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An indefinite weight eigenvalue problem characterizing the threshold condition for extinction of a population based on the
single-species diffusive logistic model in a spatially heterogeneous environment is analyzed in a bounded two-dimensional
domain with no-flux boundary conditions. In this eigenvalue problem, the spatial heterogeneity of the environment is
reflected in the growth rate function, which is assumed to be concentrated in n small circular disks, or portions of small
circular disks, that are contained inside the domain. The constant bulk or background growth rate is assumed to be
spatially uniform. The disks, or patches, represent either strongly favorable or strongly unfavorable local habitats. For
this class of piecewise constant bang-bang growth rate function, an asymptotic expansion for the persistence threshold
A1, representing the positive principal eigenvalue for this indefinite weight eigenvalue problem, is calculated in the limit
of small patch radii by using the method of matched asymptotic expansions. By analytically optimizing the coefficient
of the leading-order term in the asymptotic expansion of A1, general qualitative principles regarding the effect of habitat
fragmentation are derived. In certain degenerate situations, it is shown that the optimum spatial arrangement of the
favorable habit is determined by a higher-order coefficient in the asymptotic expansion of the persistence threshold.

1 Introduction

The diffusive logistic model, which describes the evolution of a population with density u(x,t) diffusing with constant

diffusivity D = 1/ > 0 throughout some habitat represented by a bounded domain 2 C R2, is formulated as
up = Au+ du[m(z) —u], z€Q; Opu=0, x€df; u(z,0) = up(xz) >0, z e Q. (1.1)

The no-flux boundary condition in (1.1) specifies that no individuals cross the boundary of the habitat 2. The initial
population density ug(z) is non-negative and not identically zero. The function m(x) represents the growth rate for
the species, with m(z) > 0 in favorable parts of the habitat, and m(z) < 0 in unfavorable parts of the habitat. The
integral fﬂ m dx measures the total resources available in the spatially heterogeneous environment. With respect to
applications in ecology, this model was first formulated in [25].

To determine the stability of the extinction equilibrium solution u = 0, we set u = ¢(x)e " in (1.1), where

¢(z) < 1, to obtain that ¢ satisfies
Ao+ Im(z)p =—0¢p, x € =0, x€d. (1.2)

The threshold for species persistence is determined by the stability border of the extinct solution v = 0. At this
bifurcation point, the eigenvalue of the linearized problem about the zero solution must pass through zero. Therefore,

by setting ¢ = 0 in (1.2) the problem reduces to the determination of a scalar A and a function ¢ that satisfies the
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indefinite weight eigenvalue problem

Ap+AIm(x)p =0, x€Q; Ond =0, x€df; ¢’dr=1. (1.3)
Q

We say that A; > 0 is a positive principal eigenvalue of (1.3) if the corresponding eigenfunction ¢; of (1.3) is
positive in Q. It is well-known (cf. [2], [13], [24]) that (1.3) has a unique positive principal eigenvalue A; if and only if
Jomdz <0 and the set QF = {z € @ ; m(z) > 0} has positive measure. Such an eigenvalue is the smallest positive
eigenvalue of (1.3).

The positive principal eigenvalue \; is interpreted as the persistence threshold for the species. It is well-known that
if A < Ay, then u(x,t) — 0 uniformly in Q for all non-negative and non-trivial initial data, so that the population
tends to extinction. Alternatively, if A > Ay, then u(z,t) — u*(z) uniformly in Q as ¢t — oo, where u* is the unique
positive steady-state solution of (1.1). For this range of A the species will persist. Many mathematical results for
(1.1) under different boundary conditions are given in the pioneering works of [4], [5], and [6]. Related results for
multi-species interactions and other mathematical problems in ecology are given in [7] (see also the survey article of
18)).

An interesting problem in mathematical ecology is to determine, among all functions m(z) for which a persistence
threshold exists, which m(z) yields the smallest A; for a fixed amount of total resources fQ mdz. In other words, we
seek to determine the optimum arrangement of favorable habitats in €2 in order to allow the species to persist for the
largest possible diffusivity D. This optimization problem was originally posed and studied in [4] and [6]. For (1.1)
under Neumann boundary conditions in a two-dimensional domain §2, it was proved in Theorem 1.1 of [17] that the
optimum m(z) is piecewise continuous and of bang-bang type. An earlier result showing the existence of a similar
bang-bang optimal control for m(z) for the Dirichlet problem was given in [4]. For (1.1) posed in a one-dimensional
interval 0 < z < 1, it was proved in Theorem 1.2 of [17] that the optimal m(z) consists of a single favorable habitat
attached to one of the two endpoints of the interval. Related results were given in [6] under Dirichlet, Neumann, or
Robin type boundary conditions.

The minimization of A; in cylindrical domains was studied in [14]. For a rectangular domain, it was shown in
[14] that if | [, m(x) dz| is below some threshold value, then the optimum A; occurs when the favorable habitat is
concentrated near one of the four corners of the domain. Otherwise, the optimum \; occurs when the favorable habitat
is attached to either of the two ends of the domain with the shortest edge. For spatially periodic environments, the
effect of fragmentation of the favorable resources was studied in [1] using Steiner symmetrization, and some results
were obtained for Dirichlet boundary conditions. Related applications of this symmetrization approach was given
n [16]. A treatise on the modeling of biological invasions in periodic spatial environments is given [23]. In [22]
stochastic methods were used to determine the persistence threshold for the diffusive logistic model for an infinitely
periodic heterogeneous media. This study, which eliminated the effect of boundary conditions, showed that habitat
fragmentation decreases the persistence of the species. For (1.1) in a bounded two-dimensional domain with Neumann
boundary conditions, the existence of an optimal configuration for m(x) was proved in [21]. In [21], the growth rate
function m(z) was chosen to be of bang-bang type, in accordance with Theorem 1.1 of [17] described above. By
distributing the favorable and unfavorable habitats on a grid, and then letting the grid-spacing decrease, it was
shown both numerically and analytically in [21] that the globally optimal favorable spatial habitat configuration is
either ball-shaped or stripe-shaped, depending on the amount of available resources.

Although these previous studies give considerable insight into the effect of spatial fragmentation of habitat resources
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on the persistence threshold in specific situations, such as cylindrical domains or periodic environments, the problem
of the optimum choice for m(x) in arbitrary two-dimensional domains with no periodicity assumption is largely an
open problem.

The goal of this paper is to asymptotically calculate, and then optimize, the persistence threshold A; for a particular
class of piecewise constant growth rate function m = me(x) in an arbitrary two-dimensional domain. We assume
that me(x) is localized to n small circular patches of radii O(e), each of which is centered either inside Q or on 9f2.
We assume that the boundary 0f) is piecewise differentiable, but allow for the domain boundary to have a finite
numbers of corners, each with a non-zero contact angle, which arises from a jump discontinuity of the slope of the
tangent line to the boundary. We denote Q = {z1,...,2,} N Q to be the set of the centers of the interior patches,
while QF = {z1,...,2,} N 0N is the set of the centers of the boundary patches. We assume that the patches are
well-separated in the sense that |z; — ;| > O(e) for i # j and that the interior patches are not too close to the
boundary, i.e. dist(z;,9Q) > O(e) whenever x; € QL. To accommodate a boundary patch, we will associate with
each z; for j = 1,...,n, an angle mo; representing the angular fraction of a circular patch that is contained within
Q. More specifically, o; = 2 whenever z; = Q7 aj =1 when z; € OF and x; is a point where 91 is smooth, and
a; = 1/2 when x; € 9Q is at a corner point of 9Q for which the two (one-sided) tangent lines to the boundary
intersect at a m/2 contact angle (see Fig. 1). The growth rate function m = mg(z) in (1.3) is taken to have the

specific form

m;/e?, r€Qeg,, j=1,...,n,
m=me(z) = . (1.4)
—myp , HASS Q\ Uj:l Qg]. .

Here Q¢, = {z ||z — ;| < ep; N Q}, so that each patch g, is the portion of a circular disk of radius ep; that is
strictly inside €. The constant m; is the local growth rate of the jth patch, with m; > 0 for a favorable habitat
and m; < 0 for an unfavorable habitat. The constant m; > 0 is the background bulk decay rate for the unfavorable
habitat. In terms of this growth rate function, the condition of [2], [13], and [24] for the existence of a persistence
threshold is that one of the m; for j = 1,...,n must be positive, and that the following asymptotically valid inequality

on the total resources hold as ¢ — 0:
/ me dr = —my|Q| + z Zajmjp? +0(e?) <0. (1.5)
Q 2 =

Here |Q| denotes the area of 2. We assume that the parameters are chosen so that (1.5) is satisfied. A schematic plot
of a domain with interior circular patches, and with portions of circular patches on its boundary, is shown in Fig. 1.

This specific form for me () is motivated by Theorem 1.1 of [17] that states that the optimal growth rate function
must be of bang-bang type, and the result of [21] that shows that a sufficiently small optimum favorable habitat
must be a circular disk.

In §2 the method of matched asymptotic expansions is used to derive a two-term asymptotic expansion for the
persistence threshold A; for the case of either a single favorable interior or boundary habitat. The asymptotic analysis
is extended in §3 to asymptotically calculate A\; for (1.3) with growth rate function (1.4), which allows for multiple
interior or boundary habitats. Our analysis, which is summarized in Principal Result 3.1 of §3, shows that A\; has

the two-term asymptotic expansion

M= pov 4+ Vi (.. xn) + O3, v(e) =—1/loge. (1.6)
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FIGURE 1. Schematic plot of a two-dimensional domain € with localized strongly favorable (+) or unfavorable (—) habitats,
or patches, as described by (1.4). The patches inside the domain are small circular disks. On the domain boundary, the patches
are the portions of circular disks that lie within the domain. The unfavorable boundary habitat in the lower left part of this
figure is at a /2 corner of 9.

Here the leading-order coefficient 1 is the unique positive root of B(ug) = 0 on 0 < po < 2/(myp%), where

Jme_]

2- meJNO

B(u )z—mb|ﬂ|+w2 mop3 = max (mye? | = 1,...n ). (L.7)
The coefficient 11, which depends explicitly on the spatial configuration {z1,...,2,} of patches, is determined in
terms of a matrix involving the Neumann Green’s function and the surface Neumann Green’s function for Q.

In §4 we study the effect of fragmentation of resources on the coefficients o and p; in the asymptotic expansion
of the persistence threshold. For a prescribed amount of resources, for which fQ me dz in (1.5) is fixed, we seek to
determine the patch configuration that minimizes pg, or in certain degenerate situations, minimizes the coefficient
w1 in (1.6).

From an analysis based on the leading-order coefficient po in (1.6), in §4.2 we derive some sufficient conditions
characterizing the effect of habitat fragmentation on the persistence threshold. There are several key qualitative
principles that are established. Firstly, the fragmentation of a favorable interior habitat into two smaller favorable
interior habitats is shown to be deleterious to species persistence, whereas the migration of an interior favorable
habitat to the boundary of the domain is always advantageous. The optimal boundary location to concentrate a
favorable resource is at a corner of the domain boundary with the smallest contact angle, provided that this angle
is less than 7. Secondly, the fragmentation of a favorable interior habitat into a smaller favorable interior habitat
together with a favorable boundary habitat is advantageous to species persistence only when the boundary habitat is
sufficiently strong. Further general principles, based on the optimization of u, are summarized in Qualitative Results
T-IIT of §4.2. An illustration of these principles for certain patch distributions in the unit disk is given in §4.

In §4 we also show that in certain degenerate situations, the problem of determining the optimal location for a
favorable resource requires the examination of the coefficient p1 of the second term in the asymptotic expansion
of A\1. In particular, such a problem occurs in optimizing A\; with respect to the boundary location of a single
favorable boundary patch in a domain with a smooth boundary. In this case, we show in Principal Result 4.1 that
A1 is minimized when the boundary patch is centered at a point zg € 02 at which the regular part of the surface

Neumann Green’s function attains its global maximum value on the boundary. The relationship between the global
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maximum of the boundary curvature and the regular part of the surface Neumann Green’s function for smooth
perturbations of the unit disk is investigated in Principal Results 4.2 and 4.3 of §4.

In §4.3 we consider the optimization of A\; for the case where an additional favorable resource is to be located inside
a domain that has a pre-existing and fixed patch distribution. In this case, we show in §4.3 that the optimization of
A1 typically requires the examination of the coefficient 117 of the second-order term in the asymptotic expansion of
A1. The theory in §4.3 is illustrated for two specific examples involving the unit disk and the unit square, for which
the required Green’s functions are known analytically. Finally, a brief discussion is given in §5.

Related problems involving the asymptotic calculation and optimization of the fundamental eigenvalue of the
Laplacian have been studied in perforated two-dimensional domains (cf. [9], [15], [19], [26], and [27]), in two-
dimensional domains with perforated boundaries (cf. [3], [10], [11], [20]), and under the effect of strongly localized
potentials (cf. [12], [27]).

2 Determination of the Persistence Threshold for One Patch

In this section we use the method of matched asymptotic expansions to derive a two-term asymptotic expansion for
the positive principal eigenvalue A of (1.3) for the case of one localized favorable habitat centered at either a point

interior to §2 or a point on 9f).

2.1 A Single Interior Patch

We first consider the case of one interior circular patch centered at xo € Q, with dist(zq, 9Q) > O(e). We asymptot-

ically calculate the positive principal eigenvalue A > 0 and corresponding eigenfunction ¢ > 0 of

Ap+Ame(x)p=0, z€ Ond =0, x€0f; /¢2dm:1, (2.1a)
Q
in the small patch radius limit € — 0, where the growth rate function me(x) is defined as
m+/€2 N S ng s
me(z) = (2.10)

—mp, x € AN\, .

Here the patch g, is the circular disk Qg, = {z||x — 20| < e }. In (2.10), m4 > 0 is the local growth rate of the
favorable habitat, while m; > 0 gives the background bulk decay rate for the unfavorable habitat.

The condition fQ mdx < 0 for the existence of a positive principal eigenvalue is asymptotically equivalent to

Q

in the limit ¢ — 0. We assume that m; and m, are chosen so that this condition holds.

We expand the positive principal eigenvalue A of (2.1) as
A~ oy 4+ v 4 v=-1/loge, (2.3)

for some coefficients po and py to be found. In the outer region, defined away from an O(e) neighborhood of xg, we

expand the corresponding eigenfunction as

¢~ o+ vhr+ 1 g+ (2.4)

Upon substituting (2.3) and (2.4) into (2.1), we obtain that ¢y is a constant. The normalization condition [, ¢§ dx =1
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yields ¢o = |Q|1/2, where |Q| is the area of Q. In addition, we obtain that ¢; and ¢y satisfy
Apy = pompdo, =€ Q\{xzo}; Ond1 =0, x€0Q; / ¢r1dxr =0, (2.5a)
Q

A¢2 = ulmquo + uomqul , X E Q\{l‘o} ) 6n¢2 =0, =x¢€ 69; ‘/Q (¢% + 2¢0¢2) drx=0. (2.5 b)

The matching of ¢; and ¢2 to an inner solution defined in an O(g) neighborhood of the patch at zg, as done below,
will yield singularity conditions for ¢y and ¢o as x — xp.

In the inner region near the patch centered at zy we introduce the local variables y and ¥ by

y=ecle—20), U(y)=o(xo+ey). (2.6)
Then, (2.1) becomes
_)\m+1/)7 |y| <1 )
Ay = (2.7)
0(e?), lyl > 1.

We then represent the inner approximation to the eigenfunction as
¥~ o+ vihy + VP 4 v=—1/loge. (2.8)

We substitute (2.8) and (2.3) into (2.7), and collect powers of v, to obtain that 1 is an unknown constant, and that
11 and o satisfy

—7:k 3 |y| S 17
A@/J}C = (2.9 CL)

0, lyl=1.

Here Fj, for k= 1,2 is defined by
Fir=—pom4tho,  F2 = —pomithr — pamyio (2.90)
We then calculate the solution 7 to (2.9) as
Ap? 2+ ¢, p<1,

1 = (2.10 a)

Arlogp+ 4t +41, p>1,

where p = |y|. Here 1 is an unknown constant, and A; is given by

F 1
= 71 = —5Homto (2.10b)

In addition, for the solution 5 to (2.9) we calculate its far-field behavior as

Ay

1
o ~ Aglogp+ O(1), as p— oo, AQE/ Fapdp. (2.11a)
0

We then calculate Ay by using (2.10) and (2.9 b) for Fy to get

Ay

! 2 1 A
Ag = —,u0m+/ (A1% + 1bl) pdp — = pmaty = — (T
0

5o M
5 7 + U1+ /Lo%) - (2.110)

The matching condition is that the near-field behavior as & — xo of the outer representation of the eigenfunction

must agree asymptotically with the far-field behavior of the inner eigenfunction as |y| = e~ !|z — 2| — oo, so that

G0+ v + 172 ha 4~ Yo+ vy + PPy 4 (2.12)
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Upon using the far-field behavior of ¢; and v, as given in (2.10) and (2.11) respectively, we obtain that (2.12)
becomes
G0+ V1 + 1 o+~ g + Ay +v <A1 log |z — xo| + % + 4 + A2> + 12 (Aglog |z — zo| + O(1)) . (2.13)
Since ¢y and 1)y are constants, we obtain the first matching condition that
G0 =10+ A1. (2.14)

Then, from the O(v) terms in the matching condition (2.13), we obtain that ¢; satisfies (2.5 a) subject to the
singularity behavior
A _
¢1~A110g|x—x0|+71+¢1+142, as T — g . (2.15)

We remark that the singularity behavior in (2.15) specifies both the regular and singular part of a Coulomb singularity.
Consequently, this singularity structure provides one constraint relating A1, Ao, and 1.

The problem for ¢; can be written in terms of the Dirac distribution as

Ay = pompoo + 27TA16($ - 1‘0), r e Q; Ont1 =0, x€0. (216)
The divergence theorem then yields
1
A1 = = o (poms[ Qo) - (2.17)

Next, we write the solution to (2.16) in terms of the Neumann Green’s function G(z;xz¢) as
(251 = —27TA1G(1‘; 1‘0) = Momb|Q|¢0G(1‘; 1‘0) . (218)
Here G(x;x0) is the unique solution to

1
AG:@—d(z—xo), x €Q; 0,G=0, x€0Q; /Gdz:()7 (2.19a)
Q

1
G(w;wo)N—Elog|x—xo|+R(xo;xo), as x — o, (2.19)

where R(xg;xo) is the regular part of G(z;x¢) at = zy. By expanding ¢ in (2.18) as  — z and equating the

non-singular part of the resulting expression with that of (2.15), we obtain
A _
—2m Ay R(w; 70) = 71 + 1+ Ay (2.20)

Finally, we obtain from the O(v?) terms in the matching condition (2.13) that ¢o ~ Aslog|z — 20| as x — o,

where ¢9 is the solution to (2.5 ). In terms of the Dirac mass, this problem for ¢5 can be written as
Ao = pimpdo + pompodr + 2mA26(x — z9), x € Q; On2 =0, xz €00, (2.21)
with normalization condition fQ (¢% + 2¢0¢2) dr = 0. The divergence theorem, together with fQ ¢1dxr = 0, then
yields that
2 Ay = —pimy Qo - (2.22)
The leading-order eigenvalue correction pg is obtained by combining (2.14) and (2.17), together with using A; =

—pom4tby/2 from (2.10 b). This yields that

- T™my
|Q2[my,

bo

Yo, ¢o = (1 - %) o - (2.23)
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Therefore, since ¢y = |Q|~1/2, we obtain

2 Ty
my [ Qe
Since [, mdx < 0, then my7/(|Qmy) < 1 from (2.2). Consequently, it follows from (2.24) that o > 0. Next, we
combine (2.17) and (2.22) to evaluate the ratio As/A; as Az/A; = p1/po. Upon using As /Ay = p1/po in (2.20) and
(2.11 b), we readily determine 1; and the eigenvalue correction p; as

_ A 1
1/)1 = —Tl , M1 = — <Z + 27TR($0;$0)) Ho - (225)

Qlm
= it 20, ¢o = Q|72 (2.24)

Ho = } , %o

T™m4

Finally, a two-term expansion for the eigenfunction in the outer region is obtained from (2.4) by using (2.18) for ¢;.
The corresponding two-term inner approximation to the eigenfunction is given by (2.8), where 11 is given in (2.10)
with ¥ = —A; /4. We summarize our result as follows:

Principal Result 2.1: In the limit of small patch radius, € — 0, the positive principal eigenvalue X of (2.1) has the

following two-term asymptotic expansion in terms of the logarithmic gauge function v = —1/loge:
1 2 m
A = pov — por? | = + 21 R(wo; oW?); == |1-—. 2.26
HoV — [V {4 +2m (xoailfo)] +0(v°); Ho e [ Qs ( a)

A two-term asymptotic expansion for the corresponding eigenfunction in the outer region |x — xzg| > O(e) is
¢ ~ o (1 4+ vpomp|QG(x; x0)) - (2.26 D)

Here G(z;x0) is the Neumann Green’s function of (2.19) with regular part R(xo;xg). The corresponding inner ap-
proximation to the eigenfunction, with y = e~ (x — x0) and p = |y| = O(1), is
v 28 (1= 20 ) (226 ¢)
where ¢o = |2, and 11 (p) is defined by
P14, p<t,

dilp) = (2.26 )
logp+1/4, p>1.

The eigenvalue problem (2.1) is explicitly solvable only for the special case where 2 is the unit disk with a circular
patch of radius e centered at the origin. For this special case, the solution to (2.1), which is continuous across the

patch boundary r = ¢, is

C [Io( Ampr) — Lo(Vm). Ko ( Amb?‘)} , e<r<i,
, (2.27)
C {10 (VA - 500 g rmbg)} Jo(Vomerse) o

Here Iy(z) and Ky(z) are the modified Bessel functions of the first and second kind of order zero. By imposing that
¢ is smooth across r = ¢, and recalling that J)(z) = —Ji(2), I}(2) = I1(z) and K\(z) = —K;(z), we obtain the
following transcendental equation for A:
_ [y Jo (VAamy) Ko (VAmge) I (VAmg) + Ky (vVAmg) Iy (VAmee)
m4 Jy ( )\m+) K (\/)\mba) I (\/ /\mb) — K (\/)\mb) I (\//\mbg) .

The first positive root of (2.28) is the positive principle eigenvalue of (2.1). For ¢ — 0, we expand this root as

(2.28)

A= pov + v 4, v=-1/loge. (2.29 a)
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FIGURE 2. Plot of the two-term asymptotic expansion (dashed curve) (2.29) for A versus € when Q is the unit disk with a
concentric circular patch of radius € centered at the origin. The solid curve is the eigenvalue A as obtained from the exact
transcendental relation (2.28). The parameter values are my, = 2 and m4 = 1.

By using well-known asymptotic formulae for the Bessel and Modified Bessel functions of small argument, we sub-

stitute (2.29 a) into (2.28), and equate coefficients in powers of v to obtain that
2 m
Mo——[ ——*}, =" (2.290)

For the special case where () is the unit disk containing a circular patch of radius e, we need only substitute || = 7 and
R(0;0) = —3/(87), obtained from (B.1 b) of Appendix B, into (2.26 a) of Principal Result 2.1. The resulting two-term
expansion for A agrees with (2.29). In Fig. 2 we show a very favorable comparison between the two-term expansion

(2.29) for A and the corresponding exact result obtained by finding the first positive root of (2.28) numerically.

2.2 A Single Boundary Patch

Next, we let the center xq of the circular patch be on 9. We assume that 92 is piecewise differentiable, but allow for
99 to have corners with nonzero contact angle. The boundary patch Qg, = {z ||z — 20| < epp N Q} with zg € 0N is
the portion of a circular disk of radius epg that is strictly contained within Q2. Here pg = O(1) is introduced in order
to construct a boundary patch that has the same area as an interior patch. As shown in §4.1 below, this then enables
us to compare the persistence threshold under a given fixed fQ m dx for both the boundary and interior patch cases.

In the limit ¢ — 0, and for x — zyp = O(¢g), we define wa to be angular fraction of the circular patch that is
contained within Q. More specifically, ap = 1 whenever zg is at a smooth point of 99, and ay = 1/2 when z; is at a

/2 corner of 9. The eigenvalue problem associated with this boundary patch is
Ap+Ame(x)p=0, z€ Ond =0, x€0f; /(bzdac:l, (2.30 a)
Q

where me(z) is defined as

my/e?,  x€Qeg,,
me(z) = (2.30b)
—myp, HASS Q\ng .

The condition fQ mdzx < 0 is asymptotically equivalent when ¢ — 0 to

Qo

5 (m4pd) + O(e%) < 0. (2.31)

/ mdr = —my|Q| +
Q

We assume that this condition on fQ m dx holds. Since the asymptotic calculation of A for a boundary patch is similar

to that for the interior patch case, we mainly highlight the new features that are required in the analysis.
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We first expand A as in (2.3) in terms of v = —1/loge. In the outer region, defined for |z — z¢| > O(e), we expand
the outer solution as in (2.4) to obtain that ¢¢ is a constant, and that ¢; and ¢o satisfy (2.5a) and (2.5b) in €,
respectively, with 9,¢r = 0 for x € 9Q\{xo} for k =1, 2.

Since the expansion of the inner solution is again in powers of v = —1/loge as in (2.8), we can neglect to any
power of v the effect of the curvature of the domain boundary near x = z, provided that this curvature is finite.
Consequently, when x( is at a smooth point of 92, we can approximate 9€) near x = xo by the tangent line to 9
through = = xy. Alternatively, when xg is at corner point of 0f, the inner region is the angular wedge of angle mag
bounded by the intersection of the one-sided tangent lines to 92 at x = xy. We then introduce the inner variable
y = e (x — mp) so that the inner region is the angular wedge 3y < argy < aom + o for some Bg. The favorable
habitat is the circular patch |y| < po that lies within this wedge. Since the no-flux boundary conditions 9,9 = 0
holds on the two sides of the wedge, we look for a local radially symmetric inner solution within the angular wedge.

Therefore, in the inner region, we expand the inner solution as in (2.8) and obtain that )¢ is a constant, and that
Yy for k = 1,2 satisfies

fkv |y|§P07 60§argyéﬂ'0£0+ﬂ0,
Ay = (2.32)
07 |y|ZP07 ﬁOSa’rgyS']TaO'i_ﬁO'
Here Fj, for k = 1,2 are defined in (2.9 b). The solution for 1, with p = |y|, is

2 —
A (£)+d,  0<p<po, fo<agy < Tao+ b,
= ) (2.33)
Alog (£)+ 4+, p=po, fo<agy < mag+ o,
where 11 is an unknown constant and A; = F; p2/2. For 1), we obtain that ¢ ~ Az log p as p — oco. The calculation

of Ay proceeds exactly as in (2.11 ) to obtain

_ Mo o A (A
Al— B m+p01/10, Ag— 1/}0 ( 4 +'¢1+‘u0’¢0> . (234)

The matching condition between the outer solution as x — x¢ and the inner solution for |y| = e 7!z — z¢| — oo is
given by (2.12). Upon using (2.33) for ¢ when p > 1, together with 2 ~ Aslogp for p > 1, we obtain that (2.12)
becomes

A
¢O+V¢l —|—l/2¢2+"' Ni/)O—FAl + v <A110g|$—$0| —Allogp0+ 71 —|—1/)1 —|—A2> —|—l/2 (A21Og|56—.1‘0| +O(1)) .
(2.35)
The leading order matching condition from (2.35) is that
G0 =10+ A1 (2.36)

From the O(v) terms in (2.35) and (2.5 a), we obtain that ¢, satisfies

Apy = pompdo, T € Q; Ont1 =0, x€dN{xo}; / or1dr =0, (2.37a)
Q
A _
¢>1~A110g|z—x0|—Allogp0+7l+1/)1—|—A2, as T — Xg. (237b)

Moreover, from the O(v?) terms in (2.35) and the problem for ¢o (2.5 b), we get that ¢, satisfies

Ado = pimpdo + pomppr, x € Onpa =0, x€ IN{zo}; / ((b% + 2¢0¢2) der=0. (2.38 a)
Q

P2 ~ Asloglz — x| + O(1), as x — xp. (2.38)
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Next, we apply the divergence theorem to (2.37) over Q\Q,, where Q, is a wedge of angle may and small radius
o < 1 centered at xy € 9. Imposing the singularity condition (2.37b) on |z — z¢| = o and taking the limit ¢ — 0,

we readily derive that
tomp|Qpo = —amA; . (2.39)
In a similar way, the divergence theorem applied to (2.38), and noting that fQ ¢1 dx = 0, determines As as
p1mp|Qpg = —agmAs . (2.40)
Therefore, we conclude from (2.39) and (2.40) that As/A; = 1 /o, which yields ¢); = —A; /4 from the equation for
Az in (2.34). Then, by combining (2.36), (2.34) for A;, and (2.39), we readily obtain that

o 2my|Q] 2 [ aowm+pg]

¢0 ; Ho =
QoM 4 pf mpg 2me ||

(2.41)

Since [, mdx <0 from (2.31), it follows that o > 0 in (2.41).

To solve (2.37), we introduce the surface Neumann Green’s function G (z;x¢), defined as the unique solution of

AGszﬁ, x € Q; 0nGs =0, x € 0N{xo}; /Gsdoc:O7 (2.42 a)
Q
1
Gs(z;20) ~ R log |z — zo| + Rs(zo;10), as x — xzp € 9. (2.42b)
o7

Here |Q| is the area of Q, and Rs(zg;zo) is the regular part of the surface Neumann Green’s function at x = zo.
Then, the solution to (2.37) is

¢1 = —amrAle(x;xo) . (243)

By expanding ¢1 as x — xg using (2.42 b), we equate the resulting nonsingular part of ¢1 as  — ¢ with that in
(2.37b) to obtain

A,
—Oéoﬂ'AlRS(Io; Io) = —Al log Po + 71 + 1/)1 + AQ . (244)
We then substitute ¢; = —A;/4 and As/A; = p1/po into (2.44), and solve for y; to get
1
1 = fo [log po— 7~ apmRs(Zo; :CO)] ) (2.45)

We summarize our result as follows:

Principal Result 2.2: In the limit of small boundary patch radius, € — 0, a two-term asymptotic expansion for the

positive principal eigenvalue X of (2.30) in terms of v = —1/loge is

2 [ —O‘me”g} (2.46 a)

1
A= pov — pov® | = Ry(wo;20) — 1 oW?); =
foV = pov™ | 7 + apm R4 (w05 20) ngo} +0(v7); o — 2100,

A two-term asymptotic expansion for the corresponding eigenfunction in the outer region |x — xzg| > O(e) is
@ ~ ¢do (1 4+ vpomp|QGs(z; z0)) - (2.46 D)

Here Gs(x;z0) is the surface Neumann Green’s function of (2.42) with regular part Rs(xo;xo).
The implication of Principal Results 2.1 and 2.2 for the determination of the persistence threshold is discussed in
84.1.
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3 The Persistence Threshold for Multiple Patches
In this section we generalize the analysis of §2 to treat the case of an arbitrary but fixed number n of circular patches,

each of which is centered either inside 2 or on 9f). To this end, we asymptotically calculate the positive principal

eigenvalue of

Ap+Ame(x)p=0, z€ Ond =0, x€0f; /¢2dm:1, (3.1a)
Q
where the growth rate function me () is defined by
m;/e?, r€Qe,, j=1,...,n,
me(z) = (3.10)
—myp , HANSS Q\ U?:l ng .

Here Q¢, = {z ||z — 2] <ep; N Q}, so that the patches (¢, are the portions of the circular disks of radius ep; that

are strictly inside 2. The constant m; is the local growth rate of the jth

patch, with m; > 0 for a favorable habitat
and m; < 0 for an unfavorable habitat. The constant m; > 0 is the background bulk decay rate for the unfavorable
habitat. In terms of this patch arrangement, the condition fQ mdx < 0 is asymptotically equivalent for ¢ — 0 to

n

T
/dex: —myp|Q] + §Zajmjp?+(’)(52) <0. (3.2)
j=1
We assume that the parameters are chosen so that this condition holds. The patches are assumed to be well-separated
in the sense mentioned in §1. The parameters in the growth rate are the centers z1,...,x, of the circular patches,
their radii €pq, . .., €pn, the local growth rates m, ..., m,, the angular fractions wasq, ..., ma,, of the circular patches

that are contained in €2, and the constant bulk growth rate my. Recall that a; = 2 whenever x; € €2, o; = 1 when
xzj € 002 and z; is a point where 0 is smooth, and a; = 1/2 when z; € 0§ is at a 7/2 corner of 9, etc.
To asymptotically analyze (3.1) we must incorporate both the Neumann Green’s function and the surface Neumann
Green’s function. As such, we define a generalized modified Green’s function G, (x;x;) by
G(z;xj), =, €Q,
Gm(x;z5) = (3.3a)
Gs(z;z5), x; € 09Q.
Here G(z;z;) is the Neumann Green’s function of (2.19), and G, (z; x;) is the surface Neumann Green’s function of
(2.42). Therefore, the local behavior of G, (x; z;) is
Gm(a:;a:j)N—Llog|x—zj|+Rm(:cj;xj), as T — xj, Ry (zj;25) = o) o e 8, (3.3b)
QT Ry(zj;25), x; € 0Q.
Here R(x;;x;) and Rs(z;;x;) are the regular part of the Neumann Green’s function (2.19) and the surface Neumann
Green’s function (2.42), respectively.
We now derive a two-term expansion for the positive principal eigenvalue of (3.1). We expand A as in (2.3), and
we expand the outer representation for the eigenfunction ¢ as in (2.4). Upon substituting (2.3) and (2.4) into (3.1),
we obtain that ¢o = |Q2|~/? is a constant, and that ¢, and ¢, satisfy

A¢y = pompo, =€ Q\QL; Onp1 =0, x€dQ\QP; / ¢rdr =0, (3.40)
Q

A¢2 = /leb(bo + uomqul , X E Q\QI ) 8n¢2 =0, =x¢€ 6Q\QB ) / ((b% + 2(250(]52) dr=20. (3.4 b)
Q
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n (3.4), we recall from §1 that Qf = {z1,...,2,} N Q denotes the set of the centers of the interior patches, while
OB ={21,...,2,} N0 denotes the set of the centers of the boundary patches.

th

In the inner region, near the j** patch we introduce the local variables y = e~ !(z — z;) and ¥ (y) = ¢(z; + €y).

We then expand 1 for y = O(1) by
Y ~ o + vy + V21/12j 4+, (3.5)

where 1)g; is a constant to be determined. For an interior patch with z; € Qf, we obtain that 1y, for k = 1,2 satisfy

‘ij ’ |y| < Pj s
Adpyj = (3.6)
0, |yl>pj,

where -7:13' = —[Lomj1/)0j and fgj = —uOmj1/)1j - ,U,lmjdloj. The solution for Z[}lj, with p = |y|7 is
Al]( )"’1/)137 OSPSPJ‘,

V1 = o (3.7)
Ayjlog (£) + 4 4y, p2 oy,

where ﬁlj is an unknown constant. In addition, vs; ~ Agjlogp as p — oo. The divergence theorem is used to

calculate A;; and Ay; from (3.6), as was done in §2, to obtain

Ay (A
Ayj = ——mgpﬂﬁog : Agj = B0 ( Wy + 1/103) : (3.8)
j

For a boundary patch, for which z; € QB then (3.6) holds in the wedge B; < arg(y) < B; + may, for some §; and
0 < a; < 2. For this boundary case, the constants Aq; and Ay; are also given by (3.8).

The matching condition between the outer solution as  — x; and the inner solution as |y| = ¢!z — z;| — oo is

Ay
Go+vd1+1 2P+ - ~ oy + Arj v (Au log |z — x| — Ayjlog p; + % + 11 + A2j> +1% (Ajlog |z — 2] + O(1))

(3.9)
The leading-order matching condition from (3.9) yields
¢0:w0j+A1ja .]:177” (310)
From the O(v) terms in (3.9), we obtain that ¢, has the following singular behavior as x — z;
Ay -
o1 ~ Aqjlog e — x| — A, logpj—i-%—i—wlj—i—/lgj, as T — ;. (3.11)
In addition, from the O(v?) terms in (3.9), we conclude that
(bg NAQj 10g|5€—13]|—|—0(1), as T — Tj. (312)
Next, by using the divergence theorem on the solution ¢; to (3.4 @) with singular behavior (3.11) we obtain
,uomb|Q|¢0 = —WZ ajAlj . (313)

j=1

Similarly, the divergence theorem applied to (3.4 b) with singular behavior (3.12), and noting fQ ¢1 dx = 0, yields

ulmb|Q|¢o = —WZ ajAgj . (314)

Jj=1
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By combining (3.10) and (3.8) for A;;, we obtain that

2p¢ m;p3 oo .
Yo; = —20 A= IR0y (3.15)
Ly A S
From (3.13), together with (3.15) for A;, we obtain that the leading-order eigenvalue correction pg is a root of the

nonlinear algebraic equation

mplQ| = ajm;p;
_ . (3.16)
m ; 2 —mjp3po

The properties of the roots to (3.16) are studied below following Principal Result 3.1.

Next, we write the solution ¢; to (3.4 a) with singular behavior (3.11) in terms of the modified Green’s function
Gm(z;25) of (3.3) as

(bl = —T Z OélAlsz(CC, CCZ) . (317)
i=1
Then, by expanding ¢1 as * — x; and by using (3.3 b) for the local behavior of G,,(x; x;), we obtain that
¢1 ~ Alj log |.%' — l‘jl — WajAlijjj + Bj N as T — Ty, Bj = —WZ aiAliiji N (318)
i=1
i#]

where G5 = G (245 %;). The requirement that the nonsingular terms in (3.11) and (3.18) agree yields the constraints
Ay - .
—ma;j A1 Ry + By = —Ajjlogp; + %+w1j+A2j, j=1...,n, (3.19)

where R,,j; = Rm(xj;x;) is the regular part of the generalized modified Green’s function as defined in (3.3 b).
Next, we combine (3.8), (3.15), and (3.19) to isolate As;. Then, uy is determined from (3.14). To do so, we first

solve (3.19) for v1;. Upon substituting the resulting expression for 11, together with Ay;/10; = —mjp§u0/2 from

(3.8), into (3.8) for As;, we obtain for each j =1,...,n that

ij?HO (_ Ay

D) _— — ﬂ'oszlijjj + Bj + Alj logpj - A2j> + %Alj . (320)

Agj:— 1

Upon solving this equation for As;, and using (3.18) for B;, we isolate the product a;Ag; as

2 n
My pj Ho a;Ayj P 24150
Ags = —— I 02 AR Ay log s — =221 i ALG Lo el e’ M
i e 0 B I I P PRl R b 7
i
(3.21)
Next, it is convenient to introduce a new variable k; and to rewrite Ay, of (3.15) in terms of this variable as
2
VAMP; HoK;j .
ﬁjzzjijzj, Ayj=——Léo, ji=1,...,n. (3.22)
— M;jpjHo Ve

It is also convenient to introduce the symmetric n x n Green’s matrix G,,, and the diagonal matrix P, with matrix

entries G,;; and P;; defined by

Omij = /00 Gmij, 17 ]; Omjj = jRmnjj; Pij =0, i#7; Pj; =logp;. (3.23)
In terms of k;, G, P, and the vector k = (k1,..., k)", (3.21) readily reduces to
2 Kj 2“1”?
o Azj = —pgdok; | (gm”)j - (P“)j + AT T2 b0, (3.24)
m;p3
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where (Pr); and (Gmk); denote the jth component of the vectors Pk and G, x, respectively.

Finally, we substitute (3.24) into (3.14), and solve the resulting expression for y; to obtain

Q no92k2 1
mp| €] _Z ’%2 — 2 {ﬁt (7Gm —P)I{+—I$t1€:| . (3.25)

T = mip; 4

The left-hand side of (3.25) is simplified by using the equation (3.16) for ug to obtain

mb|Q| . = 2 2mjp2
> 2, G o) lmjf’j "G mm) |
j=1 Jpa j:l —mjp] — MjpjHo
" m2p4
Z fo ]p; = —pok'K. (3.26)
j=1 2_m]p],u’0) (Z_meJ,UO)

This determines g1 from (3.25) in terms of a Rayleigh-type quotient. We summarize our result as follows:

Principal Result 3.1: In the limit of small patch radius, € — 0, the positive principal eigenvalue X of (3.1) has the

following two-term asymptotic expansion in terms of the logarithmic gauge function v = —1/loge:
K (G — Pk 1
A= MoV — ,u,oV2 (T + Z) + O(VS) . (327)

Here ug > 0 is the first positive root of B(up) = 0, where B(uo) is defined by

n 2
a;m;p?
B(uo) = —mp|Q + 7 E 0

—_ 3.28
= 2—m;piuo (3.28)

In (3.27), k = (K1,...,kn)", where k; is defined in (3.22), while G,, and P are the n x n matrices as defined in

(3.23). In addition, a two-term expansion for the outer solution is given by

¢ ~ ¢o 1+V7ruoz\/_nj (z325) | - (3.29)

Jj=1
Next, we show the existence of a unique root pg to (3.28) on a certain interval with ug > 0 to be determined.
Since [, mdz < 0 from (3.2), it follows that B(0) < 0 from (3.28). In addition, B(ug) — +o0 as po — 2/(myp?%)

from below, where m jp? is defined by
mypy = max{m;pj|j=1,...,n}. (3.30)
my

There must be at least one j for which m; > 0, so that (3.30) is attained at some j = J. Moreover, (3.28) readily
yields that B’ (o) > 0 on 0 < po < 2/(myp%). Therefore, there exists a unique root po = u§ on 0 < po < 2/(myp%)
to B(uo) = 0. The corresponding leading-order eigenfunction in the inner region, t;, satisfies ¥g; > 0 from (3.15).
Therefore, pf is the leading-order term in the asymptotic expansion of the positive principal eigenvalue of (3.1).
Although the required root to (3.28) must in general be computed numerically, there are two special cases where
it can be found analytically. In the symmetric case where m; = m. and p; = p. for j = 1,...,n, then, the root of

(3.28) is simply

2 wasmch 2
= 1-— £ s = - 3.31

Mepe

In addition, if there are only two types of patches, such as mjpj = mep? for j=1,...,n—1and myp?, then (3.28)

reduces to a quadratic equation for ug, which can be solved explicitly.
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Finally, we remark that our asymptotic analysis leading to Principal Result 3.1 has two limitations. Firstly, it is
valid only when all interior or boundary patches are well-separated in the sense that |z; — z;| > O(e) for ¢ # j.
Therefore, if we allow the distance between any two interior patches to depend on €, our analysis is not valid for the
case where this distance is O(g). The case of two interior patches with an O(g) center-to-center separation leads to
an inner patch problem that does not appear to be tractable analytically. In addition, in our analysis we required

that all interior patches are not too close to the boundary, in the sense that |z —z;| > O(e) for z; € Q! and z € 9.

4 The Effect of Fragmentation and Location of Resources on Species Persistence

In this section, the formulae derived in §2 and §3 for the persistence threshold, A(e), are used to determine the optimal
strategy for distributing a fixed quantity of resources in some domain where favorable and unfavorable patches may

already be present. The constraint that the resources being distributed are fixed is expressed mathematically by

T n
—-mp|Q + = Zajmjp§ +0(?) = / mdr = —K (4.1)
2 = Q
where K > 0 is kept constant as my, or a;j, m;, and p;, for j = 1,...,n are varied.

4.1 The Persistence Threshold for One Patch

We first consider the case of one favorable habitat. For an interior patch of area me?

, we recall that A is given in
(2.26 a) of Principal Result 2.1. For a boundary patch of the same area, we must set Tage?p3/2 = 72 in (2.46 a) of

Principal Result 2.2. Thus, po = 1/2/a0, so that (2.46 a) becomes
1 1 2 Qg ™M
A= pov — por? | = Ry(z0:20) — = log [ = )| + O0?): =20 - . 4.2
pov = pov | 3 aomlts(oi zo) = 5 log (aoﬂ tO): w my { |Q|mb] 2

By comparing the leading-order O(v) terms in (4.2) and (2.26 a), and noting that ay < 2 for a boundary patch, we

obtain the following main result:

Principal Result 4.1: For a favorable habitat of area w2, the positive principal eigenvalue \ is always smaller for

a boundary patch than for an interior patch. For a domain boundary with corners, A is minimized when the boundary
patch is centered at the corner with the smallest corner contact angle may, as opposed to a patch on the smooth part
of the boundary, only if ag < 1. For a domain with smooth boundary, for which ag = 1 for any xog € OS2, then A
in (4.2) is minimized when the center xo of the boundary patch is located at the global mazimum of the regular part
Rs(zo;x0) of the surface Neumann Green’s function of (2.42) on 0.

We remark that the condition ag < 1 in the second sentence of Principal Result 4.1 is necessary since one can
readily construct a nonconvex domain with a boundary that has exactly one corner, with this corner being re-entrant,
i.e. with corner contact angle larger than w. For a square, Principal Result 4.1 shows that the best choice for the
favorable habitat is to concentrate resources near one of the four corners of the square. However, for a domain 2 with
a smooth boundary 99, it is not clear whether the maximization of Rs(zo; o), as required to minimize A, has an
obvious geometrical interpretation. When (2 is a smooth perturbation of the unit disk, we now examine whether the
global maximum of R4(xo;xo) must necessarily coincide with the global maximum of the curvature of the boundary.
To do so, we require the following result of [20] determining the critical points of Rs(zg;xo) for domains that are
smooth perturbations of the unit disk:

Principal Result 4.2: [From [20]]: Let Q be a smooth perturbation of the unit disk with boundary given in terms
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of polar coordinates by

r=r(@)=1+0d0(0), o(f) = i (an cos(nd) + by, sin(nh)) , Ik 1. (4.3)

n=1
We assume that () is 2w periodic and is at least C? smooth. Let xq = x0(0p) = (ro cos o, rosinby) be a point on

the boundary where ro =1+ do(0y). For x € 0Q we define

p(0) = Rs(x;20)  and  p(6o) = Rs(2o;20) (4.4)
where Rg(x;x0) is the reqular part of the Green’s function defined by

R(x;20) = Gs(z;20) + %log |z — o], z€R. (4.5)

Then, for § < 1, p'(0y) satisfies

p'(00) = 9 (n® +n —2) (b, cosnby — a, sinnby) + O(5?). (4.6)
T
=1

The proof of this result was given in [20]. For the convenience of the reader this proof is given in Appendix A.
We first take the domain boundary to be r = 1+ 6 sin(26), so that p’(6g) = 467! cos(26p) from (4.6). In contrast,
for 0 < 1, we calculate the curvature of the domain boundary as
2 2 2
K(0) = W# ~1—=6(0+ 0s9) + O(62). (4.7)
(r2+73)

Therefore, for r = 1 + 4 sin(26), we obtain that
2
p(0) = 2 sin(26) + C, k(0) =1+ 36sin(260), (4.8)
7T

where C' is some constant. For this example the global maxima of p and k over 0 < # < 27 do coincide, and are
attained at § = 7/4 and 6 = 57 /4.
Next, we use Principal Result 4.2 to establish the following result:

Principal Result 4.3: The global mazimum of Rs(xo,xq) for xg € I does not necessarily coincide with the global

mazimum of the curvature k() of the boundary of a smooth perturbation of the unit disk. Consequently, for e — 0,
the persistence threshold \(e) from Principal Result 2.2 is not necessarily minimized when the center of the circular
patch is located at the global mazimum of the curvature of the smooth boundary OS2.
To prove this result we take ag =1, bg = b, with a,, = 0 for n # 2 and b,, = 0 for n # 3 in (4.3), so that
() = cos(20) + bsin(30) . (4.9)

For ¢ < 1, we use (4.7) for the curvature s of 99 to calculate

k=1+08[3cos(20) +8bsin(30)],  K'(0) = —60 [sin(20) — 4bcos(30)] , K" (0) = —126 [cos(20) + 6bsin(36)] .
(4.10)
From (4.6) we calculate p’(0) and its derivative as
0'(0) = b {sin(%) - %bcos(?)e)} ) p"(0) = & |:COS(29) + 1751) sin(30)| .
T T

Therefore, in terms of an unknown constant C, we obtain that

p(0) = 9 [2 cos(20) + %Ob Sin(39)] +C. (4.11)

™
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We observe that § = 7/2 and 6 = 37/2 are the only two critical points shared by k and p. The nature of these local

extrema depend on the values of

K (1/2) = 126(1+6b), p” (n/2) = 8 (1 + 17519) . K (3m/2) = 126(1 —6b), p"(37/2) = 8 (1 - 1—5b) .

T T 4

Therefore, when b is chosen to satisfy —4/15 < b < —1/6, then r has a local maximum while p has a local minimum
at @ = 7/2. Similarly, for this range of b, k has a local minimum while p has a local minimum at 6 = 37 /2.

Since the only critical points shared by s and p are local minima of p, we conclude that the absolute maximum
value of p occurs at a point where &’(6) # 0. Therefore, in general, the point(s) where the absolute maximum value
of p is attained do not coincide precisely with the maximum curvature of the boundary of the domain. In Fig. 3(a)
we plot the domain boundary when 6 = 0.1 and b = —1/5. In Fig. 3(b) we plot p(f) — C and k(0) — 1 from (4.11)
and (4.10), respectively, for § = 0.1 and b = —1/5 showing that the global maxima of p and x — 1 occur at different,
but nearby, locations.

In §3.3 of [20] a boundary element method (BEM) was formulated and implemented to numerically compute the
regular part of the surface Neumann Green’s function for an arbitrary bounded two-dimensional domain with smooth
boundary. In Fig. 4 we show a very favorable comparison between full numerical results for p(#) and the perturbation
formula (4.11) for § = 0.1 and b = —1/5. The constant C' in (4.11) was fitted to the full numerical results at 6 = 0.

This figure provides a numerical validation of our perturbation result (4.11).

05

-0.5

(a) perturbation of the unit disk (b) k(0) — 1 and p(0) versus

FIGURE 3. Left figure: plot of the unit disk (dashed curve) and the perturbed unit disk (solid curve) with boundary r =
1+ 6 (cos(26) + bsin(30)), where § = 0.1 and b = —1/5. Right figure: plot of the curvature perturbation «(6) — 1 (solid curve)
and the regular part p(6) of the surface Neumann Green’s function defined in (4.11) (dashed curve) with C' = 0. The absolute
maximum of x — 1 and p are observed to occur at distinct, but nearby points, as indicated in the figure.

We conjecture that the relationship between the maximum of the boundary curvature and the location of the
favorable habit that yields the minimum value of A for a fixed fQ mdx < 0 is qualitatively similar to that for steady-
state bubble-type transition-layer solutions for the Cahn-Hilliard model studied in [8]. In this latter context, it was
shown from variational considerations in [8] that the minimal-energy bubble solution attaches orthogonally to the
domain boundary at two points, with the global maximum of the boundary curvature located somewhere between
these two points. The transition layer associated with this bubble solution is the arc of a circle connecting these

two attached boundary points. Similarly, for our boundary patch problem, we expect that for £ small but fixed, the
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BEM Solution with 128 elements
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FIGURE 4. Plot of p(f) = R(z0(0),z0(0)) computed by the BEM method (heavy solid curve) and the perturbation formula
(4.11) (dashed curve) versus /7 for a domain with boundary r = 1 + 4 [cos(26) + bsin(30)] with § = 0.1 and b = —1/5. The
curvature perturbation x(6) — 1 is given by the dotted curve.

maximum boundary curvature is located somewhere along the curved boundary segment that connects the points

where the circular patch intersects the boundary, but is not necessarily at the midpoint of this segment.

4.2 Multiple Patches and the Effect of Fragmentation

Next, for a fixed value of the constraint in (4.1), we consider the effect of both the location and the fragmentation
of resources on the leading-order term, pg, in the asymptotic expansion of A in (3.27) of Principal Result 3.1. The
analysis below leads to three specific qualitative results. The following simple lemma is central to the derivation of
these results:

Lemma 4.4: Consider two smooth functions C ;4(¢) and Cnew(() defined on 0 < ¢ < u%d and 0 < ¢ < phew
respectively, with C ,;7(0) = Cnew(0) < 0, and C,;4(¢) — +oo as ( — ,u%d from below, and Cpew(() — 400 as
¢ — ule from below. Suppose further that there exist unique roots ( = ugld and ¢ = pl" to Cp1a(¢) = 0 and

Cnew(¢) =0 on the intervals 0 < ¢ < u%d and 0 < ¢ < uteY, respectively. Then,

o Case I If pleW < 10 4nd Chey(C) > C1g(€) on 0 < ¢ < pupt™, then pltv < ulld.
o Case II:  If pl€%W > 19 on Cren(C) < Ca(¢) on 0 < ¢ < 19l then pfew > 90k,

The proof of this lemma is a routine exercise in calculus and is omitted. We now use this simple lemma to obtain
our three main qualitative results.

First, we suppose that the center of the j th patch of radius ep; with associated angle ma; is moved to an unoccupied
location, with the new patch having radius epy, and associated angle way,. To satisfy (4.1), we require that ajmjp? =

agmips. The change in B(¢), with B(¢) as defined in (3.28), induced by this action is

Bnew(() - Bold(o =

_ mowmipi  TOmip (O‘j) s (j — ) - (4.12)
2—(mppp 2 Cmyp; ( !

ar) (2= Cm;p?) (2 = Cmip?)
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Recall from §3 that B)q(¢) = 0 has a positive root ¢ = ,ugld

in (3.30).

on0< (< u?rlld =2/(myp%), where mp?% was defined

Assume that o; > oy. For instance, this occurs when the center of an interior patch, for which «; = 2, is moved
to a smooth point on the domain boundary, for which ay = 1. First, suppose that the patches are favorable so
that m; > 0 and my > 0. When a; > oy, it follows from the constraint ajmjpf = apmyp; that mepi > mjpf,
and so the first vertical asymptote for Bnew(() cannot be larger than that of B;q(¢). Consequently, we define
mrps. = max{m p%, mypt}, and from §3 we conclude that there is a unique root ¢ = u§*V to Bnew(¢) = 0 on
0 < ¢ < phY = 2/(mip%). Since ™ < pOM and (4.12) shows that Bnew(¢) > Byyq(¢) for 0 < ¢ < pli€W, then
Case I of Lemma 4.4 proves that puHV < ,ug’ld. Alternatively, for the situation where habitats are unfavorable, so
that m; < 0 and my, < 0, then the first vertical asymptotes of B;4(¢) and Bnew(¢) must be the same, since these
asymptotes are defined only in terms of the favorable patches. For this case, (4.12) again shows that Bpew(() >

B1q(¢) for 0 < ¢ < 2/(myp%). Case I of Lemma 4.4 then establishes that ¢V < pQld. [ ]

Therefore, we conclude that moving the center of an interior patch to a point on the domain boundary will decrease
the leading-order term p in the asymptotic expansion of the principal eigenvalue A in (3.27) of Principal Result 3.1.
Moreover, for a convex domain with piecewise smooth boundary, Qualitative Result I together with Principal Result
4.1 shows that uo will be reduced the most by the movement of an interior patch to a non-smooth boundary point
with the smallest corner contact angle. Since this patch was chosen arbitrarily, it is clear that pg is minimized by the

placement of all interior patches to the boundary of the domain. We interpret this result qualitatively as follows:

Qualitative Result I. The movement of either a single favorable or unfavorable habitat to the boundary of the

domain is advantageous for the persistence of the species.

Next, we consider the effect of fragmentation on species persistence. More specifically, we consider the effect of
splitting the i*" patch, of radius ep; and growth rate m;, into two distinct patches, one with radius ep; and growth
rate m;, and the other with radius epy, and growth rate my. The condition m;p? = mjpf +myp3 is imposed to satisfy
the constraint (4.1). We assume that a; = a; = o, so that we are either splitting an interior patch into two interior
patches, or a boundary patch into two boundary patches, with each boundary patch centered at either a smooth
point of 9 or at a corner point of 92 with the same contact angle. This action leads to the following qualitative

result:

Qualitative Result II: The fragmentation of one favorable interior habitat into two separate favorable interior

habitats is not advantageous for species persistence. Similarly, the fragmentation of a favorable boundary habitat into
two favorable boundary habitats with each either centered at either a smooth point of OS2, or at a corner point of
00 with the same contact angle, is not advantageous. Finally, the fragmentation of an unfavorable habitat into two

separate unfavorable habitats increases the persistence threshold ).

We prove this result for a;; = a; = o, as follows. First, consider the case where we are fragmenting one favorable
habitat into two smaller favorable habitats. Then, m; > 0, m; > 0, and my > 0. For the original patch distribution,
it follows from §3 that B;4(¢) = 0 has a positive root ¢ = u(o)ld on0< (< u%d = 2/(myp?), where mjp?% was
defined in (3.30). Since, clearly, the first vertical asymptote for Bnew(¢) cannot be smaller than that of B4(¢)
under this fragmentation, it follows from §3 that Bnew(¢) = 0 has a positive root ¢ = uf*V on 0 < ¢ < phtW with

YW > u%d. From (3.28), we then calculate under the constraint m;p? = mjpf + myp; that the change in B(()
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induced by this fragmentation action is

o 2 2 2
B My pj TQMEPy, OGN PF
Buew(€) = Bold () = 560 00 T @ cmipd) ~ @ Cmnag®)

_ —moad (mypimapy) [(2 = Cmypj) + (2 — Cmupi) ] (4.13)
(2 = ¢mip?) (2 — Cmyp?) (2 — Cmyp?) S

Hence, from (4.13), we have that Bnew (¢) < Bjq(¢) on 0 < ¢ < ,u%d = 2/(myp%). Since, in addition pupeW > ,u%d,
it follows from Case II of Lemma 4.4 that p§%V > ,ugld. This proves the first two statements of Qualitative Result
II.

To prove the final statement of this result, we suppose that we are fragmenting an unfavorable habitat into two
smaller unfavorable habitats, so that m; < 0, m; < 0, and mj, < 0. For this situation, the first vertical asymptotes of

old

B1q(¢) and Bnew(¢) are the same, and (4.13) again shows that Bpnew(¢) < Bgjq(¢) on 0 < ¢ < p$h® = 2/myp3. By
old

Case II of Lemma 4.4, we conclude that pf*V > '@ which proves the last statement of Qualitative Result II. W

The combination of Qualitative Results I and II show that, given some fixed amount of favorable resources to
distribute, the optimal strategy is to clump them all together at a point on the boundary of the domain, and more
specifically at the corner point of the boundary (if any are present) with the smallest contact angle less than 7
degrees. This strategy will ensure that the value of ug, and consequently the leading-order term for A, is as small as
possible, thereby maximizing the range of diffusivities D in (1.1) for the persistence of the species.

Our final qualitative result addresses whether it is advantageous to fragment a single interior favorable habitat into
a smaller interior favorable habit together with a favorable boundary habitat. To study this situation, we introduce
the constraint

ay
mip; = m;p; + 7mkpi : (4.14)

with a; = a; = 2, and a; < 2. The subscript i represents the original interior habitat, whereas j and k represent
the new smaller interior habitat and new boundary habitat, respectively. It is not clear apriori whether this action is
advantageous, given that fragmentation of a favorable interior habitat into two favorable interior habitats increases
the persistence threshold A, but the relocation of a favorable interior habitat to the boundary decreases A. A sufficient

condition to treat this case, together with two additional related results, are summarized as follows:

Qualitative Result III: The fragmentation of one favorable interior habitat into a new smaller interior favorable

habitat together with a favorable boundary habitat, is advantageous for species persistence when the boundary habitat

is sufficiently strong in the sense that

4
myps > o mjp? > 0. (4.15)

9 _
Such a fragmentation of a favorable interior habitat is not advantageous when the new boundary habitat is too weak

in the sense that
0 < mrpi < myp; . (4.16)

Finally, the clumping of a favorable boundary habitat and an unfavorable interior habitat into one single interior

habitat is not advantageous for species persistence when the resulting interior habitat is still unfavorable.
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To prove this result, we first impose the constraint (4.14), and then calculate from (3.28) that

21m ;i p? TaEMEPs 2mm; p?
B - B — IFg k_ i ,
new(Q) = Bold ) = o 7 T @ Cmupd) @ )
_ Bk aa B N
T 2-(B)2—B)2— B [ AB; + (2 — a)Br + (B; (6] + 5 5k)} ) (4.17 a)
mog Pk o, Bk
— —B;(2 - CB; —8;) - ¢ 175
Cpren sreTcmren ] ECICEIIFECR AR SURYS)) IR
where we have defined §; = mip;, B; = m;p3, and Br = mypp. There are three parameter ranges of interest,

corresponding to the three statements in Qualitative Result III.
We first suppose that 3; > 0 and Gy > ﬁﬁj > 0. Then, from (4.14), it follows that §; > §;, and
(2 — Oék) 1

(a3 75
ﬁi<Tﬁk+76k:ﬁk_§(1_7)ﬁka

so that 3; < B since 0 < ay < 2. It then readily follows that the first vertical asymptote phvW and u%d for Bnew (¢)
and Byq(€), respectively, must satisfy ppt" < u%d. Furthermore, it follows from (4.17 a) that Bnew(¢) > Bg)q(¢)
on 0 < ¢ < pheW. Consequently, Case I of Lemma 4.4 ensures that pui¢V < u(o)ld. This establishes the first statement
of Qualitative Result III.

Secondly, we suppose that 5, > 0 and 8; > Or > 0. Then, from (4.14), it follows that 5, > §;, and §; >
B+ awfr/2 > B since 0 < ay, < 2. The condition that 8; > 8, and 3; > () ensures that the first vertical asymptotes
of Bnew(¢) and B 4(¢) must satisfy pq™ > u%d. Furthermore, it follows from (4.17 b) that Bnew(¢) < Bgq(¢) on
0< (< ,u%d. Consequently, Case II of Lemma 4.4 yields that ug’ld < pud®W. This establishes the second statement

of Qualitative Result III.
Finally, we suppose that 3; < 0, B > 0, and 3; = 3; + axfk/2 < 0. Then, since §; < 0, it follows that the

first vertical asymptote u%d for B1q(¢) cannot occur from the ith

patch. The condition (; > 0 then ensures
that pheW < u?rlld, where pheW is the vertical asymptote of Bpew((). Furthermore, it follows from (4.17 a) that
Bnew(¢) > Byq(¢) on 0 < ¢ < ppy ™. Consequently, Case I of Lemma 4.4 establishes that ugld < p§€V, which

proves the final statement of Qualitative Result III. |

As a remark, we now give an interpretation of the first statement of Qualitative Result III in terms of the areas
of the patches for the special case where m; = my = 1. Then, from (4.15) it follows that the fragmentation of a
favorable interior habitat is advantageous when the area 24, = 7T52pi /2 of a new favorable habitat centered at a
smooth point of the boundary is at least twice as large as the area e24; = ne? p? of the new smaller favorable interior
habitat. If the new boundary habit is located at a m/2 corner of the domain, for which aj = 1/2, then a sufficient
condition for this fragmentation to be advantageous is when the area ratio satisfies Ay/A; = pi/(4p3) > 2/3.

We now give a specific example to illustrate Qualitative Results I-TII.

Example I: (The Unit Disk): Let Q be the unit disk for which the Neumann Green’s function and its regular part

are explicitly available (see (B.1) and (B.2) of Appendix B). We will compare the two-term asymptotic formula for
A in (3.27) of Principal Result 3.1 for three different arrangements of favorable resources inside Q with m;, = 2 and
m; =1 for j =1,...,n. For each of the three arrangements below, we have fixed the common value fQ mdxr = —
for the constraint in (4.1). First, we consider clumping the favorable resources into one interior patch centered at the

origin of radius €. Then, we substitute m4 = 1, my = 2, |Q| = 7, and R(0;0) = —3/(8n) from (B.1b) of Appendix
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B, into (2.26 a) to get
A~ v+12)2, (interior patch), (4.18)
where v = —1/loge. Next, consider the optimal case where the favorable resources are all concentrated at a patch of
radius v/2¢ that is centered on the boundary of the unit disk. Since  is a disk, any such boundary point z¢ yields the
minimum value of \. For this case, we substitute my = 1, mp = 2, || =7, ag = 1, po = v/2, and Ry(wo;20) = 1/(87)
from (B.2) of Appendix B, into (2.46 a), to obtain

v 2
A~§_?(§‘ b
14 |
o I
A 06 f
0.4 /
02 F |
U‘U I ‘ ‘ | 0.4 | | | ‘
0.00 0.02 0.04 0.06 0.08 0.10 0.0 0.2 0.4 06 — |
E P1
(a) X versus (b) po versus pp

FIGURE 5. Example 1: Choose my = 2, and m; = 1 for j = 1,...,n, in the unit disk with fﬂmdac = —m. Left figure: A
versus ¢ for three different cases: a single boundary patch (4.19) (heavy solid curve); a single interior patch centered at the
origin (4.18) (solid curve); four small patches equally spaced on a ring of radius r = 0.5 (4.20) (dashed curve). The boundary
patch gives the smallest A, followed by the non-fragmented interior patch solution. Right figure: the leading order coefficient
uo versus p1 from (4.21 b) for the partial fragmentation of an interior patch of radius € into a smaller interior patch of radius
ep1 together with a boundary patch of radius epg, while maintaining fQ mdx = —mn. The bullets indicate the bounds from

(4.15) and (4.16) of Qualitative Result III. Fragmentation is advantageous only when p1 < 4/2/5.

Next, we suppose that n favorable patches of a common smaller radius £/+/n have centers at the equally spaced
points x; = 7e?™/" on a ring of radius r < 1, where i = y/—1. In this case, we set my, = 2, || = 7, m; = 1,
p; =1/y/n,and a;j =2 for j =1,...,n,in (3.31) for uo and (3.27) for A. In this way, we get 1o = n, and that (3.27)

reduces to

1 1 2
A~ nv —nv? (qn(r) + 3 logn + Z) ) gn(r) = n—gpn(r) , (4.20 a)
where p,(r) = netG™Me. Here e = (1,...,1), and GV is the n x n Neumann Green matrix with matrix elements

(Q(N))ij = G(z;;x;5) for ¢ # j and (Q(N))jj = R(z;;z;), where G(z;;x;) and R(z;; ;) are the Neumann Green’s
function of (2.19), given explicitly for the unit disk in (B.1). For n equally spaced patch centers on a ring of radius
r < 1, pp(r) can be calculated explicitly, and is given in Proposition 4.3 of [15]. In this way, we obtain that ¢, (r) in
(4.20 a) is given explicitly by
3 1 1
2 n—1 2n
—Z—Elog(m“ )—Elog(l—r ) (4.20b)

In Fig. 5(a) we compare the three different two-term expansions for A\ versus e, given in (4.18), (4.19), and (4.20)

gn(r)y=r

with n = 4 and ring radius r = 1/2, representing the three different spatial arrangements of favorable resources. In
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agreement with our predictions in Qualitative Results I and II, the best choice is to concentrate resources on the
boundary of the domain, while clumping resources at the center of the domain provides a better alternative than
fragmenting the favorable resources into four separate patches on a ring.

Next, we illustrate Qualitative Result III. We consider fragmenting a single interior patch solution of radius e
centered at the origin into a boundary patch of radius epg and a smaller interior patch of radius €p;, while maintaining
fQ mdx = —m. Thus, we require that py and p1, with 0 < p; < 1, satisfy the constraint

1
1=pi+ 5p3. (4.21 a)

As remarked following (3.31), for a two-patch problem (3.28) reduces to a quadratic equation. We obtain that
2 2 2 549 34
uopt (1= p%) + o ( =2+ 501 — 51 ) +1=0. (4.21b)

Notice that g = 1 when p; = 1, and po = 1/2 when p; = 0, as expected. A plot of the smallest root to (4.21 b)
versus p; is shown in Fig. 5(b). The bound (4.16) in Qualitative Result III states that the partial fragmentation
of the interior patch into a boundary patch is undesirable when p; > pg, which yields p; > \/2/_3 from (4.21 a).
Alternatively, (4.15) together with (4.21 a) shows that such a fragmentation is advantageous when p; < 1/+/3. These
two bounds are shown by the bullets in Fig. 5(b). For this simple two-patch case, we can readily show from the exact
result (4.21b) that po =1 when p; = \/2/_57 or equivalently pg = \/6/_5 Thus, fragmentation is advantageous when
P < \/2/_5, or equivalently py > \/6/_5
Finally, we illustrate Qualitative Result III for the case where the unit disk has one pre-existing favorable interior
patch of radius € and growth rate my = 1, together with one pre-existing unfavorable interior patch of radius e
and growth rate m_ = —1. We then introduce an additional favorable resource with local growth rate my = 1 that
can occupy an area £2A if it is separated from the other two patches. We choose the bulk decay rate as m; = 3.
We then compare three different options for using this additional favorable resource, subject to the constraint that
fQ mdx = —3m + Ao remains fixed. If we concentrate the additional favorable resource at a smooth point on the
boundary, then from (3.28) po satisfies
1 1 Ag/m
—3+2(2_N0—2+u0>+1_M00{40/W_0. (4.22 a)

Alternatively, if the additional favorable resource is used to strengthen the pre-existing favorable interior patch, then

from (3.28) o satisfies
2pi 2
2—pipo 2+ po

Finally, if the additional favorable resource is used to diminish the strength of the unfavorable pre-existing interior

3+

0, pi=1+A/7. (4.22b)

patch, then po satisfies

2 m_

3+

=0 _=—14+A . 4.22
o T =™ + Ao/m (4.22¢)

In Fig. 6 we plot the three curves for po versus Ag/m as obtained from (4.22 a)—(4.22 ¢). A zoom of Fig. 6(a) for a
subrange of Ag/7 is shown in Fig. 6(b). We conclude that inserting a favorable boundary patch is preferable only
when it has a sufficiently large size, and that if one only has a limited amount of an additional favorable resource it
is preferable to re-enforce the pre-existing favorable habitat. In addition, Fig. 6(b) shows that it is not optimal for

any range of Ao/ to use the additional favorable resource to mitigate the effect of the unfavorable interior patch.
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FI1GURE 6. Example 1: Choose m, = 3 and consider a pre-existing patch distribution of one favorable interior patch of local
growth rate my4 = 1 and radius € and an unfavorable interior patch of local growth rate m_ = —1 and radius €. Assume that
we have an additional favorable resource of local growth rate mo = 1 that can occupy an area €Ay if it separated from the
two pre-existing interior patches. We plot uo versus Ao/m when the additional resource is on the domain boundary (4.22 a)
(heavy solid curve), when it is used to re-enforce the existing favorable interior patch (4.22 b) (solid curve), and when it is
used to mitigate the effect of the unfavorable interior patch (4.22 ¢) (dashed curve).

4.3 Optimization at Second Order

The minimization of A in (3.27) is typically accomplished from the optimization of the coefficient g of the leading-
order O(v) term in its asymptotic expansion. However, in certain degenerate cases, such as if a fixed distribution of
interior patches is already present in the domain, the problem of optimizing the persistence threshold A can require a
careful examination of the coefficient u; of the O(v?) term in the asymptotic expansion of A in (3.27). The coefficient
p1 has an explicit dependence on the patch locations and accounts for interaction effects between the patches. An
optimization problem of this type occurs in choosing the best location to place an additional favorable resource in a
square domain. If this resource is sufficiently strong, then to minimize p it should be centered on the boundary of the
square at a m/2 corner, and should not be used to strengthen a pre-existing favorable interior patch. In the situation
where no other interior patches are present, each of the four corners of the square offers an equally good location to
concentrate resources. However, if a distribution of fixed patches is already present in the domain, the best choice of
corner to place an additional favorable patch is not clear apriori, and will depend on the spatial configuration of the
fixed pre-existing patch distribution. In this case, the information required to make the optimal choice is provided
by w1, which takes into account the interaction between the patches.

To formulate this restricted optimization problem, we let z; for j = 1,...,n be the fixed pre-existing configuration
of the centers of n circular patches in the interior of the domain with local growth rates m; for j =1,...,n, where
m; is either positive (favorable habitat) or negative (unfavorable habit). We then introduce a new favorable habitat,
and we assume that pg is smallest when this additional habitat is located on the boundary of the domain. We then
consider the problem of determining the optimal boundary location, z(, of the center of one additional circular patch
of radius epg and local growth rate mg > 0 and angle may. We showed earlier that to optimize pg, xg should be
centered at a boundary point with the smallest contact angle mag. In degenerate situations where this point is not
uniquely determined, we must optimize the coefficient of the O(v?) term in (3.27). To do so, we label z, 11 =

and block the (n + 1) x (n + 1) matrices in (3.27) into an n x n block, labeled by G,, and P, representing the fixed
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patch distribution, and a term p(x) representing the interaction of the fixed patch distribution with the additional

favorable resource. This determines p; in (3.27) as

" (P —7Gm) k + K log po — Wp(xo))

4.23
k'K + K3 ( @)

1 ®

P=to{—7 +
In terms of the fixed distribution of patches, kK = (k1,...,Kn)", where k; for j =1,...,n is defined in (3.22), while
Gm and P are the n X n matrices as defined in (3.23). The scalar p(xg) in (4.23 a), representing the interaction of

the additional favorable boundary patch, centered at xg, with the fixed patch distribution is given by

n 2
\/ Comop,
p(zo) = aoﬁng(xo;xo) + 22 Vo Kok G (253 0) , Ko = 702 , (4.23b)
= 2 — pomopy
where a; = 2 for j = 1,...,n. From (3.28), the leading-order coefficient p in the asymptotic expansion of X is the

smallest positive root of

n 2
Jozm; pA _
—mb|Q|—|—7T\/Ozolio+7T E ‘/Oéjlij:(), Kj5—2_;0n;;27 =1
IFg

j=1

Seey T (4.24)
The minimization of the persistence threshold A corresponds to determining the location of the maximum of p(z)
for xg € 9. We now illustrate the problem of maximizing p(xo) for two specific examples.

Example 2: Pre-Existing Patch Distribution (Unit Disk): We first let Q be the unit disc and zo € 99, for

which ¢ = 1. Since zy € 99, then G, (x;;x0) = Gs(xj;20) and Ry, (xo;x0) = Rs(xo; o) are the surface Neumann
Green’s function and its regular part given explicitly in (B.2). Now consider placing the centers z; for j =1,...,n
of the fixed patches on a ring of radius r so that ; = rexp (2mij/n) and a; =2 for j =1,...,n, with 0 <r < L.
Then, from (4.23 b) and (B.2), and with oy = 1, we obtain

2 n 2
K} T 1 9
p(xzo) = 8—7T+2m0j;,/ajnj [E & %logbcj — Zo] } ,
2 n n
K Ko 9 1 \/5,%0 9
_8—71_—1—%(7“ _E)Zl\/a_jﬁj_Tzlﬁjloglxj_m(J' :
j= i=

K2 Ko 1 V2ko
=24 7 (7“2 - —) (my — ko) — z;ﬁj log [ — xo|?, (4.25)
=

2 T
where in the last equality we have used the identity Z?Zl JaKj =myp — Ko from (4.24). Finally, we write zq = e

and calculate the logarithmic interaction term in (4.25) to get p = p(6p), where

z 1 2K 27
p(6o) = o4 R (T2 - —) (my — Ko) — V2ho an log <r2 +1—2rcos (90 - %)) . (4.26)
j=1

81t or 2 ™

We now determine the location of the maximum value of p(fy) in (4.26), corresponding to the optimum location to
insert the additional favorable resource on the boundary of the unit disk.

We first suppose that m; = m, for j =1,...,n, so that x; = k. for j =1,...,n. Then, we write (4.26) as

2 n .
_m ko (2 LY V2hone _ 24 _ 2
p(bo) = o + 5 (r 2) (my — Ko) - x(6o), x(6o) = Zlog [7‘ +1—2rcos (90 - . (4.27)

Jj=1
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FIGURE 7. Example 2: Choose m; = 3 and center five patches each of radius 5/\/5 equidistantly on a ring of radius r = 1/2
in the unit disk with m; = 1 for j = 1,...,5. Plot of uo, defined as the root of (3.28), versus Ao /7 for an additional patch
of area €2 Ag located on the boundary of the domain (heavy solid curve) or used to re-enforce any one of the interior patches
(solid curve). The boundary patch is preferable when Ag/2 = 1/2, which corresponds to the boundary patch radius po = 1.
The bound (4.15) states that the boundary patch is favorable when its radius satisfies po > 2/v/5 (or Ao/m > 2/5), while from
(4.16) the boundary patch is not favorable when po < 1/v/5 (or Ag/m < 1/10).

We then calculate that

n i 2 92 n
= E 1ogl<r—cos <90—ﬂ)> + sin? (Ho—ﬂﬂ H|T_ZJ|
n n
j=1 =1

=2log|r" — "% | = log [(r" — cos(nbp))? + sin®(nbp)] , (4.28)

where z; = €!(%=27i/") In obtaining the second to last equality in (4.28), we used the fact that z; are the roots of
r" — em% = (. Upon differentiating (4.28), it readily follows that the critical points of x(6p), and therefore p(6y),

satisfy sin(nfy) = 0, which admits the 2n solutions

21y 27 —1
oo=2", g =T, (4.20)
n n
on the interval 0 < 6y < 27. When k. > 0 in (4.27), then 6y = 27j/n for j = 1,...,n, clearly correspond to maxima

of p(6p), while the remaining critical points in (4.29) are minima of p(6y). This result shows that when x. > 0, for
which the ring is composed of n equally distributed favorable patches, the optimal boundary locations for the one
additional favorable patch centered at x is at the shortest distance to any of the n favorable habits on the ring. This
result for p(fp) is illustrated by the heavy solid curve of Fig. 8(a) for n = 5 pre-existing patches for the parameter
set my =3, mo =1, po = 1, and with m; =1 and p; = 1/\/5 for j = 1,...,5. For this parameter set, where the
favorable boundary patch is sufficiently strong in the sense of (4.15) of Qualitative Result III, pg is indeed minimized
when the favorable resource is concentrated on the boundary of the domain, rather than being used to re-enforce
an interior favorable habitat. In Fig. 7 we plot ug versus Ag/m, where e2 4 is the area of the additional favorable
habitat for the case where the habitat is located on the boundary, and for the case when it is used to re-enforce one
of the pre-existing favorable interior habitats. From this plot, we observe that a boundary habitat with po = 1 and
Ag/m =1/2 provides puo = 1.455, which is the smaller of the two values for pg.

Alternatively, when k. < 0, only the locations 8y = w(2j — 1)/n for j = 1,...,n correspond to maxima of p(xg).
For this case, where the ring is composed of n equally spaced unfavorable habitats, the optimal boundary locations for

the one additional favorable patch centered at zq is such that it maximizes the distance to any of the n unfavorable
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habitats on the ring. This result for p(fp) is illustrated by the solid curve in Fig. 8(a) for n = 5 pre-existing patches
for the parameter set my = 3, mgp =1, pg = 1, and with m; = —1 and p; = 1/V/5 for j =1,...,5. For this parameter
set puo = 1.740.

08 T T T T T T 12 K T
L T ~— T T~ T~ T~ T '
1.0 b
06 1 _ .
08F S
04 3 0.6 b
p(0) p(0h) .
04 .
02 1 .
0.2 S 1
P e ™ e ™ e ™ e ™ e ™" |
00 1 1 1 1 1 1 00 1 1 1 1 1 1
0 1 2 3 4 5 6 0 1 2 3 4 5 6
to o
(a) p(Bo) versus o (b) p(Bo) versus 6

FIGURE 8. Example 2: Choose m; = 3 and center five patches each of radius 5/\/5 equidistantly on a ring of radius r = 1/2
in the unit disk. Insert a favorable boundary patch of radius po = 1 and growth rate mo = 1 at zo = €% on the boundary
of the unit disk. Left figure: p(fo) versus 6y from (4.26) for favorable interior patches (heavy solid curve) with m; = 1 for
j=1,...,5, and for unfavorable interior patches (solid curve) with m; = —1 for j = 1,...,5. Right figure: p(6o) versus 6o for
four unfavorable interior patches with m; = —1 for j = 1,...,4 and one favorable interior patch at 1 = (r,0) with ms = 1.

Finally, we consider n patches of a common radius ep. but with m; = —m. for 5 =1,...,n -1, and m, > 0,
where m. > 0. Therefore, there are n — 1 unfavorable habitats on the ring, with the only favorable habitat on the
ring being centered at x,, = (r,0). For this case, p(6p) is given by (4.26) provided that we replace x; in (4.26) with

-~ \/gmcpg
2+ pomep?’

M p?
2 — pomnp?

Hji

j=1...,n—1, K

(4.30)

A simple calculation from (4.26) shows that the maximum of p(6y) occurs at 8y = 0. Therefore, the best location
for the favorable boundary habitat is to insert it as close as possible to the only favorable interior habitat on the
ring, which effectively decreases the effect of fragmentation. This result for p(y) is illustrated by the dashed curve in
Fig. 8(b) for n = 5 pre-existing patches for the parameter set mj, = 3, mg = 1, pg = 1, m; = —1 and p; = 1/+/5 for
j=1,...,4, and ms = 1 with p5 = 1//5. For this parameter set o = 1.709. From this figure we observe that p(fo)
is minimized when 6y = 7, corresponding to the location on 02 furthest from the only favorable interior habitat.

Example 3: Pre-Existing Patch Distribution (The Unit Square) For our final example we consider the prob-

lem of optimizing the location of one additional favorable resource in the unit square domain Q = [0, 1] x [0, 1] given
a certain distribution of pre-existing patches. This optimization problem is somewhat simpler than the previous
example for the unit disk, since if the patch is sufficiently strong, the optimization of pg requires that the additional
resource be located at the corner xg of the square that maximizes p(zg) in (4.23b). For the unit square, explicit
analytical formulae for the Neumann Green’s function and its regular part required to optimize p(z¢) in (4.23 b) are
given in Appendix B.

Let zg be the location of a patch of favorable resource with radius epg with pg = 1 and local growth rate my = 1.
We assume that there are four pre-existing patches in €2 centered at 1 = (1/4,1/4), zo = (1/4,3/4), z3 = (3/4,1/4),
and z4 = (3/4,3/4). Let each patch have a common radius ¢/2 (i.e. p; = 1/2 for j = 1,...,4) with local growth
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rate m; = me = m3z = —1, my = 1, and the background decay rate m; = 3. For this parameter set, where the
favorable boundary patch is sufficiently strong in the sense of (4.15) of Qualitative Result III, ug is minimized when
the favorable resource is concentrated at one of the four corners on the square, rather than being used to re-enforce
the only favorable interior habitat. By determining the root pg of (3.28) numerically, we obtain that po = 1.605
when the additional favorable resource is at a corner of the square, and pg = 2.681 when the additional favorable
resource is used to strengthen the favorable resource at x4. Therefore, ug is smallest when x( is at a corner of the
square. Then, by varying xo over the four corners of the square, we obtain the following numerical results for p(zq)
from (4.23 b):

20 = (0,0) p(zo) =—0.8522; x9=(1,0) or 29 = (0,1) p(zo)=—0.7163; x9=(1,1) p(zo) = —0.2100.

The largest value for p(xo) occurs when zg = (1,1). Therefore, these results show that the persistence threshold A
is smallest when the additional favorable habitat is positioned at the corner of the square that is closest to the only

favorable interior habitat. This action effectively decreases the effect of fragmentation.

5 Discussion

We have asymptotically calculated a two-term asymptotic expansion for the persistence threshold A for the diffusive
logistic model (1.1) in a highly patchy environment with spatially heterogeneous growth rate (1.4). The asymptotic
result for A is given in Principal Result 3.1 of §3. In the context of localized habitats, we have allowed for a relatively
arbitrary spatial configuration of favorable and unfavorable habitats that are either interior to or on the boundary of
a two-dimensional domain. We have examined in detail the effect of habitat fragmentation on the coefficient of the
leading-order term in the asymptotic expansion of A. Some general principles regarding the effect of fragmentation
are summarized in Qualitative Results I-11I of §4. A few cases where the optimization of A requires the examination
of the higher-order coefficient in the asymptotic expansion of A were also investigated.

There are two key problems that warrant further study. Firstly, it is highly desirable to provide a rigorous derivation
of the asymptotic expansion for A in Principal Result 3.1. Such a derivation could possibly be based on variational
considerations and gamma convergence theory, similar to that used in [8] (see also the references therein) to analyze
bubble solutions for the Cahn-Hillard equation of phase transition theory. Secondly, it would be interesting to extend
our single-species analysis to the case of multi-species interaction, such as predator-prey interactions, for which a
partial fragmentation of the prey habitat may become more beneficial for the persistence of the prey, rather than

clumping the prey into a single habitat.
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Appendix A The Regular Part of the Surface Neumann Green’s Function for a Perturbed Disk

In this appendix we give the proof of Principal Result 4.2 as obtained in [20]. In (2.42), we define R4(x;x0) by
Rs(z;20) = Gs(x;20) + 7 L log|z — x| for x € 9Q, where zg is at a smooth point of Q. Then, we readily obtain
from (2.42) that Rs(x;xg) satisfies

1 1 — - N
ﬁ, x €, VRs(sc;sco)'ﬁ:—i(I o) 7

T |x— :c0|2

ARg(x;x0) = , x € 0f. (A1)

In polar coordinates we write 29 = (g cos by, rgsinéy), = (rcosf, rsinf), and ro = ro(fy). We then calculate that

|z — x0]? = 72 + 1% — 2rrg cos(d — 6p), and

. 1 r'sinf + rcosé L 1 2 I
= W ( Y 080 + 7 sin b ) , (w—m0) A= W [r? — ror’ sin(6 — 6o) — ror cos( — 6y)] .
By writing r = 1 + 0o and rg = 1 + oy, the right-hand side of the boundary condition in (A.1) for § < 1 becomes
1(x—ax0)-n 1 ocos(d — 0y) — o9 — o’ sin(0 — ) 5
—— —=—(144 0(6%). A2
T |z — x| 2w ( + [ 1 — cos(f — 6p) +0() (A-2)

The expression in the square brackets above is bounded for § — 6y. Therefore, (A.2) is uniformly valid for all

0 € [0,27). Next, we let f(f) denote the term in the square brackets in (A.2) and we expand it in a Fourier series as

__ocos(f —by) —og — o’ sin(6 — by) = .
f(6) = T cosd 60) = mz::l [A,, cosm(0 — 0) + By sinm(6 — )] , (A.3)
where A, and B,, for m > 1 are defined in terms of integrals I; and Is, which must be calculated, by
2w 27
L =7nA, = f(0) cosm(6 — 6y)db , I, =7B,, f(0)sinm (0 — 6p) db . (A.4)
0 0

Firstly, we consider the case where o = cosnf = Re (eme). We write I in (A.4) as

27 inf inb, o oinb o
B cos(f — bp)e™? — e — jne'™? sin(f — 6)
L —Re/o ( T cos(@—0y) cosm(f — 6y) db.

Let z =e¥, 2o = ", and w = Z. Then, I = Re(I), where I is the following contour integral over the unit disk:
1-— 1
I= zz{}/ G(w) (w™ 4+ w™™) dw, G(w) = <(72n)w"+1 + %wn_l - 1) (1—w)~2.
lw|=1

Since (1 — w)? = L3> ‘w", then G(w) = — (1 +2w+3w?+ -+ (n— w2+ @w"il + - ) . From the

residue theorem we calculate

2tm,, 1<m<n
I:zo{w(n—l), m=n , (A.5)
0, m>n

so that Iy = Re(I). Similarly, we can obtain Iz when o = cos(np). In this way, we obtain

2mm, 1<m<n 2mm , 1<m<n
L= cos(nGo){ m(n—1), m=n , I, =-— sin(n@o){ w(n—1), m=n
0, m>n 0, m>n
Alternatively, for o = sin(nfy), we get
2mm, 1<m<n 2tm , 1<m<n
L= sin(n@o){ m(n—1), m=n , I, = cos(nGo){ m(n—1), m=n
0, m>n 0, m>n
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This determines A,, and B,, as 4,, = %Il and B,, = %IQ. Therefore, for o = cos(nbp), (A.3) becomes

n—1

f(0) = (n—1) (cosnbycosn(f — by) — sinnbysinn(f — 6y)) + Z 2m [cos nBy cosm (0 — bp) — sinnby sinm(0 — o)) .
m=1
(A.6a)
Alternatively, for o = sin(nfy), (A.3) becomes
n—1
f(@) = (n—1) (cosnbysinn(f — bp) + sinnby cosn(0 — 0p)) + Z 2m [cosnbg sinm(0 — 0p) + sinnby cosm(6 — o)) .
m=1
(A.6D)

Since o = > "7, (an cosnb + b, sinnf) from (4.3), we determine f(#) by summing (A.6) over n. We then inter-

n—1

change the order of summation by using > | " " Xomn = Dno Do, Xnm t0 obtain

F0) =" (Ancosn(6 — bo) + By, sinn(6 — 6p)) ,
n=1

An = (n—1) (ap cosnby + b, sinnby) + 2n Z (@, cosmby + by, sinmby) | (A7)
m>n

B, = (n—1) (b, cosnby — ay, sinnby) + 2n Z (b cosmby — am, sinmby) .
m>n

Next, we introduce S(z;z0) by
|

x
Ry(x;20) = S(x;20) + 149 (A.8)
By combining (A.8) and (A.1), we obtain that S(z;xz¢) satisfies
2
AS(z;m9) =0, z€Q; OnS(z;70) = O | Rs(T;70) — % ~ ; (f(0) —a(0)) + 0%, €. (A9)
7r
In deriving the boundary condition in (A.9) we used (A.2), (A.3), | = 7, and 0, (|x|2) =2r(1+ (7”)2/7"2)71/2.
The O(6) term in the boundary condition for S in (A.9) suggests that we introduce So(z; o) by
0
S(zy20) = 5=S0(x;20) - (A.10)
2m
To leading order we get 0,50 = 9,-So|r=1 + O(9). From (A.9) and (A.10), we obtain that Sy satisfies
ASy(x;20) =0, 0<r<1,0<6<2m; 0rSo(z;20)|r=1 = f(8) — 0(0), r=1. (A.11)
The solution to (A.11) is written as
So = Do+ Z r" [Dy, cosn(0 — 0y) + E, sinn(f — 6p)] . (A.12)

n=1
To determine the coefficients D,, and E,, we must use the boundary condition in (A.11). To this end, we must re-write

o, given by equation (4.3), in terms of cosn(f — 6y) and sinn(f — 6p). This yields,
o= Z ([an, cosnby + by, sinnby] cosn(f — by) + [br, cosnby — ay, sinnby] sinn(6 — 6y)) . (A.13)
n=1

Then, we differentiate (A.12) at » = 1, and use (A.7), (A.11), and (A.13), to determine D,, and E,, for n > 1 as

nD, = A, — [a, cosnby + b, sinnby) , nE, = B,, — [b, cosnby — a, sinnby) . (A.14)
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We remark that the constant Dy in (A.12) can be chosen to ensure that [, G(x;xo) dz = 0.
In summary, it follows from (A.8) and (A.10) that for z € 99,

2
Rs(sc;:co):S(x;xo)—F& iS’o(:c x0)+i+6—0+0(52) x € 0.
4 dm 2w

By using the definition (4.4), and the reciprocity property of R, we calculate p'(6y) as

d d 9

p'(0o0) = d—%Rs(fCO(%)a%(%)) = 25 B (2(0), z0(00))lo=60 ~ — | =5 50( (6), 20(00))lo=6, + ' (60) | + O(6?).

Then, by using (A.12) and (A.13), we obtain

é Z (nEy, + n[by cosnby — ap, sinnbp]) .
n=1

>1

Finally, we use (A.14) to relate E,, to By, and then recall (A.7) for B,,. This yields that

Z < n— 1)y, +2n Z 7m> , Y = by cOsMby — @y Sin MYy . (A.15)

m>n

To simplify (A.15) we use the identity > 07 | > 20y = D oo Ym 2o 2n = > n(n—1)y,. This yields the
final result (4.6), and completes the proof of Principal Result 4.2. |

Appendix B The Neumann and Surface Neumann Green’s Function for a Disk and Square

In this appendix we give analytical formulae for both the Neumann Green’s function of (2.19) and the surface
Neumann Green’s function of (2.42) for the unit disk and the unit square.

Let Q := {x||z| <1} be the unit disk and represent the point = € Q as a complex number. Then, when zy € €,
we obtain from equation (4.3) of [15] that the Neumann Green’s function of (2.19) and the self-interaction term R

of (2.19b) are given explicitly by

1 1 3

Glw5w0) = 5 (—10g|x — 20| — log |z]ao| — % + 52l + laol”) — Z) : (B.1a)
1 9 9 3

R(zo;10) = Py —log (1 — |@o|?) + |wo|* — 1) (B.1b)

For xo € 09, we obtain that the surface Green’s function solution of (2.42) and its regular part in (2.42 b) are given
by
Gs(x;xo):—llog|x—xo|+@—i, R (xo;0) = i (B.2)
s 4m  8m 8T
For the unit square €2, we label = (z1,22) as the observation point in Q = {(z1,22) |0 <21 <1,0 <22 <1},
while the singular point has coordinates £ = (£1,&2). Then, from Section §3.2 of [20], the Neumann Green’s function

with an interior singularity is given by

Gla:6) = —5- log o — €] + R(z; ), (B30)
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where the regular part R(z;€) is given explicitly by
1 - n n n n n n n
R(z;§) = o Zlog(ll —q" 2 411 = q"24 |11 = ¢"2— 4|1 = ¢"Ch 4[] — ¢"C |11 — ¢"C— +[[1 — ¢"C— —|)
n=0

1 1—2z_ _|

g7 los + H(x1,6) — Zlog|1_qz,,| (B.3b)

Here the eight complex constants z+ + and (4 4 are defined in terms of additional complex constants r+ +, p+ + by

zp gy =e"EE L (4 =eMPEE g=e " <1, (B.4a)
T+ =—|e 4+ & +i(re £&2), T+ =~z =&l ti(ze £ &), (B.40)
Pt =lr1+ &) —2+i(za £ &), pox =lm -Gl -2+i(z2 £&). (B4 c)

In (B.3) and (B.4), |w]| is the modulus of the complex number w. In (B.3b), H(z1,&) is defined by

H(x1,61) = %

The self-interaction term R(&; &), required in (2.19 b) is obtained by setting 2 = £ in (B.3 b).
Now suppose that the singular point is located on the bottom side of the square so that £ = (£1,0) with 0 < & < 1.

[h(z1 — &)+ h(zr+ &), h(0) =2—06/0]+36°. (B.5)

Then, the term log|1 — z_ 4| in (B.3 b) also has a singularity at = (£1,0), and must be extracted from the sum. In

this case, the explicit solution to (2.19) is obtained by re-writing (B.3) as
1
Gs(:p;f):—;10g|x—§|—|—Rs(x;§), (B6a)

where the regular part R,(z;€) is given explicitly by

1 - n n n n n n
Rs(fﬂf):—%zbg(u—q 24|l ="z |11 = ¢"Cr 1 [T = ¢" G -1 = ¢"C— |11 — ¢ —])
n=0

1 [1—2_ ] 1 [1—2_ 4]
——log—2— — —log———— + H log (|1 — S D B.6b
o0 0og |’f'_7_| o 0og |’f'_7+| + (Ilagl Z 0og | q < || q Z— +|) ( )

The self-interaction term Rg(&; &), required in (2.42b), is obtained by taking the limit x — £ in (B.6 b). By using

L’Hopital’s rule to calculate the terms log |1 — z_ 4 |/|r— |, we obtain with ¢ = e~2" that

2
Ru(6:6) = ——Zlog{ | gre2m) (1_qn —am(1- m” Zlog 1—¢") 10“ <§1——) +% (B.7)

A similar analysis can be done when ¢ is on any of the other sides of the square.

Finally, suppose that 29 = (0,0) is at a corner of the square. Then, it is readily shown from (B.3) that G(x;¢&) is
2

Gs(Iag) = ——10g|5€|+RS(CC;O), (BS a)
T

where the regular part R,(z;0) is given explicitly by
1 - n n n n
Ry(2;0) = o Zlog(ll —q" 2 4|1 = ¢ 2 -]l = "2 4[|1 = ¢"2- )
n=1

1 S n n n n
——%}jlog(u—q Cotll = "G 1 = "¢l = "¢ )
n=0

1- 1 -2y [[1-z | [1— 2 -
1 (| PO [ [ R B [ |)+H(I1,0)_ (B.8 b)
2 |74+ Iry -] Ir— 4 r— |
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Moreover, the self-interaction term R;(0;0), required in (2.42b), is given by

4 & ny 2logm 1 o
R(0:0)= ==Y log(1—¢") = == +3. g=c . (B.9)
n=1
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