(20) df = 027r sin(26) df = 0, only the

third and the fourth terms on the right-hand side of (5.46) are non-vanishing in the limit § — 0. From (5.46), (5.47)
and (5.49), we obtain that

)\2/ u? dx = lim (u20y (Aug) — Augdyus) ds
Q 5—0 dBs

5—0 | 27 2 T

1 27 27 A A
= lim { / (AO log § + A1 + Do11 cos? 0 + Dyaa sin? 9) df — / (O + AgTraceH + 5 0) d@]
0 0
1
= A — Ay — 2w AgTraceH + §TraceD0 .

An identical calculation determines A3. We summarize our result for the expansion of the eigenvalue as follows:

Principal Result 5.3: Let up = G(x; 29, ), Ao be an eigenpair of (5.2) with multiplicity one, and assume that

V. R(z; 20, No)|z=ao = 0. Here G(x; 20, Xo) is the Green’s function satisfying (5.3) with regular part R(xz;xq, No) given
by (5.3b). Then, the eigenvalue A(g) for the perturbed problem (5.1) has the expansion

AE) ~ Ao+ (—eloge)® Ay +e2 (—loge) Ag + &2 Ag + -+ - (5.50 a)
where \q fQ ud dr = Ao, and N\, for k = 2,3 are given by
1
)\k/ udde = Ap_1 — Ap_o — 2w Ay _oTraceH + iTraceDk_g ) (5.50b)
Q

In (5.50b) the coefficients Ay, A1, Aa, and matrices Dy and Dy are determined from the far-field behavior (5.35)
of the inner problems near the hole, while H is the Hessian of ug at xo given in (5.31b). For the special case of a
circular hole of radius €, (5.37) yields that

1 1 1 1
A /Q ud dr = o Ao /Q ud dr = i TraceH ; A3 /Q ud dr = & + 7 (TraceM)® + §Trace7-[. (5.50 ¢)

We now illustrate the theory for the case of the annular region 0 < & < |z| < 1. For this special domain, the
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radially symmetric solutions of the limiting punctured plate problem (5.2) have the form

wo=ao [ (Vo) + 2Hatan)) = 5 Ctar) — )] .= LAl (551

where 7 = )\(1)/4. This function satisfies ug(1) = 0 together with the point constraint uy(0) = 0. Upon setting

ugr(1) = 0 and using the Wronskian relations for Iy, Ko, and for Jy, Yy, we obtain the eigenvalue relation

2 4

— [Ko(n)Jo(n) = Ko () Jo(m)] + Y5 () Lo(n) — Yo(n)Ig(n) = p— (5.52)

We let 79 denote the smallest root of (5.52), so that A9 = 713 is the smallest eigenvalue in the class of radially
symmetric eigenfunctions of the limiting punctured plate problem (5.2).

We choose ¢g = —1/(8n?) in (5.51) so that ug ~ (r?/(87)) log r as 7 — 0 has the same singularity as the biharmonic
Green’s function in (5.3). Then, by using the well-known small-argument asympotics of the Bessel functions Iy, Ko,
Jo, and Iy, in (5.51) we readily calculate the following local behavior of uy as r — 0:

1, 9 9 1 (17) 32
~ — M = — — — 1 _— . .
Ug 3 r“logr + dor® + o(r ) , as r—0; do 3 {log 5 + ve 5 (5 53)

Here 7y, is Euler’s constant, and § is defined in (5.51). Upon comparing the local behaviors (5.53) and (5.31 b) we
identify Trace, required in Principal Result 5.3, as

1 n 32
TraceH = ddo = -~ [log (5 ) +7 — 1= "~ | . 54
raceH 0= 5 {og 5 + 7 5 (5.54)
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FIGURE 8. For an annulus € < |z| < 1 consider the smallest eigenvalue of (5.1) in the class of radially symmetric eigenfunctions.
Left figure: plot of the exact relation for A(e) (heavy solid curve) and the three-term expansion for A(¢) (solid curve) as obtained
from (5.50) with TraceH as given in (5.54). Right figure: comparison of one-term (faint dots), two-term (dots), and three-term
(solid curve), asymptotic results for A(e) with the exact result for A(¢) (heavy solid curve).

Setting n = 1o in (5.54) and (5.51) to calculate §, (5.54) determines TraceH in terms of the smallest positive root
of (5.52). In terms of TraceH, a three-term asymptotic expansion for the perturbed eigenvalue A(e) for the annular
domain is obtained by substituting (5.50 ¢) into (5.50 a). In Fig. 8(a) we show a very favorable comparison of this
three-term result for A\(¢) with the exact result obtained by finding the lowest eigenvalue in the class of radially

symmetric eigenfunctions for the full problem (5.1) in an annular domain. To obtain the exact result for () we
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numerically calculated the smallest root A(e) for the existence of a nontrivial solution of the form
u = boJo(nr) + bilo(nr) + baYo(nr) + bsKo(nr), 1= A", (5.55)

which satisfies the boundary conditions © = u, = 0 on r = ¢ and on r = 1. In Fig. 8(b) we compare the one-term,
two-term, and three-term asymptotic results for A(¢), as obtained by truncating (5.50 a) at different orders, with the
exact result for A(¢). From this figure, the three-term approximation provides a significantly better prediction of the

exact result than the lower order asymptotic approximations.
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4.65 1

1 1 1 1

4.60
0.000 0.001 0.002 0.003 0.004 0.005

FIGURE 9. Consider the biharmonic eigenvalue problem A%y = Au in the annulus € < 7 < 1 with v =, = 0 on r = ¢, 1.
As a function of &, we plot the asymptotic result, obtained from (5.50) and (5.54), for the lowest eigenvalue in the class of
radially symmetric eigenfunctions (heavy solid curve) together with the asymptotic result, obtained from (5.29), for the lowest
eigenvalue in the class of eigenfunctions with one nodal line (solid curve). The two curves cross at € ~ 0.0013.

Finally, we use our asymptotic results to illustrate the phenomena first observed in [5] relating to the fundamental
mode of vibration for the clamped annular plate € < |2| < 1. From a numerical evaluation of certain Bessel functions
arising in the exact eigenvalue relation, it was shown in [5] that the lowest eigenvalue does not correspond to a
radially symmetric eigenfunction on the range € < 0.00131.., but instead arises from an eigenfunction that has one
nodal line. Hence, for ¢ < 0.00131.., it was shown in [5] that the fundamental mode of vibration is not of one sign in
the annulus. In Fig. 9 we plot our asymptotic results, valid for € — 0, for the lowest eigenvalue in the class of radially
symmetric eigenfunctions, obtained from (5.50) and (5.54), and in the class of eigenfunctions with one nodal line,
as obtained from (5.29). From this figure, we observe that the fundamental mode is not radially symmetric when

£ < 0.0013, confirming the full numerical results of [5].

6 Discussion

In an arbitrary bounded 2-D domain, a singular perturbation approach was used to analyze the asymptotic behavior
of some biharmonic linear and nonlinear eigenvalue problems for which the solution exhibits a concentration behavior
either due to a hole in the domain, or as a result of a nonlinearity that is non-negligible only in some localized region
in the domain. These singularly perturbed problem have a global outer scale, and one or more inner or local scales
near the localized perturbation. A novel feature that arises in several of our biharmonic problems, which is absent in
similar second-order elliptic problems, is that a point constraint must be imposed on the leading-order outer solution
in order to asymptotically match inner and outer representations of the solution. In this sense, the effect of a strong

localized perturbation on a biharmonic problem can influence the solution in a much more global way than for similar
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second-order elliptic problems. In addition to the requirement of imposing a point constraint, our asymptotic analysis
also relied heavily on the use of logarithmic switchback terms.

In §4 we constructed a solution to the nonlinear eigenvalue problem A2u = —\/(1+u)? in Q with clamped
boundary conditions on 02, such that the solution exhibits single-point concentration at xy € ) in the sense
that A — 0 as ¢ — 0%, where u(zg) = —1 + e. The condition determining the concentration point zy was that
V2 R(x;20)|2=z, = 0 with R(zg;29) > 0, where R(x;xo) is the regular part of the biharmonic Green’s function.
The analysis also determined the limiting asymptotic behavior for A as € — 0. The asymptotic results for \(¢) were
shown to agree very well with full numerical solutions computed for the square and disc geometries. In addition to the
challenge of providing a rigorous PDE framework to confirm our asymptotic results, there are a few further problems
that warrant further study. Firstly, it would be interesting to study how the set of concentration points depend on
the topology of the domain. In §4, we showed numerically for a one-parameter family of dumbbell-shaped domains
that the set of concentration points exhibits a pitchfork bifurcation in terms of the parameter characterizing the
shape of the domain. Can this and similar results be established rigorously? In addition, is it possible to construct a
domain Q for which V,R(z;%0)|s=z, = 0, but R(zo;z0) < 0 at some z € 2? From our analysis in §4, concentration
would not occur at xg. Such a scenario does not appear to be theoretically impossible since there are domains for
which the biharmonic Green’s function is not of one sign (cf. [30]). Furthermore, it would be interesting to construct
a solution that exhibits concentration at multiple points in €.

Finally, it would be interesting to apply our methodology to some specific problems in elasticity. More specifically,
in [6] the buckling behavior of an annular elastic plate subject to a uniform in-plane compressive load on its outer
boundary was studied asymptotically in the limit of small radius of the inner hole. The critical buckling load was
calculated asymptotically, and it was shown that an asymmetric buckling pattern, leading to wrinkling behavior near
the small hole, was typically the dominant instability. It would be interesting to apply our asymptotic methodology
to extend this analysis of [6] to the more general case of a thin elastic plate of arbitrary shape that contains a small
circular hole centered at an arbitrary point in the domain. How does the location of the hole within the domain

determine the dominant angular mode associated with the localized wrinkling pattern near the hole?
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